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SZEGO POLYNOMIALS
FROM HYPERGEOMETRIC FUNCTIONS

A. SRI RANGA

(Communicated by Peter A. Clarkson)

ABSTRACT. Szegd polynomials with respect to the weight function w() =
eM9[sin(0/2)]>*, where n,A € R and A\ > —1/2 are considered. Many of the
basic relations associated with these polynomials are given explicitly. Two
sequences of para-orthogonal polynomials with explicit relations are also given.

1. INTRODUCTION

With the publications of [20] and [21] in the early 20th century, Szegé introduced
the orthogonal polynomials on the unit circle. For many interesting results on these
polynomials we refer to the classical book [22] of Szegd, the first edition of which
was published in 1939. Since then, these polynomials which bear the name of
Szegb have been extensively studied by many. We cite, for example, [3], [@], [B],
[8], [I4], [15], [16] and [I9] as some of the very recent contributions. The recent
publications of the two excellent volumes [17] and [I8] by Simon have given, apart
from a thorough perspective of the subject, a new boost to the interest in these
polynomials.

Given a positive measure pu(z) = (') on the unit circle C = {z =¢¥ : 0 <0 <
27}, the associated sequence of “monic” Szegd polynomials {®,,} can be defined by

27
/ 2P, (2)du(z) = / e 9, () dp(e”) = K7 %0n5, 0<j<n—1,
C 0

where k,? = || ®,]|> = [, |®,(2)[°du(z). Since the integration is along the unit
circle, there holds [, 2/ ®,(z)du(z) = [, 277 ®,(2)du(z). The orthonormal Szegd
polynomials are ¢, (2) = kn¢n(z), n > 0. Results up to (L2) given below are some
of the well known results on Szegé polynomials.

07, (2) = @n 2@, 1(2) + @54 (2),
(1.1) n>1,

D, (2) = an®(2) + (1 — |an]?)2Pp-1(2),
where a,, = ®,(0) and ®}(z) = 2"®,(1/2z). The numbers a,, n > 1, were tradi-
tionally known to mathematicians working in this area as the Szegé or reflection
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4260 A. SRI RANGA

coefficients. However, in Simon [I7] they have been referred to as the Verblunsky

coefficients (in the form of a,, = —an41). The coefficients a,, satisfy
. D
<1 and 1 —|am|®) =K, 2 = —" f >1,
|an] an gl( lam|®) = K, D, or n>

where the Toeplitz determinants D,, are such that

o M—1 . _n
p1 B0ttt Pengl

DO = Mo and Dn = . . . ) n > 1
HUn  HUn—1 e Ho

Here, the so-called moments pu,, have been defined by u,, = fOQW e ™0dp(e?) and
satisfy p_, =m@,, n > 1.

It is also well known that the Szegé polynomials are completely characterized by
the coefficients {a,}, as given by the following theorem.

Theorem 1.1. Given an arbitrary sequence of complex numbers {an}52, with
lan| < 1, n > 1, associated with this sequence there exists a unique measure [ on
the unit circle such that the polynomials {®,} generated by (1) are the respective
Szegd polynomials.

This theorem, previously known as Favard’s theorem for the circle, is referred
to as Verblunsky’s theorem in Simon [17], where many proofs of this theorem can
also be found.

Moreover, the zeros of ®,(z) are in D = {z : |2| < 1} and if

W, (2) = /C EEY G (2) — By (w)dpu(w), > 1,

z—w
then

. Ur(2)  [w+z
(1.2) Jim 25 =P = [ S au)

uniformly on compact subsets of I (see Geronimus [7]). The function F'(z) is called
the Carathéodory function of the measure p.

There are very few examples of measures where the associated Szeg6 polynomials
or their basic relations have explicit formulas. Most of the known examples with
such desired property come from examples of real orthogonal polynomials on [—1, 1]
through the Szegé (or Joukowski) transformation z = 2z 4+ 271,

The current paper deals with the Szegé polynomials with respect to the measure
du(e?®) = w(0)dh, where w(f) = e"[sin(0/2)]**, defined for n,A € R and A\ >
—1/2. We give these Szegd polynomials and many of their basic relations explicitly.
However, polynomials that correspond to the case n = 0 are well known, as they
come from the Gegenbauer or Ultraspherical polynomials.

2. THREE TERM RECURRENCE RELATIONS FOR SZEGO POLYNOMIALS

As already given in [7, p. 91], if a,, # 0, then the Szegd polynomials satisfy a
three term recurrence relation. Results in this section provide some information on
Szegb polynomials given by such a three term recurrence relation. These results
permit us to derive easily the remaining results in the paper.
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Theorem 2.1. Let {®,} be a sequence of polynomials given by the three term
recurrence relation

Ppi1(2) = (2 + Bns1) Pu(2) — ang12®n-1(2), n>1,
with &g =1 and ®1(2) =z + f1. If

(21)  Bag1 20, onp1 £0 and 0< 2 =113, (0)]2, for n>1,
BnJrl

then there exists a positive measure p on the unit circle such that {®,} are the

associated Szegd polynomials.

Proof. Let a, = ©,(0), n > 1. From ®,,41(0) = Bn,+19,(0), n > 0, and 1)) we
have

(22) B1B2 -+ Bn = an, A1 = 5n+1(1 - |an|2)7 n>1,

and |a,| < 1, n > 1. Hence, by Theorem [[1] there exists a unique measure p
associated with the sequence {a,} and that the polynomials generated by the cor-
responding recurrence system (LI]) are the Szegd polynomials with respect to this
measure.

If B1 # 0, observing that a,, # 0, from (LI)) we can identify these Szegd poly-
nomials as the polynomials given by the three term recurrence relation (21I) with
coefficients satisfying (2:2]).

On the other hand, if 81 = 0, then a, = 0 and an4+1 = Bpy1, n > 1, thus
giving the sequence of Chebyshev-Szeg6 polynomials. This sequence of polynomials
is treated as the example “free case” in [I7]. This completes the proof of the
theorem. ]

Having established the existence of the measure p and the orthogonality of the
polynomials {®,}, the following results in this section can be easily derived from
known results in the literature.

The coefficients of the three term recurrence relations satisfy 81 = —u_1/po,

Jo 2@ (2)dp(z) g Gt _ Jo 27" @ (2)dp(z) n>1.

Gnt1 = fc 2@, 1(2)du(z) o Br+1 fc 2= (=D®, 1 (2)du(z)’

Hence, kg2 = Jo 1®0(2)]2dp(z) = po,

nf:/mWWw@:/f“%www:w%ﬁ¥ﬂﬂ,nZL
c ¢ B2fB3 -+ Bny1

and /z@n(z)du(z) = poBrasasz - -apy1, n> 1.
If on(é considers the sequence of polynomials {Q,} given by
(23) e e e T
then
Qni1(2) = (24 Bn1)Qn(2) = any12Qn-1(2), n>1,

with Qo = 0, Q1(2) = poB1 and pg = fc du(z). Note that @, is a polynomial of
degree n — 1 with leading coefficient pof;.
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4262 A. SRI RANGA

From (Z3) and the theory of continued fractions (see [12] [13]),

a ...an n n
(I)n(z)LO(Z)_Qn(Z) :ﬂogz +O(Z +1)a
o4 B2+ Bt
0 Loz = 2L — S+ 0
VT () Homra2 ey TR )
and
Qu(z) _ pofri | asz | anz
D, (2) |z—|—,6’1 |z—|—ﬁgz z+ Bz’
for n > 1, where Lo(z) = Y252 ;27 and Loo(2) = — 3272, ;277 are the series

expansions of the function [,(w — z) ™ twdu(w).

Finally, from (23] and (T2)),

L2085 (2) 1 1
2. 1 n =
(2:5) W Br(z) 2T g

uniformly on compact subsets of .

3. SzZEGO POLYNOMIALS FROM HYPERGEOMETRIC FUNCTIONS

For a,b,c € C and ¢ #0,—1,—2,..., the hypergeometric function o F(a, b; ¢; 2)
is defined by the series expansion

2Fi(a,byc;2) = Z “On !

n=0

for |z| < 1 and by analytic continuation for other values of z € C. We refer to the
book of Andrews, Askey and Roy [1].

A representation of the Hypergeometric function for fRe z < 1/2 is given by the
Pfaff transformation

(3.1) oF (a,b;c;2) = (1 — 2)" " 9F1(a,c — by c; 2/ (2 — 1)).
If Rec > Reb > 0, then for z ¢ [1, 00),

(32 oFiabies) = o0 )/Oltb_l(l—t)”‘b‘l(l—zt)—“dt,

LI (c—b
known as FEuler’s integral for hypergeometric functions. Here I' represents the
gamma function. If @ is an integer, then ([B:2) holds for all z € C.

Two “distinct” hypergeometric functions o F (a1, ag; as; z) and 2 Fy(ay, ao; as; 2)
may be called contiguous if |a; — a;| = 0 or 1. There are interesting relations
between contiguous hypergeometric functions, called contiguous relations. Of the
many contiguous relations obtained by Gauss, we consider the following three term
relations given as (2.5.3) and (2.5.16) in [I]:

(3.3)

—-b+1
2F1(a, by 2) :(1+%z)2F1(a+l,b;c+l;z)

a+1)(c—b+1
—( czc(—i—l) )22F1(a+2,b;c+2;z)
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and
(3.4)
(c—a)2Fi(a—1,b;c;2) = (c—2a—(b—a)z) 2Fi(a,b;c;2)
+ a(l —2) oF1(a+1,b;¢; 2).
Let, 29Re(b) # —1,—2,—3,.... Then from the contiguous relation (34,
(b+b+1+n)oFi(-n—1,b+1;b+b+1;1—2)

=(b+n+(b+1+n)z) oFi(—n,b+1;b+b+1;1—2)
—nz o (—n+ 1,04+ 1;0+b+1;1— 2).
Hence, the monic polynomials
(b+b+1),
(b+1),

satisfy the three term recurrence relation

O, 11(b;2) = (2 + B B0 2) — ol 20, 1 (b2), n>1,

with ®g(b;2) =1 and ®q(b;2) = z + ﬁ£b), where

(3.6) Br(lb):l_w—i—n—l w _  nb+b+n)

(3.5) P, (b;2) = oF (=n,b+1;0+b+1;1—2), n>0,

_ > 1.
btn T b btntl) T

Note that ﬁr(lbll # 0, 047(21 # 0,

(b) - - _
a1 nb+b+n) B vz g | (®n 2 n+btn)
g, (b+n)(b+n) and 1= (25007 =1 ’(b+1)n T h+n)btn)

for n > 1. Hence, these coefficients satisfy the conditions of Theorem 2.1l provided
that Re(b) > —1/2.
Together with the polynomials {Q,,(b; z)} given by

Quar(b:2) = (2 + BLL)Qu(b:2) — all) 1 2Qur(b;2), 1> 1,

with initial polynomials Qo(b;z) = 0 and Qq(b;z) = B{b), we can now state the
following.

Theorem 3.1. Let Re(b) > —1/2. Then {®,,(b;2)} are the monic Szegd polyno-
mials defined by

(3.7) / D, (b; 2)du(b; 2) = (k) 726,5, 0<j<n,
C

with respect to a positive measure u(b; z) on the unit circle. The coefficients me’) =

|®,,(b;2)|| 7t and alt) = ®,,(b; 0) associated with these polynomials satisfy

() [(b+1)n|? (b)n

_ d o = > 1.
" bro+Dpnt M T 1), T
Moreover,
n(b; b+b+1),n!
®,,(b; 2) Lo(b; 2) — ) _ (btbt un 2"+ 02",

)

b(b+b+1),n! 1 1 -
b+ Dn(b+ 1)psy 2 +0(Zn+2),

Qn(b; 2)
D, (b5 2) (b+ Dn(b+ 1)y n>1
Qn(b; 2)
(b 2)
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4264 A. SRI RANGA

where Lo(b; z) = 2272, ,uéb) 20 and Loo(b;2) = = 3272, u(f;z*j, with

O = [ du(biz) =1 and 1) = @:/ “idu(biz) = 0 i
o /Cu(,) B = py - f(b; 2) b1, =

Proof. We only need to show ugb) = (=b);/(b+1);, j > 0, as the remaining results
follow from results given in section
If b = 0, since ®,,(0;z) = 2", the results are clearly true. So we also assume

b #0.
From the contiguous relation (B3),

2F1(G,+ 1,—b,l_7+ ].,Z)

o Fy(a, —b;b; 2)
B 1
" atb+1 (a+})_(b+5+1)z2F1(a+2,—b;§+2;z)'
b b(b+1) oF1(a+1,-b;b+1;2)

oFi(a+n+1,-bb+n+1;2)

Hence, if we write R,(a,b;z) = — ,n=012...,
oF i (a+mn,—=b;b+n;z)
then
Ro(a,b; Z) _ 1 |_ f2z |_. L fnflz ‘_ fnz |’
[ 1+giz |1+ gez | 1+ 9012 | 14 gnz — far12Ra(a,b;2)
a+b+n (a+n)(b+b+n)
h n =7 . <13 Jn = 73 T ) -
where gn = g T S = G S e "
If we restrict ourselves to the case in which a = 0, then
Ro(o,b; Z) = 2F1(1, —b;E-i— 1;22)
_ 1 |_ fQZ |__ fnflz ‘_ fnz |
[ 1+g1z [ 14902 | 14+ gn12 | 14gnz—far12Rn(0,0;2)
b+n n(b+0b+n)
h n =37 -5 Jn - 7T = 5 2 1.
where gn = 5T ot = G T ) "
Equivalently, we can also write
Ro(0,b:2) — 51 |_ @z | anz | an+1an(O7b;z)‘,
| z2+B81 |2+ | 2480 | Brt1
where
_ 1w _ fe )
(3.8) Bn=—=08 opnp1=-—"——=0a,,;, n>1

In InGn+1
Using the theory of continued fractions, we then observe that

CQubiz)  BLQa(bi2) — ) 2R (0,b:2)Qu-1(bi2)  Qu(b:2)
P, (b; 2

Cn(biz) B0 @, (b 2) — al) 2R(0,b;2) By 1 (b;z)  Pn(bi2)

B{b)aéb) - -a%b)aslbilz”Rn(O, b; z)
[,BT(LZi)Hq)n(b; z) — ozfle)rlan(O, b; 2)®,,—1(b; 2)] Py, (b; 2)

Ro(o, b; Z)

n+1

_ (bt 1)en! 41
— (B)n(g-i-l)n 2"+ 0(z .
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Hence Lo (b; z) = oF1(1,—b;b+ 1; 2), and the theorem follows. O
From u(b)- = N; ), we also have
b _
(3.9) Loo(b; 2) = 27 o (1, b4+ 1,04 2; 271,

b+1
The following asymptotic results also hold.

Theorem 3.2.
. L(b+b+1) . _3 I'(b+1)
1 o) - V- \" T 7" 7 d 1 b—b+1,(6) _ Z\" T 7).
nosoo m RO R = ()

(b)

Proof. In the expressions given in Theorem [3.] for &y’ and a(b), use I'(z) =

nln?~1

lim
n—oo  (2)n

Some orthogonal Laurent polynomials generated by the contiguous relations ([B.3])
and (B4 are considered in Hendriksen and van Rossum [9], where they obtain or-
thogonality for these Laurent polynomials in terms of a non-positive-definite mo-
ment functional.

The contiguous relation (3.4 also gives rise to the Meixner-Pollaczek polynomi-
als P,g)"e)(x) = %em@ oF (—=n, A +ix;2); 1 — e72%) | which are orthogonal on
(—00,00). For more information on these polynomials see for example [10].

4. MORE ON THE MEASURE AND RELATED FUNCTIONS

Unless stated otherwise, we assume that Seb > —1/2. The following theorem
gives the exact expression for the measure u(b; z).

Theorem 4.1. The measure u(b; z) can be given by du(b; ) = w(b; 0)dh, where
w(b;0) = 7 T=NIMb [6in(9/2)]2 Tl 0 < h < 2.

2 D(b 4+ 1))

Th tant 7@ = °
e constant T 27TF(b—|—b—|—l)

is such that ,ugb) =1.

Proof. Since, /éb) = fozﬂ e 9 (b; 0)dl = e”ew(b 0)do = u j , we only have to
show that
p? = 7O / " e~ 0em=0Imblgin (9 /2)]*bdp = (Zh); j>0.
! 0 (b+1);" °

With 2isin(0/2) = e?/2 — ¢=19/2,
2
M§b) = ;(b)/ e—z‘(j+5)9[ew _ 1}b+5d97 ji>o0,
0

where 7() = (24)=2%e(®)Im®)7 () Thus, observing that we can also write this in
the form u( ) = #(b) fo% (i)~ temtIHbHO[I0 _1]bHbiei0 g j > 0, by integration by
parts we estabhsh that

w _ b+ ow o
/J’j—‘,-l b+1+]/”’j7 .7_ .
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4266 A. SRI RANGA

FIGURE 1. Contour A

Therefore, the proof will be complete if we can prove ,u(()b) = 1, equivalently, if

we can show that ,u;b) = (=b);/(b+1); or u(_b; = (=b);/(b+1); for some other
particular value of j.

With z = €*?, one can write

® _ @y [ i N—b=1pq _ \b+D

(4.1) IS = oot T Cz (—2) (1—2)"""dz,
where the branch cuts in (—z)~? and (1- 2)b*P are along the positive real axis.

Hence, we choose a j such that Re(j—b) > 0 and evaluate the integral by contour
integration using the contour A as given in Figure [l Thus,

; 1
(O N DY j=b—171 _ ;\b+b
PG = et 2i sin(bmr) ; t (1 —¢)°dt.
Hence, from the definitions of the gamma function, the beta function and the Euler’s
reflection formula, we obtain the required result. This completes the proof of the
theorem. (]

The idea used here to calculate the integral (1) is the same as employed in [9],
where the authors consider a general set of parameters for the exponents of z and
1 — z, but restricting the values of the parameters to be real.

Theorem 4.2. If Reb > 0, then for all z € C the polynomials ®,,(b; z) and their
reciprocals @7, (b; z) can be given by
L(b+b+n+1)

By (b; 2) = F(b+n+1)F(b)/0 PO — 11— (1= 2)mdt,

e v Db+b+n+1) [, I N
q)”(b’z)_r(13+n+1)r(l§)/o 71— 1)°[1 — (1 — 2)t]"dt,

Proof. The expression for ®,,(b; z) follows immediately from (B3] with the use of

B2). To obtain the other, we can directly evaluate 2" ®,,(b;1/z) from the above
Euler integral for ®,,(b; z) or use (B3] together with (1)) to get

(b+b+1),
(b+1),
and then use (32). O

Licensed to Universidade Estadual Paulista "JA-lio de Mesquita Filho". Prepared on Thu Jul 11 08:51:53 EDT 2013 for download from IP 200.145.3.34.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SZEGO POLYNOMIALS FROM HYPERGEOMETRIC FUNCTIONS 4267

We can now give an expression for the associated Szeg6 function

1 [ e 42
D(b;z) = exp <E/o T log(w(b; 9))d9) .

Theorem 4.3.
IT(b+1)]

Ditsz) = L(b+b+1)

(1—2)°

Proof. First we assume that Peb > 0 and use the knowledge that /i%b)‘bfl(b; z) =
D(b; z)~! uniformly on compact subsets of D. With the substitution u = nt, we
have from Theorem that

rb+b+n+1) 1 [™ ,_ U\D Uyn
OV d* (b: 2) = &) — 7_/ =11 _ " 1~ oY
Using )
I o=
() = lim "'(”) and ¢® = lim (1+-)",
n— 00 Z)n n—00 n

together with the help of the Lebesgue’s dominated convergence theorem, we then
have

P(b+b+1) 1 [
lim O &% (b; 2) = (b+b+1) / ub e (1=2)ugy,
n—oo 0

T+ 1) T(b)

for 0 < z < 1. Hence the theorem follows from the integral representation for a
gamma function. The result for remaining values of z follows by analytic continu-
ation. The result can also be analytically extended for fe(b) > —1/2. O

From (Z3) and (39) for the associated Carathéodory function,

. 22Q5(b; 2)

1—1 Zx¥n 7/

noo @y (b 2)

for z on compact subsets of D. )

Using [, Eq. (2.3.14)], since ®,,(b; z) = % oF (—n, b+ 11— n— b;1—2), a

generating function for these Szegd polynomials is G(b; z,t) = (1—1)~b(1 —tz)~>~1,
and one can verify that

=F(b;2) = —14+2,F(1,=b+1;b+ 1; 2)

n=0
This generating function shows that the Szeg6 polynomials considered here are very

similar to orthogonal functions considered by Gasper [6].

5. PARA-ORTHOGONAL POLYNOMIALS

As defined by Jones, Njastad and Thron [I1], for any p such that |p| = 1, the

polynomial
By (b, ) = D (b52) + p 07, (; 2)
14+ p®,(b;0)

is a monic para-orthogonal polynomial of degree n. The zeros of these polynomials
are simple and lie on the unit circle C. This is different from the Szegd polynomials
which have their zeros, not necessarily simple, but which lie within the open unit
disk D.
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4268 A. SRI RANGA

Since ®,,(0;z) = 2™, we clearly have B, (0, p;z) = z™ 4 p, which clearly has n
distinct zeros on the unit circle.
Now, assuming b # 0, let

L O N U b )
! (b)n+1

= >
Pn2 (b + 1)717 n =
Then the following can be easily established for the sequences of monic para-
orthogonal polynomials {B,, (b, pszbl); z)} and {B, (b, pgle); 2)}.

flbl); z), then

Theorem 5.1. With Reb > —1/2 and b # 0, if ® (b;z) = By (b, p
(b+0),
(0)n
W (b; 2) = %(z — 1) oFi(—m+1,0+1;2;1—2), n>1, for PReb=0.

oM (b; 2) = oFi(—n,b;b+b;1—2), n>1, for SReb#0,

Moreover,
b+n nb+b+n—1) 1)
oM (b;2) = (2 4+ ——) W (b; 2) — o'l (b; >1
n+1(7z) (Z+b+n) n (7’2) (b—|—n—1)(b—|—n)z nfl(’z)a n-=1,

with ®§” (b;2) = 1 and & (b; 2) = 2 + b/b.

Similarly with Reb > —1/2, if (z — 1)@521(13; z) = By (b, pfsz); z), then

b+b+2) _
®2 (b _b+b+2), Fi(- 1; 2:1— >0
(b z) b, oF (—n,b+ 1;0 4+ b+ 2; z), n>0,
and
@) N b+n+1 @) (o n(b—l—g—l-n—l-l) @) /. S
Cnia(bi2) = (2 =) 2 (b 2) (b+n)(b+n+1)2@"_l(b’z)’ n=t

with P (b;2) =1 and ' (b;2) = 2+ (b+1)/(b+ 1).

Again, the three term recurrence relations follow from the contiguous relation

6. CONCLUDING REMARKS

From the properties of the zeros of Szegé polynomials and para-orthogonal poly-
nomials, we can also state the following.

Remark 6.1. If Reb > —1/2, then the zeros of the nth degree hypergeometric
polynomial o Fy (—n,b+4 1;b + b+ 1;1 — 2) lie within the ring |b +n| b < |2| < 1
and, also if SRedb # 0, then the zeros of the nth degree hypergeometric polynomial
o Fy(—n,b;b+ b; 1 — z) are distinct and lie on the unit circle.

For the lower bound of the zeros of o F (—n, b+1; b+b+1; 1—2z) see Corollary 1.7.3
of [I7].

As we have already remarked in the introduction, if b = X is real, then the poly-
nomials {®,()\;z)} are the monic Szegé polynomials associated with the weight
function [sin(6/2)]>*. Hence, these are the polynomials obtained from the Gegen-
bauer polynomials using the Szegd transformation.

Taking b = —in, we can state the following.
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Remark 6.2. Let n € R. Then
n!
(1 - in)n

are the monic Szegd polynomials associated with the weight function €7?, with the
orthogonality given by

1 [ , e (n!)?
—'L]OCD o 10 n0d0 _ )
e n(—in;e)e If?fl??Z?EﬂE njs

D, (—in; z) = oF i (—m,1—in; 151 —2), n>0,

— 0<j3<n.
27T 0 =J=

Moreover, the Verblunsky coefficients alTm = (in)n/(1=in)p, n > 1, are such that
@™ =/ (n® + 7).

Similar orthogonality, however with an inclusion of a mass point at z = 1, was
recently obtained in Tsujimoto and Zhedanov [24].

Finally, communications with Prof. Richard Askey after the initial submission
of this paper has brought to our attention one of his comments regarding [21] on
page 304 of [2]. There he mentions the biorthogonality of {oFi(—n,z;2 +y —
151 = 2)} and {oFi(—n,y;2 +y — 1;1 — 2z)} with respect to the weight function
e!@=)0/2[sin 9 /2]*+¥=2 0 < § < 27. Surprisingly, it seems no one has done this;
the orthogonality results in the current paper can be realized if we take z = b+ 1
and y = b+ 1. Professor Askey also informed me of the paper [23] on the asymptotic
expansion for these polynomials.
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