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Resumo

Apresentamos, neste trabalho, alguns de nossos resultados relativos a
formulagdo do Eletromagnetismo de Podolsky em (2 + 1) dimensoes, de-
dicando especial atencao ao estudo do espalhamento na aproximagao nao-
relativistica. Analisamos a possibilidade de existéncia de estados ligados na
equagao de Schrodinger independente do tempo no caso do espalhamento de
duas particulas bosonicas (com ou sem o termo topoldgico de Chern-Simons)
e fermionicas; neste ltimo caso calculamos, também, correcoes a tempera-
tura finita. Finalmente consideramos a aplicagao da teoria a regularizacao
da Eletrodinamica Quéantica, também em (3 + 1) dimensoes, computando
explicitamente a funcao-G do grupo de renormalizagao.

Palavras Chaves:
Eletrodinamica de Podolsky; Fisica em (2+ 1) Dimensoes; Potencial Nao-

Relativistico; Estados Ligados; Funcao-# do Grupo de Renormalizacao.
Areas do conhecimento: 1.05.03.01-3
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Abstract

We present in this work a number of results in Poldolsky’s formulation of
the (2+1) dimensional Electromagnetism. We focus our attention on the non-
relativistic regime of scatterings. We analyse the possibility of existence of
bound states for the time-independent Schrodinger equation, by considering
the scattering of two bosonic (with and without the Chern-Simons term) and
fermionic particles; in the latter case, we also compute finite-temperature
corrections. We finally consider the application of the theory to Quantum
Electrodynamics, also in (3 4+ 1) dimensions, and we explicitly work out the
renormalization group [ function in this case.
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Introducao

A Eletrodinamica de Podolsky, resumida na Lagrangeana abaixo :

1 a?
Lpos = =3 Fu ™ + EGVF"”(?AFM, (1)
foi apresentada em 1942 por Podolsky e Schwed [56, 57, 58]. O termo que
difere da Eletrodinamica usual e que é invariante de “gauge” leva a existéncia
de uma massa eletromagnética para uma carga puntiforme consistente com
a Relatividade Especial.

Teorias utilizando derivadas de ordem superior foram (e sdo!) muito
utilizadas no contexto da regularizagao. Por exemplo, [46] propds a seguinte
Lagrangeana

£="tpwp, — % pepwp g, — 2 pep pep,peE
4 4N T 4N 7 P m
para manter as teorias de “gauge” (no caso, Yang-Mills) com quebra es-
pontanea de simetria finitas quando renormalizadas em um “loop”.

Boris Podoslsky nasceu em Taganrog, Russia, no dia 29 de Junho de 1896. Contava 14 anos
quando emigrou do seu pais em 1911. Mais tarde, obteve seu Bacharelado em Engenharia
Elétrica e Mestrado em Matematica na University of Southern California. Seu PhD, sob
a orientacao de Paul Sophius Epstein, foi obtido no California Institute of Technology. De
1928 a 1930, foi membro do Conselho Nacional de Pesquisa deste mesmo instituto e da
Universidade de Leipzig, e, mais tarde nomeado “National Research Associate”.
Retornando & Unido Soviética, tornou-se Diretor de Fisica Teérica do Instituto Ucrani-
ano Fisico-Técnico em Kharkov. La, publicou varios artigos com V. Fock e P.A.M. Dirac,
e concebeu a idéia, junto com Lev Landau, de produzir um livro-texto que enfatizasse mais
os postulados tedricos que as leis experimentais, mas o projeto foi interrompido quando,

entdo, retornou aos EUA em 1933 e trabalho no Instituto de Estudos Avancados em Prin-



Outra abordagem € o seu uso como teorias efetivas. Citando alguns casos,
no problema de confinamento de cor, Baker et al, [12] propoem que a teoria
de Yang-Mills em grande distancias possa ser aproximada por

Lopy = ——2 F D2Fm
o0s =~ w
e ainda Alekseev et al [9], com o propdsito de descrever o comportamento
infravermelho do propagador do glion, propuseram a Lagrangeana

ab b ac e g abc rha b c
DpFuvaFuv+_f Fe F° F

Lepr = WE uvtvpt pp

4M?

Existem ainda muitas outras motivagoes para o estudo de teorias com de-
rivadas de ordem superior, como possiveis aplicacoes em sistemas dinamicos
em teoria de campos [22] e esquemas de regulariza¢do que preservam a su-
persimetria.

A utilidade da Eletrodinamica de Podolsky nao se restringe somente a
estes contextos. De fato, um sério problema existente na Eletrodinamica
Classica aparece na equagao nao-relativistica, derivada por Abraham (1903)
e Lorentz (1904) L

éU(a) @ - Eﬂ = ﬁext; (2)
3 ¢ dt 3¢ dt?

onde 7 é a velocidade da particula e U(a) sua energia eletrostética. O pri-
meiro fator de (2), (4/3)U/c? pode ser identificado como uma massa eletro-
magnética. Sendo assim, o fator 4/3 torna-se um problema quando queremos
concilia-lo com o valor m = U/c? previsto pela Relatividade Especial. Esse

ceton (contudo, mais tarde, ele retomou esta idéia escrevendo junto com K. Kunz o livro
”Fundamentals of Electrodynamics”(1969); Landau e E. Lifshitz seguiram esta linha e
produziram ”The Classical Theory of Fields” (1951) ). Tornou-se conhecido entao pelo seu
trabalho com Albert Einstein e Nathan Rose, “Can Quantum-Mechanical Description of
Physical Reality be Considered Complet?”, sobre o paradoxo EPR. Em 1935 tornou-se
professor assistente de Fisica Matematica na Universidade de Cincinnati. Em 1948 ori-
entou Philip Schwed em sua tese “Topics in Field Theory”, e posteriormente, assumiu a
posicao de professor titular em 1951. Seu ultimo trabalho foi como professor de Fisica na
faculdade da Universidade Xavier em 1961, onde permaneceu até sua morte. Seus interes-
ses eram teoria quantica, Eletrodinamica, relatividade e teoria da informacao. Também
participou ativamente na Academia de Ciéncia em Ohio em 1950 sendo eleito membro em
1957. Faleceu em 28 de Novembro de 1966 nos EUA.



problema foi solucionado em [31, 32], supondo-se que a Lagrangeana de Po-
dolsky seja adotada; sendo assim, o termo adicional remove o fator 4/3 para
a massa eletromagnética, e leva a massa correta.

Por outro lado, a Fisica em duas dimensoes espaciais tem sido muito es-
tudada atualmente, desde o primeiro trabalho sobre particulas de variados
“spins” em (2 + 1) dimensdes [47], principalmente quanto as suas aplicagoes
na Fisica do Estado Solido, que revela muito aspectos interessantes. Por
exemplo, para construir uma teoria eletromagnética consistente, é necessério
que nenhuma quantidade tenha dependéncia na variavel espacial z. Para
eliminar qualquer dependéncia do momento nesta componente, devemos im-
por E, = 0. Como a particula movimenta-se no plano (z,y), a existéncia
de qualquer uma das componentes do campo magnético neste plano iria
gerar, via produto vetorial, uma forca na direcao z! Logo devemos ter
E,=B,=B,=0.

Outra caracterfstica é que o campo magnético B = €70, A; = 01 Ay — 02 A;
¢ um pseudo-escalar, em vez de um pseudo-vetor como em (3+1)D (como Aé
um vetor bidimensional, o rotacional em duas dimensées produz um escalar).
E =-VAy— A éum vetor bidimensional, logo temos a seguinte forma para
o tensor eletromagnético:

0 —E, —BE,
F=|E 0 B
E, —B 0

O aqui exposto, torna o estudo de teorias de “gauge”, com derivadas
superiores no plano nao-trivial, mas ainda temos outras motivacoes.

A relevancia do estudo de uma teoria de “gauge” (2 4 1)-dimensional
para a descricao de supercondutores em altas temperaturas foi sugerida pela
possibilidade de que a estrutura em camadas dos cristais de 6xido de cobre
indica que o movimento dos elétrons seja efetivamente bidimensional. Neste
caso, a Lagrangeana efetiva (2 4 1)-dimensional pode ser obtida da Lagran-
geana quadridimensional, impondo, além dos argumentos acima, que a carga
tridimensional ao quadrado seja proporcional a [60, 43]

o
6?;’ X g, (3)
onde o = % é a constante de estrutura fina (igual a carga do elétron quadri-

dimensional, no sistema natural de unidades) e § a distancia interplanar dos



supercondutores. Logo, ela também nao é mais uma constante adimensional
(utilizando o mesmo sistema de unidades), mas seu quadrado tem dimensao
de massa, de modo a manter a agao adimensional no espaco tridimensional.
A Fisica no plano ainda revela a existéncia de um novo tipo de teoria de

“gauge”, a teoria de Mazwell-Chern-Simons,
1 S

L=—-F,F"
I +4

1 My A,,

permitindo também a existéncia de uma massa, desta vez topoldgica, s, in-
variante de “gauge”. O termo de Chern-Simons pode ser induzido pelas
corregoes radiativas de um campo fermionico, e surge como uma das princi-
pais propostas para o efeito Hall quantico fraciondrio [45].

Percebemos que o estudo da Eletrodinamica de Podolsky neste contexto ja
seria suficientemente rico, se a perspectiva de existéncia de estados ligados,
em analogia ao caso de “anti-gravidade” na gravitacao em (2 + 1)D [1],
nao viesse a se somar a esse panorama, pois tal propriedade permitiria uma
melhor compreensao do fenomeno de surgimento de “pares de Cooper” em
um supercondutor.

Atualmente, a explicacao para o surgimento destes pares é a seguinte: um
elétron passando proximo da rede cristalina interage com os ions positivos
da rede, que devido as suas propriedades elasticas, emitem um fonon. Logo
que um segundo elétron de momento oposto passar proximo a esta regiao
de deformagao, onde a densidade de carga positiva passa a ser maior, pode
receber este fonon e, conseqiientemente, o momento do primeiro elétron,
resultando na interacao atrativa entre eles, podendo ser maior que repulsao
Coulombiana, formando um “par de Cooper”. Para isso, as auto-fungoes
espaciais devem ser simétricas sob a troca de indices, o que ocorre quando
os “spins” sao anti-paralelos.

Neste trabalho examinaremos o comportamento da Eletrodinamica de
Podolsky em (2 4+ 1)D e, em especial, a existéncia de estados ligados que
possibilitariam aplicagoes a Fisica da Estado Soélido ou Fisica Nuclear. A
organizacao deste trabalho é a seguinte:

No capitulo I faremos uma primeira investigagao utilizando a teoria de
Podolsky no espalhamento de duas particulas escalares. O célculo do poten-
cial sera feito sem apelar para as solugoes da equacao de Maxwell modificadas
pelo termo de Podolsky [2], mas usando a aproximagao nao-relativistica deste
espalhamento.



A adicao de um termo de Chern-Simons é um elemento chave para a
explicacao de particulas com estatistica indefinida, os “anions”. O Capitulo II
sera consagrado a este estudo. Este capitulo contém ainda uma comparacao
do numero de estados ligados com, ou sem, o termo de Podolsky.

A aplicacao da Eletrodinamica de Podolsky ao espalhamento de dois
elétrons é feita no Capitulo III, onde ainda estudaremos os efeitos da tempe-
ratura na forma deste potencial.

Estudaremos no Capitulo IV, a aplicacao desta teoria para determinagao
da fungao-33, fazendo sempre um paralelo com o calculo em (3 + 1)D. Esse
estudo podera ajudar-nos a compreender o comportamento da carga renor-
malizada (um dos ingredientes do potencial eletromagnético) em relagdo a
massa, como também avaliar a influéncia da distancia interplanar nesta quan-
tidade, cujas conseqiiéncias podem ter impacto direto nos nosso resultados.

As nossas conclusoes serao apresentadas logo apés o Capitulo IV.

O sistema de unidades natural é empregado, portanto h = ¢ = kg =
1, onde kp é a constante de Boltzmann. Neste sistema 1m = 5,068 x
1075 GeV ™t 1kg = 5,610 x 10%GeV, 1s = 1,52 x 1075GeV ! e 1K =
8,617 x 10~ *GeV. A métrica 1, quando tratamos do espago-tempo quadri-
dimensional é tal que gy = —n11 = —122 = —n33 = 1, e zero para os outros
casos. Em nossa notacao, O = 0"0,. A métrica tridimensional é dada por

(‘|‘,_,—)-



Capitulo 1

Eletrodinamica de Ordem
Superior em (241) Dimensoes:

Particulas Escalares

Visando determinar a existéncia, ou nao, de estados ligados na Eletrodinamica
de Podolsky, iremos iniciar nosso estudos com o sistema mais simples: o es-
palhamento de duas particulas escalares.

1.1 Primeira Aplicacao: Espalhamento na QED
Escalar

Iremos, agora, analisar a teoria de Podolsky, utilizando a teoria quantica de
campos, usando como exemplo a Eletrodinamica Escalar. Para determinar
o propagador, nesta teoria, podemos fixar o “gauge” usando uma das duas
condicoes:

9,A" = 0
(1+ea*0)9,A* = 0.

Em [57], afirma-seque a condicao 9,A" = 0 é mais restritiva que a segunda
e, por isso, deve ser utilizada. Escolhemos primeiramente utilizar a segunda



equacao com um parametro £, de forma a transitar entre uma condigao e
outra, se isso fizer alguma diferenca nos calculos.

Expandimos a Lagrangeana (1), adicionando o termo de fixagao de “gauge”
em termos dos potenciais, para obter o propagador:

1 2 1
L= LB+ SO0 Ey - (1 caD)0, A (1)
(8%

1 14 1% a2 v v
= —Z(@Ay —0,A,)(0"A” — 0V A*) + 581,(8“14 — VAN, AN — OrA,)
— %[1 + 24’0 + a*e*0%)0, A" 0, A*
2
= —%(GMA,,ﬁ"A” — 0,A,0"A") + %(@8“14’\8”6”14,, — 0,0M AV O LA, —

— 0,0" AP0, Ay + 0,0" AP Oy AV — %[1 + 2020 + a*202)9, A9, A",

Fazendo integracoes por partes, e eliminando os termos de superficie:
1 1
L = §A“(n,wm — 0,0,)A” + Q—A“[l + 2a%e0 + a*£?0%)0,0, A" (1.2)
o
2
+ %AM(D@M@ — 00,0, — 08,0, + 1,02 A”,

podemos escrever, no espago de momentos,

A 1
L = 5 [—mﬁ + kuky — —(1 = a’ek®)’k k, + a® (= Kk, k,, + nyyk‘*)} A"
A
= S DuA". (1.3)

Como veremos mais tarde, os termos proporcionais a € contem k,k,, logo
nao contribuem para o calculo do potencial nao-relativistico. Iremos entao,
de agora em diante, continuar os calculos com ¢ = 0:

«

c= o (L 1) or - - oo A,

O calculo do propagador exige, entao, que determinemos a solucao da
seguinte equacao no espago de momentos:

1
- [nwk;? + (E - 1) Kk — a2k — k%uk")] Pup=id%.  (1.5)
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O propagador serd, assim, a solugao, P**, da equagao D*'P,,, = id,. Utili-
zando o operador de projegao PH’ = An*? + BkFkP, iremos extrair os coefi-
cientes A e B. Feito isso, o propagador é escrito como:

—q 1 —a) + ad’k?
pre _ e — ( )k2

PER— e (1.6)

Uma forma mais simplificada de obter este mesmo resultado (e utilizando
bem menos calculos) segue o método exemplificado em [6]. Os operadores
utilizados neste método sao, explicitamente:

Kk, Kk,

— _ k. — KT
O = Ny 2 ; Wy = 2

(1.7)

com as seguintes propriedades:
00" = 0,=D—1, (1.8)

wpw' =1

0w = 0

k0, = 0;
k

Elw,, =

e apresentam a seguinte tabela multiplicativa:

Tabela 1.1: tabela de multiplicacao dos operadores

Pela tabela acima, verificamos que estes operadores de projecao formam
um conjunto completo. Ou seja, podemos expandir D, = Af,, + Bw,, , onde
A e B sao coeficientes a serem determinados. Da condig¢ao D, P* = idf, e
da tabela 1.1:

Dy P = (A, + Bw,,)(A™10" + B~'wh?) = AA™Y00 + BBl = 0,
(1.9)



Para que a ultima igualdade seja satisfeita, é necessdrio que AA™! =
BB~! =i, o que nos permite escrever o propagador nesta nova base como
sendo simplesmente:

1 1
wo — pp pp
P i (AG + 7Y ) : (1.10)

o que simplifica o trabalho de identificar os coeficientes A e B de D,,,,. Assim,
podemos determinar, com relativa facilidade, o propagador para escolhas de
“gauges” mais complexos. Por exemplo, inspecionando (1.4), encontramos
para A e B os valores:

2

k
A=k —-dk';, B=—, (1.11)
o
que reproduz (1.6). Outro exemplo: escolhendo € = 1, em (1.2),

4

1
(0" -’00 %DQc?“@”)]A,,,

E:

escrevendo no espago de momento e substituindo os operadores 0, e w,
teremos:

1
DM = (K* — a®kM0" + —(K* — a®k* — a*kS)wh. (1.13)
(6%

Logo, uma simples inspe¢ao visual ja nos permite afirmar que:

10, N 10wy

P = = oid T i pake

(1.14)

1.2 O Espalhamento Escalar-Escalar e o Po-
tencial Nao-Relativistico

Com o propagador em maos, podemos continuar a estudar a interagao do
campo escalar escalar complexo de carga () com o campo de Podolsky, dada
pela Lagrangeana:

1 2
L = (Dud) D6 = M2¢" 6= 1 Fyu ¥ + S0, F* 0 F, (0,4")2, (1.15)

1
’\2a

9
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Figura 1.1: Espalhamento escalar-escalar.

que via a prescricao do acoplamento minimal, D, = 0, + 1QA, , permite a
expansao dos dois primeiros termos a direita:

(Du¢) D p—M?¢* ¢ = 0" ¢* o= M*¢" p+iQA, (90" ¢" —¢* 0" 9)+Q° A, A* 9" ¢,
(1.16)
onde o primeiro e o segundo termo a direita de (1.16) descrevem o propagador
da linha escalar, '
i
2 — M2’
o terceiro termo gera o vértice abaixo:

:

S | ,
/ s = —iQ(p+p)
ja escrito no espaco de momentos. O ultimo termo nao é importante em
nivel de arvore. Usando o propagador (1.6) e as regras de Feynman para
a particula escalar, desejamos determinar o potencial nao-relativistico, par-
tindo do espalhamento mostrado na figura (2.2).

O primeiro grafico a esquerda da figura (2.2) fornece:
1—a)+ad’k? ,
Lm0 e —iQla + a),

k-(g+¢)1—a+aa®k*)(p+7p)- k’]
k2 ’

‘ . ’ v
iM = —iQ(p+p)u x FEppTxY {77“ -

e |0+ ) -

(1.17)

10



utilizando conservagao de momento em cada vértice e o fato das particulas
escalares estarem na camada de massa, portanto k = p—p' = k- (p+p') =0,
anulando todo o segundo termo na segunda linha. Logo, este grafico fornece:

—iQ*(p+p)(q+¢) _

M= k2 _ o2kt

(1.18)

O segundo grafico é trivial, fornecendo a mesma contribuicao, entre-
tanto nao é necessario introduzir o fator 2, pois na mecanica quantica nao-
relativistica (para onde queremos transitar) a funcdo de onda ja é simetri-
zada . Queremos determinar agora o limite ndo-relativistico de (1.18), onde

P~ (M + 02l 5), ke~ (0,F):

Mun — i —@EDatg) QM
T e R-d R+ )

(1.19)

e ignoramos no numerador os termos proporcionais aos momentos.
Na aproximacao de Born , a secao de choque de particulas de massa m,
sendo o momento relativo de uma das particulas a diferenca entre o momento

inicial e final no centro de massa, k = p—p’, tal que |l§| =vVE2—m?2 ¢
do

dada por
i mn ik 13
0 47T/U(r)e d°r

Mas, da teoria quantica de campos, usando a amplitude de espalhamento

2 (1.20)

cm

M = —iQ2(27)35(p/1 +29/2 —p1— )7,
obtemos para a mesma secao de choque,

m2Q2
4E2(2m)?

do 2

— T
ds?

Invertendo a transformada de Fourier (1.20), podemos calcular o potencial

na aproximacao nao-relativistica, usando a amplitude de espalhamento na
primeira aproximagao de Born, ou seja

1 MNR
@2m)3 | am?

U(F) = eF TR, (1.21)

11



Com isso, podemos determinar o potencial nao relativistico, usando

1 , -
Ulr) = W/dm’“ Mg exp (=ik - 7). (1.22)
Usando (1.19) em (1.22) e D = 2 temos
1 1 . -

2m
_ 7zkrcos(9)
= Gy / / FETD ko dk
o k‘dk
_ (%W /0 e >[27rJ0(kr)]

QQ [e's) ) 1 1
= 27Ta2 /0v JO(kT')k dk (Cl ) ﬁ — —ka n (%2

(usamos a notacao k = |k|). Na pentiltima linha de (1.23) o aparecimento da
fungao de Bessel de ordem zero, Jy(kr) é justificado, pois utilizamos integral
tabelada [38]:

2
/ ikreos®) g0 — 27 Jo (kr), (1.24)
0

e depois procedemos com uma decomposicao em fragoes parciais. No entanto,
a primeira integral advinda desta decomposicao é divergente, problema que
contornaremos fazendo o seguinte limite:

@ 11
U(r)-th /0 Jo(k )kdk( l>2>' (1.25)

e—0 27 k2 +e  p24 (

Integrais como (1.25) também estao tabeladas, [38],
< xJy(ax)
A 1:2—_’_62de = K()(GE), (126)
onde Ky(ae) é a fun¢do modificada de Bessel de ordem zero ( se a > 0 e
Re(e) > 0). O limite assintético quando € — 0, Ky(ae) — —In(a) é utilizado
no calculo da primeira integral, assim temos que a solucao de (1.25) usando

(1.26) &
U(r) = 2_22 [ (%) + K, (ér)} , (1.27)

onde rpé um regulador infravermelho. Esse potencial é negativo para qual-
quer r, portanto repulsivo.
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1.2.1 Nao-Existéncia de Estados Ligados

Usando (1.27) acrescida do termo devido a rotagao, obtemos uma expressao
para a energia potencial efetiva da particula,

Vers(l) = —— +U(r) (1.28)
— ;L;—g—;[zn(r)ﬂco ()] (1.29)

onde [ é o momento angular da particula. Um potencial confinante s6 pode
existir se ele tiver um minimo, ou seja, devemos ter raizes (reais) para r
quando derivamos (1.28) e igualamos a zero,

AVass(r,1) 27 Q1 1 1
- 2 X |Z_ZK. (= =0 1.30
dr mrd 27 |r a ar ( )
20 Q* Q7 r
_ Y g (—) .
= mr3 + orr  2ma ' \a

Suponha, por absurdo, que exista € > 0 tal que

2[2 Q2 QQ €
_ 2K (—) —0. 1.31
me3 * ot 2ma’ ' \a ( )

Como K;(r) é uma fungao continua em R, teremos entao

f(r)
2 r Q? € 212 Q>?
s ora * \a ora” ' \a me3 + 2me ( )

Provaremos que este nao é o caso. Usando a série de Frobenius
no 2kl

1 r 17 & r2htl 1 o= k=1 Rk [T\ 20+
=L+ fn() - S Tl
i) =2+ [m 2 21 2 22D (k + 2)kl 2 ; aln+ 1)1 \2)

k=0

podemos ver, com r > 0, que Ki(r) > % — 1 (o grafico desta duas fungoes
mostra de maneira mais clara esta relagao), fato que usaremos brevemente.
Escolha de antemao

— Q2 212

+— >0,

€= 3
2ma  me

13



e 0 > 0. Facamos rs = ¢ + g > (0. Entao

2 <Q> 2 QY| | @e—rs) 20 @

21a a me3  2me 2mrse me3  2ma
25 92 2 25 92 2
’ Q Q| @ N n Q

 Admrse med  27a
—_——

|f(rs) = L] =

> €,

Cdmrse med 2ma
>0 €
entdo seja qual for 6 > 0 pode-se achar 75 tal que 0 < |rs —e| < d e |f(rs) —

L| > ¢, ou seja f(r) nao tende & L, contrariando (1.32). Portanto nao existe
e € R, que satisfaga (1.31).

1.2.2 Generalizagao para d Dimensoes

Iremos, entretanto generalizar este resultado para d dimensoes, para utiliza-la
em outros casos. Usamos entao (1.19) e (1.22), expressando em coordenadas
polares:

1 - -
W/dd lk’ MNRGXp (—Zk?f)

B Q? /dd1E Dyr(k)exp (—ZIZF) _
k2(k2 + a%)

(1.33)

_ Q2 o - 1 1 B Q2 2w ™ s
= G /dd YeNyr(k) exp (—ikr) {ﬁ — k2—|—%] - (27r)d—1/0 /O /0

1 1

[ Ny exp (il cos0s-2) |35 = g |19 s o
0 0

k2 + %
SiIl2 93d03 sin 6’2d92d91,

onde o cosf no argumento da exponencial é 1, no caso bidimensional, e
Nyr(k) é o numerador de Myp. Queremos realizar primeiramente as as
integracoes nas variaveis angulares. E interessante verificar que podemos
escrever em duas dimensoes as coordenadas serao simplesmente

ki = |k|costy, ky = |k|senby, (1.34)

logo o Jacobiano da transformacao de coordenadas é J = k. Em tres di-
mensoes, com:

ki = |E\cos€1, ko = \E\sen@lcos%, ks = |/§\sen9136n0200593, (1.35)

14



o Jacobiano serd dado por J = k%sen?f;. Assim iremos generalizar entao as
coordenadas em d dimensoes:

ki = |k|cosOy, ks = |k|senficosts, ks = |k|senbysenbscoshs, (1.36)
ky, = ’E‘0089186n9286n9300$94,
j—1
ki = K| (H sen0i> cosb;, ...
i=1
d—1
ke = |k|Hsen0i. (1.37)
i=1

Desta forma, podemos escrever o Jacobiano, como:

8(:1:1, To, ... ,$d> ) =d—1 ol i1
J = det = |k | | sen' 0, 1.38
(8(7’,01,92,...,0d1) ‘ | ity ( )

O elemento de volume sera:
d d—1 . . d—1
[ =7k ][ do: = |k|* " dkd_y = |k|* " dk ] | sen™'0:d6;,  (1.39)

=1 i=1 =1

00 2 ™ ™
/ d'k = / k| dk / db, / senbydfy / sen®0sdfs . . .
0 0 0 0

/ sen®™20,_1dfs_;. (1.40)
0

logo

A primeira integral a direita é simplesmente 27. No nosso caso, estamos
interessados na integral da forma abaixo:

00 2w g T
I = / f(’k’)wd_ldk/ d@l/ sen82d92/ sen?0sdbs . . .
0 0 0 0

/ el eosbas gopd=29  q0, . (1.41)

0

A série iniciada pelas duas tltimas integrais angulares na primeira linha
de (1.41), pode ser simplificada se usarmos :

/7r sen™0df = vl (3(m +1)) (1.42)




e, assim, escrevemos todas as integrais angulares como o produto da primeira
integral angular (que fornece 27) por:

o VAT() VAT(3/2) VAT(2) VAT e T() _ 2n'
[3/2) T2 T(/2) T r(%5)) r<d71>‘>
1.43

A tltima integral em (1.41) também pode ser determinada usando a de-
finicao integral da funcao de Bessel:

d—2
L 27 I'(1/2)I (42 -
/ ellkllrcosba send=20, 1 df, , = E / )d;(z 2 )Jﬁ(‘kHﬂ) (1.44)
0 (|&[|71) "2 ’

Usando (1.43), (1.44), I'(1/2) = /7 em (1.41), obtemos:

2d/2 d

7/‘1»‘7

A resolucao do potencial nao-relativistico reduz-se a solu¢ao de uma in-
tegral em k,

2 00 1 1 . N
)= Gt (uaz s A) Hoal) W e (R
‘ (1.46)

Lembramos também que d = n — 1, onde n é o nimero de dimensoes do
espaco-tempo. Para conferir se obtemos uma expressao correta, iremos cal-
cular a integral no caso quadridimensional, onde d = 3. Lembramos que:

/ PRI o (1R 7) IR 2d. (1.45)

Ty o) = (3)1/2 sen(z). (1.47)

T

Logo, aplicamos (1.46):

1/2
L Q? | 2 .
N REGTE /0 2 (ﬂl%ﬂﬂ) ser{ KT}k

< e (2 V"
—/ = = sen(|k||r)dk (1.48)
o k>4 2z \ k]|

Q’ * sen([k|I71) ™ |Flsen([K||)
— Sk — dk
(2m) 12|71 /0 k| /0 W(IEIQm%)
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que coincide com equagao (2.24) de [41]. O mesmo é valido quando d = 2.
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Capitulo 2

Estados Ligados da Teoria
Maxwell-Chern-Simons-
Podolsky

Esse capitulo serd devotado ao estudo da Eletrodinamica de Podolsky (ou de
Maxwell-Podolsky) em (2 4 1) dimensoes com um de Chern-Simons. Nossa
expectativa é obter estados ligados a partir da equacao de onda modificada.

Antes, iremos checar se a teoria resultante é consistente, principalmente
quanto a unitariedade.

2.1 Analise da Unitariedade com a Teoria de
Chern-Simons

Vamos partir primeiramente de um modelo mais conhecido, dado pela La-

grangeana de Proca-Chern-Simons (PCS):

c 1

4 2\

Para encontrar o propagador é 1til introduzir novamente os operadores
tipo Barne-Rivers:

2
L=-SF,F"+ %AHA“ — (9, AM)? + geWpAHaVAP. (2.1)

0,0,

= (2.2)

9;,”/ = Nww —

18



0,0,
w/u/ = 0 )

_ P
S = €up0”,

no espaco de coordenadas. Essencialmente, expandindo a parte quadratica
da Lagrangeana, chegamos a equacao descrita abaixo:

0= xlﬁw, + ToW + I’gSw,.

Adaptando o algoritmo descrito em [8] , e usando as propriedade descritas
na tabela (2.1), a equagao inversa é:

O™ = 410" + yow 4 55", (2.3)
onde
= ——0(x — 2.4
Y1 Z’%—F[E%D (I’ y)) ( )
1
= 53—
Y2 T (I’ y)a
- B YOS
Ys = Z’%—i—.ﬂ?gmd (1’ y)

O~! é somente o propagador no espaco tridimensional. Vamos aplicar
este formalismo em (2.1), obtendo

cO + p? " A I

o =
(02D2+(82+26/L2)D+M4 + O+ Ap?

(2.5)

s
- St ) 83 (z — ).
202 + (s2 4 2cp?)0 + pt ) (x =)

As massas fisicas, correspondendo aos pélos em k? (ou alternativamente
x) de (2.5), sao facilmente encontradas resolvendo, ja no espago de momentos:

a? — (2cp® + %) w + pt =0, (2.6)

obtendo duas solugoes distintas,

2 2 2\ 1/2
W S s 5 S
=— 4+ —+ — — . 2.7
LT G @7)
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Tabela 2.1: Tabela de multiplicacao de Barne-Rivers

O mesmo resultado foi obtido em [14].

A unitariedade requer que, saturando o propagador com correntes con-
servadas (j,), seus residuos em k? seja sempre positivos [26] . Isso é baseado
em um postulado sobre o valor esperado do vacuo de uma funcao de dois
pontos ordenada temporalmente na representagao espectral. Se o resultado
é negativo, estados de norma negativa (“ghosts”) aparecem ja em nivel de
arvore. O propagador saturado é explicitamente representado por:

M = G RN Au(=R) Ay (R)[T) 5" (F). (2.8)

Entao, a condicao de unitariedade imp&e que ResM|j2_po1es > 0.
Escrevendo a forma mais geral para corrente conservada em uma base
apropriada, na representagao de momentos, teremos

K= (K k), k" = (K%, —k), ¢ = (0,8);
onde € é um vetor unitario ortogonal a k.

j* = Ak* 4+ Bk + Cé". (2.9)

A condicao de conservagao de corrente, k,j* = 0, permite-nos derivar
uma relacao entre A e B:

AR? + B(k2 + k) =0, (2.10)
e
Wt = wuj” = 0. (2.11)
E facil ver que:
HSuwi” =0, (2.12)

30,,5° = ", = (B*— AHE* + C* = F(k).
H H
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Por (2.11) e (2.12), somente termos proporcionais a 6, em (2.5) sobrevi-
vem quando saturamos o propagador com correntes conservadas; conhecendo
as solugoes (2.7) teremos como escrever M,

1 F(k
M = - |5 i (k) (2.13)
82
1 s F(k)

+

2 e o+ 5 kQ‘(”—H%—%\/an%)

Impondo que ResM |y2—,, > 0, isto serd somente possivel se u? < 0, o que
nao é permitido em um modelo nao taquionico, ou se colocarmos um sinal
errado no termo massivo em (2.1), ou seja ndo podemos obter unitariedade
no nivel de arvore.

Agora que ganhamos alguma experiéncia, podemos estender nossa analise
para a Eletrodinamica de Podolsky

C

4

1
2\

S
—€

2
L=—SF,F"+ %(‘BVFWaMF,M = 53O+ S, AN A (2.14)

Usando o mesmo algoritmo obtemos o propagador

< a™?(0% + ca™20)

A
—1 v v
o+ —wt 2.15
© 04 4+ 2a—2¢03 + c2¢—402 + s2¢—40 * Dw ( )
sa™*

D4+ 20208 + a0 4 $20—10

S””) 5z —y).

Encontrar os pdlos em k? de (2.15) segue a mesma seqiiéncia de célculo

feita anteriormente. Antes, é conveniente fazer uma mudanca de variaveis,

s? = aa2. Apds alguma dlgebra computacional, resolvemos

z(z® — 2a e + Fa 'z — sfa™t) =0, (2.16)
e os resultados seguem, com ¢ = 1:

29 = 0, (2.17)
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2 21/3q2
T, = 55+

3a%  3(—2+27a + 3v/3y/—4 + 27a)l/3
1a= (=2 + 27a + 3v/3v/—4 + 27a))'/?

21/3
L2 1 (1+iv3)a?
* 7 3a2 3223(—2+4 27a +3v3y/—4 + 27a) /3
1(1—iV3)M?(—2 + 27a + 3v/3y/—4 + 27a)'/3
- 6 21/3 !
2 1 (1—iv3)a?
Ty = ——F — =

3a%  321/3(—2 4+ 27a + 3v/3v/—4 + 27a)/3
1(144v3)a2(=2 + 27a + 3v/3v/—4 + 27a)'/?
6 91/3 :

Se o discriminante polinomial de (2.16) for tal que D < 0, todas as raizes
serao reais e distintas, impondo que:

b _}6q12 . _3a" . s2q—4 2
729 27 2
_16q12 — a8 a6 2
= + . 2.18
729 27 + 2 ( )
Entao para evitar duas massas complexas, o modelo requer que se tome
a constante o menor que % (mas nao-negativa). Mantendo « nesta faixa,

aplicamos o método de Routh-Hurwitz para determinar quantas raizes terao
partes reais positivas. Logo, da equacao

23 +ar? +br+c=0,

construiremos a tabela da qual, extraindo a primeira coluna e contando o

1 b
a C
ab=c
0
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mimero de mudanga de sinais, teremos o nimero de raizes positivas. Entao,
se §2 = 4a” , a seqiiéncia:

27
— 4 2 —
{17 2 _26, Cga ‘ (27 )7 —403 6}

—2a2¢ 27

deve ser +, —, +, — para obtermos as desejadas trés solugoes reais e distintas.

Por exemplo, se a = 27, teremos as seguintes solugoes:

21 = 1.17736a"2, x5 = 0.78243a"2, 3 = 0.04020a . (2.19)

Apés todo esse cuidado para que as solugoes sejam reais, a expressao para

M é

o (ca™* — a2x,)F (k)
M a (.%'1 — ZL'Q)(Il — .%'3) k?2

(
(ca™ — a™2x3)F(k)

(21 — w3) (w2 — 23)(k? — x3)

(ca™ — a™%xy) F (k)
1) (@1 — ) (w2 — 13) (2 — 1)

(2.20)

Considere z1 > . Para obter Res M|y2—,, > 0, suponha: (i) z; > a2 e
r3 < x ou (ii) z; < a~? e x3 > x1. Por outro lado, Res M|j2—,, > 0, requer
: (iil) a7 > @y e w9 > w3 0u (iv) 19 > a? e x3 < x3. Com qual par destas
opgoes podemos obter Res M|j2—,, > 07 Claramente, o par de condigoes
(ii)-(iv) and (ii)-(iii) viola nossa hipétese inicial, 1 > =z, e portanto sao
descartadas. O par (i)-(iii) impoe que z1 > a™2 > x5 € T1 > Ty > T3, entao
a™? > x3, 0 que apds analisarmos os sinais, nao sao suficientes para fazer
Res M|j2—,, > 0. A mesma situagao ocorre com (i)-(iv): z; > xg > a2
e ¥ > x3 > T (concluindo que z3 > a~?) produzindo Res M|j2—,, < 0.
Retornando ao nosso exemplo numérico, se o = %:
Res M|j2—y, = 0.39493, Res M|j2—,, = 0.74227, Res M|j2—,, = —1.13716 < 0.

Se 1 < T9, isso nao ira modificar nosso cenario. As condigoes impostas
por Res M|;2—,, > 0 tornam-se (i)a™2 > x; e 1 > x3 ou (ii) 2y > a2 e
T3 > x1, € Res M|je—p,2 > 0 requerendo (iii) a™2 > x3 e x3 > x; ou (iv)
Ty > a ez > x3. O par (i)-(iii) e (ii)-(iii) sao excluidos. Entao, nem
(i)-(iv) ou (ii)-(iv) podem tornar Res M|z2—,, > 0.

No entanto, a teoria pode ser utilizada com uma teoria efetiva somente.
Esta sera nossa abordagem neste trabalho.
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Figura 2.1: Espalhamento escalar-escalar.

2.2 Analise de Estados Ligados

Analisados os aspectos da unitariedade da teoria, partiremos para verificar
se a teoria permite estados ligados ou nao. A Lagrangeana:

1 , a? Y 1 s Y
L= FuF" + 0, F" P F\ — ﬁ(8#14“)2 + e ANO" AR, (2.21)
permite que o propagador seja escrito no espago de momentos como sendo:
, k? — a?k* ~ A S ~
P,LL]/ = —1 (k‘2 — a2k:4)2 — 821{;29“” —H?ww — (k}2 — a2k4)2 — 52/{;25“1/. (222)

Com este propagador e o vértice para o campo escalar, iremos determinar o
espalhamento dado pela figura (2.1).

Assim, o cédlculo do primeiro grafico ird fornecer:

. . k% — a?k* ~ A
M = (_ZQ>2(p +p/)u (_Z(kz — a2k4)? — 32k29“” * Zﬁw“'j
S ~
- (k2 _ a2k4)2 _ S2k23ﬂ’f) (q + ql>”

QK — a®k)(p+ ) - (¢ +¢) N Q%€ (p + P )kP(q + ¢')

(k2 — a2kV)2 — 22 (k2 — a2kh)2 — g2z
e usaremos, agora, conservacao de momento nos vértices, p’ = p — k ou
¢ =q—F,
M = iQ*(k* — a*k*)(2p — k) - (2 — k) + sQ%€,pn (20 — k)PP (29 — k)”
(k2 — a2kV)2 — s2k2

1Q*(K* — a®kY)[4p - q — 2k - (p+ ¢) + K] + sQ*euup"k¢"
- (k‘2 _ a2k‘4)2 — §2k2 ’ ( ' 3>
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O limite nao-relativistico da expressao é tomado, como ja discutido an-
teriormente, fazendo as substituicoes p° = M — O(lj@iz), O=0ek?=—k2,
sempre mantendo termos somente até a ordem %. Podemos reconhecer que
€upP"kPq" = kPeunq’pt = k(¢ x p), = k- (¢ X p). Mais ainda, em 3
dimensoes, no limite nao-relativistico:

k-(gxp) = ko(pagn —01¢2) — k1(Pog2 — p2qo) — k2(p1go — Poqr)
~ Mlki(ps — q2) — k2(pr — )] = Mk x (= ), (2.24)

0 que permite escrever (2.23), a expressao para M = —iMypg, como:

AM2Q* (K% + a2k*) — 4iMQ%sk x (7 — @)

Mg = — —
ad|k[2(kS + Tkt + & 4+ )

(2.25)

Seja k* = x. Um pouco de teoria sobre solucao algébrica de equacoes
cubicas pode nos dizer algo sobre o termo entre parénteses no denominador
da expressao (2.23). Dada uma equagao do tipo:

23+ a2 + asx +c =0, (2.26)
se os coeficientes a; sao reais, e dada a definigao:

3as — a?
9
9ayas — 27az — 2a3

= 2.2
R e (227)

Q =

o discriminante D = Q® + R? determina as caracterfsticas das solucoes. Em
especial, para termos todas as raizes reais e desiguais, devemos ter D < 0.
Ainda neste caso especial as solucoes podem ser expressas por:

T, = _—(11—1—2\/— Cos Q
3 3
—a 0 27
Ty = Tl+2\/— COS<§+?)
—aq 0 47
r3 = T+2\/— COS §—|—? y (228)
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onde cos = R/\/—@Q?3. Para que D < 0 terfamos como condi¢ao a < 29%3, 0
que pode ser conseguido fazendo:

23
a=—
9\s’

onde o fator A pode assumir qualquer valor maior que um. Assegurando deste
modo que as solugoes sejam reais (mas nao necessariamente todas positivas)
e distintas, podemos entao partir para o calculo do potencial nao relativistico
, substituindo (2.23) em (1.22). Podemos dividir esta integral em duas: uma
com um termo proporcional a M? e a segunda com um termo proporcional

a M.

Na primeira integral:

(2.29)

/oo /27r 1 QZ(l+a2k2)€—i—i\lz\|f’|cos0|lg|dkd8 (230)
0 0 (2 ’

)2 a4(Eﬁ+a_22E4+§_i+Z_i)

ou, equivalentemente, por fragoes parciais,

/00/27r Q2 [ (1+a2x1)_’ N (1+a2x2)ﬁ
o Jo (2mPal | (zy — a3) (21 — @) (K2 —21) (22— x3) (22 — 21) (JK|2 — 22)

14+ a2 - .
+ T ] eI o8| £ 71 4. (2.31)
(z3 — m2) (w3 — 21)(|K[? — 23)

A integral em 6 ¢é tabelada [38]:

/Oo Q° (14 a®zy) ﬁ N (1 + a2a,) )
o Cm)at | (w1 — ag) (a1 — wn) (KP —21) (w2 — ws) (w2 — 1) (K2 — 2)
1 +CL2£L'1 N 5
g JO k|l |k dk‘, 2.32
+ (1;3—1‘2)(1‘3—]:1)(|k|2_x3)] (| ||_1)| | ( )

onde Jy(z) é a fungao de Bessel de ordem zero. A integral nos momentos
também é tabelada,

Q2 (1 —+ Cl2£lfl)
(2m)a* | (x1 — x3) (2 —
1+ CZQ.Z'l

N )Ko<m|ﬂ>] , (2.33)

KTl + (el

_ :Bg)(l”g —_

(3 — x2) (w3 — 21
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lembrando que Ky(z) é a funcdo de Bessel modificada.
A segunda integral, derivada do termo proporcional a M em (2.25), é

00 2 : —0)? k — 7 T
/ / i 2 Q*sk x (P 67)2 _—ilFITeosO) Flakdp,  (2.34)
(2m) a4M|k| (kﬁ + a—2k4 + ’;—4 + %)

onde mais uma vez iremos utilizar fragoes parciais para escrever:

2 : , at —(1 + a%xy)?
sk —
/ / M (27)2 a4[ @ sk (p= ) [ s2| k|2 82(x1 — z3) (21 — @) (|k[2 — 21)

+ —(tatrs)” + Gl Vlh eI K| kg,
s2(w3 — 2) (1 — w2) ([k[* — 22)  $*(x3 — @1) (w3 — @2)(|k]* — 23)
(2.35)
e a integracao angular segue como a anterior
/°° 1 —Q%kx (F— ) B a —(1 + a%x)?
M at SR 82(x1 — a3) (01 — 22) (k]2 — 21)
—(1 + a%x,)? —(1 4 a*z3)? S
T L) NS G R ) — ([ S
$2(w3 — 2) (1 — w2)([k[> — x2)  $*(x5 — @1) (w3 — @2)(|K]* — 23)
(2.36)

Iniciamos, no segundo termo, fazendo a integracao nos momentos do pri-
meiro termo entre colchetes de (2.36). Relembrando a dinamica do espalha-
mento, temos que, nas COOrdenadas do centro de massa, podemos expressar

o momento relativo ¢ = =g 2 . Assim

? Jo(IKII71) kldE, (2.37)

M(2r)

que diverge no limite de & — 0. Podemos introduzir um fator ¢ no deno-
minador cujo limite ¢ — 0 é realizado depois da integragao, fazendo (2.37)
tomar a seguinte forma,

2% Q% xt

M) s(kP + 02) Jo([K[[7T) k| dk. (2.38)
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Usaremos

o o S > - 0 - 7 0
kxt:—txk:—tx<—iv>:z’tx r— | =itx|—=—]1, 2.39
(5) = (Fz)
supondo que temos fungoes somente com dependéncia radial. Como % =

—oKi(o|r]) , usamos este fato, junto com (2.39), para escrever a integral
(2.37) como:

2% Q% xt - S =2Q% Pxt
= 1 oy PRI = oo 2o o),

(2.40)

e assim ja podemos identificar L=7xt (lembre-se que L é um pseudo-
escalar). Tomamos agora o limite ¢ — 0:

1
lim o K = — 241
UIL%U 1(0-|7?|) ‘ﬂ7 ( )
aplicado a (2.38)
—-Q? L

—. 2.42

Mnrs|r)? ( )
Trabalhamos, entao, com os trés tltimos termos de (2.36) de forma analoga:

/ ' —Q2SI€ X (p—q) —(1+ ax)? (2.43)
M ot (w1 — w3)(wr — 22) |k — 1)
—(1 +a IEQ) —(1 + a2$3)2

+

] To([KII7)|k|dk

- + -
s2(x3 — xa) (w1 — o) (|K|? — -’132) s*(w3 — m1) (23 — 22)([k|* — 23)

Q2sL —(1 + a%x)?
= il \/|x1 Ki(V/|z1]]m)

82(x1 —x3) (21 —

1 1
n —( +“ ) \/|a:2 K ( \/|x2 171) + ” 73)” \/|x3 1K (V23] |71) ]

s%(xg — 9 —x

Logo, o potencial na aproximacao nao-relativistica é expresso somando-se

as partes (2.33), (2.42) e (2.43)

U(r) = (253)&4 {( 4 iy 2 M|ﬂ Sy ) \/|5E_2|F|

ry — x3) (11 — 933)(552
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1+ d’x
+ LTl

(23 — 2) (23 —

Qs (1 + a’x;)?
_ a4M7T|f“ \/ ’l‘l K1 \/ ’331 |F|

(xl —:Ug) T, — To

1+ a?x
R ) Ik ¢|:c2 1)

s?(z3 — x2) (21

1+a T /—
+ ( 3 \/ |I3 K1 |l’3 |F|

s?(x3 — x1)(

ZIW]

De posse do potencial (2.44), podemos utiliza-lo para encontrar as solugoes
da equacao de Schrodinger independente do tempo

(~537 +00)) 60) = |~ (a0 ) ~ e + VD] w09 = B

(2.44)
e o operador de momento angular L é escrito como:
0
L=—i— 2.45
96 (2.45)

Convém fazer uma separacao de varidveis ¢ (") = R(r)$(0). Para a parte
angular uma solugao proposta é ¢(f) = \e/l; . Substituindo em (2.44), obte-
mos a equacao diferencial para a fungao radial:

1 0 0 12 L
{_ oM Or (TE) *oage U l)] Rir) = BR(r), (249
onde podemos ainda definir ug(r) = /rR(r), obtendo
1 d? 1
—m (d2 + 12 > Ug + Vefqu = EuE, (2.47)

com
l2
Veff = U(T, l) + W

Solucionar analiticamente (2.47) com o potencial dado em (2.44) nao
parece possivel em uma primeira analise. Partimos, entao, para a solugao
numérica do problema usando métodos numéricos. Alguns resultados sao
mostrados na figura (2.2).
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Figura 2.2: Primeiras func¢oes de onda para A\ = 200,M = 140MeV,s =
0,003MeV el = 4.

2.2.1 Solugao Numérica do Problema de Auto-Estados

O método de Numerov [50] permite determinar a solugao de equagoes dife-
renciais do tipo

o' () + gla)u(z) = s(x), (2.48)

o que é desejavel para nosso problema, ja que podemos transformar a equacao
de Schrédinger para a forma (2.48):

o (3 3 ) PO E V0000 = Bl = (249

2m
1
w//(r) + {4_742 + Qm[E — Veff(r)]} ¢(T) = \.;
\ v :S(T)

TV
=q(r)
O método consiste em aproximar a derivada segunda por
2

Upt1 — 2Up + Up—1 " h " 4
= — 2.
- Tl + O, (2.50)
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com h tao pequeno quanto se queira. De (2.48) imediatamente segue que

W (1) = %[—q(m)u(m) + s(x)] ) (2.51)
(g(x)u(@))nt1 — 2(g(x)u(@))n + (g(@)u(z))n1
12
$(Tni1) — 28(wn) + S(Tny1)
B2

+ O(h?).

Substituindo (2.50) em (2.48), e apGs conveniente arranjo, obtemos

B2 5h? h?
(1 + EQ(l’n-i-l)) Uny1 — 2 (1 - ﬁCI(%)) + (1 + EQ(xn—l)) Un—1 =

2
E(Sn.i,_]_ + 108, + Sp_1)- (2.52)
Resolvemos, entao, a equagao linear (2.52) para u,.1 ou u, 1 (usando o
método da bissecgdo por exemplo). Podemos tomar como condigdes iniciais
para o método u(0) =0 e u(h) = A << 1.
O problema de determinar os autovalores (veja, por exemplo, Koonin
[44]) é o de encontrar as energias F para as quais (2.48) tem solugao, com a
condic¢ao inicial

w(xmzn) = 1/}(xmaz> = 0. (253)

Suponha que exista E que satisfaca estas condigoes. Existe um ponto x,
(usualmente um dos pontos onde Ej é igual a energia potencial) para o qual

¢l($r) = wr(xr); (254)
diz,) = ()
i) ()
T (@) T )
. _ [wl(‘xT + h) B wr(aj?’ B h)] — [%(Sﬂr + h) B wr(‘xr - h)] _

onde no ultimo passo usamos como estimativa das derivadas a férmula de
trés pontos.
O algoritmo para determinar um valor correto para F se resume em:

1. Escolha uma regiao para determinar a solugao;
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2. escolha uma escala para procurarmos E. O valor mais baixo desta
escala sera uma primeira tentativa, Fy. De posse deste valor podemos
determinar z, como mostra a figura (2.3), o ponto de inflexao;

3. determine () da esquerda para z, + h e ¢,.(z) da direita para =, — h,
usando o método de Numerov;

4. reescalamos as solugoes para assegurar ¥y(x,) = .(x,), através da
multiplicagao de ¢;(z,) por ¥,(x,)/¢(x,) depois de z = x,. + h

5. calculamos

[W(xr + h) = (e = B)] = [r (s + B) = Yz = D]

2h) () (2’ -

F(Ep) =

6. resolvemos (2.55) para obter E, tal que F(Ep) = 0, com uma dada
tolerancia. Se nao for encontrada solucao mude o valor de Fy até
chegar ao valor méaximo da regiao .

2.3 Comparacao do Niumero de Estados Li-
gados Ny(U)

Como a teoria de Maxwell-Chern-Simons permite a existéncia de estados
ligados [48], queremos, entao, verificar se existe vantagem em utilizarmos
uma teoria mais complicada para obter estes estados. Uma boa estimativa
seria comparar a quantidade de estados ligados.

2.3.1 Determinacao dos Valores

Classicamente, o nimero de estados ligados No(U) de um operador Ha-
miltoniano H é dado pelo nimero de células de tamanho h? aonde h é
a constante de Planck, no espaco de fase aonde o hamiltoniano classico
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X, X
EO \v —
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X

Figura 2.3: Potencial esquematico para a equagao de Schrodinger em uma
dimensao. Quando Ejy é um auto-valor a derivada é continua no ponto de

inflexao.
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H(x,p) = p* + U(x) é negativo. Seja h = 27

Volume de uma bola
unitaria em R?
/2

No(U) ~ (2m)™* / /H(r,p)SO dodp = (2m)0 T(1+d/2) Rd U-(@)]"dz.

que ¢ verdade no limite semi-classico. Em 1961, M. Birman [20] e J. Schwin-
ger [63], independentemente, determinaram que o niimero de estados ligados
para E < 0 seria relacionado ao nimero de auto-estados do operador

Kg = |UY*(=V? + E) U Y2 (2.56)

Pode-se provar que, se U € Cg°(R?), d = 2, a norma do operador (2.56)
diverge e qualquer potencial razoavel, ou seja, que satisfaca as seguintes
condigoes [17]:

(i) U<O, (2.57)

(71) /U<0, /|U|<oo
(441) //U+ < oo,/U = oo aonde Uy = sup(0, £U),

possui minimamente um estado ligado.
Definida a funcdo Ng(U) que conta o numero de estados ligados para
qualquer £ <0, seja U < W, temos a seguinte propriedade:

Ng(W) < Ng(U). (2.58)

No caso de potenciais centrais, o Hamiltoniano H = —V? + U(r) agora
se transforma em uma familia de Hamiltonianos radiais h;, dados por

o & _d-ld (1 3)°
P 2 r dr 72

+U(r), (2.59)

com!=0,1,2,.... Se ® é uma auto-funcao de H, o problema de auto-valores
se reduz a determinar o autovalor de h;, introduzindo a funcao de onda

1—

O(r) = rz w(r)Yi(z/r),
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e a degenerescéncia de cada nivel é determinada pelo nimero H; do polinomio
harmonico de grau [ em d dimensoes

D, = H, —H_, (2.60)

d+1—1)!
H = ﬁ (2.61)

(se d =2 el =0, claramente D; = 2). O numero total de estados ligados é
relacionado com os valores de n; por

=0

Todas essa condigoes levam a uma estimativa dos valores de estados liga-
dos dados por [36] :

1 o
< — _ 2.
ny < 2l+d—2/0 U_(r)rdr, (2.63)

que ¢ a condigao de Bargmann [13], derivada de outro modo.

2.3.2 Eletrodindmica de Podoslky-Chern-Simons no Plano
e Estados Ligados

Consideramos um potencial da forma
U(r) = Ui (r)l + Us(r). (2.64)

(2.64) resume o potencial para duas particulas escalares, (2.44)

U(r):—%[ ZB | Kyl r) | 14 ZAKO\/E)

2.65

— 1+az; — 1+a?xo — 1+ax3
OIlde Al = —(Ilfxg)(m1*£t3)7 A2 = (I2*1‘1)(CE2*13)7 A3 — (333711)(137:)32) Bl

—(14-a2x1)? B, = —(14a2x2)? Ba = —(14a2x3)?
2(z1—x2)(w1—13) ' 2 = S2(zo—=x1)(xz—w3)’ 5 — s2(z3—z1)(T3—T32)

Para nossa anélise, devemos extrair a parte negativa U_(r) de (2.65),
que é analiticamente complicado. Facamos uma majoragao: como U_(r)

sup(0,=U(r)) > —|U(r)]|, usando (2.58)
No(—|U]) = No(UT). (2.66)

—~
~—

Il o
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Ainda para que o potencial em (2.64) tenha um estado ligado as condigoes
(2.57) devem valer; entao, deve existir um valor /,,,4, tal que (ii) naquele con-
junto seja valida. Assim, trocando a soma em (2.62) por integrais, calculadas
agora no limite superior /,,,, e usando a expressao (2.63), com d = 2, (2.66)
e o fato que

/If(a:)\das > ‘/f(m)da: (2.67)
o [ AAsde < -| [ sy (268)
teremos
NPOS(0) < /l - / Pyrdrdl < — /l " / OO}\U(r)vdrdz

lmaz lmu.z
< _/ 1/ r)rdr dl</ 1/ r)rdrdl
0 l
lmaac
/ / rdrdl‘ (2.69)
!

onde D; =2 em d = 2 (caso em que [ = 0 é singular).

Em nossa andlise, queremos a razao NT%(1,4.) /N9 (I,42), uma esti-
mativa da razao do niimero de estados ligados na Eletrodinémica de Podolsky-
Chern-Simons e a de Maxwell-Chern-Simons, ou seja

‘fllm” fooo %UPCS(T’)T drdl‘

<

‘ Sl o umes vy drdi
Substituindo (2.64) em (2.69) teriamos
0 lmaz
NP (lpaa) < / ( / Uy(r) + U2l<r)) rdr (2.71)
r=0 =1

/ o dr U ) (e — 1) + Us (Pl

=0

No caso da Eletrodinamica de Podolsky-Chern-Simons, determinar /,,,,
é resolver a inequagao

m’;jx/ ZB ;| Ky (4 || ) (2.72)
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l Q? > dr
A Ko(y/|zj|r)rdr + lpae | —— — —
27m4/ Z oly/lsr)rdr + ( m ﬂms) /,,0 r 0
lmaac Q2 o] SQ lmal’ Tmax
zmax( g —%) i)+ e S Byl

27ra4 Z \/WTKl V1slr) g <0,

onde utilizamos as integrais tabeladas da funcao de Hankel

[art @ = @), [ e @ds = —a Y (o)
e a definicao da funcao de Bessel modificada de ordem v

T+ O (i), (2.73)

K,(z)= 5

para obtermos

/ v Ko(ax)ds = —EKI(M), / Ki(oz)dr = — 2 Ko(ag).

(67

Ainda faremos uso dos limites assintdticos

K()(x):{ “in(x) sex—0 Kl(x):{

216” se T — 00
X

sex — 0

N
8 :‘HDA

5-€ sexr — o0

para escrever (2.72) como

lmaz QQ 9] SQ lmam F
zmw( e %> In(r)[7y + = ZB In (1/|z;]70)

Q’ > ECIPY (2.74)
J

O primeiro termo de (2.74) pode ser eliminado ( com I, 7 0) € lyae =
g—j, e assim nao nos preocupamos com essa divergéncia; essa é a primeira
limitagao em nossa analise que sera considerada na nossa comparagao ASSlm
até aqui, dados os valores de a e s temos as solugoes x; de z3+ QQJJ —i— T+ a4 =

0; com o valor de @), a carga elétrica em 2 4 1 dimensoes, obtemos urn valor
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de l,,q:- Para que nao tenhamos uma indeterminacao, ainda devemos limitar
a coordenada radial tal que a analise sera valida somente se ro < r < Tyaz-
Usando o fato que ), B; = 0, os dois tltimos termos de (2.74) forga-nos
ainda a limitar o valor da massa m da particula analisada

Q2
%ZB]»IH (ror/|z4]) ZB In (y/|z;]) (2.75)
j
+ Q—21n(r0)ZB»———Z—j
™m - ! 2 - |z
Q? / 1 A,
j%XJ:BJIH( |$J|)<—§Zj:|x—]|

a um valor que satisfaga (2.75).
De posse de l,q,, podemos fazer a integral (2.71)

2 2 Tmaz 2 Tmaz
PCs < Q _Q @ _sQ /
NPOS(L ) < (m 1) [ - / 7 ZB 251 K (/] ) dr
QZ Q2 Tmax
+ Whl % /TO ZA K() \/‘IJ|7’ Td?"
_ Q2 Q2 Tma:c Tmax
a (1 a WS) Lsmln(r) B 7rma4 ZB Ko v [zlr) ‘TO
Q? Q? Aj .
_ _v K 3 max
st (555) S e
(1 TS Wsmln ro ) mma* ; Bjin( v [51)
Q? Q? Aj
In =— el
* omat "\ 2ms z]: |z

obtendo uma estimativa para o nimero de estados ligados nesta teoria.

Q

, (2.76)

38



2.3.3 Eletrodinamica de Maxwell-Chern-Simons e seus
Estados Ligados

A mesma analise é feita, agora usando o potencial

Ulr)=— ¢ (1 —srK(sr))l+ %Ko(sr), (2.77)

Tmsr?

ou seja, primeiramente determinamos ,,,, utilizando o potencial efetivo, tal
que [Uess(r,l)rdr <0, se l < lynaz,

2 2 2
Lma (lmax _ @ ) In(r) |22 — @ lmaxKO(sr) |2 — Q—rKl(sr) |;’§ <0

m ™ns 7o ™ns o 27s

m ™ms ro T™ms 2752

r—0 lmaw 2 [e'e) 2lmaw 2
= lmax ( - @ ) In(r) | — @ In(srg) + @ <0, (2.78)

utilizando as expressoes assintéticas. Vemos que o primeiro termo de (2.78)contém
a divergéncia logaritmica, que pode ser eliminada pela escolha de I, = 2—2

De (2.78) podemos obter o valor da massa m , mas para efeito de comparagao
com o caso anterior, a massa serd aquela determinada em (2.75).

Nesse caso, (2.71) tem a forma abaixo:

/Tmz Q_an (Q—g) Ko(sr)rdr (2.79)

. 27 TS

2 2 1 Tmazx d Tmazx
@ (Q— - 1) [—/ & —/ Kl(sr)dr}
mwm ms S ro T ro

@ In (Q—2> — @ (Q—2 — 1) In(Srmaz)| -

NMCS(lmaz) S

252 TS m™ms \ 7S

2.3.4 Comparacao Entre os Dois Casos

A comparacao foi feita resolvendo numericamente os valores obtidos em (2.76)
e (2.79) para determinar a fracao NP9 (I,.00) /N5 (Inaz ).

Vejamos um caso especifico: seja Q* = 56, 75 MeV%, a=0,02MeV~!
e s = 1,5MeV. Depois de resolver a equacao que determina os pdlos do
propagador e nos fornece os x; (portanto A; e B;), determinamos, solucio-
nando (2.75), qual seria a massa minima para que uma particula fosse ligada,
e coletamos um valor menor, no caso

m = 0, 18085MeV, (2.80)
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Figura 2.4: Razao NPCS /NMCES » pg,

e também fizemos l,,a, = Q%/(7ms) ~ 12, Tpae =8 X 107 MeV =t erg =1 x
1072 MeV L. Com esse valores em maos calculamos NP5 (1,,42) /NMCS (1102) =
4,48022. Neste caso tivemos um aumento no niimero de estados ligados, res-
peitando nossas aproximacoes.

Mesmo levando em conta que este valor é somente uma estimativa ( e
somente deste caso especifico), achamos que realmente o termo de Podolsky
permite um carater confinante maior que o da Eletrodinamica de Maxwell-
Chern-Simons (ou seja uma maior possibilidade de energias e portanto tem-
peraturas) dentro de uma faixa de valores.

No entanto, nem sempre o potencial Podolsky-Chern-Simons oferece um
maior nimero de estados ligados comparados com os valores fornecidos pela
Eletrodinamica Maxwell-Chern-Simons; supondo 7 = 5 x 1073 MeV =
10A, e variando somente ry (dado em angstrons), teremos o grafico de N¥CS /NMCS
dados pela figura (2.4), onde podemos observar um ganho abaixo de 0, 1A.

2.4 Possiveis Correcoes para o Propagador
da Teoria

Para finalizar o capitulo vamos determinar a forma do propagador corri-
gido para a teoria Maxwell-Chern-Simons-Podolsky, devido a auto-energia
do féton. Queremos escrever o propagador usando os operadores tipo Barne-
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Rivers:
P;w = yleuu + Yowpy + y3S;w7

a partir do seu inverso:
D/_U, = klé’#y + kgww, + ]C3Sw,,

com os coeficientes dados por:

1 _
h 0z —vy), ke = —d(x —y), k3:i5$

Y+ Oy3 Yo yi + Oy3

A corregao ao propagador é graficamente mostrado na figura (2.5):

L W
ey = Aoy V4
+ P\/\M@w@m

Figura 2.5: Correcoes ao propagador

O que é corresponde a uma série geométrica

oo
> "=

n=0

Assim

iP*(q) = iP"(q) +iP" (q)(=illu (¢))iP"" (q) +
= AP ()6 — (=il (9))iP"" (¢)) 1=>

—iD"(q) = —iD"(q) — (i)D" (q)[ =il (@)}iP"" (q) =

D*(q) = D"(q) - 11""(q),
logo temos

Diger(q) = D™ (q) — 11" (q) = D" (q) — I(q)0""".

corr
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Portanto

A
A B
A —_———
o oy | AW+ OY3) | W Y3
Dcorr(Q) - 2 2 0 + — - =) S,uy (S(f[,' - y)
yi + Dys Y2 yi + Bz

Dada a relagao D¢l Ps = 03, invertemos usando novamente os operado-

res de Barne-Rivers, obtendo

A 1 B

wy pvoy e p _
P A2—|—BQD9 —|—y2w A2—|—B2DS Sz —vy),
e apos alguma algebra chegamos a
4_ 12 2
) 22— ak® — k* — H(k> o 4+ k_w,uy
a’k® — 2akb — 2akAI(k) + k* + 2k211(k) + 11(k)? — s2k? Ao
i SH. - (2.82)

a2kS — 2akS — 2ak*TI(k) + k* + 2K2I1(k) + L1(k)2 — 52k

que no limite de a — 0 coincide com o obtido em [48].

No entanto, o que podemos observar é que se torna extremamente com-
plicado e desnecessario trabalhar com o propagador acima num processo de
espalhamento, ja que podemos obter estados ligados usando apenas calculos
em arvore.

Esses resultados nos estimulam a verificar a existéncia de estados ligados
entre particulas fermionicas. Eo que faremos no proximo capitulo.
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Capitulo 3

Eletrodinamica de Ordem
Superior em (2+ 1)D: Particulas

Fermionicas

Neste capitulo, iremos analisar a existéncia de estados ligados através do
estudo do espalhamento de dois férmions. Devemos ainda determinar a in-
fluéncia da temperatura na existéncia, ou nao, destes estados.

Vale ressaltar alguns trabalhos feitos para determinar o potencial entre
particulas fermionicas em (2 + 1)D, tais como [34, 35, 21] e [16] .

3.1 Equacao de Dirac e Solucoes

As matrizes gama no plano apresentam as seguintes propriedades, conseqiiéncias
da algebra de Clifford a que satisfazem :

Y = gt — iy, (3.1)
tr(v*") = 20",
tr(y'y"y’) = —2ie"?,
tr(y'y ) = 20" — e ),
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que podem ser escritas em uma representacao 2 X 2, usando as matrizes de
Pauli:

1 0 0 2 0 1
0_ 3 _ 1_ .1 _ 2 _ .2
v—a—(o_l)v—w—(iO)v-w-(_lo).

A equagao de Dirac assume a forma usual
(70 — m)W () = 0, (3.3)

que corresponde a solugoes de energia positiva ( portanto elétrons), U(z) =
u(p)e~*. Entao, (3.3) corresponde a:

(Y'pp — m)u(p) = 0. (3.4)

As solugoes de energia negativa, ®(z) = v(p)e™*, sdao solucoes da equagao
que assume a forma:
(Y'pu +m)v(p) = 0. (3.5)
Vamos nos concentrar no problema de determinar uma solugao de (3.4).
No referencial de repouso, p = pg = (m,0). Logo, se

aom-mu = (5 )= (% )] (5) o

0 . -
1) Para determinar a solucao
para qualquer momento p, ou aplicamos um “boost” a solugao obtida, ou nos
valemos do fato de que

impondo que u(pp)ul(py) = 1, a solucio é

(#+m)(p —m) =p* —m* =0, (3.6)
e as equagoes (3.4) e (3.5) sugerem que
u(p) = C(m+p)u(0) (3.7)

v(p) = C'(m—p(0).
Para determinar a constante C, iremos escrever u(p) = uT'yO e impor as
condicoes
(0)u(0) =1 (3.8)
(0)v(0) = 1.

=
S
= =
=3
S~—

| |
S|
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Entdo, usando explicitamente p, = (po,p) = (E,p), finalmente achamos um
valor para C":

=m?2

u(p)u(p) = |CIPa(0)(m + p)(m + p)u(0) = |C[*a(0)(m* + 2mp + ?)u(@)
= |C]*a(0)(2m* 4 2mp)u(0) = 2m|C*u(0)(m + p)u(0)

0
= 2m|CPu(0)[m + por” — Z-Plu(0) = 2m|C*(m + E) = 1

1
C = —,
V2m(m+ E)
e, portanto,
+m m~+7"E—~'p; (1
W) = e =" EEIR () )
2m(m + E) 2m(m + E)

na representacao escolhida.

3.2 Espalhamento de Dois Férmions

Usando as regras de Feynman usuais temos o seguinte diagrama para o es-
palhamento de dois elétrons

K _ iM = (—ie)lu(p’)’)’:/u(;ﬂ) (—i) |:77;u/ _ q“g"i| a(k )y u(k).

a2q47q

Observe que nao utilizamos o diagrama de troca: como queremos a apro-
ximagao nao-relativistica, fazendo uma transformada de Fourier, a parte da
matriz S que garante a anti-simetria nao precisa ser usada, pois esta garante
somente a anti-simetria dos estados e nao a forma da energia potencial e
dessa forma recuperamos a nocao classica de trajetoria.

Expandimos esta expressao

U ) ulp)ak )y, u(k) Hﬁ(p’)v“(p’ — p)pu(p)u(k')v, (p' — p) u(k)
a2q4 _ q2 q2(a2q4 _ q2)

iM=—

Y

(3.10)
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onde o segundo termo de (3.10) é nulo, pois aplicando (3.4), teremos

a(p')(p — ¢)ulp) = @) — m) — (F — m)Ju(p) = 0.

Trabalhamos, entao, com as componentes do primeiro termo de (3.10) sepa-
radamente, usando explicitamente (3.2) e (3.9), com p, = (po, p'):

3./ P o 3 -k
(m + o°py — io'p}) (77“003 + nijj) (m + 0°po — i0"py)
2m(m + p}) 2m(m + po)

u(0).
(3.11)

u(p )y u(p) = a(0)

Iremos trabalhar o numerador desta expressao:

a(0)[m*n"°c® + 2 py n"°m — imn°ci ot py, + imPnt ot + 2i0Ppl ntio'm
+ ol py + o pl P — ipl ot pr + ipl o + oPpl it io M py
- iajp;- nodm — iajp;- nu0p6 - ajp; n“oo?’akpk + ij; nio'm
+ ij;- nolodp) — iajp; n"ioto* prlu(0),
que, apds alguma dlgebra matricial (alguns elementos ja possuem poténcias
quadrdticas no momento p’ e ja serao desprezados), também eliminando os

termos nulos, escreve-se como segue:
u(0)[m*n*°0® + 2 py n*m + mn* o' o pp + o7 Pt ot m + o pl ") u(0)

Sem perda de generalidade, podemos trabalhar no referencial centro de
massa, utilizando o momento relativo p,

Pu = <E>ﬁ)’ ku:(Ea_ﬁ)
p:;, - (Eaﬁ/)7 k;;,:(Ea_ﬁ/)a

o que faremos daqui em diante.
Apés simplificar a expressao (3.11), iremos retornar novamente ao célculo

de (3.10):

N = a(0)[py" + 6pp"m* +m* +40°py’*m — o”p) " 'mn " o" 0" p,
O_3p627],u()0_tp; n,uuo_um + O'jp;- n“iaimag]QgQ??HO
o O'jp;- nuio_im20_tp; nuuo_u 4 O'jp; ,uio_imSW,uOO,S

i i 20100 2 i i ko t1 . pu_u
+ 20'p;natmipy ' —m oot pr otp o
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T % 2 pr T S rooop0, 2t pu
— oap;nttamn o o’ ps — 2py T miopnt o
ik 03 2 wi i ko u0
ope o +2m Mot o py py

2, i i _k r_r_s / 0, 2 pur _r __s
— m'n*tata ppnt o’ o’ps — 2py N "m0 o’ ps

+ mPntlo

- m377,u00.377,ur0_r0_sps - mg’f]‘uOO'SO'tp; n,u U U
i 2 u(0)

+ 4m303p6 + mn“lazakpk U3p6 ﬁ“o]ma

onde os termos proporcionais a 7" sao nulos, devido & métrica escolhida;
logo:

(0
N - g [ph" + 6p'gm® + m" + 4ma’p's + 4mPo’p, (3.12)

Aam?(m + E
— 2m*(o*py)(0'p;) — m? (0" pi)(0'pi) — m* (0" pfy) (0 p})]u(0).
Na aproximagcao nao-relativistica, desconsideramos termos de ordem maior

que a linear nos momentos, pois |p]/m, |p’’|/m << 1. Com isso, ignoramos a
contribuigao dos dois ultimos termos de (3.12), com auxilio das relagdes

'6(0)01314(0) =
w(0)(0:A%)(0; B7)u(0) =

—_

(0)[A' B, + A?B, +io3(A'B* — A2BY)]u(0)
.B+iAx B
wW(0)o* (0; AN (0;B)opu(0) = u(0)o"[A- B+ iA x Bloyu(0)
= A-B—iAxB
com produto vetorial definido em (2 + 1)D tal que Ax B= A, By — AyBy.
Usamos agora a definicao do momento linear trocado no espalhamento
Gg=p—p' = p’ =p— ¢ e também que, na aproximacao nao-relativistica,

I

oy

0
E=\pP+m*=m+ %—i— O(p*), reescrevemos (3.12):
1

Nyr [16m* 4 2im?(§ x p)]

4m2(m + E)?
Z’ b
— (7' x

que, junto com a aproximagao nao-relativistica do denominador de (3.10) (
que ¢ obtida com a simples substitui¢ao ¢* = ¢"q, ~ —¢%, pois ¢° ~ 0), nos
leva a

= 1+

2

e 1
) = —fg—(1+—0%x7p]. 3.13
IMpyRr 2a2q4+q_2 ( +8m2q><p) ( )
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3.2.1 Calculo da Energia Potencial

Iremos aplicar (1.46) para o célculo da energia potencial, com Q = e e Nyr(q)
dado em (3.13),

2

€ 1 1 1 7
U =tim & [ J _ B ey

a2

(3.14)
e, novamente, usamos a integral tabelada (1.26) e o limite assintético de
Ky(z), —In(x), para chegarmos ao resultado das duas primeiras integrais de

(3.14),

gy—/L%@W@{ﬂ+@_fi%l®__;PMm*”ﬁcjﬂ
a (3.15)

A segunda integral segue como (2.38), utilizando a relacao (2.39),

I X P =—pX —iV):z’*X —— |, 3.16
qxp=—p ( P <| 7 ar> (3.16)
e o limite (2.41), permitindo escrever esta integral como sendo

et i 1
lim——— [ -
lig 2W8m2/0 o|gllr)ldl <ﬂ+g2 o

l

1)@xmm:<&w>

a?
ie? 1 1

= — " | Jo( — d

167m2|7] <5’%Zp”6 / ollalirD 7(@2+<2 dﬂm%) !

a

K, (7
- ol s 2 )

16mm?2|r] ¢ a

[ ()

onde [ é o momento angular da particula.
Logo, o potencial é dado por (3.15)+(3.17), levando em conta esta ob-
servacao, ou seja

U(r) = —2—2 {ln(lﬂ) + Ko <H)} - ﬁ;ﬂbzrzl {1 B @Kl (g)}
(3.18)
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Figura 3.1: Estado ligado no espalhamento elétron-elétron. e = 100 MeV,
M = 0.511 MeV, a = 0.006MeV 1 | =1 e a energia do auto-estado é de
=5, 77T MeV .

Conhecendo o potencial ,comecamos as simulagoes numéricas. Alguns
resultados numéricos sdo mostrados na figura (3.1), evidenciando a possi-
bilidade de existéncia de estados ligados nesta teoria, nas condigoes dadas.
Observe que nao hd nenhuma restricao quanto ao spin da outra particula
envolvida, podendo ser paralelos.

3.3 Influéncia da Temperatura na Existéncia
de Estados Ligados

Tendo obtido éxito na busca pelos estados ligados de duas particulas fermionicas,
o proximo passo seria determinar como a temperatura poderia afetar o sis-
tema. Partimos, entao, para o calculo do potencial neste contexto. Todos os
célculos serao feitos no formalismo do tempo imagindrio. Ainda, T'= 7! e

1 € o potencial quimico.

3.3.1 Propagador Corrigido em T # 0

Supondo que podemos separar a auto-energia do féton em II* = TT#» 4118
respectivamente, a contribuicao em ¢ = 0 e na presenca de matéria. Devido
a existéncia de um termo induzido de Chern-Simons [29], teremos:

I, = T(p)d" + 11 (p) S*, (3.19)

vac
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que s@o nossos conhecidos operadores descritos em (2.1), no espago de mo-
mentos.

Agora, iremos separar IT*” em suas partes transversais Pr”, longitudinais
P! e a proporcional ao termo tipico de (2 + 1)D, ie"“p, [25, 24] (supondo
invariancia rotacional), a saber:

. =GP + FPM + HS", (3.20)

m

onde primeiramente, G, F' ¢ H sao fungoes escalares de p° e |p]. Ainda

v ~ v ﬁ“ﬁy v p2 ~pu v v p#plf v
Pj’Lj :7]#_~_27 f :]?u'uu :77#_ p2 _P’#J (32]‘>
com
ﬁuy — nHV _ uMuV’i)'M — pru' _ (u . p)uru’ flllu‘ — uu‘ — up2ppu’ (322)

onde u* é a velocidade do fluido, satisfazendo u*u, = 1 (de fato no referencial
de repouso deste sistema u* = (1,0,0)). Dessa forma, teremos algumas
propriedades importantes:

puPr” = puPr" =0, (3.23)
9~5P£ = P,

0P = PL,

wePl = &Pl =0,

SPPL = iePpaPL =S,

SmpPL = 0.

Também, no referencial de repouso (u* = (1,0,0)), teremos
Py’ =0, PP(p" =0)=1, (3.24)
por conseqiiéncia, como S = 0, quando p=v=0,(3.20) reduz-se a

HOO

mat

(P =0) =G’ =0)P° + F(p’ = 0)P° = F(p” = 0) (3.25)

tal que o limite p° = 0 é o chamado limite estdtico da teoria. Iremos trabalhar
neste referencial (de repouso do fluido).
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Relembrando (2.82), e usando (3.19) e (3.20),
DM (p) = D" (p) —II*(p) = D" — 1M, — 1"

vac mat
2

= (0" —a’p' —TU(p)§" — S0 — GP}” — PP — (H +(p) 5",
queremos determinar x1, 2 ¢ 3 do propagador corrigido P*(p) = z10M +
Tt + 35" usando a relagio P*(p)D,, = & = @i + 64, usando (3.23)
nesta relacao, teremos

G0 = [1(p* — a®p* —T(p) — F) — a3H|0" + 2, (F — G)P¥(p)

2

+ [s(p? — a’p* — Q) — a1 (H + 10 ()} — @%@g, (3.26)

de onde vem o sistema de equagoes (3.27)

r(p? —a?p* —1l(p) — F) —a3H = 1
o — @t — G) — e (H+TU(p) = 0 (3:27)
—ZEQP; = 1

cuja solucao fornece os coeficientes x1, 9 e x3 explicitando o nosso propaga-

dor:

P (p) = P’ —a’p' — F ~(p) v A
(p* —a’p* — F —1(p))* — (H +1I'(p))*p? P?
+ H+ 1) gev, (3.28)

(p? — a?p* — F —1(p))? — (H + II'(p) ) 2p?

O propagador (3.28) leva em conta todas as corregdes de “loop”; no en-
tanto, queremos somente a aproximacao de um “loop” identificando os pri-
meiros termos da série cuja soma até infinito fornece (3.28).

Para simplificar os célculos, iremos chamar

X = p’—d’p'—F-1Up),

Z = [H+1I'(p)]p,
nessa nova notacao:
X ~ A Z -
pr = or — — oM + SHY 3.29
W = 7 ax-2" P i r -2 (3.29)

1/ 1 1\ A A 1Y -
— g _ N = _ Guw
2(X+Z+X—Z) 2 +zp(X—Z X+Z) !
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onde cada uma das fragoes que constituem (3.29) pode ser aproximada como

PG.

1 1 1
_ , 3.30
Poap —F-Np)£H+T(p))p P —ap (1 + ST P L) ) (3:30)

X Z

Q

1 ,_ EH A IT(p))p — F —1(p)
P2 — azp’ P2 — aZph ’
voltaremos mais tarde a (3.30).

O fato de (3.28) ser proporcional a S aplicado ao calculo de (3.10) induz
um termo inédito do tipo

@'[‘(’) ()][U() u(k)] upg” ~ i [u(p')7*u(p)]
- [ﬂ ()] [a(k)y*u(k)] g + i [a(p')y" ()][ﬂ

X[( }QQ

pois ¢° ~ 0. As expressoes explicitas em componentes de u(p) e @(p) sdo
obtidas usando (3.9)

up) — mEpe 0w (1>_ ! (m+p0 —z-pl—p2)<1>
2m(m + p?) 0 2m(m + p%) \ P1 — P2 0 0

_ 1 ( P’ +m )
2m(m + p0) \ —ip' +p° )’

[a(K")y u(k)] ¢ (3.31)
(K7 u(k)] g2 — i [a(p )y ulp)] x

1 1 0
i - 0 _ 0 1 2
u = u = p-+m —ip+p ( )
(p) (p)y TR ( o
1
0 C1 2
= pr+m —iwp—p° ), 3.32
Qm(m + po) ( ) ( )
transformam (3.31) na aproximagao nao-relativistica em
q2 —q2
ki + k) + i (ko — K5) p1+ D)+ (p2 — Dh)
POR ) it 22 gy i | 22| 2(3.33)
2m 2m
—q1 q1
/ . / ’ ./ N
| p2 + 05 —i(p1 —pY) N ke Ky —i(k — K))
- q1+1
2m 2m
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Figura 3.2: Correcao de “loop”

No centro de massa, retendo apenas os termos lineares em p, teremos,

200X p

i [u(p )y u(p)] [a(k)y u(k)] €upd” = — (3.34)

3.3.2 Correcoes de “Loop” com T'=10

Adiantamos o resultado (4.11) para calcular estas contribuigoes :

x JE—
d:v ( "¢ + ¢"q")

2$ y
:87T3 /d3pE/ +A(n“ ¢+ q"q")

2

/ 2x(x — 1)d:v/ JDEOZPEQp—EAQ(—UWq2 + ¢"q¢")
0 0 (p )

r

(2

M(q)f™ = dp

Ze
47

47T3( ) E +
m  2I'(2) o VA

_ —@q2éy’y ! 21'(33 — 1) dr =

4T 0 V@r(x —1)+m?

ie’q®> | m (m2 1 ) —q?
11 = - -+ |+ arcsh | ——
@) dm {q2 ¢* 4] 4mg® — ¢*
2 2 2,
— aresh | —L oo qu, (3.35)
VAamag? — ¢* 4m 4T

onde, dada a condicao 4m? > ¢2, que tornam as raizes do denominador da
ultima integral reais, podemos escrever [38] a pentltima linha de (3.35). Na
ultima linha usamos esta mesma condicao para fazer a expansao em série de
poténcias de q.
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De modo andlogo, de posse de (4.11) partimos para o cdlculo de

1 .
IT'(q)S" = p dmLe‘“’aqa (3.36)
26 m e
) _emr< )r( [l 5 -
2 20'(2) VA ¢
2 1
1
— gy, [
4 V@r(z — 1) +m?
—e?m 1 q —q
I = O e resh | —L ) —aresh
@ = 4 [ VamE — ¢ T
o2
T 4r

Veremos, no capitulo IV, que, para preservar a identidade de Ward, o
primeiro termo de (3.35) é anulado pelo regulador de Pauli-Villars. Passemos
agora para as correcoes com T # (.

3.3.3 Correcoes de “Loop” com T # (0

Comecamos utilizando as regras de Feynman no espalhamento elétron-elétron
[42], obtendo, com ajuda de (3.1) da segunda para a terceira linha de (3.37):

W, = ey [ [pm . G

et 2m)? pP—m2" (p+q)?—m?

(3.37)

- 2TZ / de Tr[y"y*9"Y%Pa(p + @)5 + Mmpay* 1™y + m(p + @)a?"7"7°]

(p? =m?)[(p + q)* — m?]

n 2TZ/ [mQV”V"z]

2 (p? —m?)[(p+ q)? — m?]

_ o2 P+aq) —n*[p-(p+q +m? +p(p+q)*
- TZ/ { (P> —m?)[(p + q)> — m?]

o4

(3.38)



metre

Ao

(p* —m?)[(p + q)? — m?]

} . (3.39)

Observando (3.39) e comparando com (3.20), o coeficiente H surge na-

turalmente.

O problema agora é calcular a soma sobre freqiiéncias para

férmions. Esta pode ser convertida em integrais de contorno, usando como
artificio o fato da funcéao gtgh[ﬁ(po — ) /2] ter poélos em py = iw, + p, onde
wp = (2n 4+ 1)7T e em seguida utilizando o teorema dos residuos [19] resul-
tando na soma desejada. Assim,

TZf(pozz'wn—i—M) =

o famsonGron (Jom-)) a0

1 —i00+p—€ d 1 1
Pof )\ =5+ w1

1 1
dpo f(po) (5 - m)

2mi 100+ —e€

1 100+ p+-€

270 J oot pte
1 100+ [1—€ 1
i ) dpof (o) 56— 11
1 100+ 4+-€ 1
— d _—
2i oot pte pOf(pO)eﬁ(po,ﬂ) +1

onde as integrais (3.40) ser@o feitas no contorno mostrado na figura (3.3).
Retornando a (3.39) usando (3.40),

H —

m

2e2m [looTHTE

2(pf —p? —m?)(q+p)§ — (F+ §)* —m?]

‘262T;/ <§7£

d*p 1
= : dp / —
270 ivorpie ) M2 (03— E2) (0 + E2) (03 — B2+ 2p0d° — 25 ¢ + ¢2)

1
X eﬁ(pO*l‘«) —|— 1
N 262777, 100+p—€ J / d2p 1
- Po ——
210 ) ooty (2m)% (p§ — E2)(p§ + E2)(p5 — E2 + 2poq® — 27 - ¢+ ¢?)
1
X eﬁ(#-po) + ]_

-1 1

_e’ml {/d2
T 22 PE OBt — 27 G+ ) PErm 1 1
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imp 4 . Re

Figura 3.3: Contorno de integragao no plano complexo, com € — 0 e R — o0.

Os pontos representam polos da funcao gtgh[ B(po — p)/2].

@ 3.41.
i / "E (—2E Qo — 2]7- 7+ q?) ePEptm) 41 } ( a)
e’m dg 1 ]
) Iﬁl|ﬁ1 — 3 B
in Eyqo — 21511 cos(0) + ¢ P o= + 1
1 1
2E,q0 — 2|p1|q] cos(8) + ¢* eﬁ(Eeru) +1

_ e‘m 1 |p] 1 1 4p?<q?
N _27T2—_/ |_1 / 1_|_2|‘_1? COS ) ( (EPM)+1+65(EP+N)—|—1> —

_ e2m 00 d|ﬁ1|m (—2 4pg),§ 1 n 1
2r|ql Jo /P2 4+ m? eBEp—p) 1 eB(Eptu) 4 1

onde E? = p* +m?, q = q§ — |q]*. (3.4L.a) é obtida usando o caminho de
integragao dado na figura (3.3) (a primeira tem pélo em E,, a segunda em
—FE,; note ainda o sinal negativo acompanhando o sentido de integracao na
primeira integral). Novamente, usamos [38]

/Oﬂ cos(n) - m (\/7—1

1+ acos(x) T V1—a?

} , fazendo ¢y = 0,

)n, [a* < 1,n>0)].
(3.42)

A integral (3.42) é usada na tltima linha de (3.41). Vamos novamente

26



utilizar o fato de que 4p? < ¢* << m? para expandir e fazer a integral (3.41)

em [ d|pl|p] P 1 1
H(qo - 0) ~ 27Tq_2 / + m?2 <1 +25 ) (eﬁ(Ep_M) +1 + eB(Ep+i) -+ 1)
em [1- 2
_ B(m B(m—
= 3 { ﬁq [—2mfB + In [(1 + ) (1 + Plm=m)]
2
+ 35 [—2m? 3% + 3m? B In [(1 + €70 (1  Ptm=m)]
+ 3mp poa cosh (Bnu) — 6 Z -— sinh (Bnp)
n=1 n=1
- 6 i (ED" i oy (ﬁnu)] } (3.43)
= . .
n=1

Iremos nos concentrar no caso especial onde 1 = 0; ainda, como queremos
verificar o comportamento da teoria com (§ << 1, é véalida (mesmo que
tenhamos que pagar com a perda do limite 7" — 0) a expansao de (3.43) em
[ até primeira ordem, dada por

62

4871 33
— 66°¢) + 6476 In (4) —m*B* + 72¢(3)],
(3.44)

H(go=0,8<<1,u=0) ————[60m>3° + 64°m*B* + 4mp(r?

Q

onde ((3) ~ 1.202057 ¢ a funcao Zeta de Riemann.
Usando (3.25), podemos a partir de (3.39) obter o coeficiente F' de (3.20)
no caso em que gg =0 :

2 g 0 2
R Gl e
B _2_62 z‘oo-hu—l-ﬁdpo/ d2p 7P+ pod® +p5+ E2 o
20 oot pte (2m)% (p5 — E2)[pg — E2 + 2pog° — 27 7+ ¢°]
R Y e S L A U A
275 J —iootp—e (2m)2 (05 — E2)[p§ — E2 + 2poq® — 20 - ¢+ ¢°)

o7



1
eBlu—po) 1 1
¢’ - " 1911q] cos () + 2E7 + Epqo 1
(2m)? / Pl {Ep(2qu0 —2|p1|q] cos (0) + ¢?) eBEr—1) 41

91| cos (0) + 2E2 — E,qo 1
E,(—2E,q — 2]]§]|q'1 cos (0) + ¢2) ePErtr) 1 1

e do  |pllq] cos (0) + 2(p* + m?)
2m 262/0 d |ﬁ‘ VD% +m? 1—1—2@008(9)

1 , de novo ¢y = 0,

1 1
) Lﬂ(\/mm?—u) 1 i SV

& [ |pldpl 7
AP 4+m)+ @ [ 1 -1 —-4%= )| x

arq* Jo \/]52—1-7712\/1_4% v )+ 7

q

1 1
. leﬁ(\/ﬁQerQ,u) 1 + 6,8(\/172+m2+,u) +1

1
novamente expandimos o termo (1 — 4{;) * em (3.45); tomando m > p,
teremos:

2

F(g=0) ~ 276“;2 {@2 _252m2) [In [(1 + &2 (1 4 ePm=m)] (3.46)

— 2mBl— ——

+ 3mﬁz

L

[—2m3ﬁ3 +3m?3%In [(1 + eﬂ(mm) (1 + )]

o

cosh (Bnp) —62 3 sinh (Bnpu)
n

—

L {57” _ %m [(1+ ePmtm) (1 4 eﬁ(mu))}] } 7

Bnm

-— cosh (Bnp)

s

que, apos expandir em (3, obtemos em primeira ordem,
o2
F(go=0,8<<1l,u=0) =~ B [4(3 + 4¢%)m?* 3% + 4m B (3.47)
q-m

(11 — 4@)mABt — 4(E — 3)m?6 In (256) + 72{(3)] .
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3.3.4 Calculo do Potencial com T # 0

Observando (3.35), (3.36), (3.44) e (3.47) , iremos aplicar o limite nao-
relativistico (qo &~ 0,¢> — —¢?) nessas expressoes. Dessa forma, podemos
classificar de acordo com a dependéncia em ¢ em (3.30):

H IT'(q) F I(q)
9(8)¢" + h(B) dB)q ,  aB)d+b(B)  f(B)F
! o S PO S Y ¢ 7
Ximﬂ”“¢+ﬁ&1+ ¢+ a*q*
~ —1 -1+ _b(ﬁ) ih(ﬁ)‘(ﬂ ’ (3.48)

@+aqt | q @+ a?q)
onde retemos os termos até primeira ordem em |g], de forma que os termos de
(3.47) sem dependéncia em |g] definem b(/3), como o mesmo tipo de termos
em (3.44) definem h(f).

Utilizando (3.48) em (3.29), o propagador corrigido na aproximacao nao-
relativistica e estatica, pode ser escrito apos alguma dlgebra como sendo:

1 ~ A b < h ~
PR i s g i

Os dois primeiros termos de (3.49) ja foram discutidos em (3.10) resul-
tando no potencial (3.18).

Somos agora obrigados a encarar a integral (1.46), usando a aproximagcao
nao-relativistica aplicada ao espalhamento em questao ( em verdade, o uso
direto de (1.22) levaria a uma integral divergente; ao invés disto, usaremos
(1.46) como forma de regularizagio [39]). Usando, entdao, (3.49) e (3.34):

o S W C)
) = 019+ e | [ s i

/°° 2iqx 7 h(B)|q%?
o m F(l+a)

2Jd2-2<|qw|f1>dq} | (3.50)

Concentremo-nos no calculo da primeira integral de (3.50): o denominador
comum a estas integrais pode ser decomposto em fragoes parciais:

1 ia® 1 1 a® a'  a?
i - = )z ta st (351
¢G(L+a2?)? 2 \algl+i algl=i) @& ¢ & ¢
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assim, os quatro ultimos termos a direita de (3.51) permitem (mediante uma
substitui¢ao de varidveis |g]|7] — k) generalizar, com n = 2,4,6 ou 8, parte
da primeira integral de (3.50) ao calculo de integrais do tipo [64]

d
nd_ k2 nd_ o Jg—1<k)
n() = et [Ty wde— et [T

k2t
92 si d— T d—n
_ isin n)m ( 2 )"‘In_’_l , fazendo d =2 +¢ (3.52)

nd
25T (3)
— lim —2isin (2 +¢€ — ’rél)ﬂ'F (1-2+%) P
M ()
—21 2 — raqg-2=2
O [(2 = n)x]L (1 - 3) |73 <1 ‘'l (7’)) —0,
0  2n1(1—£In(2)) (%) 2
onde usamos
0
sin(24+¢e—n)r = sin(er)cos[(2 — n)7w] + cos (em)sin )7
€ COS [(2 n)ml, (3.53)

—
—
N
+
DN
N—
X
l\DIm

com ¥(z) = £1nT(z). Por sua vez, os dois primeiros termos do lado direito
de (3.51) permltem o célculo do seguinte termo da primeira 1ntegra1 de (3.50)

(observe que as duas integrais podem ser obtidas fazendo p = * ou p = —é,
respectivamente),
() &/’ 12 74, (141171) a0l = L/’ 121 1J1(\67H“1)dH (3.54)
) = q .
’ 0 alql +1 a(|q] + p)
_ 71',02 B Z (?P) 2 F(m —+ 1) sin [(d m)g] (3 54 a)
asin (rd)I'(1) | 4= miD () T (3=Lm)
< (1) (22) 2P D (2m + d)
+ 2 3.54.b
mZ:O m'F % ) ['(2m + d) ( )
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A soma em (3.54.a) é melhor vista se a decompormos na soma de inteiros
pares (m = 2[) e impares (m =2l +1),1=0,1,2,...,

= 2+ DI+ yr (5+2_ )

usando d + € na primeira expressao entre parénteses de (3.54.a),

f: 1) ()" (%) PLE+2fcos [2+ 03] _§:<—1>l ()" ()% (-1)
— LRI2IT(I+ 1T (I+1+ %) = (I

L

onde usamos, além de [59] ,

1 o1 ev(i+1)
T(+1+5) T@+1) 2T0+1)

(3.56)

com O(e) uma fungao par em relagdo ao seu argumento. Usando I'(2z) =
222—1

7F<Z)F (z+1), além de 21! = ['(2l + 1), a segunda expressao entre
parénteses de (3.54.a) pode ser escrita como

i ) 2”M<—1>lsin (era5] e ()T V()"
= o) D5 =) 1) 23 T+ (+3)

I=k+1 € ro\Ss-1  em %2’“(_ )k 322§+1
= —;)(—p) pery ) L)

)\

£ _

- DT o o5

onde Hy(z) é a fungao de Struve de ordem zero.
Voltamos nossa atengao a (3.54.b), fazendo a substituigao usual, d — 2+e€:

i ym ()5 TR g2md 1D (4 4 )T (m 4 4 1)

(3.54.0) = m 22 1T (m 4+ 9T (m+ 4 + 1)

=0

- ()

m=0
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()i S C It (1)

m=0

_ (%) Jo(rp) + O(e), (3.58)

onde novamente O(e) é par.
Primeiramente reunimos (3.55), (3.57) e (3.58) em (3.54), aplicando a
ultima linha de (3.53), de forma a compor

2+4e€ € €

) T 2 rp\ 2 e (rp\3!
i - ) 1
2(171) i%agmﬂ2+owa){ y) ) +001+3 (35

LTyt 2y 1 (T2)?

T (F) ) + 0+ (7)) + 000

p rp 1«

£ [m (%Z) Jolrp) + s §Ho(rp>] , (3.59)
entao, fazendo p = g, e nos valendo do seguinte conjunto de propriedades:

1 ir 1 ( r l%> 1 ( r ) LT
n — n{— =In{— —

2 2a° 2a 22’

a a
, , w wr

Jl/ mme — mVTr’LJV :> J — J o ,

) = ) = ( ) . (4)

I,(z) = e_%””J,,(ze%i),

onde [,(z) é funcao de Bessel modificada de ordem v. Assim, teremos

8

ia 1 i2a® ir ir
ta” dg= "%
Lt (G - ) = e ()2
_ EHO ir + 2 _ Jo —ir —i—ZHO —ir

2 a i 2a a w2 a

ab ir r T r K 6 ri r
= g (—) o (5,) Hig+in(g) —ig) = (—) i (3,)

62

)



Como a contribuigao (3.52) é nula, usando o resultado (3.60) podemos dizer
que a primeira parte do potencial U(|7], 3), apresentado em (3.50) pode ser
escrita como

(7 3) = tim —= MO (D) (L) = 2200 g (D)1 (L Ya

e—0 (27‘(‘)1+§ ’ﬂ% a % 2 a

e para o calculo da segunda parte de (3.50) de novo nos valeremos de (2.39)
, sabendo que [})(z) = I;(2),

=

l

Us (7 _ 2iim3 . e*aSh(p) r r
oM B) = ——m— o h%(—fo <—)ln< )} (3.62)

m |l Or 2m) 3|7z \a 2a
e, TR oy ()]s
- S |1 (1) + 2]

O momento orbital [ serd usado como um operador de agora em diante.
Juntando todos os pedagos, (3.18), (3.44), (3.47), (3.61) e (3.62), chega-
mos finalmente ao resultado desejado (5 << 1, = 0):
—etab

U(r,B) = 64253pmﬁw3+4mﬂw?+1hﬁw4+1%n%?hm2mm6@
™

-+mwm49mga—ﬁg%mM@+mmz
— migt+ T (3)] [M n(5-) + M] - )

2 T 2T
2

50 ()] - ot [ 2 (B
3.3.5 Algumas Consideracoes

Analisando (3.63), observamos que, se a << 1, o termo de corre¢ao devido
a temperatura nao influencia os célculos (veja uma estimativa no apéndice
A), se o potencial for suficientemente comportado; de fato, é o que ocorre.
Usando os mesmos dados de entrada explicitados na figura (3.1), ocorre a
existencia de um estado ligado com auto-energia de —5,79 MeV', quando
B = 0.00625 (valor de [ tipico de supercondutores de alta temperatura),
uma corre¢ao de 0,003% sem a temperatura.
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Capitulo 4

Calculo da Funcao-( na

Eletrodinamica de Podolsky

Reconsideramos a Lagrangeana de Dirac-Podolsky, a qual acrescentamos o
termo de fixagao de “gauge”:

2
L= —EFWF“” + %{)’VFWaMV,M + %(@A“)Q + UG —m)¥,  (4.1)
com () e m, designando, respectivamente, a carga e a massa do elétron. E
nossa intencao obter uma teoria com um ndmero finito de graficos diver-
gentes, os quais iremos regularizar usando o esquema de Pauli-Villars, que
mantém invariancia de “gauge”.

E importante, para o célculo do potencial em (2 + 1) dimensoes, deter-
minarmos o comportamento da carga elétrica renormalizada (lembre-se que
estamos trabalhando no sentido de uma teoria efetiva, cuja carga depende
do valor da carga elétrica em (3 + 1)D, dividida pela distancia interplanar).
Faremos isso ao determinar (3(m) no final deste capitulo.

O célculo da funcgao-3 é 1util também para determinar o potencial via
solucao da equacao de Callan-Symanzik,

0

0
ME)_M + 6<QR)@ Ul(g, M,Qr) =0, (4.2)

onde M ¢é a escala de renormalizacao, (Jr a carga renormalizada e ¢ o mo-
mento. Nao solucionaremos (4.2) neste trabalho, reservando esta tarefa para
um estudo posterior.
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Um outro proposito deste trabalho é verificar que a teoria de Podolsky
pode também ser utilizada no contexto da regularizacao da Eletrodinamica
em (3+1)D.

4.1 Correcoes em 1-loop

4.1.1 Auto-Energia do Fé6ton em d =4

A 1-loop, a auto-energia do foton é divergente. Esta é escrita, no “gauge” de
Landau, cmo seque abaixo:

_4Q2/ (d“k —" (K —p -k —m®) + Kk = p)” + K (k —p)*

o 27 02— 0k~ P — ]

(a)

Partindo do céalculo de H’(Z’), iremos regularizar as divergéncias ultravioleta
calculando a parte que viola a identidade de Ward, e depois igualando-a a
zero, utilizando campos auxiliares e uma conveniente escolha de constantes,
como veremos a seguir. Usando a simplificagdo do denominador dada por
Feynman, podemos escrever:

D = Kz —2p-kr+p*r—mPr + k(1 —2)—m*(l—21)

= k> —2p-kx +p’x —m?,

onde agora deixaremos somente termos quadraticos em k, através da substi-
tuicao k — k + px, tornando o denominador:

A
k? — Epgx(x —1) +m?,

e alterando o numerador da expressao H’(Z'),

1 die —n [—k; + pPr(x — 1) —m?| + 2ptp“x(x — 1)
m - 4@2/ d:)s/
@ o ) By

(k2 — A)?
B s [ d'k 20z —=1) 5 ., wk/2—A
- / dl’/(zﬁ* [(kQ—A)Q(_n ) (k?—m?}’
(4.3)
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onde na ultima linha de (4.3) separamos a parte proporcional a p*n** — ptp”,
que satisfaz a identidade de Ward, da parte que ndao respeita esta identidade.
Fazendo uma rotacio de Wick, tal que k? — —k% e d*k — id*kg, teremos

éngulo solido

v 4Q2 kE
Hl{a) = W / dz / kE

Iremos calcular primeiro o termo que viola a identidade de Ward
—4iQ* ., [ ol [0 00 KR/2+ A
Yo dx(2m%) = kpd(ky) ——— 4.4
o [ sty [k R (4.4)

k2

k‘2
( ) 2. pv oV MV_TE_A
kz+A)(p77 ) —m GENE

~—

2

_2@Q277W/ sn(or? )/oo d,f\‘(p+ A—A)p+A+A)/2
(27r)4 (p+ A)

Ll ] L [

—22%2622 &
= e U - ””6]

Podemos elimina-la, incorporando a contribuicao de particulas ficticias
de Pauli-Villars, de forma que:

Elétron real Elétron ficticio
Hfug* N\A/\GJWV\/\, +3ici
massa m massa A;

Assim (4.4) devera ser expresso como

() st

(4.5)

Se impusermos

1+ ¢=0 (4.6)
ZCiA? = —m?,

i
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automaticamente eliminamos a parte que viola a identidade de Ward. Re-
tornamos ao calculo da auto-energia, levando em conta as restricoes dadas
pelo nosso regulador

Hl(fy) = - (27T)4(27r2)(77w,p2 — pupy)/o 2x(r — 1)dx X (4.7)

00 p=p+A0; =4

1 [N 1
- ; 2a - -
(p+A)2+;C/o 2 P Ay

_ s ZQQ 2 ! pmaar _I' A
= lim —ﬁ(nwp —pupy)/o x(r —1) [ln (T

Pmax—00

¢ ()

i

2

~ gim @ (N’ — pupv) / z(z — 1) {[In(pmaz + D)
0

Pmax—00 27T2

Da segunda linha para a terceira, temos que considerar que

| orap=
o (p+4y)? ’

e » .¢; = —1. Retornando a tltima integral, notemos que

+ Z ciln(pmam + Az) —

1

In(A) + ) ciln(A;)

hm 111 (pmax -+ A) — lIl (pmam)7

Pmax—00

e usando novamente ) ¢; = —1, anulamos a divergéncia logaritmica na
penultima linha.

Resta, ainda, a divergéncia do ultimo termo. Para continuar o célculo de
(4.7), definimos:

Zci In (4,) 2220 Zc In(A2) = — In(A?). (4.8)

Esse fator A% ir4 definir a escala de nossa divergéncia. Por exemplo,
considere dois campos fermionicos. Resolvendo (4.6), obteremos
m? — A3 A2 —m?

G = -5 5 2= %5 19

A =AY AS— A
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~ 2
Agora se A2 = 2A2, teremos, entdo, em (4.8) que A = % Com isso,

chegamos, ao final de nosso célculos, com A — oo, uma divergéncia.
Posto isto, retornamos a (4.7)

u
AN

dv e N
2

a ZQ 5 P N ]\2
H,(w) = —2—7r2(7),wp —pupy)/o z(x —1)ln (m2 B dz (4.9)

2

- 1
iQ o ) 3 a2 | A?

= = - v - v - T A n
o2 P T Pub 3 2 m? — p?z(1 — x)

0
iQ? ) Lrad 22\ m? —pPa(l —x)
+ 2_7]_2(77;11/]7 - p,upu)/o <§ - ? /NXQ (1 — 2$)d$

in A2 iQQ 5
= ﬁ(nuup pppu) In < > = @(UWJPQ - pupu) In <A>

m2
+ termos independentes de A,

e o resultado fica finito dentro desta escala.

Assim, a contribuicao para a correcao do propagador do féton (vamos
chamé-la de Z3) é dada pelo termo (4.9),

iQ* %
23_1+6—1n(A)+..., (4.10)

(nossa corregao se restringe a 1-loop).

4.1.2 Auto-Energia do Féton em d = 3

O célculo de Hfﬁ,) serd diferente de (4.9), devido aos tragos dados em (3.1).
De fato,

W o [P L L ] [ R )
ey =~ Q)/<2vr>3t {W m Fpo m} Q/(W {” K2 —m?
) | e [ P b pls
”(k—w—mZ} Q/< R o 3] [y e
mitr(y*yy%)(k — p)g + m? tr(y*~")
)k —pf —m?]

X
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Utilizando (3.1) e lembrando que queremos manter somente termos quadraticos

no denominador, a simplificacao de Feynman com a substituicao k — k+ pz,
nos fornece

k277;ux
3
~ =
ne@ — —2Q2 B d Nuwlk? —m? + p?x(x — 1) + 22(1 — 2)p.p, — 2 k.k, (4.11)
uv (k2 _ A)2 ’

B zmeu,,ap
B 2@2 3, 2z(x — 1) K2/3— A  imewap®
- /d / { INE 5 (=MD’ + Pupy) — TGz AR T (k2 = A)?

(poténcias impares no numerador foram eliminadas pela simetria do inte-
grando). Novamente, utilizamos o regulador de Pauli-Villars, mesmo que
(4.11) seja finita, eliminando o segundo termo de (4.11), pois este viola a
identidade de Ward. Passemos antes as corregoes de vértice em (3 + 1)D

4.1.3 Corregoes de Vértice

O grafico de correcao de vértice também deve ser calculado, como mostrado
na figura (4.1). Nao é necessdario neste caso, mas ja visando uma aplicagao a
teoria nao-Abeliana (onde o trabalho algébrico é maior), faremos os célculos
[61] utilizando os operadores de proje¢ao do momento magnético. Seja u; e Uz
dois espinores que descrevem os estados finais (quadrimomento ps) e iniciais
(quadrimomento p;) do elétron. A amplitude dos processo de espalhamento
é ilustrada na figura (4.1). O fator intermedidrio, M, (p;,p2), entre estes
dois estados, pode ser decomposto somente usando invariancia de Lorentz,
na seguinte forma:

T = s [yt~ 1P = 40) = SF0A w1, (412

onde A = p; —py et = —(p; — p2)?. Na tentativa de determinar os fatores
de forma , F;(t), verificamos a priori que F3(t) é nulo devido a conservagao

da corrente eletromagnética. Essa mesma decomposicao (4.12) é satisfeita se

trocarmos os espinores por —z']zﬁl +me —i]z$2 + m, com pf = p% = m2,

(_i¢1 +m) {Fl(t)%L - ﬁFﬂt)(Vud - d%t) - %FS(t)Au} (—2'3252 +m).
(4.13)
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PP

p1+k p2+k

o /K Nk

Figura 4.1: Corregao de vértice

Multiplicando ambos os lados pelas estruturas vetoriais em maos, no caso,
P, = (p1+p2), € v, € tomando os tracos, chegamos a um sistema de equagoes
para os fatores de forma

tr [iP*(—ipy + m)M,(—ip, +m)] = m(t —4m?) (4F;(t) + -5 F(t)) (4.14)

tr [y (—ip, + m)M,(—ip, + m)] = 4(t +2m2)Fy(t) + 6tF5(t),
cuja relacao pode ser resolvida em um sistema para Fy(t) e Fy(t). E aqui que
entra em acao, tanto no calculo dos tragos, quanto na resolucao do sistema
(4.14), o programa desenvolvido usando o pacote GiNaC [15]. O gréfico da
figura (4.1) permite escrever

7 Akt —hk, i i pm)
N(a) /(27)416(]?2)(—@@7 ) 12 22 (k;4 _ z_z) e+ o) — m2(—zQ7 ) X
% (Zjiyil_ ; it”;)z (=iQy")u(p1) (4.15)

MH

Q[ Tk KRyt m G gyt m)y
2yt | IO G (0 T

u(pr).

Usando a parametrizagdo de Feynman, o denominador de (4.15) é sim-
plificado

1
D = kx4 ky— —T + 2k? 4 2py - k2 + +piz — mPz + Krw (4.16)
a

1
+ 2p1-kw+p%w—m2w+k21}:k2—Em—m%l—x—y—v)

+ 2keppzt2p-k(l-z—y—z—v)+pil-—z—y—z-0)+p
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e podemos eliminar os termos k - p;, fazendo uma transformacao de varidveis
adequada,
k—kK=k—p(l—z—y—v—2)—pez. (4.17)

Reescrevendo (4.16), obtemos:
D = kKE-pll-z—y—v—2)+p5(1—2)z—m*(1 -2 —y —v) —2p; - poz(l —x
9 1
— y—z—v)—l—pl(l—x—y—v—z)—ﬁx
= k- A.

Ou seja, (4.15) é expressa mais simplesmente como abaixo:

Nt = 5! a;g; / dx / dy / / o dvu(pg)]\g2(k—;)£)u()pl).
18

Substituindo (4.17) na expressao M*, determinamos F}(t) e Fy(t) corres-
pondentes (sdo mostradas aqui as maiores poténcias)

b4
Fi(t) = (_17_4ﬁ)k +..., (4.19)
b4
F(t) = (_20_4ﬁ)k +
Assim, comparando (4.19) e (4.18) quanto as poténcias, vemos que este

valor é finito e, portanto, nao contribui para o calculo da fungao-g ( 0 mesmo
¢ valido para d = 3).

4.1.4 Auto-Energia do Elétron

O préximo grafico é relacionado a auto-energia do elétron (em d = 4), ou

seja,

d*k ) k,k 1
- M2 v v
2 = 0 [ o= ()
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1 (M — mo
‘Qz/éwl;(?w ) - lj)H X

_ @ / . VP = kot MY Kk (0 — K)oy + mk R
a2kt — k2 ]

(2m)? (p—k)? —m? k2[(p — k)? —
_ Qg/ d*k —2(p — K) + 4m K —p-k+ioc"k,(p— k) #
)" \ @R = Dk — p? ] (k2 — ) [(h = p)? = i |

Usando novamente os parametros de Feynman para a resolucao da ultima
integral em (4.20), o denominador ¢ escrito como sendo:
2 2 2 1
D = k:c+ky—|—kz——y—2p kz +p*z —m*z (4.21)

1
= k:2—2p-k:z——2(1—m—z)+pz—m2z.
a

Podemos remover de (4.21) os termos cruzados, através da substituigao
k — k + pz, o que afetaria o denominador:

1
D=k — {pz—l— (1 —z—z)+m’z| =k — A, (4.22)
e o numerador
N = [FP+p-k(2z—1)+p°2(z — 1)](¥ + pz) — mk? (4.23)
— K (% — —) Pp—mk® + p*2P(z — 1) — mp?2?,

onde na segunda linha de (4.23) ja ignoramos os termos pares que nao con-
tribuem devido a simetria da integral. Juntando (4.21), (4.23) em (4.20),

3' 2 k—ik
E(b):azgr /d4/dx/ )4—>E

- ZQQ /xdx/ {%1_(;—_2;{?7712:1—1?2}

2[pz<z—1>¢—mpz] }
[a%(l—m—z)—l—mzz—sz}g

72



temos um resultado claramente convergente no ultravioleta! Voltemos a pri-
meira integral em (4.20), e repitamos todo o procedimento, ou seja, a para-
metrizacao de Feynman

1
D = k2a:—k:2y—2p~k‘y+p2y—m2y——2x+k2z (4.24)
a
1
= k' =2p-ky+p’y —mPy — 5,
a

e a substituicao

1
D =Kk +p*y(1 —y) — m?y — ST = k? — A, (4.25)

onde A = m?y + a—12x — p?y(1 — y). Essa transformacao afeta o numerador.
De fato,
N = 2py + 4m. (4.26)

Assim sendo, a integral se reduz a

S = i~ Q2 /d4 /das/ 2¢y+47;1, (4.27)

o que, apos uma rotacao de Wick, torna-se

2py + 4m
E(a 5 2 2 / de‘/ 5 1 B s (428)
a?(2m)4 my+a—2x—py(1—y)

portanto, novamente convergente no ultravioleta e, assim, nao nos interessa
no contexto desse calculo. Ainda, se ele é convergente em d = 4, certamente
serd convergente em d = 3.

4.2 Contra-termos na Eletrodinamica de Po-
dolsky

Dada a Lagrangeana original,

1 _
L= (FOY? + 020, FO ™o, FOX 1 w0 (i) — m©) B (4.29)

7%
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redefinimos os campos

VO = 2,20, AO =

1/2 4
Z3'" A,
Escolhemos nao empregar qualquer renormalizacao na constante a?, pois,
além de eventualmente querermos que a? — 0, podemos argumentar que esse
fator nao precisa ser renormalizado.

Dessa forma:

Qr = Z3Q). (4.30)
Logo, usando a definicao da fun(;éo—ﬁ e (4.30), teremos
3@1«2 0 12 0 i 1 125 O
— — QAL 7Y = 20072 AL 2 = 2Qu 2R L (20),
5 o5 = Q) o2 Q(o) Y = 5Q0Zs B (Z1)

mas, trabalhando na ordem mais baixa da constante de acoplamento (),
poderemos substituir as fungoes pelas suas expansoes,

s 1+075+ ...
1
Za? L+ 5025+ ...
111(23) (5Zg+...,

e usando a forma explicita de Z;, (4.10),

1 007 0
Q) — =
2 d(lnA) 127
como as outras contribuigoes sao todas nulas, a fun¢ao coincide com o céalculo
correspondente da Eletrodinamica usual, em 4 dimensoes.

_ L 0wz?i o ~
p=5Q0Zs Ac‘?f& In (Z3) ~ (4.31)

4.3 Calculo da Fungao-3(m) em d =3

O termo que viola a identidade de Ward em (4.11) é

k3 3— 2 2 o k5 /3+ A
_ Snuu/d3 / / ZQ MV/ / k‘E‘2/+—i_A dk’
@Q 1 37 Z'Q2 1
= d Ar— 4 AT | = g [ dgA
proUs /0 m{ s 41 s ! /0 rer
. 2 _ 2 2m+p
_ i0? nwélmp + (4m* —p*)In (—mez,) | 4.32)
8 8p
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Para que este termo seja eliminado com a ajuda de um regulador de Pauli-
Villars de massa A;,

in 2m +p 2A1+p
4 Ai |+ 4m?1 4 A?ln
647Tp[p<m+;cl l>+ m n(2 —p>+ ch (2A¢—p

2m + p 20; +p
g <1n (2m—p> F2 el <2Ai—p)>

(2

: (4.33)

devemos ter
oG\
St (B2) = —wein (222) (4.3)
Sl () = -m(Gn)

Multiplicamos a tltima equagao de (4.34) e subtraimos o resultado da peniltima,
para simplificar mais o sistema de equagoes:

—m

Zi CiAi = —m
Y (A2 — m?)In <2Ai+p> - 0 (4.35)
it 7 2A;—p
Seja
m(A2 —m?)
Cy = A (m2 A2) ln( 2A9 +p)
Ay (A% —m?) + 21\1+zo2A2
ln(QAl—P)
m + C2A2
= — = 4.36
C1 A ( )
Considerando
A% =m? + A%, Ag =m? + 2A2, (4.37)
teremos
Ahm co =0 e portanto hm c1 =0, (4.38)

(usamos L’Hopital para tratar a indeterminagao no segundo termo do deno-
minador de ¢g).
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A consequiéncia direta desta escolha, observando que

lim arcsh S - 0,
A—oo 4N; — p?

¢ a eliminacao dos termos indesejados, e o fato de que, quando as massas
A; das particulas ficticias tenderem ao infinito, um dos termos de Hﬁfy) (3.35)
desaparece:

iQ?p? m? 1 —p
I1 = — - 4+ — £
(p) i {gg + (p2 + 1 arcsh — >
p i A? 1 )
— arcsh | ———= || + — + Y c¢|—+—) |arcsh
( 4m — p2> % z; (p2 4p [ (
— arcsh __r Azop
40; — p?

—p

4N; —

= —ZQQPQ <m_2 + i) arcsh S S arcsh P ,
dm P 4p \/4m — p? \/4m — p?

com as condigoes impostas pelo regulador, pois todos os ltimos termo sao
nulos. II'(p) (3.36) nao sofre alteracao apos este limite. Desta forma, teremos
somente termos finitos de correcao de carga a 1-loop.

No entanto, nao estamos trabalhando com o valor direto da carga tridi-
mensional, mas, ao invés, escolhemos usar a carga elétrica em (3+ 1)D divi-
dida pela distancia interplanar, e vimos que a primeira apresenta correcao.
Vejamos como esta escolha influencia nossos resultados.

Como em d < 4 o “cutoff” pode ser infinito, o valor da constante Qg
depende do tinico parametro dimensional restante, a massa m, a qual também
controla o valor de Q) para que, em d # 4, a acao seja adimensional. Em
d =4 — 2¢, (4.30) ¢ escrita desta forma

Qr(m) = Z3""m Q). (4.40)

onde Q) ¢ a carga nao-renormalizada em d = 4 — 2¢. Definamos, entao a
funcao-# em d dimensoes, 3; como sendo uma funcao dada por

0

Galm) = o)

om
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Qr(m) = mi (m_€Z§/2Q(o)) (4.41)

(4.39)

")



= —eQpr+m'™ Qo)

025" L1 (maQR> 0Zs
2 3

om Qo = —Qr+m™3 om ) 0Qr

_ L2 1073 Qroln(Zs) ,
— EQR + 2m Zg CQOﬁClZ3 8QR = GQR -+ 9 —8QR 6{1 L
_EQ > Zi Q
Balm) = gz = O (1 2 —<@-R)> 7
1= ax i=1

ja que as constantes de renormalizacao, como Z3, devem depender de e,
pois as integrais envolvidas para a determinagao destas envolvem a dimensao
do espaco-tempo em que estao sendo feitos os cdlculos. As poténcias de €
também devem ser pélos destas constantes, pois quando o “cutoff” tende a
infinito, essas fungoes divergem para € — 0 .

Contudo, neste limite, 3; deve ser finita, entao somente o coeficiente z;
nao ¢é diferente de zero. Além disso, B3 — (34, o valor da constante 5 em
quatro dimensoes, logo

8 = lim—eQp (1 n ﬁ) e Qpy o = (4.42)

e—0 € QR

Segue-se, ja que a funcao g é a mesma da QED usual, ou seja,

Qus . Qoya
= — = 3 = ———= ’ 4.43
Ba €Qr + 01 = B3 2 /m + 192" ( )
onde Q(p),q € a carga nao-renomalizada em d dimensoes.
Relembrando (3) da Introdugao,
Q),

Qo o< 2%, (4.44)
onde ¢ é a distancia interplanar, aplicado em (4.43) e usando a definigao
B(m) = m%GE,

3 Q%
Qr = 46)527(73)5,’4 + 1;(72’24 In (m) + constante, (4.45)

podemos ter uma idéia qualitativa do comportamento da fungao-3(m) nesta
dimensao em relacao a massa. Como a carga renormalizada permanece posi-
tiva (o que poderia mudar o comportamento do potencial), isso garante que,
variando ¢, nossos resultados permanecem qualitativamente iguais.
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Conclusoes

Ao longo deste trabalho, investigamos o comportamento da Eletrodinamica
de Podolsky em (2 4 1) dimensdes, dando énfase & determinacgao de estados
ligados, utilizando para isto a aproximacao nao-relativistica no caso do espa-
lhamento de duas particulas, ao invés de procurar diretamente a solucao das
equacoes de campo; em seguida, utilizamos métodos numéricos para determi-
nar os auto-estados e auto-energias, visando possiveis aplicagoes ao fenomeno
da supercondutividade em altas temperaturas ou mesmo em modelos nuclea-
res. Tendo em conta os problemas de unitariedade da teoria nao a encaramos
como uma teoria fundamental da Natureza, mas sim como uma teoria efetiva.

No capitulo I fizemos nossa primeira incursao em busca destes resulta-
dos; o potencial encontrado para a interacao de duas particulas escalares
mostrou-se essencialmente repulsivo. Na seqiiéncia, a generalizacao deste
calculo para o espaco d-dimensional nao teve como objetivo somente reduzi-
lo a quadraturas; de fato sua utilizacao como esquema de regularizacao do
potencial corrigido em 1-loop, obtido no capitulo II, nos permitiu obter um
resultado finito, j4 que mesmo a introducao de um “cutoff” nao foi sufici-
ente para este fim. A idéia de regularizar um potencial eletromagnético nao
é inédita (vide o potencial devido a um fio infinito com uma densidade de
carga uniforme), mas o que fizemos foi utilizar a expressao obtida como um
tipo de regularizacao dimensional.

Demonstramos, no capitulo II, que a teoria de Maxwell-Chern-Simons-
Podolsky também deveria ser encarada como uma teoria efetiva (ou seja
usada dentro de uma escala de energia, ou distancias especificas), devido
aos problemas que enfrentamos com a falta de unitariedade em graficos de
arvore (ou seja, nao hé conservagao de probabilidade). Neste ambito, com-
paramos o numero de estados ligados desta teoria, com ou sem o termo de
Podolsky, obtendo através de uma estimativa bons resultados (mas, infeliz-
mente, em distancias inferiores aos 10*A, separacio tipica dos elétrons de
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um par de Cooper num sélido). Esse fato foi verificado na prética durante a
analise numérica: com o termo de Podolsky, conseguimos um nimero maior
de auto-funcoes de onda e auto-energias associadas, com os mesmos valo-
res de entrada do que na auséncia deste. Como o nuimero de auto-energias
possiveis é maior, se associarmos ao movimento de translagao do par uma
energia de kgT'/2, ao mesmo tempo associamos uma maior possibilidade de
temperaturas favoraveis a formagao destes pares.

O espalhamento de dois férmions, desenvolvido no capitulo III, forne-
ceu um potencial confinante, sem a necessidade de adicionar um termo de
Chern-Simons, e os célculos subseqiientes demonstraram que o efeito da tem-
peratura nao é suficiente para fazé-los desaparecer quando a << 1 (j& que
a corregao é proporcional a a®, o que a torna desprezivel). Esses cdlculos
foram feitos propositalmente nas condi¢oes em que o momento do “loop” é
menor que o momento trocado entre as particulas ( para conservar a apro-
ximagao nao-relativistica), e expandimos, considerando altas temperaturas.
Uma abordagem alternativa aquela feita neste trabalho seria a de procurar
por transicoes de fase do sistema & temperatura finita como em [18].

Uma surpresa foi o fato dos “spins” das particulas envolvidas no processo
de espalhamento nao serem necessariamente anti-paralelos para que haja um
estado estavel de ligagao entre dois elétrons (contudo, este comportamento
¢ exibido no estado supercondutor de alguns materiais, como, por exemplo,
0 SraRuOy4, 0 que também pode ocorrer no vécuo). Este dltimo fato se-
ria simplesmente inconcebivel do ponto de vista do eletromagnetismo usual.
Ou seja, nao existe dependéncia de uma rede cristalina para ocorréncia do
fenomeno. Esse fato inédito poderia fornecer novas perspectivas no estudo
de confinamento em modelos nucleares, onde existe uma linha de pesquisa
testando a analogia destes sistemas com o fendmeno da supercondutividade.

Estendemos, no capitulo IV, ainda mais a nossa proposta, desta vez uti-
lizando a Eletrodinamica de Podolsky junto com a regularizacao de Pauli-
Villars, seja em (341) ou (2+1) dimensoes (ndo esquecendo o carater efetivo
da tltima), para obtermos resultados finitos na Eletrodindmica Quantica, ob-
tendo um valor de 3 em (3 + 1)D igual ao apresentado em outros esquemas
de regularizacao.

A vantagem desta proposta seria que a regularizacao de Pauli-Villars
viria tornar finita uma certa quantidade de graficos divergentes, enquanto
os restantes seriam finitos por simples contagem de poténcias, devido ao
propagador da Eletrodinamica de Podolsky. No nosso caso, por exemplo,
tanto as corregoes de vértices, quanto a auto-energia do elétron, tornaram-se
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finitas. Determinamos ainda o comportamento da carga renormalizada e sua
influéncia nos nossos valores numéricos quando fazemos corregoes de “loop”.

Acreditamos que alguns rumos interessantes poderiam ser tomados uti-
lizando estes resultados. Um estudo numérico mais extenso dos possiveis
estados ligados elétron-elétron e suas aplicagoes em materiais superconduto-
res ou teorias efetivas para confinamento nuclear, mereciam ser feitos. Ainda
a introducao de uma derivada nao-covariante na Lagrangeana de Podolsky
cobriria uma lacuna existente na literatura atual.
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Apéendice A

Uma pergunta interessante é: qual seria o valor exato da constante a? Por
falta de experimentos para responder a este tipo de indagacao no ambito da
Eletrodinamica Planar, iremos recorrer a um dedicado originalmente para
determinacao da massa do féton e utilizar seus resultados experimentais em
nossa estimativa neste apéndice.

Estimativa Classica para a Constante da Ele-
trodinamica de Podolsky

Retornando a (1), suas equagoes de campo sao:

(1+a*0)0,F*™ = j¥
(1+a*D)9, (0" A — 0" A") = j",

ou usando as fungoes de Green,
V(1 - a®VAG(7,r7) = §(7 — 1), (46)

onde 9,A" = 0, e os campos sao estaticos. Para obter a funcao de Green,
temos as relacoes:

oy / e e N T / R ()
_ — dk k T 5 _ _ dk (2 r—r
G(F—1) n)? G(k)e ; o(F—1) n)?
(47)
Substituindo em (46),
! / (—F2 — R)G(R)e F T af = / e T g =
(2m)? (2m)?



7z|k||77|cos

dk‘k2 sen(0)do dgf)

_ 2 sen(\kHﬂ) k2dk
B (27T)3(2)/0 k|7 K2 + a2k 48)

_ sen(FIF) [ [Flsen(FlIR)
- |f1<2w>22[/0 B =/ 2+ 1) ]

1 oo ilk|IF] o || eilEII
A — / efdk—/ G
|7)(2m) o k| o (k2+1/a?)

1 . || el Il
= ——1 - R .
PEE m | im es kit D) .
—1 . —r/a a
= m[m [Z?T(l—e /):|

= 47r1|ﬂ[m [me =2 senh (Z)] = ;Z’% senh (’ZI) )

onde a integral foi realizada sobre o contorno abaixo:

Iremos calcular a funcao de Green para uma esfera carregada com poten-
cial U. Em coordenadas esféricas a funcao de Green assume a forma

11— e*f(r 472 —2pp! cos('y))l/2

e (r2 + 12 — 2rr'cos(vy))1 /2"

G(F — ) =

Seja, entdo, ' = b o raio da esfera. Da figura (2), vemos que cos(y) =
cos(6)cos(0') + sen(0)sen(8')cos(¢p — ¢'). Assim, no eixo z, cos(y) = cos(¢').
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Figura 2: Sistema de coordenadas utilizado

Logo, integrando sobre a area, dA = b%dS), onde dS) ¢ o angulo sélido, dQ) =
d¢'d(cos(6'), obtemos,

U@ = [ G
S
_ _p b) /QF /1 1— (7‘ +b2 2rbcos( ))1/2 p(b)deQ
¢'=0 J cos(0)=—1 (TZ + b2 —2rb Cos(fy))l/Q
1 _ 6_5 (r2+4b2—2rbcos(0))1/2
/ r2 + b2 — 2rbcos(6'))1/2

- b' —e [ 12 2mbp(b r—
= / e ( )udu— 7Tp()[u—l—ae’“/“]l ’

b?d¢'d(cos(0))

47r ulrtb| U br 4 Ir-+b]
b r r
70 []r — b = |r+ b +ale T - e*%ﬂ , (49)

Iremos aplicar este resultado no caso de cascas concéntricas.
Em r = b, com uma das esfera com potencial fixo U, (49) teremos

2U
—2b+ a(l — e=2/a)’

p(b) =

Nossa solucao torna-se

—(r—b) —(r+b)

Ub
U(r) = T oraq_emm) |20 +aem o —aem rzb
r)= Ub —(b=r) —(b+7)

r[—2b+a(1—e—2b/a)] —2r+ae”« —ae r<b
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Farobeday

Figura 3: Experimento de S. J. Plimpton e W. E. Lawton

Assim, uma casca esférica com r = ¢ , dentro de uma outra casca esférica
, 7 = b, carregada com potencial U, permite escrever a razao AU/U, literal-
mente, a diferenca de potencial entre uma esfera concéntrica no interior de
uma esfera carregada com potencial fixo como sendo:

_Ule bl—2c+afe s —e "
AUU _ U(b%]a))U( ) —1_ [c[—Qb +(a(1 — )] . (50)

Solucionamos numericamente (50), com o intuito de determinar a cons-
tante a com base em alguns dados experimentais. Usando U = 3000V,
b = 0.762m, ¢ = 0.6096m, o experimento resultou em AV = 1075V [55].
Entao, com esses dados, obtemos para a constante a, usando o método da
secante com 17 passos, o valor numérico de 5, 86058 x 107° m.

Em [32], uma estimativa para o valor de a é dada utilizando a equagao
de Abraham-Lorentz, derivada no contexto da Eletrodinamica de Podolsky.
Analisando a expressao, foi determinado que, para garantir conservacao de
energia, é necessario que a seja menor que metade do raio classico do elétron,
que é de 2.817 x 1071 m. Outra estimativa foi feita em [23], onde se obteve
a = 9.96738 x 10~ %m.
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Algorithm for Probing the Unitarity
of Topologically Massive Models

Antonio Accioly''? and Marco Dias!
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An uncomplicated and easy handling prescription that converts the task of checking
the unitarity of massive, topologically massive, models into a straightforward algebraic
exercise, is developed. The algorithm is used to test the unitarity of both topologi-
cally massive higher-derivative electromagnetism (TMHDE) and topologically massive
higher-derivative gravity (TMHDG). The novel and amazing features of these effective
field models are also discussed.

KEY WORDS: topologically massive models; unitarity; effective field models.

1. INTRODUCTION

The momentous discovery that there are dynamics possible for gauge the-
ories in an odd number of space—time dimension that are not open to those in
an even number, allowed the construction of field models endowed with novel
and amazing properties. In three dimensions, for instance, the addition of a topo-
logically massive Chern-Simons term to the fundamental Lagrangian for a gauge
field gives rise to a gauge-invariant theory (Deser et al., 1988a,b). Indeed, this
term has a coupling that scales like a mass, but unlike the ways in which gauge
fields are usually given a mass, no gauge symmetry is broken, although parity
is. Of course, the addition of the esoteric Chern-Simons term is certainly not
the unique mass-generating mechanism for gauge fields. We can also utilize for
this purpose the well-known Proca/Fierz-Pauli, or the more sophisticated higher-
derivative electromagnetic/higher-derivative gravitational, terms. In this vein, it
would be interesting to analyze the new physics that emerges from the models ob-
tained by enlarging Maxwell (Einstein)—Chern-Simons theory through the Proca
(Fierz-Pauli), or higher-derivative electromagnetic (gravitational), terms. Our aim
here is to study the three-term models with higher derivatives. Interesting enough,
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these models are gauge invariant; besides, they possess rather unusual and exciting
properties. In fact, as we shall see, in the context of the electromagnetic models, an
attractive interaction between equal charge scalar bosons can occurs which leads
to an amazing planar electrodynamics: scalar pairs can condense into bound states;
while in the framework of the gravitational systems, unlike what happens within
the context of the odorless and insipid three-dimensional general relativity, there
exists both attractive and repulsive gravity. We can also have a null gravitational
interaction, such as in three-dimensional gravity that is trivial outside the sources.

We present an algorithm for probing the unitarity of massive, topologically
massive, models (MTM) in Section 2, which is quite simple to use. This pro-
cedure converts the hard task of checking the unitary of the MTM in a trivial
algebraic exercise. It is utilized to test the unitarity of both topologically massive
higher-derivative electromagnetism (TMHDE) and topologically massive higher-
derivative gravity (TMHDG), in Section 3. The novel and amazing features of the
electromagnetic models are discussed in Section 4, while those of the gravitational
ones are analyzed in Section 5. We conclude in Section 6 with some discussions
and comments. We use natural units throughout.

2. ALGORITHM FOR PROBING THE UNITARITY OF MASSIVE,
TOPOLOGICALLY MASSIVE, MODELS

To probe the tree unitarity of the massive, topologically massive, models, we
will make use of the procedure that consists basically in saturating the propagator
with external conserved currents, compatible with the symmetries of the system.
The unitarity of the models depends on the sign of the residues of the saturated
propagator (SP)—the unitarity is ensured if the residue at each simple pole of the
SP is positive (propagating modes) or zero (non-propagating modes). Note that we
are using the loose expression “the residue’s sign is equal to zero” as synonymous
with “the residue is equal to zero.”

The idea here is to construct a simple algorithm for analyzing the unitarity
of the massive, topologically massive, models, using the procedure we have just
outlined. We begin by building the prescription for the massive, topologically
massive, electromagnetic models (MTME); next we construct the algorithm for
the massive, topologically massive, gravitational models (MTMQG).

2.1. Algorithm for Analyzing the Unitarity of the MTME

The saturated propagator related to the MTME, can be written as
SPnve = /" (Ohe) ., 7 0

where J and O ~! are, respectively, the conserved current and the propagator con-
cerning the specific massive, topologically massive, electromagnetic model which
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we are interested in probing the unitarity. Our next step is to obtain the propagator
associated with the model at hand. Consider, in this direction, the Lagrangian for
the MTME, namely Lyrvme = Lg + €Ly + L1, where Lk is the Lagrangian asso-
ciated with the electromagnetic part of the model, L, is a gauge-fixing Lagrangian,
€ is a parameter equal to +1, if Lg is gauge invariant, or 0, if Lg is not gauge invari-
ant, and L1 = %eprl‘a”A” is the Chern-Simons term, with A* being the three-
dimensional vector potential and s > O the topological mass. This Lagrangian,
of course, can be written as LyrME = %A“ O0,,A". Now, it is important for the
success of the method that we can find a basis for expanding the wave operator
and, consequently, the propagator, such that when one contracts their basis vectors
with J J, the greatest possible number of cancellations may be obtained. The basis
{0, w, S}, for instance, where 6, = n,, — % and w,, = % are, respectively,
the usual transverse and longitudinal vector projector operators, S,,, = &,,,,0” is
the operator associated with the topological term, and 7,,, is the Minkowski met-
ric, does the job since JwJ = JSJ = 0. The algebra obeyed by these operators is
displayed in Table I. Our signature conventions are (4, —, —), VM2 = 41 = gopa.

Expanding O in the basis {6, w, S}, yields O = a6 + bw + ¢S. With the help
of Table I, we promptly obtain

ol :L9+lw_;s (2)
MIME ™ 32 4 20 b a* + c*o
Inserting Equation (2) into Equation (1), we get
SPyTME = —————J" ]
MTME = 55 (3)

Note that only the §-component of Oy contributes to the calculation of

SPMTME-
Before going further, we need a lemma.

Lemma 1. [If m >0 is the mass of a generic physical particle associ-
ated with the MTME and k is the corresponding momentum exchanged, then
Ju I lie=m2 < 0.

Table I. Multiplicative Table for the
Operators 6, w, and S

0 w S
0 % 0 S
w 0 w 0
S S 0 -6

Note. The operators are supposed to be
in the ordering “row times column.”
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Proof: To begin with, let us expand the current in a suitable basis. The set of
independent vectors in momentum space,

K = (K°, k), k" = (k°, —Kk), e = (0, €), 4)

where € is a unit vector orthogonal to Kk, serves our purpose. Using this basis,
JH* (k) takes the form

J* = Ak* + Bk* + Ce*.

On the other hand, the current conservation gives the constraint A(kg — k%) —
B(k} + k*) = 0, which allows to conclude that A> > B?. Now, it is trivial to see
that J, J* = k*(B? — A?) — C?. Consequently, J,, J*|;2_,2 < 0. O

We are now ready to present the algorithm for probing the unitarity of the
MTME.

Algorithm 1.  Calculate the 6-component of the propagator in the basis {6, w, S}
which, for short, we shall designate as fy. Next, determine the signs of the residues
at each simple pole of fy. If all the signs are <0, the model is unitary; if at least
one of the signs is positive, the system is non-unitary.

2.2. Algorithm for Analyzing the Unitarity of the MTMG

The Lagrangian for the MTMG can be written as Lyirvg = L + € Lgr + Lo,
where Lg is the Lagrangian concerning the gravitational part of the theory, and
L1 = ie*“”F"M(aﬂF"pv + %F“Wg Fﬁvp) is the Chern-Simons Lagrangian, with
w > 0 being a dimensionless parameter, whereas the corresponding SP is given
by

-1

SPyrmg = T* (OMTMG)W, oo 777, &)
where 7" is the conserved current which, obviously, is symmetric in the in-
dices  and v. Our conventions are R%g, s = —0s'%g, + -+, Ry = RY 10, R =
g""R,., where g,, is the metric tensor, and signature (+, —, —). To calculate

the SPyvrMmG, we need to know the propagator beforehand. This can be done by
linearizing Lyrmg. Setting g,y = Ny + khy,,, Where k is a constant that in four
dimensions is equal to /327 G, with G being Newton’s constant, we can rewrite

. . . li . .
the linearized Larangian as Ei\,}%)MG = %h Wy 0“(‘)” P? h . It s extremely convenient

to 0expand O in the basis {P', P2, P°, FO, P, P}, where P!, P2, PO,FO, and

P , are the usual three-dimensional Barnes—Rivers operators (Antoniadis and
Tomboulis, 1986; Nieuwenhuizen, 1973; Rivers, 1964; Stelle, 1977), namely,

1
P/lv,pa = E(Qupwvo + Ouo wvp + O1p®pc + Ouowyp),
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—o =0
Table II. Multiplicative Operator Algebra Fulfilled by P!, P2, PO, P O, P ,and P

0

pt p2 po P P P
P! P! 0 0 0 0 0
P? 0 P? 0 0 0 P
PO 0 0 PO 0 poe 0
70 0 0 0 P pod 0
=0 —
P 0 0 pet  ple P04 P 0
P 0 P 0 0 0 —3p?

Note. Here PQ‘“W , po = 0wps and P‘”QW . po = 00

1
P/fv,pa = E(Qupeva + QMUQW) - 9,1“)9/0(7),
0 —0
P;w,po = Eeuvepo, Puv,po = Wy Wy,
—0
Puv, po — Qp,v Wps + Wy ng,

and P is the operator associated with the linearized Chern-Simons term, i.e.,

0o*
P,uv, po = T[G/Mp Gva + E;MJ evp + Evkp eua + €vro eup],

— =0
since TP'T =TP T =TP T =TPT =0. The corresponding multiplica-

tive table is displayed in Table II. The expansion of O in the basis

0o =0
(P!, P2, P° P O, P , P} is greatly facilitated if use is made of the following
tensorial identities:

1 _ 1 2 0, po
E(nﬂpnvo + nuonvp) = Ilw, po = [P + P + P + P ];w, po’

0

—qg =0 1 —
Nuvlpoe = [2P0 +P +P ]HV? 00’ E(auavapaa) =P AV, PO s

1 —0
= 01p B0 + a0 0y + Mpdudo + Mo 0udy) = [2P1 +4P7]
v, po’

1 =0
E(n,uvapao + r’pga'uau) = [P + 2P ]

_o =0
Expanding O in the basis (P!, P?2, P, P 0, P , P},weobtain O = x; P' +
— _ =0
X P2+ xgP° +xoP 0 +XoP + pP. With the help of Table II, we find that the



1128 Accioly and Dias

propagator for MTMG is given by

. P! X P? XoP° xo P
Ovrvg = — + 2 256 + — — +
X1 X —p XoXo — 2X,  XoXo — 2X,

—_ =0
_ foP _ pP (6)

_ —2 2 21,6
XoXo—2x, *27P k

Now, substituting Equation (6) into Equation (5), and taking the identities,

2 1 1 1_() —0
P wv, po = _(nupr/va + nuanvp) n;wnpa —|P + EP — EP ,
Wy, po

0 1 1|—o =0
P uv, po — Enuvnpa - 5 P +P )
Hy, po
into account, yields

SPymve = [TWTM - 5T B
2 x% - p2k6 2 XoXg — 2%3
We call attentlon to the fact that fp: = xp/(x3 — p*k®) and fpo =X/
(xoxo — 2x0) are, in thls order the components P? and PO of 0MlTMG in the
basis {P!, P2, PO, P’ ? , P}.
The lemma that follows clears up the question of the sign of T*"T),, — 5 T2
at the physical poles; it is also very useful for checking the presence of massless
spin-2 non-propagating excitations in the models we are analyzing.

Lemma 2. Ifm > 0 is the mass of a generical physical particle associated with
the MTMG and k is the corresponding momentum exchanged, then [T*"T,, —
1T e—m2 > 0and [T"T,, — T?Jje—o = 0.

Proof: Using Equation (4), we can write the symmetric current tensor as follows
T" = AK'k" + BE"k" + Ce"e” + DKWk + Ek"e” + FkWe".

The current conservation gives the following constraints for the coefficients
A,B,D, E, and F:

Ak* + g (k5 + k%) =0, (8)
2 2 D 2
B(k0+k)+5k =0, )

Ek* + F (kj + k%) = 0. (10)
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From Equations (8) and (9), we get Ak* = B(kg + k?*)?, while Equation (10)
implies E2 > F?2. On the other hand, saturating the indices of 7*" with momenta
k,, we arrive at a consistent relation for the coefficients A, B, and D:

Ak* + B (K + &) + DI® (k + k%) = 0.

After a lengthy but otherwise straightforward calculation using the earlier
equations, we obtain

1 K2(A—B) C ]2 K2
T, Lre [——— L@ -, an
2 V2 V2 2
1
T T, —T* =k* [E(E2 — F?)—2C(A — B)] . (12)
Therefore, [T*'T,,, — %Tz]kzzmz > 0and [T*T,, — T*|;2—0 = 0. 0

We remark that 7#"T),, — %Tz is always greater than zero for any physical
particle; in addition, T*"T,, — T? is zero for massless spin-2 non-propagating
modes.

We are ready now to enunciate the algorithm for testing the unitarity of the
MTMG.

Algorithm 2. Compute SPyirvmg using Equation (7) and then find the signs of
the residues at each simple pole of SPyirvg with the help of the Lemma 2. If all the
signs are >0, the model is unitary, however, if at least one of the signs is negative,
the system is non-unitary.

3. CHECKING THE UNITARITY OF TMHDE AND TMHDG

We introduce here the two three-term systems we want to test the unitarity,
i.e., TMHDE and TMHDG, and afterwards we study their unitarity.

3.1. The Models

The Lagrangian for TMHDE is the sum of Maxwell, higher-derivative
(Podolsky and Schwed, 1948), gauge-fixing (Lorentz-gauge), and Chern-Simons,
terms, i.e.,

F,,F» 1 s
— 3, F" o F,;, — —(3,A")* + —¢,,, A" A?. (13
) wr = 2y AT+ S e (13)

£TMHDE = -
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Here, F,, = 0,A, — d,A, is the usual electromagnetic tensor field, and [ is a
cutoff. The corresponding propagator is given by

1 I’k* + k? A s
OrmupE = (I2k* + k2)2 — s2k2 0 — 2@ (I2k* + k2)2 — 52k2 5. (14)
The Lagrangian related to TMHDG, in turn, is given by

2R
Ltmupe = /8 (—— + 2R2 + §R;2/.v>

1 2
+ ;EM”FPM (aurf’pv + gF“MﬁF‘gw> : (15)

where o and B are suitable constants with dimension L. For the sake of simplicity,
the gauge-fixing term was omitted. Linearizing Equation (15) and adding to the
result the gauge-fixing term Ly = %(h w' = %h, .)? (de Donder gauge), we find
that the propagator concerning TMHDG takes the form

Otwing = 1 s 1 ’
o[ = 1+ 5(2 +4c)0] k2 o[ — 1+ 5(2 +4c)0]
4M b

O[M2b20? + 4(bM? + 1)O + 4M?]
y 2MA(2 + bO) )

O[M?2b202 4+ 4(bM? + 1)0 + 4M?]
+ [—4—k + 2 } P’ (16)
b(% + 4C)D]

“UII

_|_

wherebEﬂT"z,cz and M = 5.

3.2. Testing the Unitarity of TMHDE

The calculations that are needed for checking the unitarity of TMHDE are
somewhat complicated because this model represents in general three massive

excitations. Since the 6-component of the propagator concerning TMHDE can be
2 2
x3—2MA;Ix§)—C|—_A§Zx)—M4s2 ’
as well as the signs, of the roots of the cubic equation >4 ax?+ax +ap=0,
where a, = —2M?, a; = M*, and ap = —M*s>. Taking into account that we are
only interested in those roots that are both real and unequal, we require D < 0,
where D = Q3 + R?, with Q and R being, in this order, equal to ‘—a% and

9aiay—27ap— 2a2

written as fy = where M = %, we have to analyze the nature,

, 1s the polyn0m1a1 discriminant. Performmg the computations we

54
8 2 52 4M
getD = M°s”[7 — ] implying that only and if only s < =57 will the roots be

real and dlstlnct Our next step is to verify whether or not these roots are positive.
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This can be accomplished by building the Routh—Hurwitz array (Uspensky, 1948),
namely,

1 M*
—2M? —M*s?
M (M2 =5) 0
—M*s? 0

Noting that there are three signs changes in the first column of the array given
earlier, we conclude that all the three roots are positive. In summary, if s> < %,

TMHDE is a model with acceptable values for the masses. Denoting these roots
as xp, xz, and x3, and assuming without any loss of generality that x; > x; > x3,
we get

5 - M*(x; —M?*) 1 M*(x; —M?) 1
T i —x)x —x)x —x (X)) —x3) X — X
M?*(x3 — M?) 1

(x3 — x1)(x3 — x2) x — x3°

Hence, TMHDE with will be unitary if the conditions x; — M 220, x, —
M? > 0, and x3 — M? < 0hold simultaneously. Obviously, this will never occur,
which allows us to conclude that TMHDE is non-unitary.

Should we expect intuitively that TMHDE faced unitary problems? The an-
swer is affirmative. In fact, setting s = 0, for instance, in its Lagrangian, we recover
the Lagrangian for the usual Podolsky electromagnetism which is non-unitary
(Podolsky and Schwed, 1948). Nonetheless, Podolsky—Chern-Simons (PCS) pla-
nar electromagnetism with s < %, despite being haunted by ghosts, has normal
massive modes. Note that the existence of these well-behaved excitations is sub-
ordinated to the condition s < 2—1;’7, which really encourages us to regard this

system as an effective field model. We shall discuss their astonishing properties in
Section 4.

3.3. Testing the Unitarity of TMHDG
The SP concerning TMHDG can be written as

M*b (T Ty, — 5T?) —1+1+2bM?

PG = e M T bWl + bME — T+ 26
N M2b (THT,, — 112) 1+ +/1+2b0M2
2 K2— M2 1+ 2bM2[1 4+ bM? + /1 — +bM?]
T, — T? T2

k2 (kz _ m2)’ (17)
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where

£
Il

(bZMZ) [1+bM?—1+2bM?],
2
M; <b2M2> [1+bM* + V1 +2bM?],

S S
b(3/2 + 4c)’

It is interesting to note that M12 — M?,and M22 — +00 ,as b — 0, implying
that when «, 8 — 0, Equation (17) reduces to

1, 1 o 1
SP - <TMMTMU - ET ) m + (T“MTMV - T ) ﬁ’ (18)

which is the expression for the SP related to Maxwell-Chern-Simons theory
(MCS). Using Equation (18), we promptly obtain

Res(SP)| op2 > 0, Res(SP)|;2—o = O,

which means that MCS is unitary. Thence, we have reobtained, in a trivial way, a
well-known result (Deser et al., 1988a,b).

We are now ready to analyze the excitations and mass counts concerning
TMHDG. To avoid needless repetitions, we restrict ourselves to presenting a
summary of the main results in Table III. The systems that do not appear in
this table are tachyonic, i.e., unphysical. As intuitively expected, TMHDG is
non-unitary. Indeed, if the topologically massive term is removed, TMHDG re-
duces to three-dimensional higher-derivative gravity—an effectively multimass
model of the fourth-derivative order with interesting properties of its own (Accioly
etal.,2001a,b,c,)—which is non-unitary. Nonetheless, TMHDG is in general non-
tachyonic, which means that under circumstances it may be viewed as an effective

Table ITI. Unitarity Analysis of Topologically Massive Higher-Derivative Gravity

b % + 4c Excitations and mass counts Tachyons Unitarity

>0 <0 2 massive spin-2 normal particles, 1 No one Non-unitary
massless spin-2 non-propagating
particle, 1 massive spin-0
ghost

ﬁ <b<0 >0 1 massive spin-2 normal particle, 1 No one Non-unitary
massless spin-2 non-propagating
particle, 1 massive spin-2 ghost,
1 massive spin-0 ghost
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field model. We shall investigate, in passing, the novel and amazing features of
this effective system in Section 5.

4. ATTRACTIVE INTERACTION BETWEEN EQUAL CHARGE
BOSONS IN THE FRAMEWORK OF MAXWELL-CHERN-SIMONS
ELECTRODYNAMICS

In order to avoid extremely long calculations, we investigate here Maxwell—
Chern—Simons electrodynamics (MCSE) instead of Podolsky—Chern—Simons
electrodynamics (PCSE). Certainly, the two models share similar characteristics.
In other words, the exciting features of PCSE are also present, mutatis mutandis,
in MCSE. Accordingly, let us analyze the interaction between equal charge bosons
in the context of the MCSE coupled to a charged-scalar field. To do that we need
to compute, first of all, the effective non-relativistic potential for the interaction of
two charged-scalar bosons. Now, non-relativistic quantum mechanics tells us that
in the first Born approximation the cross section for the scattering of two indistin-
guishable massive particles, in the center-of-mass frame (CoM), is given by Z—g =
P f e~ P TV (r)e'P d? r|2, where p (p') is the initial (final) momentum of one of
the particles in the CoM. In terms of the transfer momentum, k = p’ — p, it reads
2

do m k1 1D—1
_— = —_— ! r 1
e ‘47_[/V(r)e d r (19)

On the other hand, from quantum field theory we know that the cross section,

in the CoM, for the scattering of two identical massive scalars bosons by an
electromagnetic field, can be written as j—g = |5 6}{ 3 M]|?, where E is the initial

energy of one of the bosons and M is the Feynman amplitude for the process at
hand, which in the non-relativistic limit (N.R.) reduces to

do . 1 2
dQ  |167m
From Equations (19) and (20) we come to the conclusion that the expression
that enables us to compute the effective non-relativistic potential has the form

N.R. (20)

V(r) / d> k Myg e T, 21)

" 4m? 2n)?
which clearly shows how the potential from quantum mechanics and the Feynman
amplitude obtained via quantum field theory are related to each other. Now, in
the Lorentz gauge the MCSE coupled to a charged-scalar field is described by the
Lagrangian

1 1
L= =2 FuF™ 4+ e A0 A7 = (0,4 + (D) D" — m*9’9,

(22)
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where D, = 9, +iqA,. Therefore, the interaction Lagrangian to order Q for
the process S + S — S + S, where S denotes a spinless boson of mass m and
charge Q,is Liny = i QA" (¢0,0* — ¢*9,,¢), implying that the elementary vertice
is given by

Ty(p, p)=—0(p+p),
where p (p’) is the momentum of the incoming (outgoing) scalar boson. As a

consequence, the Feynman amplitude for the interaction of two charged spinless
bosons of equal mass is

M =T4(p, p)0,,Ti(q.4") (23)
where

-1t__ g A0 S50
o= k2 —s2 k2 kY — 52k
In the non-relativistic limit, the Feynman amplitude for the process under
consideration assumes the form

40°m®>  8ismQ*k AP
M =
R [kZ 2 T TR 159

where P = —(p q) is the relative momentum of the incoming charged-scalar
bosons in the CoM.
It follows that the effective non-relativistic potential is given by

0> [%_sm(sr)]L 0>
r

Vir)= — —Ko(sr) (24)

r

where L = r A P is the orbital angular momentum, and K is the modified Bessel
function. Let us then investigate whether or not this potential can bind a pair of
identical charged-scalar bosons. In this case, the corresponding time-independent
Schrédinger equation can be written as

d? 1d .
HiRwy = —— (d SR + ;ERM) + VIR

= Eannh (25)
eff 12
mr

mr?  mms

2 2 2
[ 0 |:l2 B sKl(sr)] L4 Q—Ko(sr)
r r 2

where R,; is the nth normalizable eigenfunction of the radial Hamiltonian H;
whose corresponding eigenvalue is E,; and Vleff is the /th partial wave effec-

tive potential. Note that Vleff behaves as nﬁ—iz at the origin and as %[ [ — %]%



Algorithm for Probing the Unitarity of Topologically Massive Models 1135

asymptotically. On the other hand,
d 21 [1 Qz] 0%l 1 [ 0221 Q%

— V= - —Ko(sr) —
dr ! m s | r3 mm r mmr? 2

] Ki(sr)

Assuming, without any loss of generality, that [ > 0, it is trivial to see that,

if [ > ; the potential is strictly decreasing, Vzvhlch precludes the existence of
bound states. The remaining possibility is [ < g— In this interval Veff approaches
+oo at the origin and 0~ for r — +o00, which is indicative of a local mini-

mum. Consequently, the existence of charged-scalar boson bound states is sub-

ordinated to the condition 0 </ < g—j In terms of the dimensionless parameters
y=sr, a = m, =" and E, = mg”’, Equation (25) reads
> 1d .
—+—— | Ru+ [Eu = V"R =0, 26
[dy2+ydy] o+ [ B =V R 20
with
- Ma—=D [ ap al
Ve = — 252 1 SRR () — K ().
y 2 y

Of course, Equation (26) cannot be solved analytically; nevertheless, it can be
solved numerically. To accomplish this, we rewrite the radial function as R,; =
f—%. As a consequence, Equation (26) takes the form

2

[j_yz * 4;} ot + [Ew = V. ey
Using the Numerov algorithm (Numerov, 1924), we have solved Equation (27)
numerically for several values of the parameters «, 8, and /. In Fig. 1 we present our
numerical results for the potential in the specific case of [ = 6. The corresponding
ground-state energy is —1.68 x 1078 MeV. The graphic shown in Fig. 1 exhibits
the generic features of the potential, although it has been composed using particular
values of the parameters «, 8, and /.

In conclusion we may say that since “Cooper pairs” exist in the framework of
MCSE, they also exist, as a consequence, in the context of PCSE. A detailed study
of the potential, as well as the eigenvalue structure, for the PCSE coupled with a
charged-scalar field, will be published elsewhere (Accioly and Dias, 2004a).

5. GRAVITY, ANTIGRAVITY, AND GRAVITATIONAL SHIELDING
IN THE CONTEXT OF THREE-DIMENSIONAL GENERAL
RELATIVITY WITH HIGHER DERIVATIVES

For reasons similar to those discussed in Section 4, we consider here the
astonishing features of higher-derivative gravity instead of TMHDG. Let us then
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2000 4000
T

Fig. 1. Attractive effective non-relativistic potential corresponding to the eigenvalue
I =6.Here [Vl =eV,[r] =MeV~!,a = 7.6, and B = 7000.

compute the effective non-relativistic potential for the interaction of two identical
massive bosons of zero spin via a graviton exchange. The expression for the
potential is

V(r) / d> k Myg e *T, (28)

~ 4Am? 27)?
where m is the mass of one of the bosons. Now, the interaction Lagrangian for the
process we are analyzing is

j73%

K
‘Cint = -

1
Pm¢&¢-§mw(%¢8%ﬁ—nﬂ¢3],
implying that the elementary vertice can be written as

1
Chp, P = ¢ [pupl + poply = v (p-p" +m)] (29)

where the momenta are supposed to be incoming. The expression for the non-
relativistic Feynman amplitude is, in turn, given by

1242 1242

Men — Emimi 1 cmimg 30)
MET 2R+ m?)  2KR(KE +md)
where m} = m and mj = —% are supposed to be positive in order to

avoid the presence of tachyons in the dynamical field. Performing the appropriate
integrations using Equations (28) and (30), we obtain the effective non-relativistic
potential, namely,

V(r) = 2Gm* [Ko(m 1) — Ko(mor)] . (31)
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Note that V() behaves as 2Gm? ln(z—?) at the origin and as

2Gm? /_7[ e "M’ — id e M
2mqr 2mor

asymptotically. Note that this potential is extremely well behaved: it is finite at the
origin and zero at infinity. On the other hand, the derivative of the potential with
respect to r is given by

dv

o= 2Gm?* [—m K (mir) + moK,(mor)],

implying that it is everywhere attractive if mg > m, is repulsive if m; > m, and
vanishes if m; = mg. If we appeal to the usual tools of Einstein’s geometrical
theory, we arrive at the same conclusions. In fact, in the weak field approximation

. . . !
the gravitational acceleration, yl = %’

by y! = —K[B,hlo — %alhoo], which for time-independent fields reduces to y' =

of a slowly moving particle is given

%8’ hgo. Now, taking into account that hpy = i—Z, we obtain

l
X
yl = 2mG ~— [moK(rmo) — my Ky (mir)].

Therefore, the gravitational force exerted on the particle,

l
F' = 2Gm2x7 (moK (rmo) — mi K (myr)],

is everywhere attractive if my > my, is repulsive if m; > mg (antigravity), and
vanishes if m| = m (gravitational shielding). It is remarkable that this force does
not exist in general relativity. It is peculiar to both higher-derivative gravity and
TMHDG (Accioly and Dias, 2005).

In Fig. 2 it is shown a schematic picture of the effective non-relativistic
potential for the three situations described earlier, i.e., mg > m, m; > mg, and
nip = my.

6. DISCUSSIONS AND COMMENTS

According to a somewhat obscure unitarity lore it is expected that the opera-
tion of augmenting a non-topological massive gravity model through the topolog-
ical term would transform the non-unitary systems into unitary ones and preserve
the unitarity of the originally unitary models. This false idea is, perhaps, re-
sponsible for the claims in the literature concerning the pseudo-unitarity of both
topologically massive Fierz-Pauli gravity (TMFPG) (Pinheiro et al., 1997a,b)
and TMHDG (Pinheiro et al., 1997¢). The authors of these works wrongly state
that these models are unitary. As far as TMPFG is concerned, it was shown re-
cently that this system with the Einstein’s term with the “wrong sign” is forbidden,
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()

gravitational shielding

cravity

Fig. 2. Gravity, antigravity and gravitational shielding in the framework of
three-dimensional Einstein’s gravity with higher derivatives.

while the model with the usual sign has acceptable mass ranges but faces ghosts
problems (Deser and Tekin, 2002). On the other hand, the non-unitarity problem of
TMHDG was recently rehearsed (Accioly, 2003, 2004) and carefully tackled (Ac-
cioly and Dias, 2004b). In truth, we may say that we will never be ale to construct
an unitary, massive, topologically massive, gravitational model. Indeed, the fancy
way Einstein—Chern-Simons theory is built, i.e., with the Einstein’s term with
the opposite sign, precludes the existence of ghost-free, massive, topologically
massive, gravitational models (Accioly and Dias, 2005). It is worth mentioning
that these idiosyncrasies do not occur in the framework of massive, topologically
massive, electromagnetic models because the Maxwell sign’s term concerning
MCS theory is the same as that of the usual Maxwell’s theory.

Nonetheless, the massive topologically massive models with higher deriva-
tives may be utilized under certain circumstance as effective field models, i.e., as
low-energy approximations to more fundamental theories that, quoting Weinberg
(1995), “may not be field theories at all.” The physics associated with these
models is not only intriguing, but also fascinating. Certainly it deserves to be
much better known.
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Massive gravity models in (2 4+ 1) dimensions, such as those obtained by adding to Ein-
stein’s gravity the usual Fierz—Pauli, or the more complicated Ricci scalar squared (R?),
terms, are tree level unitary. Interesting enough these seemingly harmless systems have
their unitarity spoiled when they are augmented by a Chern—Simons term. Furthermore,
if the massive topological term is added to R+ wa gravity, or to R+ wa + R? gravity
(higher-derivative gravity), which are nonunitary at the tree level, the resulting models
remain nonunitary. Therefore, unlike the common belief, as well as the claims in the lit-
erature, the coexistence between three-dimensional massive gravity models and massive
topological terms is conflicting.

Keywords: Massive gravity models; topological terms; tree unitarity.

The remarkable properties of topological tensor gauge theories in (2 + 1) dimen-
sions are by now not only well-appreciated but also well-understood. The linearized
versions of these models describe single massive but gauge-invariant excitations.®
Nonetheless, according to a somewhat obscure tree unitarity lore it is expected that
the operation of augmenting a nontopological massive gravity model through the
topological term would transform the nonunitary systems into unitary ones and
preserve the tree unitarity of the originally unitary models. In truth, this addition
does more harm than good. Indeed, innocuous avowedly tree unitary models, such
as Fierz-Pauli gravity or the more sophisticated R + R? gravity, become nonuni-
tary after the topological addition, while admittedly nonunitary systems, such as
R+ wa gravity or higher-derivative gravity (R + R? + wa) remain stubbornly
nonunitary after the topological enlargement.

Our aim here is to discuss the incompatibility between massive gravity models
and massive topological terms. The analysis comprises massive topological gravity
systems that are focus of the controversy in the literature: topological Fierz—Pauli
gravity and topological higher-derivative gravity — they are wrongly considered as
tree unitary models* * — and topological R + R? and R + R?, gravity. We will

817



818 A. Accioly & M. Dias

show that these topological models are without exception nonunitary at the tree
level.

To probe the tree unitarity of the models we make use of the method that con-
sists of saturating the propagator with external conserved currents, T#", compatible
with the symmetries of the theory. The unitarity analysis is based on the residues of
the saturated propagator (SP): the tree unitarity is ensured if the residue at each
pole of the SP is positive. Note that the SP is nothing but the current—current
amplitude in momentum space.

Natural units are used throughout. Our signature is (+, —, —). The Riemann and
Ricci tensors are defined respectively as R’y = —0,1'7x, + 0,173 =T, 1760 +
I \I75, and R, = RP .

We consider first topological Fierz—Pauli gravity (TFPG). The Lagrangian re-
lated to this model is the sum of Einstein, standard Fierz—Pauli and Chern—Simons,
terms, namely,

2 m2 2 2 1 AUV TP o 2 o B
EZGE@R— 7(]7/“” —h )"—;E I o 8’uF py‘l‘gr Mﬁr vp | (1)

2

at quadratic order in K, where K“ is a suitable constant that in four dimensions

is equal to 247G, with G being Newton’s constant.” Here ¢, = 1, + Khyp, h =

9

Nuh*”, and a is a convenient parameter that can take the values +1 (Einstein’s

3

term with the usual sign) or —1 (Einstein’s term with the “wrong” sign), so that

this is the most general such model. From now on indices are raised (lowered) with
" (Nuw)-
To compute the SP we have to find beforehand the propagator, which involves

much algebra. However, the calculations are greatly simplified if we appeal to a set
6

of operators made up by the usual three-dimensional Barnes—Rivers operators,® i.e.
1

Pﬁ% po §(eﬂpwl’0 + QMUWVP + vawua + Quawup) )
2 1

Phy oo = 5(19,1,)6;0 +0,u50up — 0,0,5) ,
0 1 50
pr,po §9HV9PU7 P;u/,pa = WuvWpo

P?WW = 0,Wpo + Wby

where 0, and w,,, are the well-known transverse and longitudinal vector projector
9,0, _ 040,

operators 0, = Ny, — -, wuw = ~7-, and the operator
oA
P;u/,pa = T [5uAp9ua + g,u/\aeup + Eu)\pe;w' + EV/\O'QMP] )
which has its origin in the linearization of the Chern—-Simons term, i.e.
11 .,
ECAS.lin = §Mhu P,uu,pahpa )

where M = p/R2. The corresponding multiplicative table is displayed in Table 1.
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Table 1. Multiplicative operator algebra fulfilled by P!, P2, PO PO, PO
and P. Here Pewuy’po— = Ourwpo and P‘“e,w,pg = wubpo.

pl p2 PO PO po P
pl pt 0 0 0 0
P2 0 P2 0 0 0 P
po 0 0 PO 0 pow 0
po 0 0 0 PO pwt 0
PO 0 0 pwb pow 2(PO + PO) 0
P 0 P 0 0 0 —[Bp2

Adapting to (24 1) dimensions, with the help of the data from Table 1, the al-
gorithm for calculating the propagator related to four-dimensional gravity theories”
and using the resulting prescription, we find that the propagator for TFPG assumes
the form

O—lz_ipl_ M?(m? + a0J) P2_m2—|—aDp0
m?2 08 + M2a¢202 4 2am2M?20 4+ M?2m4 2m4
1 = M
—_pY— P.
+ 2m? 08 + M2a2002 4+ 2am2M?20 + M?m4

Consequently, the saturated propagator is given by

SPrppg = THO;} TP,

v, po
Performing the computations, we promptly obtain in momentum space

M?(m? — k2a)
kS — M2a?k* + 2am?M?k? — M?m*’

1
SPrrpc = | T (k)T (k) — 572 (k)

At first sight it seems that we should start our analysis by setting a = —1 since
in the limit m? = 0 (1) reduces to pure massive topological gravity (MTG) —
a theory that requires @ = —1 to be ghost-free.! Nevertheless, a straightforward
numerical computation shows that among the roots of the equation

23 — a®dm?2® 4+ 2adm*z — Am® =0, (2)

where z = k%, a = —1 and A = (%)2, there are always two complex roots for any
positive A value. Therefore, this model is unphysical and must be rejected.

Now we shall concentrate on the system with a = +1. In this case the roots of
(2) can be classified as

A < 27/4: one real root and two complex ones,
A =27/4: three real roots: 1 = o = 43 = 4M?2/9,

A > 27/4:  three distinct positive real roots.
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Accordingly, the viability of the theory requires A > 27/4, which implies that
the SPrrppc may be written as

SPrrpg = X1 + X2 + X3,

where

B M?(m? — x1)F(k) B M?(m? — x9)F(k)
Mm@ — )R —m) 2 (@ o) (@ — ) (P — 1)

M?(m? — z3)F(k)

(x5 — 1) (23 — 22)(K? — 23)

X3 =

with F (k) = T (k)T (k)—3T?(k). We are assuming without any loss of generality
that x1 > zo > x3.

Let us then find a suitable basis for expanding the sources. The class of inde-
pendent vectors in momentum space,

k= (k0 k), k= (K%, —k), e’ = (0,e),

where € is a unit vector orthogonal to k, does the job. In this basis the symmetric
current tensor assumes the form

T = AEMEY + BEMEY + Cete? + DEWEY) + Eke?) 4 FEe?) |
As a consequence,

1 o2, C° K o 2 2
= 5[(A—B)k: ] —|—7+7(E — F*)—(A-B)k*C.
Assuming, as usual, that 7' > 0, we get C' < 0, implying F'(k) > 0.

If t1 < m?, Res SPrepc|pz=z, > 0, Res SPrrpglp2—z, < 0 and Res
SPrrpGlp2=z, > 0. The theory is causal and has two spin-2 physical particles

F(k)

of masses equal to x1 and x3, respectively, and one spin-2 ghost of mass x5. On the
other hand, if z; > m?, the model is causal as well and has at least one spin-2 ghost
of mass x1. These models are thus nonunitary at the tree level due to the presence
of the ghosts. Note that if we set M? = 0o, we recover pure Fierz—Pauli gravity
(FPG). In this case SPppg = k2F£]:3L2 and Res SPrpc|p2—m2 > 0. Since the residue
of the SP is positive, FPG is tree unitary — a well-known result. Therefore, the

topological term is responsible for breaking down the tree unitarity of the harmless
FPG.

We discuss in the following the claims in the literature®® concerning the tree
unitarity of TFPG with a = +1 and A > 27/4. The authors of Refs. 2 and 3 simply
affirm that the model in hand is tree unitary; however, no explicit proof is presented

2,3

to give support to their statement. For clarity’s sake, we quote from Refs. 2 and
3, in this order: “It can be checked that the condition A > 27/4 must be fulfilled
in order that poles corresponding to tachyons and ghosts be suppressed from the
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spectrum.” “It is checked that tachyons and ghosts are excluded from the spectrum
whenever A\ > 27/4.” We have shown in detail that this is not true. Actually, the
authors of these works have made a mistake as far as the analysis of the sign of
the residues of S Prppg is concerned, which led them to conclude incorrectly that
TFPG is unitary at the tree level.

We consider now topological higher-derivative gravity (THDG), whose
Lagrangian has the form

2R 1 2
L=+—g (a? + %RQ + §35V> + ;W”Fm <a“r“py + gr”wrﬁw> . (3)

2 is a constant that in four dimensions is equal to 327G. Here a and 3 are

where K
suitable dimensional constants. Before going on we must answer a crucial question:
What is the use of augmenting pure three-dimensional gravity through the quadratic
terms R? and wa? The answer is quite straightforward: The quadratic terms con-
vert Einstein’s gravity, that is trivial from the classical viewpoint, into a nontrivial
model; furthermore, within the quantum scheme, higher-derivative gravity (HDG),
unlike pure Einstein’s gravity, has propagating degrees of freedom. In other words,
the net effect of adding quadratic or topological terms to pure Einstein’s gravity is
just the same: to produce a nontrivial gravity model with gravitons. HDG models

have interesting properties of their own:

(i) The general solution of its linearized version® great resembles, mutatis mutan-
tis, the four-dimensional metric of a straight U(1) gauge cosmic string in the
context of linearized four-dimensional HDG.?

(ii) Contrary to what happens with the Newtonian potential — which has a
logarithmic singularity at the origin and is unbounded at infinity — HDG’s
nonrelativistic potential is extremely well-behaved: it is finite at the origin and
zero at infinity. 19

(iii) Both antigravity and gravitational shielding can coexist without conflict with
HDG.!

(iv) The gravitational deflection angle associated to HDG is always less than that
related to pure gravity.®

Despite these nice properties, HDG possesses a ghost pole in the tree propaga-
tor which renders it nonunitary within the standard pertubation scheme. However,
according to the already mentioned tree unitarity lore, it is naively expected that
if we augment HDG via the Chern—Simons term we would arrive at a tree uni-
tary theory. Our main objective in what follows is to expose the fallacy of this
conjecture.

To find the propagator concerning THDG, we linearize (3) and add to the result
the gauge-fixing Lagrangian, Ly = %(h,w’” — h,,,)?, that corresponds to the de
Donder gauge. The propagator is given by
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o1 - 2\ 2M?(2a — b)) p?
TR O[M20202 — 4(abM? — 1)0 + 4M2a?]
1 4\ 2 _
+ PO+ |—=+ P°
Ola +b(3 + 4¢)0] 1T Ola +b(3 + 4¢)0]
1 _ AM

2 P
Tt o(@ r 0] | ODMEROE - 4(abM? — DO+ 4MZaZ]

where b = 3£%/2 and ¢ = a/f.
In momentum space, the associated SP assumes the form:

14+ V1 —2abM?
2av/1 — 2abM?2(k? — M?)

_ -1+ V1 —2abM?
2av/1 — 2abM?(k? — M3)
T, — T? 172

+ — + —2 ,

ak? a(k? —m?)

1
SPrupc = (TWT;LV — §T2>

+ <TMVT,LL1/ o %T2>

where

2
M} = (—)[1—abM2— V1 —2abM?],

2
MZ = <—> [1—abM? + /1 — 2abM?],

b(3 +4c)

We are now ready to analyze the excitations and mass counts for generic
signs and values of the parameters and for both allowed signs of a. To begin
with, we set a = —1. The absence of tachyons in the dynamical field requires
b > 0 and %+4c < 0 or —% < bM? < 0 and %—1—40 > 0. The former leads
to Res SPTHDG‘]@:M% > 0, Res SPTHDG|k2:M22 > 0, Res SPTHDG|k2:0 =0 and
Res SPrupG|p2—m2 < 0, while the latter results in Res SPTHD(;],@:M% > 0, Res
SPTHDG|k2:M22 < 0, Res SPTHDG|k2:0 = 0 and Res SPTHDG|k2:m2 < 0. The par-
ticle content related to the first situation is two massive spin-2 physical particles,
one massless spin-2 nonpropagating particle and one massive spin-0 ghost, whereas
that concerning the second one is one massive spin-2 physical particle, one massive
spin-2 ghost, one nonpropagating graviton and one massive spin-0 ghost. Therefore,
unlike the claim in the literature,* THDG with Einstein’s term and the “wrong”
sign is tree nonunitary. Note that the authors of Ref. 4 state that “the spin-0 sector
displays a massless pole along with massive poles” as well as that “the massive
gravitons propagate as in the pure Einstein—Chern—Simons model: negative-norm
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Table 2. Unitarity analysis of topological higher-derivative gravity.

§ + de excitations and
a b 2 mass counts tachyons unitarity
2 massive
spin-2 normal particles nonunitary
-1 >0 <0 1 massless spin-2 no one at the
nonpropagating particle tree level
1 massive spin-0 ghost
1 massive
spin-2 normal particle .
— 1 massless spin-2 nonunitary
-1 M2 <b<O >0 nonpropagating particle no one at the
1 massive spin-2 ghost tree level
1 massive spin-0 ghost
2 massive spin-2 ghosts
1 massless spin-2 nonunitary
+1 <0 <0 nonpropagating particle no one at the
1 massive tree level
spin-0 normal particle
1 massive
spin-2 normal particle
1 massless spin-2 nonunitary
+1 0<b< >0 nonpropagating particle no one at the
2M? 1 massive spin-2 ghost tree level

1 massive spin-0
normal particle

states do not appear that spoil the spectrum, which does not affect the unitarity”,
pure and simple. A quick glimpse at Table 2 is sufficient to convince any one of the
wrongness of these affirmations. In truth, the authors of this work made a mistake
in examining both the excitations and mass counts of THDG with a = —1.

Could it be that if we have chosen a = 4+1 we would have arrived at a unitary
system? The response to this question is negative. Indeed, assuming (i) b < 0
and 2 +4c < 0 or (ii) 0 < bM? < % and 2 + 4c > 0 in order to get rid of
the tachyons, we come to the conclusion that (i) Res SPTHDg|k2:M12 < 0, Res
SPTHDG’]&:MQQ < 0, Res SPTHDg|k2:0 = 0 and Res SPTHDG|k2:m2 > 0, and
(ii) Res SPTHDG|k2:M12 < 0, Res SPTHDG|k2:M22 > 0, Res SPTHDG‘W:O =0
and Res SPrupg|i2—m2 > 0, implying that the model has (i) two massive spin-2
ghosts, one massless spin-2 nonpropagating particle and one massive spin-0 physical
particle or (ii) one massive spin-2 ghost, one massive spin-2 physical particle, one
nonpropagating graviton and one massive spin-0 physical particle. These systems,
as the preceding ones, are also nonunitary at the tree level. The above is summarized
in Table 2. The remaining systems are tachyonic.

We discuss now the tree unitarity of the models obtained from THDG by judi-
ciously chosing the parameters o, 3 and M? as well as the signs of a.
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e Pure massive topological gravity (o = 3 = 0)

T# Ty, — 1172 Tovy,, — T2

SP=—
a(k? — a?M?) ak?

a = —1: One massive spin-2 physical particle and one nonpropagating graviton; the
model is nontachyonic and tree unitary.

a = +1: One massive spin-2 ghost and one nonpropagating graviton; the system is
nontachyonic and nonunitary at the tree level.

Comment: Pure massive topological gravity is unitary if and only if the sign of the
Einstein’s term is chosen to be —1. This result was obtained in Ref. 1 using a quite
different approach.

e Pure R+ R, gravity (o =0, M? = o)

T T = 3T2 | T T —T°

SP =
a(k? + 22) ak? a(k? — 3b)

a = —1 and b > 0: One spin-2 physical particle of mass my = \/T/b, one non-
propagating graviton and one spin-0 ghost of mass mg = 4/3b/2; the model is
nontachyonic and tree nonunitary.

The remaining models are unphysical because they have complex masses.

Comment: Pure R + wa gravity possesses no tachyons if and only if a = —1
(Einstein’s term with the “wrong” sign) and b > 0. Nonetheless, the model has a
massive scalar ghost which renders it nonunitary at the tree level.

e Topological R + wa gravity (o = 0)

1
SP = (TWT,W - 5T2)

_ 1+ V1 —2abM?
2av/1 — 2abM?(k? — M32)

1 —14 V1 —2abM?
+ (T'LLVTMV _ _T2> o + a
2 2av/1 — 2abM?2(k? — M3)
T, — T? 172
+ L b :
ak? a(k? — 3b)

a = —1 and b > 0: Two spin-2 physical particles of masses equal to M; and Ms,
one propagating graviton and one spin-0 ghost of mass my = 1/3b/2; the system is
nontachionic and tree nonunitary.

a=+land0<b< ﬁ: One spin-2 ghost of mass M7, one spin-2 physical particle
of mass M5, one nonpropagating graviton and one scalar physical particle of mass
mo = 4/3b/2; the model is nontachyonic and tree nonunitary. The other models are

tachyonic.
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Comment: The topological term does not cure the nonunitarity of pure R + wa
gravity.

e Pure R+ R? gravity (8 =0, M? = o0)

v 1 1
TH T —§T° 3T
7 -
k(- o

SP =

a = +1 and « > 0: One scalar physical particle of mass mo = \/ak?/2 and one
nonpropagating graviton; the model is nontachyonic and tree unitary.

a = —1 and « > 0: One scalar ghost of mass my = /ak?/2 and one nonpropagating
graviton; the system is nontachyonic and tree nonunitary.
The remaining systems are tachyonic.

Comment: R+ R? gravity is tree unitary if and only if the sign of the Einstein’s
term is the conventional one.

e Topological R+ R? gravity (3 = 0)

v 12 v 172 172
Sp = _T“ Ty — 5T N T, — 5T N 5T
a(k? — a?M?) ak? a(k? — O‘T"“Q) '
a = —1 and a > 0: One spin-2 physical particle of mass M, one nonpropagating

graviton and a scalar ghost of mass mg = \/ak?/2; the system is nontachyonic and
nonunitary at the tree level.

a = +1 and a > 0: One spin-2 ghost of mass M and a massive scalar physical
particle of mass mo = y/ax?/2; the model is nontachyonic and tree nonunitary.
The other models are unphysical due to the complex masses.

Comment: The topological term spoils the tree unitarity of the innocuous pure
R + R? gravity.
e Higher-derivative gravity (M? = oo)
12 12 12
TWT, — 5T T Ty, — 5T 5T

SP = .
a(k? T 22) ak? TR —m?)

a=+1,b < 0 and 3/2 + 4c < 0: One spin-2 ghost of mass my = /—2/b, one
nonpropagating graviton and one scalar physical particle of mass m; the system is
nontachyonic and nonunitary at the tree level.

a=—1,b>0 and 3/2+ 4c > 0: One spin-2 physical particle of mass ms = 1/2/b
and one scalar ghost of mass m; the model is nontachyonic and tree nonunitary.
The remaining models are tachyonic.

Comment: Higher-derivative gravity is nonunitary for both choices of the sign of
the Einstein’s term.

To conclude we remark that the enlargement of massive gravitational models
via the topological term is a complete nonsense. On the one hand, it does not cure
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the nonunitarity of massive nonunitary systems (HDG, R + Ril, gravity). On the
other hand, it spoils the unitarity of originally unitary masive models (FPG, R+ R?
gravity).
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The addition of a topologically massive term to an admittedly nonunitary three-
dimensional massive model, be it an electromagnetic system or a gravitational one,
does not cure its nonunitarity. What about the enlargement of avowedly unitary mas-
sive models by way of a topologically massive term? The electromagnetic models remain
unitary after the topological augmentation but, surprisingly enough, the gravitational
ones have their unitarity spoiled. Here we analyze these issues and present the explana-
tion why unitary massive gravitational models, unlike unitary massive electromagnetic
ones, cannot coexist from the viewpoint of unitarity with topologically massive terms.
We also discuss the novel features of the three-term effective field models that are gauge-
invariant.

Keywords: Topologically massive models; massive electromagnetic models; massive
gravitational models; unitarity; effective field models.

PACS numbers: 11.10.Kk, 04.60.Kz, 11.10.St, 12.20.Ds

1. Introduction

In the last two decades much attention has been devoted to the study of the
remarkable properties of gauge theories in (2 + 1) dimensions.!'? Certainly, it
would not be an exaggeration to claim that by now these properties are not
only well-appreciated but also well-understood. Therefore, it should be natural,
at least from a naive point of view, to expect that the addition of a Chern—
Simons term to massive electromagnetic or gravitational models would produce
systems endowed with properties that, in principle, should be as exciting as those
concerning the well-known theories of Maxwell-Chern—Simons or Einstein—Chern—
Simons. Our aim here is to analyze these massive, topologically massive, models.
Since, currently, there are two distinct nontopological mass-generating mechanisms
for gauge fields: adding the well-known Proca/Fierz—Pauli, or the more sophisti-
cated higher-derivative electromagnetic/higher-derivative gravitational, terms, our
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analysis will comprise topologically massive Proca electromagnetism (TMPE),
topologically massive higher-derivative electromagnetism (TMHDE), which is also
known as Podolsky—Chern—Simons planar electromagnetism,® topologically massive
Fierz—Pauli gravity (TMFPG), and topologically massive higher-derivative gravity
(TMHDG). These systems will be examined for both possible sign choices of the
Maxwell /Einstein Lagrangian, as well as in its absence, which implies that they are
the most general such models. Both TMPE and TMFPG are not gauge-invariant
due to the presence of an explicit mass term, but the three-term models with higher-
derivatives are gauge-invariant.
We are particularly interested in two issues that are somewhat correlated:

(i) The compatibility — from the point of view of the unitarity — between massive
electromagnetic or gravitational models and topologically massive terms.

(ii) The exciting physics resulting from the utilization of the gauge-invariant three-
term systems as effective field models. We remark that it was recently shown
that boson—boson bound states do exist in the framework of three-dimensional
higher-derivative electromagnetism augmented by a topological Chern—Simons

term.3

To probe the unitarity of the massive, topologically massive models, we will
make use of an uncomplicated and easily handling algorithm that converts the task
of checking the unitarity, which in general demands much work, into a straight-
forward algebraic exercise.* The prescription consists basically in saturating the
propagator with external conserved currents, compatible with the symmetries of
the system, and in examining afterwards the residues of the saturated propagator
(SP) at each of their simple poles. We use natural units throughout.

2. Massive, Topologically Massive, Electromagnetic Models

The Lagrangian for TMPE is the sum of Maxwell, standard Proca mass, Chern—
Simons terms, namely,

E, P 1
Sl m2APA, + gsw,pA“a”Ap : (1)

ETMPE = —a 4 2

while the Lagrangian for TMHDE is the sum of Maxwell, higher-derivative, gauge-
fixing (Lorentz-gauge), and Chern—Simons terms, i.e.

F,,Fr ]2 1
LTMHDE = —GMT + anF“”(?’\FHA - ﬁ(ayAy)Z + %epr“a”A”. (2)

Here, F,, = 0, A, — 0,A, is the usual electromagnetic tensor field, [ is a cutoff,
s > 0 is the topological mass, and a is a convenient parameter that can take the
values +1 (Maxwell’s term with the standard sign), —1 (Maxwell’s term with the
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“wrong sign” ), or 0 (absence of the Maxwell’s term). The corresponding propagators
are given by

ak? —m? 1
Pruve =~ e e 0
s
— S 3
(ak? — m2)2 — s2k2 ° (3)
P B 12k* — ak? o0_ A "
TMHDE = (12k% — ak?)? — s2k2 k2
s
_ S, 4
(I2k* — ak?)? — s2k2 (4)
_ 9,04 9,.0, .
where 0, = 1, — “5% and w,,, = 5% are, respectively, the usual transverse and

longitudinal vector projector operators, S,, = €,,,0” is the operator associated
with the topological term, and 7, is the Minkowski metric. Our signature conven-
012 — 11 = £g12. Now, the algorithm from Ref. 4 says that
all we have to do in order to check the unitarity of a massive, topologically mas-

tions are (+,—,—), €

sive, electromagnetic model is to verify whether the residues at each simple pole of
the #-component of the propagator in the basis {6,w, S} which, for short, we will
designate as fy, are < 0. We use this recipe in the following to test the unitarity of
TMPE and TMHDE, in this order.

2.1. Checking the unitarity of TMPE

We start our analysis by setting the parameter a in Eq. (1) equal to +1 because it

must be positive both in the Proca (s = 0) and Maxwell-Chern—Simons (m = 0)

limits.2 Now, the #-component of the propagator in the basis {#,w, S} is, accord-
m2_k2?

ing to Eq. (3), equal to fp = =t T where m4 = %[\/41712 + 52+ s].
+ —
Therefore, the model has two degrees of freedom with masses my and m_, which

is precisely what Deser and Tekin have found using a rather different approach.®
Our result is also in agreement with another works existing in the literature.” On
the other hand, it is trivial to show that both Res fy] K2=m? and Res fg|p2_,,2 are
less than zero. Thence, TMPE with the Maxwell’s term with the usual sign is uni-

tary. Choosing a = —1, we see that if s? > 4m?, then fy = (szn:%ﬁimz), with

my = % [s + v/s2 —4m?2|. A straightforward calculation allows us to conclude that
Res f@‘kz:mi > 0, and Res fg|p2—p,2 < 0, implying that, if s* > 4m?, TMPE with
Maxwell’s term with the wrong sign is nonunitary. It is worth mentioning that this
system, despite having acceptable values for the masses, faces ghost problems. Of

course, if s2 < 4m? the two roots of 22 + z(2m? — s2) + m* = 0, where k% = z, are
imaginary; note also that for s? = 4m? the two hitherto complex roots coalesce and
the masses are simply m = m_ = 3: these models are never viable. We focus, at
last, on the case a = 0 (absence of the Maxwell’s term). This model was analyzed
long ago by Deser and Jackiw, who came to the conclusion that setting a = 0 yields



562 A. Accioly & M. Dias

just another version of the Maxwell-Chern—Simons theory and so it is equivalent
to choosing m? = 0.8

2.1.1. Discussion

Note that Proca electromagnetism (s = 0) with a = —1 contains tachyons; however,
TMPE with a = —1 and s2 > 4m? is plagued by ghosts but not by tachyons: the
particle content of the model is one nontachyonic spin-1 ghost of mass m. and one
massive spin-1 normal particle of mass m_ . Thence, a field theory built from this
model would not be satisfactory from the point of view of their fundamentals. It
could regarded, perhaps, as an effective field theory, i.e. a low-energy approxima-
tion to a more fundamental theory. Nonetheless, the condition s > 2m is greatly
discouraging as far as the possibility of applying this kind of model, for instance, to
some condensed matter systems where one deals, in general, with low-energy excita-
tions. Interesting enough, only the model with a = +1 may be viewed as physically
sound. Why is this so? Because the aforementioned system has a Lagrangian that
reproduces the Lagrangians of well-behaved physical models when the appropriate
limits are taken. Indeed, if s = 0, we recover Proca electromagnetism; on the other
hand, setting m = 0, we obtain Chern—Simons electromagnetism. It is remarkable
that we also arrive at a nice physical model by removing the Maxwell’s term: the
system with a = 0 and the “self-dual” model of Ref. 8 are equivalent.

2.2. Checking the unitarity of TMHDE

Based on the above informations, we have every reason to begin the unitarity anal-
ysis of TMHDE by setting a = +1 in Eq. (2). The calculations are now more com-
plicated because, unlike the previous model, this represents in general three massive
excitations rather than two massive ones. Since the -component of the propagator
concerning TMHDE with ¢ = 41 can be written as fy = xg_QMA;[;ﬁ;\%i)_M%Q,
where M = %, we have to analyze the nature, as well as the signs, of the roots

of the cubic equation x3 + asz? + a1z + ag = 0, where as = —2M?, a; = M?,
and ag = —M*s?. Taking into account that we are only interested in those roots
that are both real and unequal, we require D < 0, where D = Q3 + R?, with Q
—a? 9aiaz—27ap—2a . .

2 and 2 is the polynomial

9 54
discriminant. Performing the computations we get D = M%s? [% — 1\24_72]’ implying

and R being, in this order, equal to 3a1

that only and if only s < % will the roots be real and unequal. Our next step
is to verify whether or not these roots are positive. This can be accomplished by
building the Routh-Hurwitz array,” namely,

1 M4
—oM? —M*s2
S2
M? <M2 — ?> 0

—M*s? 0
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Noting that there are three signs changes in the first column of the array above, we
27 , TMHDE
with @ = +1 is a model with acceptable values for the masses. Denoting these roots

conclude that all the three roots are positive. In summary, if s? <

as x1,x2, and x3, and assuming without any loss of generality that z1 > zo > x3,
we get

M2($1 —MQ) 1 M2(.’L‘2—M2) 1
(x1 —x2)(r1 —w3) . — 1 (T2 — 1) (T2 — T3) T — T2
M2(£E3 —MQ) 1

(3 —21) (23 —22) T — 23

fo =

Hence, TMHDE with ¢ = +1 will be unitary if the conditions z; — M? < 0,
29 — M? > 0, and 3 — M? < 0 hold simultaneously. Obviously, this will never
occur, which allows us to conclude that TMHDE with the Maxwell’s term with

M2 (z+M?) .
SO s s - Since the

polynomial discriminant, D = M?8s? [ + ]\247 } for the cubic equation z3 +2M?2z? +

the standard sign is nonunitary. If a = —1, fg =

M*z — M*s? = 0 is greater than zero, one of the roots of the equation is real and
the other two are complex conjugates, which means that the system with a = —1 is
forbidden. To finish our analysis we set @ = 0 in Eq. (2). In this case fy = %,
and the polynomial discriminant related to 23 — M*s? = 0 is greater than zero.

This model, as the previous one, is also forbidden.

2.2.1. Discussion

Should we expect intuitively that TMHDE with a = 41 faced unitary problems?
The answer is affirmative. In fact, setting s = 0, for instance, in its Lagrangian, we
recover the Lagrangian for the usual Podolsky electromagnetism which is nonuni-
tary. Nonetheless, Podolsky—Chern—Simons (PCS) planar electromagnetism with

= +1 and s% < %,
modes. Since the existence of these well-behaved excitations is subordinated to the
condition s < %, we are really encouraged to regard this system as an effective
field model. It is quite remarkable that the coupling of PCS planar electrodynamics
with a charged scalar field, produces an attractive interaction between equal charge

despite being haunted by ghosts, has normal massive

bosons. To see this we need to know beforehand the expression of the effective non-
relativistic potential for the interaction of two charged-bosons in the center-of-mass
frame. A somewhat involved computation, yields

V(r) = —% 5 r2 T ZB 2] Kl(Mr)
. _Z_AJKO(MT)] , (5)

L
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— 1+l2331 — 1+l2l’2 — 1+l2.7,‘3 —

where A; = (z1—w2)(z1—23)° Ay = (z2—21)(z2—23)° Az = (zz—z1)(z3—22)" B =
(11234)2 (1412 2)2 (112 z)2

(A+l7z1) By, = U+ "w2) and 33 = A+l zs) 1, Tz, and

s2(x1—x2)(z1—23)° = $2(wg—z1)(ra— :cg)’ s2(xz—x1)(z3—w2) "
x3 are the roots of the equation 23 + —l— s + 2 14 = 0, L is the angular momentum,
K is the modified Bessel function, and Q) and m are, respectively, the charge and
the mass of the scalar boson. On the other hand, the radial Schrodinger equation
associated with this potential is given by
2
[dd? + %dii]nm +mlE,; = VR, =0, (6)

where

Vlﬁﬁ(r) :_;763124 52 7“2 t ZB &l Kl(MT)]l_
2| Sl |+ o

Here [ denotes the eigenva}ues of the operator L. In terms of the dimensionless
bj:'lS4B X =l g=m ajz%, and E,; =

s s’

mr?’

pab{afneters Yy =sr, o = %,
2L, Eq. (6) reads

& 1d I
[d—szrg@]RnH‘[Enz—Vz JRnr=0,

with

~ lla—=1) «
Vet = - (T ﬁZaJKO Xjy) - ZbXKl(X]y)

We call attention to the fact that f/l—eﬁ behaves as 52—2 at the origin and as l(ly;f‘)
asymptotically. Now, in four dimensions, the anomalous factor of 3 4 in the Abraham-—
Lorentz model for the electron does not show up if [ > re, Where re denotes the
classical radius of the electron.!® Therefore, we assume | < 1. In this limit the
derivative of the potential with respect to y reduces to

dper o= _[20 o
dy y? y> 2

Supposing [ > 0, without any loss of generality, we promptly see that, if [ > «, the
potential is strictly decreasing. The remaining possibility is I < a. In this interval
Vl—eﬁ approaches +o0o at the origin and 0~ for y — +o00, which is indicative of a
local minimum. Consequently, the existence of the attractive potential is subordi-
nated to the conditions ¢ < 1 and 0 < I < . One can show that the effective
potential with [ < 1 and 0 < [ < « can bind a pair of identical charged-scalar
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bosons.? Accordingly, the addition of the topologically massive term to Podolsky’s
electromagnetism with ¢ = +1 — an admittedly nonunitary model — did not
cure its nonunitary problem; nonetheless, the condition for the resulting three-term
model to be free of tachyons gives rise to a constraint between the topological and
Podolsky masses which is responsible for a scalar attractive interaction.

3. Massive, Topologically Massive, Gravitational Models (MTMG)
TMFPG is defined by the Lagrangian

m2

2
Lrvrpc = a?\/gR - T(hMV2 — h?)
1 Apv o 2 o i<
+ ;6 H Fp)\o- aMF pv + gr ,uﬂr vp | > (7)

2 is a suitable constant that in four dimensions is

t.1! Here g, = + Khyw, pp > 0 is
a dimensionless parameter, and h = 7, h*". Indices are raised (lowered) with n*

at quadratic order in K, where g
equal to 247G, with G being Newton’s constan

(Muv)- The Lagrangian related to TMHDG, in turn, is given by

2R o 5, B o
ETMHDG = ﬁ(a? + ER + §ij>

1 2
+ ;6/\#”1"0)\0 <8uropu + grapﬂrﬁup> , (8)

where o and (3 are suitable constants with dimension L. For the sake of simplicity,
the gauge-fixing term was omitted. Note that the parameter a appearing in Eqgs. (7)
and (8) allows for choosing the Einstein sign’s term or even removing it.
The propagator related to TMFPG is
. R M?*(m? + aD) 5
TMEPG = 72 (3 + MZ2a2002 + 2am2M?20 + M?m?*
M P
(3 + MZ2a2002 + 2am2M?20 + M?m?*
m? + alJ - 1 =
- P+ —PpY 9
2m4 + 2m2 = )

where M = u/k2. On the other hand, linearizing Eq. (8) and adding to the result
the gauge-fixing term Ly = % (R — %h,u)2 (de Donder gauge), we find that the

propagator concerning TMHDG takes the form

1 = 2\ 1

PV 4+ = p! P

Ola + b(2 + 40)0] TEh T Ofa+ b(3 + 4c)0]
4M P

O[M26202 — 4(abM? — 1)0 4 4M2a?]

Prmuapc =

+
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2M?(2a — bOJ) p?
O[M?2p202% — 4(abM? — 1)0 + 4M2a?]
79 2 _
+|-=+ P, 10
O Ola+b(3 +4c)0] (10)
where b = ﬁT’*Q, c=5,and M = £;. Our conventions are R%gs = —0;I'“g, + - - -,
R, = R*,ua, R = g"" R,,,,, where g, is the metric tensor, and signature (+, —, —).

The propagators were calculated using the basis
{P',P? P°, P° P’ P},

where P!, P2, PO, P9 and PV, are the usual three-dimensional Barnes—Rivers

operators,'? namely,

1
P;}V po — 5 (Q/LPWVU + eudep + eupwua + Quawpp) )

1
Pﬁl«po D) (Oppbvo + 0ucbup — 0nbpo) ,
1
0
pv,po 59;“/9,)0,
PSV,po' = Wuywl)o— ?
]52'/7,00 = 0pvwpo + wubpo

and P is the operator associated with the linearized Chern—Simons term, i.e.

o
wv,po = T [Eu)\pgua + 6/,L>\0'gljp + eu)\paua + Eukog,up] .

According to Ref. 4, the saturated propagator concerning the MTMG, is given by
v 1 2 1 2
SPurma = |T" T, — §T fp2 + §T fpo, (11)

where TH" is the external conserved current that, obviously, is symmetric in the
indices p and v, T' = 1, T*”, and fp2 and fpo are, respectively, the components P2
and P of the propagator in the basis { P1, P2, P, P°, P P}. Therefore, to find out
whether or not the gravitational model is unitary, we must compute S PyTya using
Eq. (11) and determine afterwards the the residue at each simple pole of S Pyrma:
if all the residues are > 0, the model is unitary; however, if at least one of them
is negative, the system is nonunitary. The unitarity analysis is greatly facilitated if
we take into account that [T+, — %T2]k2:m2 > 0 and [T"7T,, — T?|x2—o = 0,
where m > 0 is the mass of a generic physical particle associated with the MTMG,
and k is the corresponding momentum exchanged. Using this prescription, we check
in the following the unitarity of TMFPG and TMHDE, in this order.
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3.1. Checking the unitarity of TMFPG

To begin with, we set a = —1 in Eq. (8) because we want to recover the Einstein—
Chern—Simons Lagrangian in the m = 0 limit — topologically massive gravity
is a theory that requires a = —1 to be ghost-free.? The corresponding saturated
propagator is given by

M2(m? + k?)
— MZ2k% —2m2M?2k2 — M2m4 -~

1
SPrmrpG = [TWT;W - §T2] 7.6

Our next step is to study the roots of the cubic equation 23 — M?2x2? — 2m2M?22? —

M?m* = 0. Since the discriminant, D = M*m5 []\24—72 + ’”TQ] , related to this equation

is greater than zero, the model at hand is unphysical and must be rejected. Conse-
quently, we turn our attention to the system with a = +1. Now, we have to consider
the roots of the equation % — M?2x? + 2m2M?22% — M?*m* = 0, whose polynomial
discriminant can be written as D = M*mS [mTQ - 1\2/[_72] Therefore, if m2 < 2—7, our
equation has three distinct real roots. The corresponding Routh—Hurwitz array is

1 2m2M?
—M? —M?*m*
m2(2M? — m?) 0o
—M?m* 0

Accordingly, the system with a = +1 and 2 M2 < 5- has acceptable values for the

masses. Proceeding just as we have done for TMHDE with @ = +1 and s? < 27 )

we promptly obtain
F(k)(m? — 1) 1
rT — :L‘g)(l’l — ZL‘3) ]{32 — 1

F(k)(m? — x3) 1

SPrMmrpG = (

+
((EQ—(Bl)(.’L‘g —ZE3) — T2
F(k)(m? — x3) 1
+ )
($3 —1‘1)(1)3 —502) — X3
where F(k) = {T" (k)T (k) — [T (k)]>} M?. From the above, we clearly see that
2 2

this model will be unitary if m? > x;, m? < x, and m* > x3. We thus come
to the conclusion that TMFPG with a = +1 and M2 < % is nonunitary, which
means that the topological term is responsible for breaking down the unitarity of
the harmless Fierz—Pauli gravity. If a = 0, the discriminant associated with the
equation 23 — M?m* = 0 is greater than zero, which implies that this model is
physically unsound. We remark that our conclusions are in complete agreement
with those of Ref. 6 where a quite different approach to the unitarity problem was

employed.
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3.1.1. Discussion

The above results points to an important and at the same time interesting question:
why can unitary massive electromagnetic models coexist in peace with topologically
massive terms, whereas unitary massive gravitational ones cannot? The root of the
problem lies in the rather odd way Einstein—Chern—Simons theory is constructed:
the presence of the ghosts in the dynamical field is avoided by choosing the Ein-
stein’s term with the wrong sign.? This is trivial to show. Indeed, writing the
Einstein—Chern—Simons Lagrangian as

2R 1 2
L= a@? + ﬁe)\uurp/\g (aurapu + grouﬁrﬂlfp> ’ (12)

with @ = +1, we promptly see that the corresponding saturated propagator is
given by
1 1, 5 1 1 oy 1

SP = - (T““TW — §T )m - (T Ty, =T )ﬁ . (13)
Thus, to render the theory unitary we are obliged to set a = —1 in Eq. (13).
Note that as far as these three-term systems are concerned, we are always in a
dilemma: which value should we assign to a, —1 or +17 If we single out a = —1,
for instance, we recover Einstein—Chern—Simons theory when the nontopological
massive term is removed; however, in the absence of the topological term, we do
not get a nice physical theory because now the Einstein’s term has the wrong sign.
On the other hand, if we pick out a = +1, we do not recover Einstein—Chern—Simons
theory when the nontopological massive term is removed. In other words, due to the
unusual Einstein sign’s term in the Lagrangian concerning Einstein—Chern—Simons
theory, the augmented systems do not reduce to well-behaved physical models in
the suitable limits. Note that these idiosyncrasies do not occur in the framework of
massive, topologically massive, electromagnetic models because the Maxwell sign’s
term concerning Maxwell-Chern—Simons theory is the same as that of the usual
Maxwell’s theory.

3.2. Checking the unitarity of TMHDG
Assuming a # 0, the SP concerning TMHDG can be written as
M?b (T*T,, — +T?) —1++V1—2abM?

2 k2 —M? /T —2abM?2[1 — abM? — /1 — 2abM?]
N M?b (T T, — +T?) 1+ /1 —2abM?

2 k2 — M3 /1 —2abM?2[1 — abM? + /1 — 2abM?]
T"T,, — T? 172
n % 4 2 ’
ak? a(k? —m?)

SPrMmuDG =

(14)
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Unitarity analysis of the topologically massive higher-derivative gravity models.

b

3
§+4C

Excitations and
mass counts

Tachyons

Unitarity

>0

<0

2 massive

spin-2 normal particles
1 massless spin-2
nonpropagating particle
1 massive spin-0 ghost

no one

nonunitary

7 <b<0 >0

1 massive

spin-2 normal particle

1 massless spin-2
nonpropagating particle
1 massive spin-2 ghost
1 massive spin-0 ghost

no one

nonunitary

+1

<0

<0

2 massive spin-2 ghosts
1 massless spin-2
nonpropagating particle
1 massive

spin-0 normal particle

no one

nonunitary

+1

0<b<

_1_
2M?2

>0

1 massive

spin-2 normal particle

1 massless spin-2
nonpropagating particle
1 massive spin-2 ghost
1 massive spin-0
normal particle

no one

nonunitary

where

Mfz(
M3 <

) [1—abM? — /1 —2abM?],

)[1—abM2+ 1—2abM?],

= b(3/2+4c)

It is interesting to note that M? — M?2, and M3 — +o0, as b — 0, which implies
that Eq. (14) reduces to Eq. (13) when «, 3 — 0, as expected. We are now ready to

analyze the excitations and mass counts concerning TMHDG for both allowed signs

of a. To avoid needless repetitions, we restrict ourselves to presenting a summary

of the main results in Table 1. The systems that do not appear in this table are
tachyonic, i.e. unphysical.
In conclusion, we consider TMHDG with a = 0. In this case,

SPrMpHDG =

M [ T T = 377

T T, — 5T

12
5T

2

4
k2 k2 — M2p2

b(3 +4c) k!

The pole of order two at k? = 0 indicates that these models are unphysical.
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3.2.1. Discussion

As intuitively expected, TMHDG is nonunitary for a = =+1; nonetheless, these
models are in general nontachyonic which means that under certain circumstances
they may be viewed as effective field models. Our aim here is to investigate, in
passing, the novel features of one of these nonunitary gauge-invariant three-term
effective field models. To be more specific, we fix our attention on the first model
of Table 1, i.e. TMHDG with a = —1, b > 0, and 2 + 4c < 0 (Ref. 13). We have
chosen the a = —1 system because it reduces, in the absence of the topologically
massive term, to higher-derivative gravity with a = —1 — an effectively multimass
model of the fourth-derivative order with interesting properties of its own.'* Now,
it can be shown that the effective nonrelativistic potential for the interaction of two
scalars bosons in the framework of TMHDG with a = —1, b > 0, and % +4c < 0,
is given by!®

~ Ko(rM Ko(rM_
V(r) = 2m2G | Ko(rm) — °<rbMt ) _ O(TWZ)] : (15)
1+ —* 1+ —=
where m is the mass of one of the neutral bosons, G = £ and

1
M, = — 14+26M2+1].
+ bM[ + ]

Note that V(r) behaves as 2m2G In (MJr M- ) at the origin and as

m

™ efrm o 1 ™ efv“MJr . 1 ™ eer,
2rm 14 WME 2rMy 1o MM\ 2rM
2

2

2m2G

asymptotically. Accordingly, V(r) is finite at the origin and zero at infinity. The
derivative of this potential with respect to r is in turn given by

av ~ M M_
- = 2m2G | —mKy(rm) + ﬁKl(rM+) + WKl(TM)] . (16)
r 14 —+ 14+ —=

On the other hand, it was shown recently that in four dimensions the propagation
of photons in the context of higher-derivative gravity (HDG) is dispersive.!® In
other words, gravitational rainbows and semiclassical HDG can coexist without
conflict. On the basis of the fact that the rainbow effect is currently undetectable,
it is possible to show that |3] < 10%° (Ref. 17). How reliable is this result? The
aforementioned constraint is of the same order as that obtained by testing the
gravitational inverse-square law in the submillimeter regime.'® Thence, we assume
b > 1. As a consequence, Eq. (16) reduces to

o+ 2 ()]

dv _
— ~2m2G
dr m
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implying that the potential V' (r), which in this approximation may be expressed as

Ko(rm) — Ky <r\/%)] : (17)

is everywhere attractive if \/% > m, is repulsive if m > %, and vanishes if

V(r) ~ 2m*G

m = \/% . If we appeal to the usual tools of Einstein’s geometrical theory, we arrive
at the same conclusions. In fact, in the weak field approximation the gravitational

acceleration , v/ = CZ—ZZ, of a slowly moving test particle is given by v! = —n[% hf) -
%%hoo}, which for time-independent fields reduces to 7' = %%hoo- Now, taking
into account that hgy = 7271—‘2, we obtain

= QmG%l [_mKl(rm) " \/%K1 (r\/%] '

Therefore, the gravitational force exerted on the particle,

—mK;(rm) + \/%Iﬁ <T\/%>] )

is everywhere attractive if \/% > m, is repulsive if m > \/% (antigravity), and

l
Fl=2m?GZ
r

vanishes if m = \/% (gravitational shielding). It is remarkable that this force
does not exist in general relativity. It is peculiar to topologically massive higher-
derivative gravity.

4. Final Remarks

We have shown that topologically massive terms cannot be used as a panacea for
curing the nonunitarity of massive electromagnetic/gravitational models. In truth,
the addition of a Chern—Simons term to a massive electromagnetic/gravitational
model is physically sound only and if only the resulting three-term system reduces
to well-behaved physical models in the suitable limits. A direct consequence of this
fact is that we will never be able to construct an unitary, massive, topologically mas-
sive, gravitational model. Indeed, the fancy way Einstein—Chern—Simons theory is
built, i.e. with the Einstein’s term with the opposite sign, precludes the existence
of ghost-free, massive, topologically massive, gravitational models. Therefore, from
a conceptual point of view, the addition of a topologically massive term to a mas-
sive gravitational model is a complete nonsense: on the one hand, it does not cure
the nonunitarity of the original model; on the other hand, it spoils the unitarity
of admittedly unitary models. An interesting and elucidatory example is furnished
by R+ R? gravity, which is defined by the Lagrangian £ = [ai—g + %Rz] V9, with
a = +1. If @ > 0, this theory is nontachyonic regardless of the sign of a; in addi-
tion, it is unitary if @ = 41, and nonunitary if a = —1. Incidentally, R + R? gravity
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with @ = +1 is the only known gravity theory with higher-derivatives that is uni-
tary. However, topologically massive R+ R? gravity is nonunitary for both possible
sign choices of a.' Yet, a new and surprising physics emerges when we analyze
the three-term effective field models that are both gauge-invariant and nonunitary.
In the framework of the electromagnetic models, an attractive interaction between
equal charge particles can be produced that leads to an unusual planar dynam-
ics: scalar pairs can condense into bound states. In the framework of the gravity
systems, in turn, unlike what occurs in the context of the insipid and odorless
three-dimensional Einstein’s general relativity, we have a gravitational interaction
that can be both attractive and repulsive. We can also have a null gravitational
interaction, such as in three-dimensional gravity that is trivial outside the sources.
Certainly, these effective field models deserve to be both much better known and
further investigated.
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The problem of computing the effective nonrelativistic potential Up for the interaction of charged-
scalar bosons, within the context of D-dimensional electromagnetism with a cutoff, is reduced to
quadratures. It is shown that Uz cannot bind a pair of identical charged-scalar bosons; nevertheless,
numerical calculations indicate that boson-boson bound states do exist in the framework of three-
dimensional higher-derivative electromagnetism augmented by a topological Chern-Simons term.

DOI: 10.1103/PhysRevD.70.107705

We consider in this Brief Report the problem of deter-
mining the effective charged-scalar-boson—charged-
scalar-boson low energy potential Up arising from
D-dimensional electromagnetism with a cutoff a. The
Lagrangian concerning this theory can be written as

L = iFM,,F +76 FEVOAF ) (1)
where F,, = 9,A, — d,A, is the usual electromagnetic
tensor field. Lagrangian (1) is gauge and Lorentz invari-
ant; in addition, it leads to local field equations which are
linear in the field quantities. At distances much larger
than the cutoff, the fields described by Eq. (1) become
essentially equivalent to the Maxwell fields.

We are motivated by two quite similar developments:
In the first, we investigate whether U; can form “Cooper
pairs.”

Our second topic is related to three-dimensional
Podolsky-Chern-Simons theory. Based on the interesting
discussions from Jackiw [1] about the consistency of the
nonrelativistic limit of certain relativistically invariant
quantum field theories, it can be shown that the Chern-
Simons term alone is unable to form boson-boson bound
states [2]. Nonetheless, numerical calculations indicate
that the Podolsky term provides a stabilizing mechanism
allowing for the existence of Cooper pairs.

We use natural units throughout; our signature is
(_}_, — =, _).

Nonrelativistic quantum mechanics tells us that in the
first Born approximation the cross section for the scatter-
ing of two indistinguishable massive particles, in the

center-of-mass frame (CoM), is given by § d" =% X

[ e~ TV (r)e®rgP~1r|2, where p (p') is the 1n1t1a1 (final)
momentum of one of the particles in the CoM. In terms of
the transfer momentum, k = p’ — p, it reads

PACS numbers: 11.10.St, 11.10.Kk, 12.20.Ds

On the other hand, from quantum field theory we know
that the cross section, in the CoM, for the scattering of
two identical massive scalar bosons by an electromag-
netic field, can be written as 55 = | o=z M|?, where E is
the initial energy of one of the bosons and M is the
Feynman amplitude for the process at hand, which in

the nonrelativistic limit (NR) reduces to

do 1

= —MNR

a0 167mm

2

3)

From Egs. (2) and (3), we come to the conclusion
that the expression that enables us to compute the
D-dimensional effective nonrelativistic potential has the
form

1 1

e

[dD"kMNRe’ik’r, 4
which clearly shows how the potential from quantum
mechanics and the Feynman amplitude obtained via
quantum field theory are related to each other.

Now, in the Lorentz gauge Podolsky’s scalar QED is
described by the Lagrangian

1 a2 1
=—--F, F~r +—a RO, o — = (0,A7)?
L 4° K 2 2A( vA")
+ (D, @) D*dp — m*¢p* ¢, %)
where D p =0, iQA - Therefore, the interaction

Lagrangian to order Q for the process S + S — S + S,
where S denotes a spinless boson of mass m and charge Q,
is Lin = iqQA*($d, ¢ — ¢*9,¢). The Feynman rule
for the elementary vertex is shown in Fig. 1. Accordingly,
the Feynman amplitude for the interaction of two charged
spinless bosons of equal mass via a Podolskian photon
exchange (see Fig. 2) is

M = VH(p, p)D,,(k)V"(q, q), (6)
m . . .
= |4— [ V(r)ekrgP~ 1y (2)  where D, (k) designates the Podolskian photon
& propagator.
We propose now an algorithm for computing the propa-
*Electronic address: accioly @ift.unesp.br gator for electromagnetic theories with higher deriva-
1550-7998/2004 /70(10)/107705(4)$22.50 70 107705-1 © 2004 The American Physical Society
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(

FIG. 1. The relevant vertex for boson-boson interaction.

tives, based on the usual transverse and longitudinal

t ject t ly, 0, =1, —
vector Ia)rg)]ec or operators, namely, 6,, = n,, — -5,
- : : : P
w,, = -5, which satisfy the relations 6,,6, = 6,,,
w00 =w,,, 0,,0,=0, whee =, is the

Minkowski metric. The set of operators {6, w} is a
complete set of projector operators for rank-one ten-
sors. Indeed, they are idempotent, mutually ortho-
gonal, and satisfy the completeness relation
[0 + w]_”,, = Ny = Ly

Let L be the Lagrangian for electromagnetism with
higher derivatives. Since L is a gauge-invariant
Lagrangian, we add to it a gauge-fixing Lagrangian
L, s, which implies that L= L + L,; can be written
as L =1A*0,,A”. Expanding O in the basis {6, w}
yields O = x,0 + x,w. Accordingly, O~! = y,0 + y,w,
where O~ is the propagator and y, and y, are parameters
to be determined. Now, taking into account that 00! =
I, we promptly obtain

_ 1 1
O '=—0+—o,
X1 X2
where we are supposing that both x; and x, are non-
vanishing. Note that the procedure we have just outlined
is quite straightforward: On the one hand, it reduces the
work of calculating the propagator to a trivial algebraic
exercise; on the other hand, it greatly simplifies calcula-
tions involving the contraction of conserved currents
(9,J = 0) with the propagator since in this case the
alluded contraction simply gives
J

ol =22 7
v ) (7)
p’ q’
k
AU
p q

FIG. 2. One-Podolskian photon-exchange contribution to the
scattering of two identical massive charged bosons.

et A S gl nf o> e

Podolsky’s electrodynamics in the Lorentz gauge as-
sumes the form
M? A

2 Wuw (8)

Purl) = e —apy e " e

where M? = 1/a’.

From Egs. (6)-(8), we get immediately M =
202 - . . .
%, which implies

B 4m2M2Q2 (9)
MUR(K2 + MY

Inserting Eq. (9) into Eq. (4), we obtain

0 27 T T
V(r)=f f(lkl)lkl"’ldlklf dH,f sinﬁzdezj
0 0 0 0

T .
X sm203d03 e f e—l|k|rcos€,1,1Slnn—Zen_lden_l,
0

where 2<n=D—1 and f(k|) =-Z & -

=_£_ —L )
(277)1’ kZ_MZ .

Now, taking into account that

™ Jar ()
sin”0df = ———=—,
J e

T .
e—zlklrcos(),,,] Slnn_20n—ld0n—l

0
_ 2(n—2)/2r(%)
(Ko7

n—1
F( 3 )J(n—z)/z(|k|r),

where J denotes the Bessel function, we arrive at the
following expression for the potential:

Un(r) = 0] o/l 1
DA ()0 D/2 D32 j;) (F KZ— M_2>
X K| P02 5 (IkIr)dl K], (10)

where Up(r) = % and D > 3.

On the other hand, it is trivial to show that U; can be
evaluated from the expression

w0/ ] 1

Us(r) = — — — —— | |k|Jy(Ik|r)d|k],
0 =5 [ (i o= KMtk
which allows us to conclude that Eq. (10) can also be
applied to the case D = 3. Hence, the problem of comput-
ing the effective nonrelativistic potential for D > 2 was
reduced to quadratures.

If Eq. (10) is correct, it must reproduce the Podolskian
potential in 3 + 1 dimensions. Performing the computa-
tion for D = 4, we get

Q01— e
Uslr) = (o ————
T r
which is just the same result as that obtained in
Podolsky’s electromagnetic theory.

107705-2
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g[mi + KO(Mr)} (11)
2ar ro

where rg is an infrared regulator and K is the modified
Bessel function.

We discuss now the existence of boson-boson bound
states in the context of planar quadratic electromagne-
tism. The corresponding time-independent Schrodinger
equation can be written as

1<d2 1d

Us(r) = —

HiBu= oz B+ 7

= Enl-,R'nlr

Rnl) + fofRnl

12
vt = ) + QU;(1)

12 QZ
=— In" + KoM
mr2 27 |: of r)}
where R, is the nth normalizable eigenfunction of the
radial Hamiltonian J{; whose corresponding eigenvalue
is E,; and V¢ is the /th partial wave effective potential.
On the other hand,

iveff:_zilzl Q727+Q2M

KM
dr ! mr 2mr 2 (M),

which allows us to conclude that £ V§'f < 0 in the interval
0 < r < oo, implying that V5" is strictly decreasing in this
interval. Consequently, in the framework of planar qua-
dratic electromagnetism, no bound state concerning the
two charged-scalar bosons system exists.

Since boson-boson bound states do not show up in
Podolsky planar electromagnetism, we investigate here
whether the effective boson-boson low energy potential
related to Podolsky-Chern-Simons (PCS) planar theory
can bind a pair of identical charged-scalar bosons. The
Lagrangian for PCS scalar QED, in the Lorentz gauge,
can be written as

1 a® 1

L=--F F’“’-i-—a JFHYOUF
4 H 2 22

(D@ DG~ PG D + 25y, ARIA, (12)

—(9,A")?

where s > 0 is the topological mass.
In the basis {6, w, S}, where S, =
gator assumes the form

€597, the propa-

o1 — (a*k* — k*)6 _Aw
(a2k4 _ k2)2 _ S2k2 k2
sS

- (@K = KO)? — $2k2

Now, in the nonrelativistic limit the Feynman ampli-
tude for the process shown in Fig. 2 reduces to

\u i

(@?k* + K272 + s2K2

L L A A L

-'MNR={

O3ty ™ /7\ 1 J

(a?k* + K22 + $2K2 |

where P =1(p — q) is the relative momentum of the
incoming charged-scalar bosons in the CoM. On the other
hand, it is trivial to show that if a < (2+/3)/(9s) the
equation

2% x  §?

S+ S+ S+ 5 =0, 13
@ at (13)

where x = k? has three distinct negative real roots. In this
case Myg can be rewritten as

a4 4Q2m2
Z k2 _ x 2k2i| + a4

81st2k AP

3
J
x;kQ_

where x;, x,, and x3 are the roots of Eq. (13) and A; =

1+a’x, 1+d’x,
(1 =x) () —x3) ? A2 (0 =x1)(x,—x3) ° A3
—(1+a’x,)?

_ —(1+d*x))? =
B, = $2(x—2)(x —x3) B, = s2(x=xp) (03— x3)
B; =

—(1+a%x;)?
SZ(Xs —x1)(x3—x2)

It follows that the effective nonrelativistic potential can

be calculated from the expression

_ sz[ lim fw(k/\P)Jo(|k|i’)|k|d|k|

1+d’x;
(o3 —x)(x3—x2)

and

US(r) S2 (r—»O

mma* k2 + o2
o (k A P)B k|r)|k|d|k
N Zf ( )B;Jo(|k|r)|k|d| l}

2 _
k X;

00 A
+ L Jo(Ik|7)|k|d|K].
m@ﬁ o Kl Iklalk

Performing the computations, we obtain

WSmQ [a_41 ZB\/ZKI( X; r)}
T [ZAjKo(\/mr)} (14)

where L. = r A P is the orbital angular momentum.
Using Jackiw’s arguments [1], one can show that the
topological term alone is unable to bind the charged
scalar bosons [2].
We return now to the problem of probing whether
“Cooper pairs’” exist in the framework of PCS scalar
QED. In this case, the radial Schrodinger equation is

Us(r) = —

d2 14d eff
[W T }IR"[ +mlE, — ViR, =0, (15

where
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fof (r) =

B34 “ s 1
a2 2y 2Bl |
Q2 12
o [XAjKo(\/|xj|r)} T
J

Employing the dimensionless parameters y = sr, a =
QZ

@ b,=5B, X;=", g=ma; =% and E, =
mEu | we can rewrite Eq. (15) as
 1d o e
|:d_y2 + - y dy:| nl + [Enl V?“]Rnl = 0’ (16)
with

- l(a - l)
V?ff

Za Ko(
- 7ijXjK1 (ij)-

Note that V¢ behaves as l(l -a)

asymptotically. On the other hand, the derivative of thls
potential with respect to y is given by

> at the origin and as

d 20(a — 1) 21, PBa;
Lpert =222 0 Lp, XK
dy y? a;[yz g 2} (X
+“_le XKy (X,

In order to find out whether or not boson-boson bound
states could be formed, we shall analyze how {;—’VV}’”

behaves for small values of the cutoff a. Indeed, only if
a<k1 will the well-recognized properties of QED; be
preserved. In this limit, we get

d - 2[a - 1) [Zal aﬁ} al

Vet ~ K1 (y) — = Ko().
dy y3 y2 D) 1()’) y o(}’)

We assume from now on a<&1 and /> 0, without any
loss of generality. It is trivial to see that, if [ > «, the
potential is strictly decreasing, which precludes the ex-
istence of bound states. The remaining possibility is [/ <
a. In this interval V?ff approaches +oo at the origin and
0~ for y — +o00, which is indicative of a local minimum.
Therefore, the existence of Cooper pairs is subordinated
to the conditions a<k1 and 0 <[/ < a.

Of course, it is impossible to solve Eq. (16) analyti-
cally; however, it can be solved numerically. To do that,
we rewrite beforehand the radial function as R, =

o

=)

T
1

o
L

1 ! | |
2000 4000 7002000 4000 6000 8000 10000

r r

FIG. 3. ijf with the lowest three allowed energies and the
corresponding energy eigenfunctions. Here [V§T] = eV, [r] =
MeV™!, @ =8, 8 = 2000, and a = 0.00952 MeV~!.

U,/ /Y. As a consequence, Eq. (16) takes the form

2 1 - -
[(j_yQ + 4_yzi|unl +[Ey = ViTlu, = 0. 17
Using the Numerov algorithm [3], we solved Eq. (17)
numerically for several values of the parameters «, 3,
and /, keeping the cutoff a fixed. The latter was chosen
equal to 2r, = 9.52033 X 1073 MeV ™!, where r, is the
four-dimensional classical radius of the electron. It is
worth mentioning that the anomalous factor of % in the
inertia related to the Abraham-Lorentz model for the
electron does not show up if a > %re [4,5].

In Fig. 3 we present our numerical results for
the potential and the corresponding radial eigenfunctions
concerning the first three bound states in the specific case
of / = 4. The associated energies are Ej4, = —6.37501 X
1077 MCV, E24 = —1.2536 X 1077 MCV, E34 =
—5.22441 X 107° MeV.

The graphics shown in Fig. 3 exhibit, in a sense, the
generic features of the potential and of the radial eigen-
functions, although they have been composed using par-
ticular values of the parameters «, B3, [, and a. A detailed
study of the modifications of the effective potential in-
duced by radioactive corrections, as well as the corre-
sponding alterations to the eigenvalue structure, will be
published elsewhere [2].
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1. Introduction

It is well-known that “scalar Cooper pairs" do not occur in the framéwafr pure Chern-
Simons theory [1]. Nonetheless, charged-scalar-boson — chaoggak-boson bound states do
exist in the framework of Mawell-Chern-Simons theory [2]. Interestingugihm, numerical calcu-
lations show that there are also scalar Cooper pairs within the contexteefdmmensional elec-
tromagnetism with a cutoff [3, 4] (three-dimensional electromagnetism withehigarivatives)
enlarged by a Chern-Simons term. The electromagnetic part of this moddirisdlby the La-
grangian

1 1% a2 vV 3A
XZ_ZFIJVFIJ +?dvFIJ d FIJA’

whereFy, = d,A; — d,Ay is the usual electromagnetic tensor field, @nid a cutoff. This La-
grangian is, of course, gauge and Lorentz invariant; in addition it leattsctd field equations
which are linear in the field quantities. Moreover, at distances much largarthie cutoff, the
fields described by it become essentially equivalent to the Maxwell fiekis classical and quan-
tum formalism for the constrained Hamiltonian related to the singular higherdragrangian
in (2 +1) dimensions mentioned above were constructed by Geeab [5], and afterward the
canonical and the path-integral quantization were performed [5, &.|atter was accomplished
by extending the Faddeev-Senjanovic method [7]. The massive spiri-Gfphe electromagnetic
field unluckily has negative energy, which implies that three-dimensionetretaagnetism with a
cutoff is nonunitary due to the presence of a ghost state with negatie &@m the other hand, the
breakdown of causality may perhaps only occur on a microscopic scake pittametea is small
enough to make the massive field only important on distance scales nearrtble [Blagth~ 1033
cm. It is therefore not unlikely that a higher-derivative model canesgnt areffectivetheory of
electromagnetism at more familiar lengths.

It is worth noticing that recently it was shown that in the framework of fdimrensional
electromagnetism with a cutoff, the electromagnetic mass of a point chargesaacthe equation
of motion in a form consistent with special relativity; furthermore, the exggctation of motion
does not exhibit runaway solutions or non-causal behavior, wheoutiodf is larger than half of
the classical radius of the electron [8, 9].

Our main objective here is to analyze whether or not higher-derivatimestenay be used as
a mechanism for increasing the number of charged-scalar-boson rgedhscalar-boson bound
states (scalar Cooper pairs) related to the usual three-dimensionaléit&tvern-Simons theory.

The paper is organized as follows. In section 2, we discuss the oncertd bound states
is both Maxwell-Chern-Simons and higher-derivative models. A rougimate of the number of
bound states in the context of the preceding models is made in section 3. Rimalggncluding
remarks are presented in section 4.

2. Scalar Cooper Pairs

To begin with, we derive an expression that allows us to calculate thedimesional nonrel-
ativistic potential for the interaction of two identical charged scalar bogang photon exchange.
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This expression is used afterward to find the bound states for both MaRiwern-Simons and
higher-derivative models.

2.1 Charged-Scalar-Boson — Charged-Scalar-Boson Low energyfential or the Marriage
of Nonrelativistic Quantum Mechanics and Quantum Field Theory in the Nonrelativistic
Limit
Nonrelativistic quantum mechanics tells us that in the first Born approximatercribss
section for the scattering of two indistinguishable massive patrticles, in theregfimass frame
(CoM), is given by
do |m " : 2
— =|— [ e V()P d?’r
dQ ’471/ ")
wherep (p’) is the initial (final) momentum of one of the particles in the CoM.
In terms of the transfer momentuk= p’ — p, it reads

2
(2.1)

do
V e|k rd2
AL
On the other hand, from quantum field theory we know that the cross seictithe CoM, for
the scattering of two identical charged scalars bosons by an electroticdggid, can be written as

2
M

dQ ’ 167E

wherekE is the initial energy of one of the bosons amd is the Feynman amplitude for the process
at hand, which in the nonrelativistic limifN.R.) reduces to

2

AINR (2.2)

d_a 1
dQ 16mm

From Egs. (2.1) and (2.2) we come to the conclusion that the expressioantiales us to
compute the three-dimensional effective nonrelativistic potential has the fo

1
4me (2

which clearly shows how the potential from quantum mechanics and theriggyamplitude ob-
tained via quantum field theory are related to each other.

V(r)=

/dzk Mg e T 2.3)

2.2 Bound States for Maxwell-Chern-Simons Model

In the Lorentz gauge the Maxwell-Chern-Simons electromagnetism couplaccharged-
scalar field is described by the Lagrangian

1 s 1
L = = JFF  Sewp A0 A — o (,AY)?
+(Du) Do — e’ o, (2.4)
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whereD, = d, +igA,.
It follows that the nonrelativistic potential is given by

V) 2
V()= @ [r]éSKlr(Sr)} L*z%sKO(Sr)’ (2.5)

whereL =r AP is the orbital angular momentum, aKds the modified Bessel function.
Let us then investigate whether or not this potential can bind a pair of idedtiaeged-scalar
bosons. In this case, the corresponding time-independent Schridoggion can be written as

1/d? 1d
T = —— (W%. + ?a'@“') + Vi
= EnZni, (2.6)

|2
Vel = — 4 v(r
| mrz+ ()

2@ [l sKl(sr)} Q?

omr2 mms

r2 r

L + —Kp(sr
+ 5 Kolsn),
whereZy, is thenth normalizable eigenfunction of the radial Hamiltonigfiwhose corresponding
eigenvalue i€, and\/f’ff is thelth partial wave effective potential. Note tM?ﬁ behaves a#]%
at the origin and a# [I — %S] + asymptotically.

On the other hand,

d. e 2l Q*11 Q%sl1
al” = {"FJ ERR
Q2 Q%
_{mm2+2—n Ka(sD)-

Assuming, without any loss of generality, that O, it is trivial to see that, if > % the potential
is strictly decreasing, which precludes the existence of bound stateseiffaéning possibility is
I < %—Z. In this interval\/lEff approaches-« at the origin and 0 for r — +o0, which is indicative
of a local minimum. Consequently, the existence of charged-scalar-bessvarged-scalar-boson
bound states is subordinated to the condition I0< %i.

In terms of the dimensionless parametges sr, a = Q—n;, B="2 and En = ms—'§“ Eq. (2.6)
reads

{dz 1d

4+ = | B + [En =V % = 0, 2.7
dy2 ydy} nl [nl |] nl ( )

with
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~ [(a—1) aB al
veffi=_ 22 /4 7% - Lk
| ¥ TS Ko(y) y 1(y).
Of course, Eq. (2.7) cannot be solved analytically; nevertheless) beaolved numerically.
To accomplish this, we rewrite the radial functionZg = f—"[;, As a consequence, Eq. (2.7) takes

the form

@z 1
{dyz 4y2} Uni + [Em —V| } Un!- (2.8)
Using the Numerov algorithm [10], we have solved Eg. (2.8) numericallgéveral values
of the parametersa, 3, andl. In Fig. 1 we present our numerical results for the potential in the
specific case of = 6. The corresponding ground-state energy is68 x 10-8 MeV. The graphic
shown in Fig. 1 exhibits the generic features of the potential, although itdeasdomposed using

particular values of the parametersf3, andl.

-0.02|

-0.03

-0.04

-0.05 ! :
2000 4000

r

Figure 1: Attractive effective nonrelativistic potential corresypling to the eigenvalue= 6. Here[\/e”]

eV, [r] =MeV~1, a = 7.6, andB = 7000.

2.3 Bound States for the Model with Higher Derivatives

2.3.1 The Lagrangian

1 Hv a2 Hv pa 1 AVA
S
+(Du@)'DHp— P 9+ Seuyp Al A, (2.9)

wheres > 0 is the topological mass.
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2.3.2 The Nonrelativistic Potential

4
Vi = -5 [§g+§;sjm»<l<mr>]l

Q /
where
2 2 2
A= 1+ax; Ap= 1+ax Ag= 1+ ax3 7
(X1 —X2) (X1 — Xa) (X2 —X1) (%2 — X3) (X3 —X1) (X3 — X2)
—(1+a%x)? —(1+a%xp)? —(1+a?x3)?
B: = ,Bo= Bz = )
32(X1 — Xz) (X]_ — X3) SZ(XZ — Xl) (Xz — Xg) Sz(Xg — X]_) (X3 — X2)

andxy, X2, andxz are the roots of the equation

2x2 s2
x+l+x+ —0. (2.11)

We are supposing < 29[, which implies that Eq. (2.11) has three distinct negative real roots.

2.3.3 Bound States
Employing the dimension parametgrs: sr, a = [3 =0 X = @, bj= %Bj, andaj =
%, the effective nonrelativistic potential assumes the form

~ [(a—I
\/IeffE (ayz ) aB

ZaJKo Xjy) — — zb X2K1 (Xjy). (2.12)

However, only ifa < 1 will the well-recognized properties of QiDe preserved. In this case
it can be shown that the existence of scalar Cooper pairs is subordiodktedcondition & | < a,
where we have assumeéd- 0, without any loss of generality.

In Fig. 2 we present our numerical results for the potential and the sponeling radial
eigenfunctions concerning the first three bound states in the specéotias 4. The associated
energies ar€4 = —6.4x 107" MeV, Exs = —1.3x 10" MeV, Ezs = —5.2 x 102 MeV. These
graphics exhibit, in a sense, the generic features of the potential, alttoeghave been composed
using particular values of the parameterg3, |, and a.

3. A Rough Estimate of the Number of Bound States

We derive here approximate expressions for the maximal number of Isiates related to
both higher-derivative and Maxwell-Chern-Simons models.
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Figure 2: fof with the lowest three allowed energies and the correspgnelirergy eigenfunctions. Here
Ve =eV, [r] =MeV1, a =8, B = 2000, andca = 0.00952MeV 1.

3.1 Bargmann’s Bound in Two Dimensions

It was shown by Bargmann [11, 12] that for a central potential the nuwidgound states in
two dimensions is given by

No(V) = izn. V). (3.1)

where
(V) < i/ V_(r)rdr.
2l Jo

HereV_(r) = supV(r),0). However, as far as our potentials are concerned, the analytical com-
putation ofV_(r) is rather involved. But, sinc¥_(r) = supV(r),0) > —|V(r)|, we get that
No(—|V]) > No(V). Since we only want to make a rough estimate of the total number of bound
states we replace the sum in Eg. (3.1) by an integral. Noting that=fdd the bound is divergent
reflecting the fact that a negative potential always has a bound state uhrtvemsions, we arrive

at the expression

Imax 2 \/ (1 )r
=1 Jo |

N(lmax) < ’ dl’d|’, (3.2)

wherelmax is the maximal angular momentum. This inequality, unlike Bargmann’s one, is espe-
cially suitable for our purposes.

3.2 Finding Imax
3.2.1 The Model with Higher Derivatives

In order to findlyax for this model, we have to solve the inequality
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m nmms

§Qa = 3 Bkl i i
Z \/_rKl (/i Nl <o, (3.3)

The radial variable was limited to the intervgl< r < o to avoid the usual infrared divergences.
From (3.3) we obtain the constraints

Imax(lmi( - &) In(r)%

_Q
Imax = —, (3.4)

Q
n—mZBJ"”(\/r 22 ok (35)

3.2.2 The Maxwell-Chern-Simons Model

In this case the constraint dpax is the same as iB.2.1 We have also a constraint an
however, since we want to compa8e.1with 3.2.2 we shall use here the constraint on the mass
found in3.2.1

3.3 An Estimate of the Number of Bound States
3.3.1 The Model with Higher Derivatives

N(Imax) S F )
where

F ~

(-2) [ () - e 73m ]

Q Q j
! zw'”(ﬁs)?m

3.3.2 The Maxwell-Chern-Simons Model

N(Imax) < G,
where,

G~ ‘%In (n%) n?ns(Q 1) In(srmax)‘
Note that in both3.3.1and 3.3.2we have assumed that< rmax in order to avoid that In
blows up at infinity.
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4. Concluding Remarks

If we choose, for instanc% = 38MeV1, we promptly obtaiimax= 12. On the other hand,
takinga = 0.02MeV~—1, we see thain~ 0.18 MeV, satisfies the constraint (3.5). Fofin MeV)
varying in the range ¥ 10723 < r < 8 x 1078, we getNmax ~ 4Nmax.

At first sight, it seems that the models with higher-derivatives will have ariataber of bound
states greater than that of the Chern-Simons model. However, this is a migleadiclusion.
Indeed, if we fixrmay, Say, equal to 5 10-3MeV (10 Ansgtron), and varyrg keeping the values
of %,Imax, and m, equal to those of the example above, as it is shown in Fig. 3, weatdé th
0 < rg < 0.1, higher derivatives win the game; nowrif= 0.1, the game ends in a tie, and , finally,
if ro > 0.1, higher derivatives lose the Cup.

25

N FCs

N mcs

05

0.025 0.05 0.075 0.1 0.125 0.15
Iy

Figure 3: Nmax/l\_lmax versusg. Here[ro] = Ansgtrom andrmax = 10 Ansgtrom

In conclusion, we may say that our rough calculations seem to indicate ibgidssible to
find an interval C [ro,rmax Where higher derivatives win the Cup.
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