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1 Introduction

The study of four-dimensional N" = 2 superconformal field theories (SCFTs) has benefited
considerably in recent years from the construction of a class of such theories (sometimes
called class S) as compactifications of the mysterious 6D (2,0) SCFTs on Riemann surfaces
with a partial twist [1-10]. The realization of many Lagrangian theories whose Seiberg-
Witten curves were previously unknown, the discovery of a multitude of interacting SCFT's
that generalize the Minahan-Nemeschansky Ey theories [11, 12], and the understanding of
S-duality [13] are just a few of the remarkable features of this class of theories.

The key ingredient, greatly expanding the class of 4D theories one can obtain, is the
possibility of adding codimension-two defects of the (2,0) theories localized at points on
the Riemann surface C. Depending on our choice of these punctures on C', we get different
4D N = 2 SCFTs. A yet-wider class of theories can be obtained by including outer-
automorphism twists [9] on C, such that, when traversing an incontractible cycle on C
(either going around a handle of C, or circling a puncture on C) the ADE Lie algebra
comes back to itself up to an outer-automorphism. In particular, this introduces a new
class of codimension-two defects, which we refer to as “twisted punctures”, and whose local
properties were studied in [8].

In [3], we started our program of classifying the 4D N = 2 SCFTs that arise from
the 6D (2,0) theories by focusing on the Axy_; series. In that paper, we constructed the
possible “fixtures” (three-punctured spheres) and the cylinders that connect them, which
are the basic building blocks for any pair-of-pants decomposition of a Riemann surface.
In [4] we carried out a similar program for the Dy theories, and in [14] we studied the
SCFTs that arise from incorporating outer-automorphism twists in the Aoy _1 theories. In
this paper, we want to continue our classification program by adding outer-automorphism
twists to the theories of type Dy. Preliminary studies of the twisted Dy series were made
in [9, 10, 15].

The Dy Dynkin diagram is invariant under a Zsy outer automorphism group. Corre-
spondingly, there is a Zy bundle over the punctured surface; if the monodromy is nontrivial
around the puncture, then we say that the puncture at p is twisted (otherwise, untwisted).!
(For the Dy theory, the Zs enhances to a non-abelian S5 group. The study of the 4D N = 2
SCFTs that arise from such enhancement is work in progress.)

For a given puncture, we explain how to compute all the local properties that con-
tribute to determining the 4D A = 2 SCFT. Among these, are the contribution to the
graded Coulomb branch dimensions, the global symmetry group, flavour-current central

!Such bundles are classified by v € H'(C — {p:}, Z2). The untwisted theory is v = 0.



charges, the conformal-anomaly central charges (a,c), and the “pole structure” and “con-
straints”, which determine the contribution to the Seiberg-Witten curve. From this infor-
mation, it is possible to determine gauge groups, hypermultiplet matter representations,
and other properties.

Along the way, we will discover a plethora of new, isolated, interacting N' = 2 SCFTs
arising from 3-punctured spheres (fixtures). In this, and our other papers, we have labeled
these SCFTs by their global symmetries (including the levels). Alas, such a labeling is not
entirely unique. We know that there are examples of N' = 2 SCFTs with the same global
symmetries and levels, which are nonetheless distinct. Consider, for instance,

OITTTTTTITTITITIT]
OITTTTTITITITITITIT]
and

OTTTTTTTITTTT]
OTTTITTITITTTT]

in the Dg theory. Both of these have Spin(16)§8 global symmetry,? but have different values
of (nn,ny), different superconformal indices, etc. They are clearly distinct SCFTs, and we
would need a more elaborate labeling scheme to distinguish between them. When such
subtleties do not arise, we will, for brevity’s sake, label SCFTs by their global symmetries
and levels.

As an application of our results, we are able to find realizations of Spin(8) gauge theory
with matter in the 6(8,), or with matter in the 5(8,)+ 1(85). These two cases, of vanishing
B-function for Spin(8), were the ones that were not captured by the untwisted sector of
the Dy series. Similarly, for Spin(7) gauge theory, we find the theory with matter in the
5(7), and in the 1(8)+4(7); the other combinations with vanishing S-function were already
found in the untwisted sector of the Dy series. We also study various realizations of Sp(V)
gauge theory, including Sp(3) with matter in the 1}(6) + 5(14’) and in the 3(6) + 1(14),
where the 14’ is the 3-index traceless antisymmetric tensor representation.

2 The Zs-twisted Dy Theory

The Coulomb branch geometry of the 4D N = 2 compactification [1, 2] of the 6D N = (2,0)
theories of type Dy is governed by the Hitchin equations on C' with gauge algebra s0(2N).
In particular, the Seiberg-Witten curve X is a branched cover of C' described by the spectral
curve [9],

N-1
S det(® — AT) = AN 4 Y o ANV 4 47 =0, (2.1)
j=1

ZWe follow the standard practice of denoting a global symmetry G together with its level, k, as G.



where ® is the so(2NV)-valued Higgs field, while the k-differentials ¢y, (k = 2,4,6,...,2N—2)
and the Pfaffian N-differential ¢ are associated with the Casimirs of the Dy Lie algebra.
In the rest of the paper, N will always stand for the rank of Dy.

Introducing punctures on C' corresponds to imposing local boundary conditions on the
Hitchin fields. We consider untwisted and twisted punctures under the action of the Zs
outer-automorphism group of the so(2N) Lie algebra. Untwisted punctures are labeled
by sl(2) embeddings in s0(2N), or, equivalently, by nilpotent orbits in so(2N), or by D-
partitions® of 2N. Instead of a compact curve, C, consider a semi-infinite cigar, with the
puncture at the tip. Reducing along the circle action, we get 5D SYM on a half-space,
with a Nahm-type boundary condition of the sort studied by Gaiotto and Witten in [16].
For that reason, we call the D-partition that labels the untwisted puncture the Nahm pole.

To describe the local Hitchin boundary condition for an untwisted puncture with
Nahm-pole D-partition p, one must recall the Spaltenstein map,? which takes p into a
new D-partition d(p), called the Hitchin pole of the puncture.> Then, the local boundary
condition corresponding to p is

a() = 2+ s0(2N)
where X is an element of the nilpotent orbit® associated to d(p), and s0(2N) above denotes
a generic regular function in z valued in s0(2N).

On the other hand, we have a sector of twisted punctures, with monodromy given by
the action of the nontrivial element o of the Zy outer automorphism group of Dy. The
action of o splits s0(2N) as

$50(2N) =s0(2N — 1) ® o_1,
where 50(2N — 1) and o_; are the eigenspaces with eigenvalues +1 and -1, respectively.
The action of o on the k-differentials is also quite simple:

0: Qo > Pog (k=1,2,...,N—1)
¢ =0

3 A D-partition of 2N is a partition of 2N where each even part appears with even multiplicity. However,

(2.2)

“very even” D-partitions — those where all of the parts are even — correspond to not one, but two,
nilpotent orbits. To distinguish between the two orbits, we assign a red or blue colour to the very-even
Young diagrams.

4This Spaltenstein map consists in taking the “D-collapse” of the transpose of the D-partition. The
D-collapse operation is explained in the untwisted D-series paper [4], as well as in the book [17].

SWhen p is non-special (i.e., when it does not lie in the image of the Spaltenstein map), the information
encoded in d(p) must be supplemented by a nontrivial “Sommers-Achar” finite group, C, whose definition
can be found in [8]. This additional discrete information encodes the disconnected part of the group of gauge
transformations which we mod out by in constructing the solutions to the Hitchin system. In particular,
it determines the presence (or absence) of the “a-type” constraints, on the gauge-invariant k-differentials.
This, in turn affects the local contributions to the graded Coulomb branch dimensions. In the tables, we
denote the Hitchin pole for non-special punctures as a pair (d(p), C).

5Using a nilpotent element X in this equation amounts to writing the local boundary condition in the
absence of mass deformations. The mass-deformed boundary condition involves semisimple (diagonalizable)
elements of s0(2N), whose eigenvalues take values in the Cartan subalgebra of the flavour Lie algebra for
the puncture. For the untwisted A series, a recipe for mass-deformed local boundary conditions was given
in [5]. A general prescription is given in section 2.4 of [8].



Following [8], the twisted punctures of the Dy series are labeled by embeddings of s((2)
in sp(N — 1) (the Langlands dual of so(2N — 1)), or, equivalently, by nilpotent orbits in
sp(N — 1), or by C-partitions” of 2N — 2.

To describe the local boundary condition for a twisted puncture, we need to recall the
relevant Spaltenstein map.® This is a map d that takes a C-partition p of 2N — 2 into a
B-partition d(p) of 2N —1. A B-partition of 2N —1 labels an sl(2) embedding in so(2/N —1),
or equivalently a nilpotent orbit in s0(2N — 1). So, in our nomenclature, the Nahm pole
p of a twisted puncture is a C-partition of 2N — 2, and its Hitchin pole? is a B-partition
d(p) of 2N — 1. The local boundary condition for the Higgs field is then:

B(z) = g + % + 502N — 1).
Here X is an element of the s0(2N — 1) nilpotent orbit d(p), while 0o_; and so(2N — 1)
in the equation above denote generic regular functions in z valued in these linear spaces,
respectively.

2.1 Local properties of punctures
2.1.1 Global symmetry group and central charges

The local properties of a puncture that we list in our tables are the pole structure (with
constraints), the flavour group (with flavour-current central charges for each simple factor)
and the contributions (dny,dn,) to, respectively, the effective number of hypermultiplets
and vector multiplets (or, equivalently, to the conformal-anomaly central charges (a,c)).
We will discuss how to compute pole structures and constraints in section 2.1.2 and sec-
tion 2.1.3. Here we want to focus briefly on the other properties.

Given the Nahm partition, for every part [, let its multiplicity be n;. Then, the flavour
group of untwisted and twisted punctures are, respectively,

Gavour = H Sp <%) X H SO(ny) (untwisted)

I even [ odd
Gavour = H SO(Tll) X H Sp <%> (twisted) .
I even ! odd

The flavour-current central charges for each simple factor above can be computed using the
formulas in section 3 of [8]. In that reference, one can also see how to compute dny, and dn,,.
Instead of reviewing the general formulas, we find it more useful to discuss an example.
Consider the Dg twisted puncture with Nahm pole C-partition [32,14]. The flavour
group i8 Gayvour = Sp(2) x SU(2). To compute the central charges, we need to know how
the adjoint representation of Sp(5) decomposes under the subgroup SU(2) X Gaayour (the

TA C-partition of 2N is a partition of 2N where each odd part appears with even multiplicity. A
B-partition of 2N — 1 is a partition of 2N — 1 where each even part appears with even multiplicity.

8This Spaltenstein map consists in adding a part “1” to a C-partition p, taking the transpose, and then
doing a B-collapse. The result is always a B-partition. The “B-collapse” is discussed in [8, 15] and in [17].

9Again, when the Nahm pole p is non-special, the complete Hitchin pole information is not just d(p),
but a pair (d(p), C), with C' the Sommers-Achar group [8].



first factor being the embedding of SU(2), corresponding to this partition). The C-partition
itself tells us that the fundamental of Sp(5) decomposes as 10 = (1;4,1) + (3;1,2). The
embedding indices of each factor of SU(2) X Gaayour = SU(2) x Sp(2) x SU(2) in Sp(5)
are 8,1 and 3, respectively. With this information, it is not hard to see that the adjoint
representation of Sp(5) decomposes as

55 = (1;10,1) + (1;1,3) + (3;1,1) + (3;4,2) + (5; 1, 3). (2.3)

Now, to find dnj, and dn,, we use eq. (3.19) of [8]. In the notation of that paper, we
have j = s0(12), g = sp(5), and, in their respective usual root bases, the Weyl vectors
Pspin(12) = (5,4,3,2,1,0,0,0,0,0,0,0), psp(s) = (5,4,3,2,1,0,0,0,0,0). We also find h/2 =
(1,1,0,0,0,—1,—1,0,0,0) using, say, the formulas of section 5.3 of [17]. Since the adjoint
representation of Sp(5) decomposes under the Nahm-pole SU(2) as 55 = 13(1)+9(3)+3(5),
we have dim go = 13+9+3 = 25 and dim g/, = 0. Thus, eq. (3.19) of [8] yields énj, = 368
and on, = %

Finally, from (2.3) above as well as eq. (3.20) of [8], we compute the flavour-current
central charges for each simple factor of Ggayvour,

ksp(g) =1x lsp(g)(lo) + 2 x lSp(?) (4)=8
ksu) =1 % Isu()(3) +1 X Isu()(3) + 4 x lsy(z)(2) = 12

where [y (R) denotes the index of the representation R of b.

2.1.2 Pole structures

The pole structure of a puncture is the set of leading pole orders {p2, ps, 6, . .., PoN—2;D}
in the expansion of the k-differentials ¢, (2) (k = 2,4,6,...,2N — 2) and the Pfaffian ¢(z)
around the position of the puncture on C. Knowing the pole structures of the various
punctures allows us to write down the Seiberg-Witten curve (2.1) of a theory. The pole
orders are all integers, except for p in a twisted puncture, which must be a half-integer
because of the monodromy (2.2).

We already saw in [4] how to read off the pole structure of an untwisted puncture from
its Hitchin-pole D-partition p. Basically, regard p as a partition in the untwisted A-series,
use the procedure to write down the pole structure [3], and discard the pole orders that
would correspond to ¢, with odd k. Finally, divide the pole order pon of ¢on by two, to
obtain the pole order p of the Pfaffian ¢~) pon Will always be even, so that p will come out
to be an integer, as expected for an untwisted puncture.

To compute the pole structure of a twisted puncture, we use its Hitchin B-partition p.
Simply, add 1 to the first (i.e., the largest) part in p, and use the same procedure to compute
the pole structure as for an untwisted D-series puncture. Notice that upon adding 1 to the
largest part, the B-partition becomes a partition of 2N, and one can show that the pole
order pon of ¢gop is always odd, so that the pole order p of the Pfaffian is a half-integer, as
it should be.

For instance, consider the Dg twisted puncture with Nahm-pole C-partition [42,12].
The Hitchin B-partition is [5,22,12]. Following our prescription, we add 1 to the largest



part, so we get [6,22,12], and read off the pole structure as in the untwisted A-series. We
thus get {1,2,3,4,5,5,6,6,7,7,7} (corresponding to scaling dimensions 2, 3,4, ...,11,12).
We discard the pole orders at odd dimensions, and divide the pole order of ¢35 = q~52 by
two, and we are left with the correct pole structure, {1,3,5,6,7;Z}.

2.1.3 Constraints

In the untwisted D-series, punctures featured “constraints”, which are either: 1) relations
among leading coefficients in the k-differentials (“c-constraints”); or 2) expressions defining
new parameters a(®) of scaling dimension k as, roughly, the square roots of a leading
coefficient ¢(?#) of dimension 2k (“a-constraints”). Both kinds of constraints affect the
counting of graded Coulomb branch dimensions of the theory, as well as the Seiberg-Witten
curve. As expected, we find a-constraints and c-constraints also in the twisted sector. The
pole structure and the constraints provide a “fingerprint” [18] that allows us to identify
the puncture uniquely.

Let us briefly review our nomenclature. For a puncture at z = 0, we consider the coef-
ficients cl(zk) and ¢; of the leading singularities in the expansion in z of the 2k-differentials
(2k = 2,4,...,2N — 2) and the Pfaffian , respectively,

(2k)
pon(2) = L +
- &
¢(2) = a7
where ... denotes less singular terms. (The pole orders [ above are, of course, the same as

those in the pole structure, so we have | = po, or [ = p, respectively; in this subsection we

just write [ to keep expressions simple.)
An a-constraint of scaling dimension 2k is an expression linear in cl(%) that defines (up

to sign) a new parameter al(g of dimension k,

(2k) _ ()
¢ —<al/2> + ...,
where ... stands for a polynomial in leading coefficients (of dimension less than 2k) as

well as new coefficients al(,j ) (which would themselves be defined by other a-constraints).

This polynomial is homogeneous in dimension and pole order, i.e., in every term in the
polynomial, the sum of the scaling dimensions of every factor must be 2k, and the sum of
pole orders must be [. The existence of an a-constraint implies that, in counting graded
Coulomb branch dimensions, a parameter of scaling dimension 2k is to be replaced by one
of dimension k.

A c-constraint of dimension 2k is an expression linear in cl(%), which relates it to other
leading coefficients, and perhaps also to new parameters a{ defined by a-constraints,

0

where, again, the ellipsis denotes a homogeneous polynomial in leading coefficients and new
parameters. For even N, if the puncture is very-even, a “very-even” c-constraint, which is



linear in the leading coefficients of both ¢n and the Pfaffian, may appear,

M 2 =

Unlike an a-constraint, a c-constraint does not define any new parameters; it simply tells
us that cl(%) (or, say, ™ for a very-even c-constraint) is not independent, and so it should
not be considered when counting Coulomb branch dimensions.

Finally, at every scaling dimension 2k, we find at most one constraint, which can be
either an a-constraint or a c-constraint.

Below, we present algorithms'® to compute the scaling dimensions 2k at which a-
constraints and c-constraints appear for a given puncture. This information is enough to

compute the local contribution to the graded Coulomb branch dimensions.

Untwisted punctures. Let p be the Nahm pole D-partition of an untwisted puncture.
Also, let ¢ = {q1,q2, ...} be the transpose partition, and s = {s1, s2,...} the sequence of
partial sums of ¢ (s; = q1 + g2 + -+ + ¢;). Below, s; denotes the first element of s, and
Plast, the last element of the D-partition p. (By the conditions that define a D-partition,
s1 is always an even number.)

Then, an a-constraint of dimension 2k exists if the following conditions are met:

1. 2k belongs to s, say, s; = 2k.

2. j is even.

3. If s; is a multiple of sq, say, s; = rs1, one has r > 2 LLQ“J +1.
4. s; is not the last element of s.

On the other hand, a c-constraint of scaling dimension 2k exists if the following con-
ditions are met:

1. 2k belongs to s, say, s; = 2k.

2. If j is even, one has that: a) s; is a multiple of s1, say, s; = 7s1; b) L%J +1<r<

2 LLS“J; c) s; is not the last element of s.

A5 in our previous papers, the a-constraints and c-constraints of a special puncture can be read off
directly from the k-differentials for the Hitchin field with the appropriate boundary condition at the punc-
ture. It is harder to compute the constraints of a non-special puncture in this way. In practice, we use the
fact that every non-special puncture belongs to a special piece which contains a (unique) special puncture;
their constraints are the same, except that some a-constraints are relaxed as dictated by the Sommers-
Achar group; see §3.4 and §3.5 of [8], and §2.1 of [4]. For the twisted D-series, one can also compute the
c-constraints, and partial information about the a-constraints, both for special and non-special punctures,
by studying the linear SO — Sp quiver corresponding to the puncture; see appendix B of [9]. The constraints
are non-trivially consistent with the dimension of the Hitchin nilpotent orbit, the value of dn,, and the
collisions of punctures using k-differentials. The general recipes for the constraints in terms of partitions
that we show in this paper were found by studying a large number of examples, and we have checked their
consistency up to high N. However, we do not have a rigorous proof of them.



3. If j is odd, one has that: a) s; is neither the first nor the last element of s; b) both

A ) . o Si—itsi4 oot it L
sj—1 and sj;1 are even; c) s; = “—-= ; d) if s; is divisible by s1, say, s; = rs1,

one has r > LPIQLS“J + 1.

Finally, if p is very even, an additional, “very-even” c-constraint exists at 2k = N if
N belongs to s and N = #8st . As already mentioned, this very-even c-constraint is linear
in both leading coefficients cl(N) and ¢;. (The pole orders of ¢y and 6 are the same if the
conditions just mentioned hold, so such a linear constraint is possible.) A generic very-
even puncture may or may not have this very-even c-constraint. In particular, a very-even
puncture could have a c-constraint of dimension N which is not very even (in the sense

that it is not linear in both cl(N) and ¢;).

Twisted punctures. Suppose we have a twisted puncture labeled by the Nahm-pole
C-partition p. Let ¢ be the transpose partition, and s the sequence of partial sums of q.
It is convenient to define another sequence s’, obtained by adding 2 to every element in s.
(As a check, the last element of " must be 2N.) Let s’ = {s],s,...}.

Then, an a-constraint of scaling dimension 2k exists if the following conditions are met:

1. 2k belongs to s', say, s’ = 2k.
2. j is odd.

3. 33 is not the last element of s’.

On the other hand, a c-constraint of scaling dimension 2k exists if the following con-

ditions are met:

1. 2k belongs to s', say, s = 2k.
2. j is even.
3. s;- is not the last element of s’

/ !
4. Both 5971 and 3;'+1 are even, and s; = %

Constraint structure. The constraints of twisted punctures are very simple. c-con-

straints are always “cross-terms” between a-constraints, or between an a-constraint and

the Pfaffian (where ¢on = $? is seen as another “a-constrain 7). As a schematic example,

ck+tm) helow is a cross-term for the “squares” at dimensions 2k and 2m:

2 2
o(2k) — (auc)) oktm) — o, (k) 4 (m) o2m) _ <a(k)) , (2.4)

) )

(In an actual example, k + m would always turn out to be even). a-constraints also
generically contain cross-terms, in addition to the quadratic term in the new parameter.
Many examples can be found in the tables.

The constraints of untwisted punctures are slightly more complicated, but they re-
semble the constraints of twisted punctures in the Agoy_1 series [14], so we refrain from
repeating the details. To be brief, there is a sequence of c-constraints (illustrated below in
an example), all related to each other, and which are associated to the first terms in the
set of partial sums s. c-constraints outside this sequence are simply cross-terms between



a-constraints and/or the Pfaffian, as in (2.4). For a very-even puncture, the very-even c-
constraint, if it exists, becomes part of the sequence just mentioned. As usual, a-constraints
can include cross-terms in addition to the quadratic term that defines the new parameter.

Let us discuss the constraints of a Dg very-even puncture, [62]. In this case, ¢ = [2]
and s = [2,4,6,8,10,12]. Also, pjast = 6 and s; = 2. So, there are c-constraints at 2k = rs;
with 4 < r < 6, that is, at 2k = 8,10. There is also a very-even c-constraint (at 2k = 6).
These c-constraints all belong to the sequence mentioned in the previous paragraph. Also,
there are no a-constraints, and the pole structure is {1,2,3,4,5;6}. The structure of the

c-constraints is the clearest in terms of auxiliary quantities t(lg), t§4) and t);

PN
o ® _ 1,4 (6),(2)
¢y =1, “ _4(t2>+2t3t
ng) _ th), céIO) tg )t(4)

@ _ 1@\, a2 1 /.6

Cy _4(t1)+t2’ “ 4(t >,

0(36) _ . (Q)tg ) + t(ﬁ) and cém = <5z(),6)>

Let us explain how this sequence can be constructed iteratively. The rule is that each
term we construct must be interpreted as either a cross-term or a square. First, we write

(0) = 1, which is trivially true. We define t( ) = 052). Since, from our rules, 052) is not

2)

constralned, so in particular it cannot be a square, we interpret tg as the cross-term

2 x (1) x (%t@). Since this is a cross-term, we want to have also the squares of 1 and
% #2. The square of 1 already appears as c(() ) = 1, and the square of t( ) should appear
in the expression at dimension 2k = 4. But cg ) should not be constramed SO 054) cannot
just be equal to (t§2)>2. Thus, the expression at 2k = 4 defines tg) as the difference
between these quantities, t( ) = ( )1 (tg2)>2. Each time we introduce a new quantity

1
such as tgl), the cross-terms between this and other quantities, as well as the square of

the new quantity, must appear at higher 2k. For example, at 2k = 6, there must now be
a cross-term 2 X (%t§2)> X (%tgl)) = lt?)tgl). But cgﬁ) is not constrained, so it cannot

2
actually be equal to %t?)tgl); hence, we introduce another new quantity, tgG), which is the

difference. This is actually the last new quantity we need to introduce in this example,
because the expressions at higher 2k are constraints. The rest of the terms at higher 2k
can now be seen to be squares or cross-terms of the quantities 1, %t?) (4) and tg ). The

s gt
(12)

second to last equation says that cg ™ is equal to the square of %téﬁ); but at the same time,

(6)

¢12 is the square of the Pfaffian, so we must have 5’ = £2¢3. This is how we recover the
very-even constraint at 2k = 6.
Solving for tgz)’ tgg and t§6), we find our actual c-constraints:

5O Lo @ 17 @)2
F2c3 = 36 (02 1 <C1 ) ),

g 1w 1/7o\2\, . @
cg):4<cg)—4<cg))> i04c§),
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2
célo) = *+c¢3 <c§4) — i (052)) ) .

Flipping the sign of ¢3 switches between the constraints for the red and the blue versions
of this puncture.

2.2 Collisions

When two punctures collide, a new puncture appears. This process can be described at the
level of the Higgs field, using the local boundary conditions discussed in section 2, or at
the level of the k-differentials, using the pole structures and the constraints of section 2.1.2
and section 2.1.3. Of course, both mechanisms are quite related, because the k-differentials
are, essentially, the trace invariants of the Higgs field. These procedures are analogous to
those for the twisted Aan_1 series described in [14].

Let us start by discussing collisions using the Higgs field. Consider two untwisted
punctures at z = 0 and z = x on a plane. The respective local boundary conditions are:

2(:) = 2L+ s0(2N),

Xs
() = 2N
()= 2 4 so(a)

where X7 and X5 are representatives of the respective Hitchin-pole orbits for the punctures.
Then, in the collision limit, x — 0, a new untwisted puncture appears at z = 0,

_X1-|-X2
a z

(z2) +50(2N).

Here, X7 + X5 is an element of the mass-deformed Hitchin-pole orbit for the new puncture,
and the mass deformations correspond to the VEVs of the decoupled gauge group. Taking
the mass deformations to vanish, X; + X5 becomes the Hitchin-pole nilpotent orbit for
the new puncture. The fact that the new residue is X7 + X9 also follows from the residue
theorem applied to the three-punctured sphere that appears in the degeneration limit;
another derivation ensues from an explicit ansatz for the Higgs field on the plane with two
punctures [14], where the limit © — 0 can be taken.

Now consider an untwisted and a twisted puncture, at z = 0 and z = =z, respectively.
The respective local boundary conditions are:

O(2) = g +50(2N),

Y L 0_1
-z (z —x)/2

+50(2N —1).

Then, the local boundary condition for the new twisted puncture is:

~ Xlsoen-1n+Y 4o
- > 21/2

D(2) +s50(2N — 1),

where X|5,2nv—_1) is the restriction of X € 50(2IV) to the subalgebra so(2N — 1).
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Finally, consider two twisted punctures at z =0 and z = z,

D S|
@(Z) = ? + m +50(2N — 1),
Y _
B(z)= —2 + 2L L so(2N —1).

z—x  (2—x)l/2
Then, the local boundary condition for the new untwisted puncture is:

_Y1+Y2+0_1

2N
. +50(2N),

P(2)

where o_; denotes a generic element in such space.

The procedure to collide punctures using k-differentials is explained in [14] for the case
of the twisted Asn_1 series. The discussion is entirely analogous, so we leave the details
to that paper. Here we will just give an example of how to use it.

Consider the collision of three punctures,

2(N—r)—=1,2r+1] x 2(N —7r) —1,2r + 1] x [2(N — 1)],

which yields the [2(N — 2r — 1), 1%"] puncture with an Sp(r) x Sp(r) gauge group. We will
use this result in section 2.5.4. Let us show how to derive it for the particular case r = 3.

The puncture [2N — 7,7] has pole structure {1,2,3,4,5,6,6,6,...,6;3}, no a-con-
straints, and three c-constraints at 2k = 8,10, 12:

2
®_1 (@ 17@)? Lofe 1of@w 17@)2
“ _4<C2 4<Cl)>+261 G T\ @ 4(61) ’
10 1 4 1 2 2 6 1 2 4 1 2 2
A =5 (47 = 1 (7)) (47 - 532 (4 - 1 ())). (25)
12y 1 6 1 (2 o 17 o2\
= (47 - 37 (4= 1 (0)))

On the other hand, the puncture [2(N —1)], which is the “minimal” twisted puncture, has
pole structure {1,1,1,...,1; %}, and no constraints.
First, consider two [2N — 7,7] punctures on the plane, at positions z = 0 and z = =z,

and write down the k-differentials:

Uk + Vop2 + ...

barlz) = 25 2o (2k = 2,4,6,8,10,12)
do(2) = m (2k = 14,16,...,2N — 2)
: it

Then, in the x — 0 limit, which corresponds to the collision, we find the pole orders
{2,4,6,8,10,12,12,12,...,12;6}. So, at first sight, we would have gauge-group Casimirs
at 2k = 2,4, 6,8, 10, 12. However, the c-constraints (2.5) from the two [2N — 7, 7] punctures
imply that the leading and subleading coefficients ug, and vei for 2k = 8,10,12 are de-
pendent on the coefficients us, uy4, ug, and furthermore vanish when we take uo, uq, ug — 0.

- 12 —



Thus, the only independent gauge-group Casimirs are us, u4, ug, and the massless puncture
has pole structure {1,3,5,6,8,10,12,12,...,12;6}, with no constraints. These properties
single out the puncture [2N — 13,25, 1], which has Sp(3) flavour symmetry. Thus, the gauge
group must be Sp(3).

Colliding the new puncture [2N — 13,26, 1] with the minimal twisted puncture is much
easier, because none is constrained. So all we need to do is add up pole orders, and identify
gauge-group Casimirs. The sum of the pole structures is {2,4,6,7,9,11,13,13,...,13; % .
Hence, we have again a gauge group with Casimirs 2,4, 6, and a new puncture with pole
structure {1,3,5,7,9,11,13,13,...,13; %}, with no constraints. These properties corre-
spond to the puncture [2N — 14,12, which has flavour symmetry Sp(6), and the gauge
group is an Sp(3) subgroup of Sp(6). Actually, the Sp(3) flavour group of the [2N —13,2° 1]
puncture that we found in the previous paragraph can be interpreted as the commutant
in Sp(6) of the Sp(3) of [2N — 14, 1'2]. Thus, the simple factors of a non-simple subgroup
Sp(3) x Sp(3) C Sp(6) are being gauged by two consecutive cylinders. (We studied exam-
ples of this “atypical” gauging in the twisted Agn_1 series [14]; see also [9] for an earlier
discussion in the context of SO — Sp linear quivers.)

Let us derive the same result by doing the collisions in a different order: first, we
collide a [2N — 7, 7] puncture (at z = 0) with the minimal twisted puncture (at z = z). We
use the k-differentials'!

Ugk + ...

¢2k('z) - m (2k - 27476787 107 12)7
. Uk + . .. B 7
Par(z) = = (2k = 14,16,...,2N —2),

2(z —x)/2°

This time, solving the c-constraints is less simple. The constraints are not solvable unless
one introduces parameters ro, r4, 76 of dimension 2,4,6 such that:

1/2 (r2)”

2
Ug =TT, Ug = — 1

+ ryzt/?, ug = —rory + reat/?.

(See section 4.1.3 of [14] for a similar example in more detail.) Then, the constraints imply:

1 1 1
ug = ——((ra)* + 2rare), U0 = —5T6T4, up = ——(rg)?
4 2 4
and in the limit x — 0, we get a pole structure {1,3,4,5,6,7,7,7,..., %}, with constraints
RO (ra)? 10 _TaT
s 47 0 2
2
CA(LG) = —ToTy4, C,(712) = —(TZ)
8 276
o) = —(ra)? - 5

n this subsection, we use generic names for Coulomb branch parameters such as usgk, vok, 7k, etc. They
are understood to be different variables in different collisions.
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that is, we have a-constraints at 2k = 4,8,12 and c-constraints at 2k = 6,10. These
properties uniquely identify the twisted puncture [2N — 8,6]. Notice that there are no
gauge-group Casimirs, so our interpretation is that the cylinder is “empty”. This is an
example of an “atypical degeneration”, as we will recall in section 2.5.4.

Let us now collide the new puncture 2N —8, 6] (at z = 0) with the remaining untwisted
puncture [2N — 7,7] (at z = x). We have the k-differentials

o) =
$ok(2) = mj’,jfl(?’“_zgk' & (2k = 4,6, 8,10, 12)
Pox(2) = m (2k = 14,16,18,...,2N — 2)
5oy At

JT2(z — )3

Taking the collision limit # — 0, we get the pole orders {2,4,6,8,10,12,13,13,...,13; % .
So, in principle, the gauge-group VEVs are us, vy, vg, Us, V19, V12. However, vg, v1g, v12 are
polynomials in us,v4, v and in three new parameters ro,r4, 76, of respective dimensions
2,4,6, which arise from combining the a-/c-constraints of [2N —8, 6] with the c-constraints of
[2N —7,7]. So the actual gauge-group VEVs are ug, v4, vg, 72, 74, 76. These VEV dimensions
are consistent with an Sp(3) x Sp(3) gauge group, as before, except that now both Sp(3)
factors are supported on a single cylinder. Setting to zero the gauge-group VEVs, we get
the massless pole orders {1,3,5,7,9,11,13,13,...,13; 13}, with no constraints, which, as
before, correspond to the [2N — 14, 1'2] puncture.

2.3 Gauge couplings

Consider an N/ = 2 supersymmetric gauge theory, with simple gauge group, G, and matter
content chosen so that the [-function vanishes. This gives rise to a family of SCFTs,
parametrized by

A rich class of (though not all) such theories can be realized as compactifications of the
(2,0) theory on a sphere with four untwisted punctures. If the four puncture are distinct,
then the S-duality group, I'(2) € PSL(2,Z), is generated by

T?: 1= 7142, ST?S:7+— T,
1-27
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The fundamental domain for I'(2) is isomorphic to Mg 4 ~ CP!. In particular, the coordi-
nate on the complex plane, f, is given by'?

_63(0,7)
f(T) - 92(077_)
— (16q1/2 +128¢ + 704632 + .. ) .

Since I'(2) is index-6 in PSL(2,Z), the generators of the latter group act on Mg 4 as

f 1
T: fn——  S: f—-—.
These generate an S3 action on My 4, as depicted in the figure
(1+iV3)/2
-1 0 1/2 |1 2
(1=iV3)/2

The points, {0, 1,00}, of the compactification divisor, are fixed points with stabilizer group
Zy. The points {—1,1/2,2} are also fixed points with stabilizer group Zs. Finally, the
points (1 % i+/3)/2 are fixed points with stabilizer group Zsz. The j-invariant (invariant

20ur -function conventions are

2
02(0,7) = 3 D2

nez
2
0:(0,7) = ¢" /"
nez
2
0a(0,7) = > (=1)"¢" /2
nez

where g = 2™,
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under the action of PSL(2,7Z)) is

(1-f+r3°
a1

=C1]+744+196884q+...

i(r) = 256

Of course, while the j-invariant is invariant under the full PSL(2, Z), the physics generically
is not.

If two of the punctures are identical, then 7 — —1/7 leaves the physics unchanged.
The S-duality group is I'g(2) C PSL(2,Z), generated by T? : 7 +— 74+2and S : 7+ —1/7,
whose fundamental domain is the Zsy quotient of Mg 4 by f + 1/f. The physics at f =0
and at f = oo are both that of a weakly-coupled G gauge theory. The other boundary
point, f = 1, and the interior point, f = —1 are fixed-points of the Zs action.

If three of the punctures (or all four) are identical, then the S-duality group is the full
PSL(2,7Z), the physics at all three boundary points is that of a weakly-coupled G-gauge
theory and the fundamental domain is just the shaded region in the figure.

How this picture gets modified, in the presence of twisted punctures, will be one of our
main themes in this paper.

2.4 Very-even punctures

In the Agn_1 series, the outer automorphism twists acted trivially on the set of nilpotent
orbits. So the identities of the untwisted punctures were unaffected by the introduction of
twisted punctures. By contrast, in the Dy series (for N even), the outer automorphism
twists act by exchanging the “red” and “blue” very-even punctures. Dragging an untwisted
very-even puncture around a twisted puncture turns it from red to blue, or vice-versa.

To illustrate the phenomenon, let us look at an example in the twisted D, theory.

Here, it is useful to recall [4] that the very-even puncture's - has only one constraint,

which is a very-even c-constraint,
iV + 265 = 0,

where the top (bottom) sign corresponds to a red (blue) puncture.

13As in [3, 4, 14], a Nahm-pole partition p is represented by a Young diagram such that the column

heights are equal to the parts of p. (So is the puncture with Nahm pole D-partition [24}.) In this
paper we do not use Young diagrams to represent Hitchin-pole partitions.
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The Higgs field (with Coulomb branch parameters usa, u4, @, ug) yields the differentials

- U2Z12234(d2)2
P2(z) = (z—21)(2 — 22) (2 — 23)(2 — 24)
) — 2,’24Z34(d2:)4
$4(z) (c— o) (2 — 20)°(2 — 2 (2 — 2a)°
X |ua(z—23)(2—24) 212203+ 220 — 2) <(Z—Z3)(213z23214Z24)1/2+(2_24)213Z23>]
bo(2) = u6212Z232242§’4(d2)6
(2= 21)(2 — 2)*(2 — 23) (2 — 22)"
3z) = 204234 (213203) "2 (d2)*

(2 — 20) (2 — 2)*? (2 — 23)° (2 — 2a)®
The powers of z;; = z; — z; have been introduced to make the above expressions Mébius-
invariant'* | and hence well-defined on the moduli space. However, the (unavoidable)
square-roots mean that moduli space is, itself, a double-cover (in fact, a 4-fold cover, but the
SW geometry factors through a Zs quotient) of the moduli space of the 4-punctured sphere.

Whether a very-even puncture is red or blue depends on the relative sign of the residues
of the cubic poles of ¢4(z) and gzg(z) at the location of the puncture. But the square-roots
are such that if we drag the very-even puncture (say, the one located at z3) around one
of the twisted punctures (say, the one located at z7), the relative sign changes, indicating
that the puncture has changed from red to blue, or vice versa.

Since the formulae are a little bit formidable-looking in their fully Mobius-invariant
form, it helps to fix the Md&bius invariance by setting

(21, 22, 23, 24) — (0,00, 0%, 1).

The expressions for ¢4(z), ¢(z) (which are all we need for the present discussion) simplify to
(w? = 1) [us(z — w?) (2 — 1) + 2@ (w(z — w?) + w?(z — 1))] (d2)*
¢a(z) = 3 3
2(z —w?)?(z — 1)
(o) = dw(w? — 1)%(dz)*
)= G w2 1p
2

Dragging the point z3 = w* around the origin changes the sign of w in the above expressions.
This changes the relative sign of the residues of ¢4 and qg at z = w?, whilst preserving the
relative sign of the residues at z = 1.

Of course, the Seiberg-Witten geometry is invariant under the operation of simultane-
ously flipping all of the colours of all of the very-even punctures. This gives a Zy which
acts freely on the gauge theory moduli space. We will often find it useful to work on the

quotient, fixing the colour of one of the very-even punctures.

14To minimize the number of ensuing branch cuts, we have chosen not to preserve the obvious zs < 24
symmetry. We can restore it by redefining the Coulomb branch parameter

1/2
- [ Z13%24

=u|\ — .
212734

The resulting theory lives naturally on the 4-fold branched cover of Mg 4.

So
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Having seen the phenomenon in a global example, let us recover the same result,
working locally on the plane, with the Higgs field itself (rather than the gauge-invariant
k-differentials). Consider a very-even Higgs-field residue B € so0(2N), which belongs to
a, say, red nilpotent orbit. We can write B = Bl;oan—1) + Blo_,, corresponding to the
splitting s0(2N) = s0(2N — 1) & 0_1. Then, one can check that the map Bl, , — —Bl,_,
puts the residue B in the other (blue) nilpotent orbit. This map defines an isomorphism
between the elements of the red and the blue nilpotent orbits.

Now suppose that the twisted puncture (with residue A € s0(2N — 1) is at z = 0 and
the very-even puncture (with residue B € s0(2N)) is at z = x. Then, the Higgs field for
this system is:

(2 = 2) A+ 2B|so2n-1) N x1/2B\071 +(z—x)D+...
z2(z — x) 2/2(z — 1)

where D is a generic element in o_1, and the ... denote regular terms. The factor of z'/2 is

D(z2) = +...

necessary to make ® well-defined as a one-form. Then, x parametrizes the distance between
the very-even puncture and the twisted puncture, and if x circles the origin, /2 5 —g1/2,
it enforces B|, , — —Bl,_,, so our red puncture becomes blue, or vice versa.

2.5 Atypical degenerations
2.5.1 Atypical punctures

As an application of the formulas in section 2.1, let us find the series of punctures with
contribution no = 2. We will call these “atypical punctures”, as they give rise to theories
where the number of simple factors in the gauge group is not equal to the dimension of
the moduli space of the punctured Riemann surface, C. We have seen this phenomenon
already in the twisted Agn_1 series [14].

From our rules for a-constraints, it is easy to see that there are no untwisted atypical
punctures, and that for a twisted puncture to be atypical, its Nahm pole C-partition must
consist of exactly two parts. Hence, the atypical punctures are

[2(N—r—1),2r] N — 1J

, forr:1,2,...,{
2

with the addition of
[N—1,N—1]

(@) if N is even.

These arise, respectively, as the coincident limit of

2(N-1)]  [2(N—r)—1,2r+1]
a) O and
[2(N-1)] [N,N]

b) O and @ (for N even)
Normally, the OPE of two (regular) punctures, p and p/, yields a third (regular) puncture,

Z

P, coupled to a gauge theory, (X, H), where
e The gauge group, H, is a subgroup of the global symmetry group of p”.

e In the coincident limit, the gauge coupling of H goes to zero.
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Here, when p” is atypical, the would-be gauge theory is empty: (X, H) = (0,0). Instead,
the theory with an insertion of p” has one more simple factor in the gauge group than the
“expected” 3g — 3 + n.

For a surface, C, with n punctures, m of which are atypical, the number of simple
factors in the gauge group is 3g — 3 +n 4+ m. “Resolving” each atypical puncture by the
pair of punctures, above, yields a surface with n + m punctures and the moduli space of
the gauge theory is a branched cover of Mg, 1,,. In contrast to the usual case, where
each component of the boundary of the moduli space corresponds to one simple factor in
the gauge group becoming weakly-coupled, the boundaries of Mg, 4,,, where an atypical
puncture arises in the OPE, do not typically correspond to any gauge coupling becoming
weak (that is, under the branched covering, they are the image of loci in the interior of the
gauge theory moduli space).

2.5.2 Gauge theory fixtures

In particular, for n = 3, m = 1 (or 2), we have a “gauge theory fixture.” Resolving the
atypical puncture yields a gauge theory moduli space which is branched cover of Mg 4. We
may well ask, “Where, in the gauge theory moduli space, have we landed, in the coincident
limit which yields the atypical puncture?” The answer is that we are at the interior point,
“f(1) = =17, though the mechanics of how this happens varies between the cases.

Let us resolve

[2(N —r—1), 2r]
o

or

to

RN-D] T [2(N - D]
o (o) (o)
0 0 0

and
2AN-r)—1,2r+ 11U

S 9

respectively. We have parametrized Mg 4 by x, but the gauge theory moduli space is a

branched cover, parametrized by w, with

we=x
The gauge coupling
fir)="2"1 (26)
T) = .
w+ 1
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so that f = 0 and f = oo both map to x = 1, while f = 1 maps to z = co. Our gauge-
theory fixture is whatever lies over the point x = 0. From (2.6), this is the interior point,
f(r) = —1, of the gauge theory moduli space.

As an example, let us consider the Dy gauge theory fixture

H

whose resolution is

Actually, since we have two very-even punctures, the full moduli space is a 4-sheeted cover
of Mp4. The SW geometry is invariant under simultaneously flipping the colours of both
punctures, so we can consistently work on the quotient by that Zs, and take the colour of

the puncture to be red.

SU(4) gauge theory, with matter in the 1(6) + 4(4) was studied in [3]. Near f(7) =0,
the weakly-coupled description is the Lagrangian field theory. Near f(7) = 1, the weakly-
coupled description is an SU(2) gauging of the SU(8)¢ x SU(2), SCFT, Ry 4. Near f(7) =
00, the weakly-coupled description is SU(3), with two hypermultiplets in the fundamental,
coupled to the (E7)g SCFT.

In the present case, the f — 1 theory arises as £ — oo

SUB)g x SU(2), SCFT
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Over z = 1, we have two distinct degenerations, which are exchanged by dragging the I
puncture around the origin and returning it to its original position: the Lagrangian field
theory (f =0)

Iy
v

and the theory at f = oo

203) (E;), SCET

Having fixed the behaviour of f over this two-sheeted cover of My 4, by reproducing the
correct asymptotics as x — 1 and  — oo, we can now take x — 0

empty gauge theory fixture

and recover that the gauge theory fixture is the aforementioned SU(4) gauge theory at
flr) = -1

2.5.3 Gauge theory fixtures with two atypical punctures

When we resolve the gauge theory fixtures with two atypical punctures, we obtain a
branched covering of M 5.
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The geometry of My 5, and the relevant branched covering thereof, were discussed in
detail in section 5.1.2 of [14]. Here, we will simply borrow the relevant results.

The (compactified) Mg is a rational surface. The boundary divisor consists of ten
(—1)-curves (CP's with normal bundle O(—1)). We label these curves as D;;, correspond-
ing to the locus where the punctures p; and p; collide. The Dj;j;, in turn, intersect in 15
points.

The moduli space of the (2,0) compactification is a branched covering, M — Mo s,
which is branched over the boundary divisor.

H
H

is an Sp(2) x SU(2) gauge theory, with matter in the 6(4,1) + 4(1,2), with gauge
couplings (fsp(2), fsurz)) = (—1,—1). Resolving the atypical punctures, we have a 5-

The D4 gauge theory fixture

punctured sphere,

Since the resolution has two very-even punctures, M is an 8-sheeted branched cover of
M,5. However since the gauge couplings (and the rest of the physics) are invariant under
simultaneously flipping the colours of both very-even punctures, we can pass to the quotient,
X =M /Zs, and it is the geometry of 4-sheeted branched cover, X — M5, that was
studied in detail in [14].

Meromorphic functions on Mg 5 are rational functions of the cross-ratios

213225 214295
S1 = , S22 =
215223 215224

X is a branched 4-fold cover of Mg 5, whose ring of meromorphic functions is generated

by rational functions of wy, ws

2
'l,Ul:Sl, U)QZSQ.
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The gauge couplings are meromorphic functions on X, given by

w; —lwy+1 w; — 1wy —1
—,  fsupe) = -

w)+ 1wy —1 wi + 1w+ 1

There is a natural action of the dihedral group, D4, on X. The Zsy x Zs subgroup is

(2.7)

fep2) =

generated by the deck transformations,
o w = —wi, We —> Wo
B w — wy, wa — —wy
which act on the gauge couplings as
a: fsp) = 1/ fsue)s fsue) = 1/ fsp@)
B fsp) ¢ fsu) -
Both a and g change the relative colour of the two very-even punctures. The additional

generator of Dy,
YWy < W2

acts as S-duality for the Sp(2),
v i fsp2) = 1/ fsp2)s fsu@) — fsuw)
At the boundary, various sheets come together, and the behaviour of the gauge couplings is

fsp2)—1

e Over D15 and Dss, both couplings go to f = 1, but the ratio Tova 1 is arbitrary.

e Over D35, both couplings are weak (f = 0 or f = 00), but the ratio %g is arbitrary.

e Over Dys, both couplings are weak (fsp2) = 0, fsy(e) = oo or vice-versa), but the
product fsp2) - fsu(2) is arbitrary.

e Over Dig, one coupling is weak (f = 0 or co), while the other is arbitrary.

e Over D3y, one coupling is f = 1, while the other is arbitrary.

e Over Dq3 and Dog, fsp(z) = 1/fSU(2)'

e Over Dq4 and Doy, fSp(2) = fSU(2)'

Over the intersections of these divisors, we see the various S-duality frames of the gauge
theory.
Over D15 N D3y, we have

24, 1 4(4, 1) +4(1, 2) empty
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and

empty (E7)8 SCFT +4(1, 2) empty

In the first case, fgp2) = 0 or oo and fsy(z) = 1; in the latter, fg,2) = 1 and fsyp) =0
or 0.

Over D13 N D35 and D19 N Dys, we have

Sp(2) x SU(2)
B (o, sp2) x SUQ)He—

24, 1) empty 44, 1)+4(1, 2)

and

44, 1)+4(1, 2)

In both cases, the underlined gauge group on the right-hand cylinder is identified with the
gauge group on the left-hand cylinder. The notation, which we introduced in [14], indicated
that when the cylinder on the right pinches off, both factors in the gauge group become
weakly-coupled (f — 0 or oco). When the cylinder on the left pinches off, only one of the
gauge group factors becomes weakly-coupled.
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Over D34 N D15 and Dsg N Do, fsp(g) = fSU(Q) = 1. So we have

(2 sue x suw)

SU2) x SUQ2)

empty empty (Ep)g SCFT +4(1, 2)

and

SUR2) x SU2)

empty empty (E7)8 SCFT +4(1, 2)

These differ only very subtly, as to “which” SU(2) gauge coupling is controlled by the
cylinder on the left. In the first case, it is the SU(2) which couples to the (E7)g (i.e., the
one which becomes weakly-coupled at fs,2) = 1); in the second case, it is the SU(2) which
couples to the 4 fundamental hypermultiplets.

Over D13 N Dys, Doz N Dys, D14 N D35 and Doy N D3s, we have

(E;)g SCFT +4(1, 2)
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Finally, over D13 N Doy and D14 N Ds3, we recover our gauge theory fixture, and read off
that its gauge theory couplings are fg,2) = fsyp) = —1

2.5.4 Atypical degenerations and ramification

Once we introduce outer-automorphism twists, the moduli space of the gauge theory no
longer coincides with M, ,, the moduli space of punctured curves. As we saw, in sec-
tion 2.5.1, even the dimensions don’t agree, until we “resolve” each atypical puncture,
replacing Mg, by Mg ,im (for m atypical punctures). Even then, the moduli space of
the gauge theory is a branched covering of Mg ,, 1, branched over various components of
the boundary.

Over a generic point on “most” of the components of the boundary, the covering is
unramified, and the gauge couplings behave “normally”: one (and only one) gauge coupling
becomes weak at that irreducible component of the boundary. Here, we would like to
catalogue the exceptions: those components of the boundary where

e the covering is ramified

e an “unexpected” (either 0 or 2, in the cases at hand) number of gauge couplings
become weak

e both

Let us denote, by Dp, p,, . p,, the component of the boundary of My 4, where the punc-
tures p1, pa, ... p; collide, bubbling off an (I + 1)-punctured sphere. All of our exceptional
cases will involve either Dy, ,, or Dy, 1 ps-

Dr,v. The first source of ramification, as we saw in section 2.4, is that the outer au-
tomorphism changes the colour of a very even puncture from red to blue and vice versa.
In general, this changes the physics of the gauge theory. So, for a theory with v very-
even punctures, we get a 2V sheeted cover of the moduli space of curves, ramified (with
ramification index 2) over Dry where “T” denotes any twisted-sector puncture and “V”
represents any very-even. As already noted, simultaneously changing the colour of all of
the very-even punctures leads to isomorphic physics so we can (and usually will) pass to
the Zs quotient.

Generically, the gauge couplings behave “normally,” with one gauge coupling becoming
weak at Dry.
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Diy(n-1)),[nv2)- When N is even, there is one such collision where, in addition to ramifi-
cation, no gauge coupling becomes weak. Instead, the two punctures fuse (in non-singular
fashion) into an atypical puncture.

[(N - 1)]
(@)

empty

Dip(n—1)],2(N=r)—1,2r+1]c Forr=1,2,..., L%J, we again obtain an atypical punc-

ture as the OPE. No gauge coupling become weak, but the moduli space is ramified (with
ramification index 2).

[2(N — D]
@)

[2(N —r—1), 2r]
(@) (@)
[2(N=r)—1, 2r+1]
(@)

empty

D[2(N_1)]’[2(N_1)],[2(N_r)_1,2T+1] . The moduli space is unramified over this component
of the boundary. Nonetheless, two gauge couplings become weak.

[2(N = D]
o)
[2(N = D]
o
RN -r—1,2r+1]

SU@) x SUQ) [ 12N =) =3,2r =1, 1%]
>0

empty
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Da(N—1)],2(N=1)],[n2]- Here, again, an SU(2) x SU(2) gauge group becomes weak, but
now the moduli space is also ramified (with ramification index 2)

[2(N - D] SU2) x SU(2) [(N 2)%, 1]
o)
[N?]
)
empty

D¢ - In all of the remaining cases, the moduli space is ramified (with ramification

[2(N = D]
o)

index 2) and two gauge couplings become weak.

Over Djo(N_1)],[2(N—r)—1,2r+1],[2(N—r)—1,2r+1] (with the same untwisted puncture), we
have an Sp(r) x Sp(r) gauge group becoming weak

(@)
XN —r) =1, 2r+1

14}"

Sp(r) x Sp(r) {I2(N = 2r = 1),
O[2(N - 1] o >0
2N —r) =1, 2r+1] ¥
o
$@2r, 1)+ (1, 2r)

and, for N even, the gauge group which becomes weak is Sp (%) x Sp (%)

p( x Sp(*5 ZK
2N, 1) \
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Over Dy, with 7/, r =1,2,.. ., L%J (and, without loss of generality, r’' > r)

o
XN —r') =1, 2r' +1

O[2(N - 1] o

[2(N—7r)—1, 2r + 1]
(@)

Sp(r) X Sp(r) fi2(N = r' —r — 1), 2(r" —r), 1*]
>0

empty

and, for N even,

[2(N - 1)]
(@]
2N =7) =1, 2r +1]
(@)

Sp(r) x Sp(r) (1N =2r = 1)% 1%]
>0

[N?]
e

empty

2.6 Global symmetries and the superconformal index
2.6.1 Computing the index in the Hall-Littlewood limit

Each puncture has a “manifest” global symmetry associated to it. The global symmetry
group of the SCF'T associated to a fixture contains the product of the “manifest” global
symmetry groups, associated to each of the punctures, as a subgroup. But, in general, it
is larger. Here, we will outline how to use the superconformal index [19-22] to determine
the global symmetry group of the fixture and (in the case of a mixed fixture) the number
of free hypermultiplets that it contains.

The prescription to compute the superconformal index of an interacting SCFT defined
by a Dy-series fixture was given in [23]. For a Dy Za-twisted sector fixture with punctures
(]\1, /~\2, A3), where A denotes a twisted puncture and A an untwisted puncture, the index
is given by'®

ZI(a,b,c) = A(1)K(a(A1)K(b(A2))K(c(As))
(a(A)[T) P ) (b(Ra)[T)PIS A (c(As)|7) (2.8)

2
% Z Sp(N-1)
" Pé‘g()éN)(l,T,TQ,...,TN_I‘T)

15Tn the following, we need only consider the “Hall-Littlewood” limit of the index, where we restrict to
the one-parameter slice in the space of superconformal fugacities given by (p =0, ¢ =0, /% = 7) [22].
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The various elements of this formula are summarized below. Detailed explanations can be
found in [23]:

e A(7) is the overall (fugacity-independent) normalization, given by

e P> are the Hall-Littlewood polynomials of type SO(2N) and Sp(N), given by

1$i5j
A S1A1 5N>\N j
PSO(ZN) (5131, PPN ,.’E ) Z Z xo’(l) .. H _Si isj s
oeSN sll,_A[“,sN 1i1 1<J xj
8=+
2 782wi3j
A _ -1 S1A1 sNAN
PSp(N)(xla"'7xN) = WA(T) Z Z xg(l) H _si isj
0€ESN S1,..,sN==%1 i<j Lj

N 2,.—2s;

1 -7,
X | | —_—,
— - 87‘
1 1—ux;
where

Wi(r) = Z 726w)

weW
WA=

with ¢(w) denoting the length of the Weyl group element w.

e The prescription for writing the K-factors can be found in [23]. Their precise form
will not be important here.

e The sum runs over all partitions X = (X},...,Ny_;) corresponding to the highest
weight of a finite-dimensional irreducible representation of Sp(N —1) (in the standard
orthonormal basis); “\ = \'” means that we only sum over representations of SO(2N)
of the form A = (A}, ..., XNy_,0).

e The fugacities a; dual to the Cartan subalgebra of the flavor symmetry group of the
puncture Ay (A 1) are assigned by setting the character of the fundamental represen-
tation of SO(2N) (Sp(N — 1)) equal to the sum of SU(2) characters corresponding
to the decomposition determined by the puncture, with SU(2) fugacity equal to 7.
The multiplicity of each SU(2) representation is then replaced by the character of the
fundamental representation of the flavor symmetry determined by that multiplicity.

From this equation, one can simply read off the fugacities.'®

161f the puncture is not “very even”, different choices of fugacities are related by a Weyl transformation,
under which the Hall-Littlewood polynomials are invariant. For “very even” punctures there are two
inequivalent choices, which are permuted by the Z: outer-automorphism, corresponding to the red and
blue coloring. For examples, see [23].
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For example, the D4 twisted puncture E:EEEI corresponds to the SU(2) embedding
under which the 6 of Sp(3) decomposes as 2 + 4(1). So setting

Xgp(S) (xlv €2, ~T3) =1- XgU(Q) (7_) + Xgp(2) (Cll, a2) -1
3 2

2:(3:Z try ) =714+ + Z(ai +a; )
i=1 i=1
we can take fugacities 1 = 7,22 = a1, x3 = as.

To determine the global symmetry, as well as any decoupled sector, of an interacting
SCFT fixture from its superconformal index, we need only compute (2.8) to order 7%
as explained in [24], the contribution at order 7 is due to free hypermultiplets while the
contribution at order 72 is due to moment map operators of flavor symmetries.

Computing the index to order 72 while keeping only the term X = 0 in the sum over
representations gives the contribution

dj dj dj
1+ (xg, +XG, + X7
encoding the manifest global symmetry. The global symmetry of the SCFT is enhanced if

there are additional terms contributing at order 72 coming from the sum over \ > 0.
As an example, consider the fixture

E:EEEI

E:EEEI

Letting (a1, a2), (b1, b2) be Sp(2) fugacities and ¢ an SU(2) fugacity, from (2.8) we find

T =1+ Xy ()T +[2x8u2) (0 X8p(2) (015 a2) + Xdn(2) (01, b2) + XS (2) (@1, 02) XG 2y (b1, b2)
+ X&u(2)(€) (XSp(2) (@15 a2) + X (2 (b1, b2)) |72+ .

= 1+ X3y (7 +12x8u ) (©) F x84y (a1, a2, b1, b2) +XGu () () XSp(a) (a1, a2, b1, ba) |72+ .

The order 7 term signals the contribution of a free hypermultiplet in the %(17 1,2) of
Sp(2) x Sp(2) x SU(2), the index of which is given by

Three = PE[TX§U(2)(C)] =1+ Xgu(Q)(C)T + XS’U@) (7% +...,
where PE denotes the plethystic exponential [23]. Removing the contribution of the free
hypermultiplet, the index of the interacting SCFT is given by

Iscrr =1/ Tjee
=1+ [XSU(Q) (c) + ng(4)(a1, az, b1, ba) + X%U(Q)(C)Xgp(4)(a1, a2, b1, b2)]72 + ...
= 1+ X35 (a1, a2, b1, b2, ¢)7° + ...
and hence this SCFT has an enhanced Sp(5) global symmetry.
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We can also use the second order expansion of (2.8) as a check on our identifications
for the gauge theory fixtures. For example, the fixture

F
A

is an SU(2) x SU(2) gauge theory with 4 hypermultiplets in the (2,1), 4 hypermultiplets in
the (1,2), and 8 free hypermultiplets transforming in the 1(2,8,) of the manifest SU(2)g x
SO(8)12 global symmetry. Thus the manifest global symmetry of this fixture should be
enhanced to SO(8)2 x Sp(8). Choosing (b; c1, c2, c3, ¢4) as fugacities for the manifest global
symmetry, indeed we find the expansion of the index is given by

IT= 1+x§U(2) (b)Xgé(g) (c1, 2,3, C4)7‘—|—(2X§(8-)(8) (c1,c2,c3,¢4) + Xég?g) (b, 1, co, 3, 64))T2+. ..
where
Xég?ﬁ;) (b) 1, C2,C3, 04) = XSU(Q) (b) + ng(S) (Clv C2,C3, C4) + XgU(Q) (b)XSg‘EB) (Clu C2,C3, 04)‘

We have used this technique to check the global symmetries and the number of free hyper-
multiplets in our tables of fixtures for the Zs-twisted Dy theory.

2.6.2 The Sp(4), x SU(2)4

Here we use the superconformal index to argue that the D, interacting fixture

gives rise to the Sp(4)g x SU(2)s SCFT. For this fixture, we cannot use any S-dualities
to study its properties as none of the flavor symmetries carried by the punctures can
be gauged.
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The Sp(4)s x SU(2)g SCFT first appeared in [14] as the twisted-sector fixture

a1TTm

H

o111

in the Ag theory. It also appears, accompanied by six free hypermultiplets, as

in our list of twisted-sector mixed fixtures in the Dy theory. In those cases, we are able to
use various S-dualities to study it.

Letting a and b be SU(2) fugacities and c?,c3 U(1) fugacities, the expansion of the
index of this fixture is given by

T=14(x8u(2) (@) +X3u(a) (0) + 1+ +617) +xEu(2) (@) xEu ) () L +ci +¢1 %)
+ (1+B4eg ) +. ..
= 1+(X§U(Q)(a)+X§'U(2)(b)+X§’U(2)(01)+X3U(2)(a)Xgu(Q)(b)XgU(z) (01)+X2U(2)(C2))7'2+~ .
:1+(xgg( y(a, b, C1)+X§U(2)(C2))7—2+..., (2.10)

indicating that the manifest SU(2)3, x U(1)? global symmetry is enhanced to Sp(4) x SU(2).
This, along with the other numerical invariants of this fixture agree with our previous results
for the Sp(4)e x SU(2)g SCFT.

Since Ag = Dj, we can use (2.8) to compute the index of the twisted As fixture by
appropriately identifying fugacities and replacing P 50(6 )(Ps)‘p(Q)) — PSU( 4)(P§é)(5)) where
p (@) is the highest weight of the SU(4) (SO(5)) representation corresponding to A ().
Letting a be an SU(2) fugacity and (b1, b2), (c1,c2) SO(5) fugacities, the expansion of the
index of the twisted As fixture is

=1 + (XgU( ) ‘|‘ XSp (\/ blbg, \/7> + XSp(Q) <\/6162, A / )
b1 C1
+ Xép(?) (\/ b1ba, \/ b2> )Xép(Q) <\/6102, \ / 02> ...
=1+ (XgU@) + Xsp (\/ b1bz, \/7 Ve, \/7>>
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in agreement with (2.10). We have checked further that the unrefined indices (obtained
by setting all flavor fugacities to “1”) of these two fixtures agree to tenth order in 7. The
unrefined index of each fixture is given by

T =1+ 3972 + 8787 + 1339675 + 15241278 + 1370975710 + .. ..

We can also compare with the mixed fixture (2.9). After removing the contribution to the
index of a free hypermultiplet in the 6 of Sp(3), the index of this fixture is given by

2

I=1+ (XgU(g) (a2) + X%;(g)(bh ba, b3) + Xgu(z)(@)Xgp(g)(bla ba, bs) + XgU(z) ()T +...

=1 + (ng(4)(a27 bla b?) b3) + XgU(Q)(C))T2 + ...,

Again, the numerical invariants of this fixture imply the SCFT is the Sp(4)xSU(2)g theory.
We have computed the unrefined index of this fixture to fourth order in 7; removing the
contribution of the free hypermultiplet, we find agreement with the fixtures above.
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3 The Zs-twisted D4 theory

3.1 Punctures and cylinders
3.1.1 Regular punctures

The untwisted sector of regular punctures was discussed in [4]. The Zs-twisted regular

punctures are shown in the table below.

Flavour Hitchin Pole Flavour
C-partition | B-partition | structure Constraints group (onp, 0ny)
O [7] {1,3,5; 2 - Sp(3)g (112, 27)
H (ns) | ([5,1%],Z2) | {1,3,5; 5} - Sp(2); (102, 45%)

5,12 | {1,3,5:2} | 9 = (@®)2 | SU@2), x U(1) | (94,18

-
HH 32,1 | {1,3,43) - SU@)s | (88,12)

c§4) _ (a(z))2 N
3,22 {1,3,4; 3} SU(2)s (72, 454)

6516) = 2a(2)55 2

||

0 (ns) | ([3,1%,2Z2) | {1,333} - SU(2), (69, 133)
E [3,17] {1,3,3; %} C§4) = (a¥)? none (64, %)
E [17] {1,1,1; %} - none (24, %)

3.1.2 Irregular punctures

A fairly lengthy list of irregular untwisted punctures, arising from the OPE of untwisted
punctures, was discussed in [4]. Additional ones arise from considering the OPE of two
Zo-twisted punctures. Moreover, twisted-sector irregular twisted punctures arise from the
OPE of an untwisted puncture and a Zs-twisted puncture. These two sets of new irregular
punctures are listed in the tables below.

Untwisted.

Irregular puncture (6np,ony) | Flavour Symmetry
(ORI, Sp(2)) (112,118) Sp(2),
(EEFE'I' SU(2) x SU(2)) | (128,138) | SU(2), x SU(2),
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Irregular puncture (6np,dn,) | Flavour Symmetry

(_ S SU@) « SU(Q))

£

As was the case in [4], there are three inequivalent embeddings of Sp(2) < Spin(8),

(136,140) | SU(2), x SU(2),

(176, 179) SU(2),

,SU<2>>

exchanged by triality, under which one of the 8-dimensional representations decomposes
as 5+ 3(1) while the other two decompose as 2(4). To indicate which we mean, we assign
a green/red/blue colour to CIITTTTTI. The same remark applies to the three index-1

embeddings of SU(2) x SU(2) in the SU(2)* of E which are exchanged by triality.

Twisted.

Irregular puncture

Flavour Symmetry

(O, Sp(2) x SU(2))

Sp(2)4 x SU(2),

(., Sp(2))

)
( )
(112,52
(B . SU(2) x SU(2)) | (112, Z7) | SU(2), x SU(2),
(OO, SU(2)) (112, 22) SU(2),
(EI'I' Sp(2)> (122, 23) Sp(2)s
(EI'I' SU@) x SU2)) | (122, 51) | SU(2), x SU(2),
E P sve) | 22 SU(2),
(EF sue) (130,%2) | su(),
(@@) (152, 312) none
<: | I, SU(2)> (155, 312) SU(2),
<Eﬂ @) (155, 212) none
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3.1.3 Cylinders

In addition to the untwisted cylinders of [4], we have

(EEEEEEED  Sp(2)) «—2 2 [ITIIII
(EEEEEEED, Sp(2) «— 2, (I Spin (7))
(EEEEEEEE, Sp(2)) «——— 2 (- Spin (7))
(B su) x su()) « 200, FHH
<: [TT11 |’ SU2) x SU2) SU(2)xSU(2) : 1111

PN
LLi1

(OO, Sp(2) x SU(2
(OO, Sp(2
(O™, SU(2) x SU(2
(T, su (2

OT1T11]
OTT1TT1
OTTT11]
o111
PN - 5 |
(E:D:I:I,Sp2)<—>E:EED
E:I:I:I:I
E:I:EEI
—— "

)
)
)) SU@2)xSU(2)
(2))

(B sue) < su@) « 22

(B sue

e
8

@@

SU(2)

EL

{

.

)
D
) e
)
> ||
)



3.2 Fixtures
3.2.1 Free-field fixtures

# Fixture Number of hypers Representation
1 0 empty
2 , 2)' x SU(2) 0 empty
1
3 5 5(2,5)
4 0 empty
) 0 empty
6 6 1(2,6)
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# Fixture Number of hypers Representation

7 | |, spin) 14 2(4,7)
E:I:I:D

] E snnnnnnnl 24 %(6, 8y)
o111

9 0 empty

10 3 2(3,2)

11 0 empty

12 2 1(2)

13 1 3(1,2)
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# Number of hypers Representation
14 10 3(5,4)
15 0 empty
16 8 $(1,2,2;4)
17 o SIS 2 12,1+ 11,2
18 0 empty
19 (F spe2)) 7 3(2,5) + 3(1,4)
i
‘il
20 (CEEEED. Sp2) 5 $(2,1,5)
;)
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# Number of hypers Representation

21 0 empty

29 | (. e x su@) 8 %(2’ 2: 4, 1)
HH

23 I 14 5(3,4,1) + 3(1,5,2) + 3(3,1,2)
H:I:I:D
HH

24 E 16 $(1,14) + 1(3,6)
OoTTm

3.2.2 Interacting fixtures

# Fixture (d2,ds,da,ds,ds) | (nn,n.) Global

(0,0,2,0,0) (26,14) Spin(7)g x SU(2)?

(0,0,2,0,1) (45,25) Spin(11)12 x SU(2)s
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Fixture (d2,ds3,da,ds,ds) | (nn,ny) Gllobal
O (0,1,2,0,1) (51, 30) Spin(10)12 x SU(2)s x SU(2)5
B
mnanmnnn] (0,0,2,0,2) (59, 36) Spin(9)12 x Sp(2)7 x SU(2)s
gmaza!
55| (0,0,2,0,1) (45,25) Sp(5)s x SU(2)s
o
o — (0,0,3,0,1) (53,32) Sp(4)s x SU(2)2 x SU(2)s
o
o (0,0,3,0,2) (69, 43) Spin(8)12 x Sp(3)s x SU(2)s
o
(0,0,1,0,0) (15,7) Sp(3)s x SU(2)s
HH
e (0,1,1,0,0) | (24,12) Sp(4), x SU(2),
HH
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# Fixture (d2,ds3,da,ds,ds) | (nn,ny) Gllobal
HH

10 Eean (0,0,1,0,1) | (31,18) SU()12 x SU(2)7 x U(1)
HH
HH

11 ﬁm (0,0,2,0,1) (40, 25) SU(4)12 x Sp(2)s
HH
HH

12 25 (0,0,2,0,1) | (40,25) SU(2)34 x Sp(2)s
HH
HH

13 g (0,0,3,0,1) (48,32) SU(2)3, x SU(2)3
HH
HH

14 (Eusnsnnnl (0,0,3,0,2) (64, 43) Spin(8)12 x (SU(2)24)?
HH
HH

15 - (0,2,1,0,0) | (30,17) Sp(2)2 x SU(2)s x U(1)
B
HH

16 e (0,1,1,0,1) | (37,23) Sp(2)12 x SU(2)7 x SU(2)s
B
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# Fixture (d2,ds3,da,ds,ds) | (nn,ny) Gllobal
HH

17 - (0,1,2,0,1) | (46,30) Sp(2)12 X Sp(2)s x SU(2)s
B
BH

18 5aa ] (0,1,2,0,1) | (46,30) | Sp(2)s x SU(2)as x SU(2)s x U(1)
B
HH

19 o —— (0,1,3,0,1) (54,37) | SU(2)24 x SU(2)2 x SU(2)s x U(1)
B
HH

20 @) | (0,1,3,0,2) | (70,48) | Spin(8)12 x SU(2)2s x SU(2)s x U(1)
B
B

21 - (0,1,1,0,1) | (38,23) Sp(2)12 x Sp(2)7 x U(1)
aas
HH

22 Eean (0,0,1,0,2) | (45,29) Sp(2)7 x SU(2)7 x SU(2)%,
g
B

23 - (0,0,2,0,2) | (54,36) Sp(2)s x Sp(2)7 X (SU(2)12)?
aas
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# Fixture (d2,ds3,da,ds,ds) | (nn,ny) Gllobal
HH

24 55| (0,0,2,0,2) | (54,36) Sp(2)s x Sp(2)7 x SU(2)as
E:D:D
BH

25 g (0,0,3,0,2) (62,43) Sp(2)7 x SU(2)24 x SU(2)3
g
HH

26 o) | (0,0,3,0,3) | (78,54) Spin(8)12 x Sp(2)7 x SU(2)24
aas
HH

27 I (0,0,1,0,0) (24,7) (Er)s
o
B

28 e (0,1,2,0,1) | (48,30) Sp(3)s x SU(2)as x U(1)?
o
HH

29 Eean (0,0,2,0,2) | (55,36) Sp(3)s x SU(2)24 x SU(2)7
o
B

30 - (0,0,3,0,2) | (64,43) Sp(3)s x Sp(2)s x SU(2)2a
o
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# Fixture (d2,ds3,da,ds,ds) | (nn,ny) Gllobal
HH

31 55| (0,0,3,0,2) | (64,43) Sp(3)s x Sp(2)s x SU(2)as
mamans]
HH

32 g (0,0,4,0,2) (72,50) Sp(3)s x SU(2)24 x SU(2)3
mamana]
HH

33 I (0,0,4,0,3) (88,61) Spin(8)12 % Sp(3)s x SU(2)24
mamana]
B

34 - (0,3,1,0,0) | (36,22) SU(2)¢ x U(1)
B
™

35 BEEF' (0,2,1,0,1) (43,28) SU(2)3, x SU(2)Z x SU(2)7
B
B

36 ﬁm (0,2,2,0,1) (52, 35) Sp(2)s x SU(2)2, x SU(2)2
B
™

37 2an] (0,2,2,0,1) (52, 35) Sp(2)s x SU(2)3 x U(1)?
B

— 46 —




# Fixture (d2,ds3,da,ds,ds) | (nn,ny) Gllobal
B

38 Ea = (0,2,3,0,1) (60, 42) SU(2)% x SU(2)2 x U(1)?
B
B

39 O (0,2,3,0,2) (76, 53) Spin(8)12 x SU(2)Z x U(1)?
B
B

40 - (0,2,1,0,1) | (44,28) | Sp(2)r x SU(2)% x SU(2)s x U(1)
gmazs
B

41 BEEF‘ (0,1,1,0,2) (51,34) | Sp(2)7 x SU(2)24 x SU(2)7 x SU(2)s
gmazs
B

42 - (0,1,2,0,2) | (60,41) | Sp(2)s x Sp(2)7 x SU(2)as x SU(2)s
aasas
B

43 man (0,1,2,0,2) | (60,41) | Sp(2)s x Sp(2)7 x SU(2)s x U(1)
gmazs
B

44 mm—— (0,1,3,0,2) (68,48) Sp(2)7 x SU(2) x SU(2)6 x U(1)
aasas
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# Fixture (d2,ds3,da,ds,ds) | (nn,ny) Gllobal
B

45 (EEEEEEEE] (0,1,3,0,3) (84,59) Spin(8)12 x Sp(2)7 x SU(2)s x U(1)
o
B

46 I (0,1,1,0,0) (30,12) SU(2)s x SU(8)s
oo
B

47 @I' (0,2,2,0,1) (54, 35) Sp(3)s x SU(2)6 x U(1)3
oo
B

48 BEEF' (0,1,2,0,2) (61,41) | Sp(3)s x SU(2)7 x SU(2)s x U(1)
oo
™

49 - (0,1,3,0,2) | (70,48) | Sp(3)s x Sp(2)s x SU(2)s x U(1)
oo
B

50 55| (0,1,3,0,2) | (70,48) | Sp(3)s x Sp(2)s x SU(2)s x U(1)
oo
™

51 mm—— (0,1,4,0,2) (78,55) Sp(3)s x SU(2) x SU(2)6 x U(1)
oo
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# Fixture (d2,ds3,da,ds,ds) | (nn,ny) Gllobal
B

52 o (0,1,4,0,3) (94,66) | Spin(8)12 x Sp(3)s x SU(2)s x U(1)
o
Eanza

53 @I' (0,1,1,0,2) (52, 34) Sp(2)2 x SU(2)24 x U(1)
o
o

54 Eean (0,0,1,0,3) | (59,40) Sp(2)2 x SU(2)7 x U(1)
manza
o

55 = (0,0,2,0,3) | (68,47) Sp(2)s x Sp(2)2 x U(1)
o
o

56 2aa] (0,0,2,0,3) (68, 47) Sp(2)s x Sp(2)2
manza
o

57 o —— (0,0,3,0,3) (76, 54) Sp(2)2 x SU(2)32
o
o

58 (Eusnsnnnl (0,0,3,0,4) (92, 65) Spin(8)12 x Sp(2)?
manza
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# Fixture (d2,ds3,da,ds,ds) | (nn,ny) Gllobal
Razax

59 I 0,0,1,0,1) | (38,18) Sp(4)s x Sp(2)7
OITTm
Faza)

60 @I' (0,1,2,0,2) (62,41) Sp(3)s x Sp(2)7 x U(1)?
o
Razax

61 Eean (0,0,2,0,3) | (69,47) Sp(3)s x Sp(2)7 x SU(2)7
o
Razax

62 = (0,0,3,0,3) | (78,54) Sp(3)s x Sp(2)s x Sp(2)7
o
E:I:I:D

63 2aa] (0,0,3,0,3) | (78,54) Sp(3)s X Sp(2)s x Sp(2)r
o
Razax

64 = (0,0,4,0,3) | (86,61) Sp(3)s x Sp(2)7 x SU(2)3
o
E:I:I:D

65 IIIrm (0,0,4,0,4) (102,72) Spin(8)12 x Sp(3)s % Sp(2)7
o
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Fixture

(d2,ds,dy, ds, ds)

(nh’ nv)

Gglobal

66

(07 07 17 07 1)

(40, 18)

67

(0,0,2,0,1)

(48,25)

Sp(6)s x SU(2)s

68

(07 07 21 07 1)

(48,25)

Sp(3)3 x SU(2)s

69

(0,1,3,0,2)

(72, 48)

Sp(3) x U(1)?

70

(07 07 37 O) 3)

(79,54)

Sp(3)3 x SU(2)7

71

(0,0,4,0,3)

(88,61)

Sp(3)8 x Sp(2)s

72

(07 07 4’ 07 3)

(88,61)

Sp(3)§ x Sp(2)s
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# Fixture (dg7 d3, d4, d5, d6) (nh, nv) Gglobal

[EEEEEE]

73 = (0,0,5,0,3) | (96,68) Sp(3)3 x SU(2)3

74 O (0,0,5,0,4) (112, 79) Spin(8)12 x Sp(3)3

3.2.3 Mixed fixtures

Three new SCFTs make their appearance in the list of “mixed” fixtures (accompanied by
some number of free hypermultiplets).

e The Sp(4)7xSU(2)5 SCFT has Coulomb branch dimensions (da, . ..,ds)=(0,0,1,0,1)
and (np,n,) = (33, 18).

e The Sp(5)7xSU(2)s SCFT has Coulomb branch dimensions (da, . ..,ds)=(0,0,1,0,1)
and (np,n,) = (35, 18).

e The Sp(3)7 x Sp(2)s x SU(2)5 SCFT has Coulomb branch dimensions (ds,...,ds) =
(0,0,2,0,1) and (np, ny) = (42, 25).

The remaining SCFTs in our list of mixed fixtures include the venerable (Es)4 theory, the
Sp(5), theory (which appeared in the untwisted Dy theory [4]), two theories (Sp(3); x
SU(2)g and Spin(7)g x SU(2)§) which appear above (see also [14]) and three more which
appeared in the twisted As theory [14].

+# Fixture Theory

N

1 FH 1(1,3,4) + Sp(3)5 x SU(2)s

HH
2 H $(1,3;2,1,1) + SU(2)2 x Spin(7)s
HH
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Theory

(1,1,4) + SU(2)5 x Sp(3)s x U(1)

(1,1;2,1,1) + SU(2)5 x SU(4)s x Sp(2)s

1(1,1,4) + Sp(4)7 x SU(2)s

1(1,1;2,1,1) + Sp(3); x Sp(2)g x SU(2);

(1,6) + SU(2)5 x Sp(3)s x U(1)

%(1’6’ 1) +Sp(4)7 x SU(2)5

E'Iﬁmﬂ Eﬁmﬂ H%mﬂ EE?EQ Eﬁlmﬂ@ %Imﬂg

1(1,6,1) + Sp(3)7 x Sp(2)s x SU(2)5
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Theory

10 £(3,6,1) +Sp(3)5 x SU(2)s
11 (1,1,2) + 2(1,4,1) + (Eg)s
12 (1,6) + (E6)e

13 (1,6,1) 4+ Sp(4)s x SU(2)s
14 3(1,6) + Sp(5)7

15 £(1,6,1) + Sp(5)7 x SU(2)s
16 1(1,1,2) + Sp(5)7
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3.2.4 (Gauge theory fixtures

For each gauge theory fixture, we list the gauge group, G, and the representation content
of the hypermultiplets, (Rp,, Rr,, Rr,; Rg). Here, R is the representation of the gauge
group and Rp, is the representation of the semisimple part of the flavour symmetry of
the i*" puncture (where we work counterclockwise from the upper-left, and omit Fj if it is

abelian or empty).

# Fixture

(do, . .., ds)

# Hypers

Representation

(1,0,1,0,0)

21

1(1,8;4) + (2, 1;5)

(2,0,0,0,0)

SU(2) x SU(2)

16

3(Ri;2,1)
where R; =8orl1+ 7

(2,0,0,0,0)

SU(2) x SU(2)

24

(1,0,0,0,0)

SU(2)

16

1,4;1)
3,4;1)
3,1;2)

+ o+ o+
NI= N N

o~ o~ —

(1,0,1,0,0)

Sp(2)

24

1(2;1,2,1;4)

+1(2;1,1,2;4)
+1(1;2,1,1;5)
+1(3;2,1,1;1)

(1,0,1,0,1)

Sp(3)

40
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Fixture

(da, ..., ds)

# Hypers

Representation

(17 ]‘70107 0)

SU(3)

22

(2,1;3)
+(1,4;3)
+(1,4;1)

(1,1,1,0,0)

SU(4)

30

1(2;1,1,1;6)
(1;2,1,1;6)
(1;2,1,1;1)
(1;1,2,1;4)
(

i
n
n
+(1;1,1,2;4)

(1,1,1,0,1)

Sp(3)

46

10

(1,0,0,0,1)

G2

30

N
—
=
u}i
-3
N

+ o+

= =

11

(1,0,1,0,1)

Spin(7)

38

(4;,1,1,1;7)
(1;2,1, 1,7)
(1, 1,2,1
(
(

N|=

1,1,1,2 8)
1;2,1,1;1)

+ + + +
N= N[= N= =

12

(1,0,1,0,2)

Spin(7)

54

(4,1;7)
+ (Es)12

=

13

(1,1,0,0,0)

SU(3)

24

(6;3)
+(6;1)
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+# Fixture (day...,ds) G # Hypers Representation
1(1,2;7)

14 (1,0,0,0,1) Go 31 +1(6,1;7)
+1(6,1;1)
3(6,1;7)

15 (1,0,1,0,1) Spin(7) 40 + 2(1,4;8)
+1(6,1;1)

, 3(6,1;8)

16 (1,0,1,0,1) Spin(7) 40 |

+ 5(1,4; 8)
5(6;1,1,1;8,)
+1(1;2,1,1;8,

17 (1,0,2,0,1) Spin(8) 48 j( )

+3(151,1,2;8,)
. 3(6,1;8)
18 (1,0,2,0,2) Spin(8) 64
+ (Es)12
2(2,4;2)

19 (1,0,0,0,0) SU(2) 10 )
+3(1,4;1)
1(1,2,4;2)

20 (1,0,0,0,0) SU(2) 8 or

3(1,1,5:2) + 5(1,3,1;2)
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+# Fixture (day...,ds) G # Hypers Representation
E 3(2,1,1;5)
21 OO | (1,0,1,0,0) Sp(2) 29 +3(1,1,84)
H +2(1,2,8,1)
@ 5(2,2,1;4,1)
22 COTTITTT | (2,0,1,0,0) | Sp(2) x SU(2) 32 +2(1,1,8,;4,1)
@ +5(1,1,8451,2)
5(2,1,2;2)
@ +1(1,3,1;2)
+1(1,1,1;2
23 HEEP (1,0,0,0,0) SU(2) 15 2 )
+2(2,3,1;1)
HH +1(1,3,2;1)
+3(2,1,1;1)
@ 3(1,2,4,4)
24 ﬁ (1,0,1,0,0) Sp(2) 24 +3(2,1,1;5)
=22] +35(2,3,1;1)
1(2,2,1;4
25 an) (1,0,1,0,0) Sp(2) 24 2 ) )
11,1;1,2,2;4
26 H | | (1,0,2,0,0) Sp(2) 32 2 )
+ (E7)s
1(1,1,8;6
27 OIIT| | (1,0,2,0,1) Sp(3) 48 2 )
+ (E7)s
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Fixture

(da, ..., ds)

# Hypers

Representation

28

(17 ]‘70107 0)

SU(3)

21

(2,1,1;3)
+(1,2,1;3)
+(1,1,2;3)
+(2,1,1;1)
+1(1,1,2;1)

29

(1,1,1,0,0)

SU(4)

30

(1,2,1;6)
$(2,1,1;6)
2,1,1;1)
1,1,4;4)

1
2

_|_
+ (
+ (

30

(1,1,1,0,0)

SU(4)

30

1(1,2,1;6)
+(2,1,1;4)
+(1,1,4;4)

31

(1,1,2,0,0)

SU(4)

38

(2,
+ 1

111L®

+ (Eq)s

32

(1,1,2,0,1)

Sp(3)

54

1(1,1,8;6)

+SU(2)6 x SU(8)s

33

(1,1,0,0,0)

SU(3)

22

(2,1;3)
+(1,4;3)
+(2,1;1)
+1(1,4;1)

34

HH HH EE HH EE HH EE HH EE HH EE HH
ig (s E i WA AN

(1,0,0,0,1)

G2

29

(1,1,2;7)
(1,4,1;7)
(2,1,1;7)
(2,1,1;1)

N

+ + +
N[= N N
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Fixture

(da, . .. ds)

# Hypers

Representation

35

(1,0,1,0,1)

Spin(7)

38

(2,1,1;7)
(1,4,1;7)
(1,1,4;8)
(2,1,1;1)

N

+ + +
N[= N =

36

(1,0,1,0,1)

Spin(7)

38

N[—= N
—_~ o~
—
=
—
~
—

37

(1,0,2,0,1)

Spin(7)

46

3(2,1,1,1,1;8)
+3(1,4;1,1,1;7)
+ (E7)s

38

(1,0,2,0,2)

Spin(7)

62

3(1L,4,1;7)
+ Spln(16)12 X SU(2)8

39

(1,1,1,0,0)

SU(4)

32

(2,1;4)
+(1,6;4)

40

(1,0,1,0,1)

Spin(7)

39

1(2,1,1;8)
+1(1,6,1;8)
+1(1,1,2;7)

41

HEHE EE@E H%E EEEE EE%E EEIE EEEHE

(1,0,2,0,1)

Spin(8)

48

3(2,1,1;80)
(1,6,1;8,)
(13 1>4a 85/c)

1
2
1
2
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# Fixture (day...,ds) G # Hypers Representation

%(27 17 17 Sc/s)

42 - (1,0,2,0,1) Spin(8) 48 +5(1,6,1;8,)
+ (13174a85/c)

1
2
1
2

HH

3(2,1,1,1,158,)
43 H | | (1,0,3,0,1) Spin(8) 56 +1(1,6,1,1,1;8,)
+ (E7)s

5(1,6,1;8,)

44 Ororm| | (1,0, 3,0,2) Spin(8) 72
—+ Spin(16)12 X SU(Z)g

To understand the ambiguity in the matter content listed for gauge theory fixture (2),

consider resolving it to the 5-punctured sphere

i

(. pin(7))

which is attached to the rest of the surface by a weakly-coupled Spin(7). In the limit
corresponding to the gauge theory fixture, both SU(2)s are strongly-coupled (7 = 4). But

there are three distinct limits where both SU(2)s are weakly coupled:

12,1,8)+ 41,2, 8)
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where the matter content is %(2, 1,8) + %(17 2,8),

32 LD 1,2, e, L, n+4a,2,m

where the matter content is 3(2,1,7) + $(2,1,1) + £(1,2,7) + 1(1,2,1) and

(CommErm.  pin(7)

2.1, D+ 51,2, 8)

121

where the matter content is %(2, 1,7) + %(2, 1,1) + %(1, 2,8) (or, equivalently, %(2, 1,8) +
%(1, 2,7)+ %(1, 2,1)). The gauge theory fixture can be viewed as the strong-coupling limit
of any of these three descriptions.

4 Applications

4.1 Spin(2N) and Sp(IN — 1) gauge theory

For general N, SO(2N) gauge theory with 2(N — 1) fundamental hypermultiplets, and
Sp(N — 1) gauge theory with 2N fundamentals, are superconformal. Their construction
is well-understood from the orientifold perspective [25-29]. In particular, the (2,0) theory
of type Dy is the theory on 2NN coincident M5-branes at an orientifold singularity and,
in that realization of these theories [9], the key building block is the fixture consisting of

— 62 —



a twisted-sector minimal puncture, a twisted-sector full puncture and an untwisted-sector
full puncture,

2@V = 1)]
o

[12V-1y
(0]

[12"]
o

law -1, 2nN)

which is a free-field fixture transforming as a bifundamental half-hypermultiplet of
Sp(N — 1) x SO(2N).

[12N SO(QN) [12N]
Taking two of these fixtures and connecting them with a O O cylin-

der yields the aformentioned SO(2N) gauge theory. Connecting them, instead, with a
[12(N—1)} g (Nf]_) [12(N—1)]

P O cylinder yields the Sp(N — 1) gauge theory.
Here, we read off the S-dual strong-coupling descriptions. In the SO(2N) case,

2NV = 1]
o

(2N =3, 1%, Su@))o

2V = 1]
0]

empty SU@)g x Sp(2(N — 1)), SCFT

we have an SU(2) gauging of the SU(2)g x Sp(2(N —1)),,, SCFT. In the Sp(2(N—1)) case,

2V - D]
©)

(2N =3, 1%, su®@))o

2V = 1)]
0]

empty SU(2)g X Spin(4N)

syt SCFT

we have an SU(2) gauging of the SU(2)s x Spin(4N)4n_1) SCFT.
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For completeness, let us note that the other Sp(N) gauge theory which is supercon-
formal for arbitrary N > 1, namely the one with one hypermultiplet in the traceless anti-
symmetric tensor and four hypermultiplets in the fundamental representation, was already
realized!” (with the addition of a single free hypermultiplet) in the untwisted sector of the
Aoy 1 theory [3]:

o)
(11*™, sp(V) o
[N?]
o)

2(0) 1B+ 10 +2o)

For this theory, by contrast, all the degeneration limits are (isomorphic) weakly-coupled
Lagrangian field theories. The flavour symmetry group for this family of field theories is
F =SU(2)yn2_n_1 xSpin(8),,. As is the case for SU(2), Ny = 4, the S-duality, which acts
as an Sz symmetry on M 4, acts as outer automorphisms of the Spin(8) flavour symmetry.
Moreover, the Seiberg-Witten curve takes the absurdly simple form

N
0= A2V ¢ Z g N2 R)
k=1

where the quadratic differential 7 is

2’13224(d2)2
z—21)(z —22)(z — 23)(2 — 21)

n(z) = (

4.2 Spin(8), Spin(7) and Sp(3) gauge theory
4.2.1 Spin(8) gauge theory

Spin(8) gauge theory, with matter in the n,(8,) + ns(8s) + nc(8;), is superconformal for
ny + ns + ne = 6. Up to permutations, related to triality, the list of possible values for
Ny, Mg, Ne 1S quite short and we discussed most of them in [4]. There were, however, two
cases which were not realizable with only untwisted sector punctures.

One is n, = 6, which is a special case of the construction in section 4.1. The other
case is n, = 5, ng = 1 (which, as we shall presently see, lies in the same moduli space as
ny =5, ne = 1).

7This gauge theory can also be realized as the worldvolume theory on N D3-branes probing an O7-plane
and four D7-branes.

— 64 —



Consider the 4-punctured sphere

3(8,) 2(8,) + 1(8,)

This is a weakly-coupled Spin(8) gauge theory with matter in either the 5(8,) + 1(8) or

the 5(8,) + 1(8.). The two realizations are exchanged by dragging the - puncture
around one of the twisted-sector punctures and returning it to its original location.
The strong coupling limits are SU(2) gauge theories

empty Sp(6); X SU(2)g SCFT

(where we gauge an SU(2) subgroup of Sp(6)g) and

32) Sp(5)g x SU(2)5 SCFT

where the SU(2); is gauged.
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4.2.2 Spin(7) gauge theory

Similar to the case of Spin(8) gauge theory, realizations of most cases of conformally-
invariant Spin(7) gauge theory were already discussed in [4]. Here we show realizations of

the missing two cases.

5(7). With the addition of three free hypermultiplets, we have a realization of the theory

with 5 hypermultiplets in the vector representation as

207 37+ 3(1

The S-dual theory is an SU(2) gauging of the Sp(5)7 x SU(2)g SCFT, plus 3 free hyper-
multiplets.

empty Sp(5); X SU(2) SCFT + 3(1)

1(8)+4(7). The Spin(7) gauge theory, with one spinor and four vectors, can be realized
in a couple of different ways. With the addition of three free hypermultiplets, we have

(CEEEEEEm. Spin(7))

3(7)+3(1) 1(8) + 1(7)
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There are two S-dual descriptions. Both are SU(2) gauge theories; one with a half-
hypermultiplet in the fundamental, gauging an SU(2) subgroup of the Sp(5) symmetry
of the Sp(5)7 x SU(2)g SCFT,

(. suQ)

12) Sp(5), x SU(2)s SCFT +3(1)

the other with three half-hypermultiplets in the fundamental, gauging the SU(2), of the
Sp(4), x SU(2); SCFT

32 Sp(4), x SU(2)s SCFT + 3(1)

Another realization, with the addition of only two free hypermultiplets, is

(R, Spin(7)

E:EEEI

2(7) 18+ 2(7) + 2(1)
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where the S-dual theories are

empty Sp(5), X SU(2)g SCFT + 1(2) + 2(1)

and

%(2) Sp(4); x SU(2)s SCFT + 2(1)

4.2.3 Sp(3) gauge theory

In this section, we will consider various cases of Sp(3) gauge theory, with vanishing /-
function. We have already discussed the theory with 8(6) and the theory with 1(14) + 4(6)
(special cases of the discussion of section 4.1).

The 14/, the traceless 3-index antisymmetric tensor representation, is pseudoreal and

has index ¢ = 5. So we can replace five fundamental (half-)hypermultiplets with a 14’
(half-)hypermultiplet.

%(6) + %(14’ ).  With one half-hypermultiplet in the 14/, we have

4(6) 3(6) + 5(14") (4.1)
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At strong coupling, we have an Sp(2) gauging of the (Eg),, SCFT

The third boundary point involves a gauge-theory fixture

empty Sp(3) + 4H(6) + 3(14")

3(6) + 1(14’). With two half- or one full-hypermultiplet in the 14/, we have

36) + 114 36) + 314
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whose S-dual is an SU(2) gauging of the SU(4),, x SU(2), x U(1) SCFT, with an additional
half-hypermultiplet in the fundamental:

%(2) SU@4),, x SU2), x U(1) SCFT

Because, to our knowledge, the Seiberg-Witten solution to this theory has not been studied
in the literature, let us present some of the details, here. Setting the locations of the
punctures on C' = CP! as in (4.2), the Seiberg-Witten curve is the locus in T*C' given by
the equation

3
0= 2%+ 3" A Hoo(2) + (6(2)° (4.3)
k=1
where A\ = ydz is the Seiberg-Witten differential. In the case at hand,
up214223(d2)”
Z) =
¢2(2) (z—21)(z — 22)(2 — 23)(2 — 24)
ba(2) = 214293 Eu%(z —21)(2 — 22)2z14223 + ua(z — 23)(2 — 24)2%2] (dz)4
! (z — 21)3(2' — 22)3(2 — 2’3)2(2’ — 24)2
d6(2) = U214 733 275(d2)°
(z = 21)"(z = 22) " (2 — 23)%(2 — 20)?
P(z) =0.
Setting (z1, 22, 23, 24) — (0,00, z,1), (4.3) simplifies to
0 =2 |8+ ot U2
vty 2(z—=1)(z —x)

1 r; U U
2 472 4 6
+ +—= |+ . (44
V- DE-o <<z— (o) ) (e 1>2<z—x>2] o
The S-duality group of this theory is I'(2), and we have f(7) = x.

Repeating the analysis for (4.1), we find the Seiberg-Witten curve for Sp(3) with

1(6) + 3(14') to be

_ 2,6 .4 U2
0=y 1y +y 2(z—=1)(z —x)
1 1 5(x—1 ug(z — 1
—I—y2z<z TP <4u§ EZ — 1; +u4> + e —65)2(2_)35)5 (4.5)
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In this case, the moduli space is the branched double-cover of My 4, parametrized by

w? = z. The gauge coupling is
2w

f(T):m-

In particular, the S-duality group is the I'g(2), generated by

T:7—71+1, ST?S: 71+

1—27"

Here, T acts as the deck transformation, w — —w, and ST2S acts trivially on the w-plane.
The theory at f(7) = 0 is the Lagrangian field theory; at f(7) = 1,00 (which project to
x = 1) we have the Sp(2) gauging of the (Fg),;, SCFT. The gauge theory fixture, at x = oo,
is the theory at the Zs-invariant interior point of the moduli space, f(7) = 2.

Other cases. The remaining cases of Sp(3) with vanishing S-function have matter in the
e 2(14)
o 3(6)+1(14) + 2(14)

(6) + 5(14)

D[

Unfortunately, we don’t know how to realize these theories as compactifications from 6
dimensions. Presumably, the methods of [30] can be applied, to recover these cases as well.

4.3 Higher genus

In almost all of the discussion in this paper, we have taken C' to be genus-zero. We should
close with at least one example of higher-genus, so that we can see the effect of twists
around handles of C.

Consider a genus-one curve, with one minimal puncture, in the D, theory.

HY(T? — p,Zy) = (Zs)*. Under the action of the modular group, H (T2 — p, Zs) breaks
up into two orbits: the zero orbit (the “untwisted theory”) and the nonzero orbit (“the
twisted theory”).
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The untwisted theory is a Spin(8) gauging of the (Eg),;, SCFT. There are three
inequivalent index-2 embeddings of Spin(8) in Eg. They can be characterized by how the
248 decomposes (up to outer automorphisms of Spin(8)). Either

248 = 3(1) 4 5(28) + 35, + 35, + 35, (4.6a)

or
248 = 1+ 2(8,) + 3(28) + 35, + 2(56,) (4.6b)

or
248 = 8, + 8, + 8, + 2(28) + 56, + 56 + 56, . (4.6¢)

The untwisted theory corresponds to (4.6a). The twisted theory, depending on the
S-duality frame chosen, corresponds either to a Spin(8) gauging of the (Eg),;, SCFT using
the embedding (4.6b), or to an Sp(3) gauging of the Sp(6)g SCFT.

For the untwisted theory, the gauge theory moduli space is the fundamental domain
for PSL(2,7Z) in the UHP, and 7 is the modular parameter of the torus. For the twisted
theory, the moduli space of the gauge theory is the moduli space of pairs (C, ), where v
is a nonzero element of H!'(C,Zs). This is the fundamental domain of T'g(2), as discussed
in section 2.3.
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A Tables of properties of twisted sectors

A.1 Ds twisted sector

Nahm Hitchin
C-partition B-partition | Pole structure Constraints Flavour group | (0np, 0ny)
OI11T1TT1] [9] {1,3,5,7; 2} - Sp(4),, (240, 442)
P11 111 9 . a1
[ (ns) | ([7,17],Z2) | {1,3,5,7; 3 - Sp(3), (227, 431y
EHIIII [7,1%] {1,3,5,7; % o = (ah)? | Sp(2)s x U(L) | (216, 4L2)
EHHII(HS) (15,3,1],Z2) | {1,3,5,6;% - SU(2)4, x SU(2), | (207, 291)
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Nahm

Hitchin

C-partition B-partition | Pole structure Constraints Flavour group | (0np, 0ny)
EE [5,3,1] {1,3,5,6; 1 i = (al’),)? SU(2)2, (200, 282
|| ¥ = (a))?
5/2
1 [5,27] {1,3,5,6; 2 © @ 5 | SUR)1o x SU2)g | (184, %52)
—t Co = 2a5/5Cq )5
[T11
o (ms) | ([5,1",Z2) | {1,3,5,5 3} - Sp(2), (182, 232)
_: |
O 5,14 {1,3,5,5:3} | ¥ = (al}),)? SU(2), (174, 341)
{ 3
H
& 3%,1°] | {1,3,4,5;3 - u(1) (168, %31
cs” = (af)h)”
3,2° 7] | {1,3,4,53} | i =2af),af), u(1) (144, 232)
Cés) _ (aé4>2)2
O
1 () (13,1, Z2) | {1,3,3,3;3 - SU(2), (117, 23%)
E 3,19] {1,3,3,3;2 o = (a7,)? none (112, 223)
E [1°] {1,1,1,1;%} — none (40,871)
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A.2 Dg twisted sector

Nahm Hitchin Pole
C-partition B-partition structure Constraints Flavour group (6np, ony)
Eanssnnnnn [11] {1,3,5,7,9; & - Sp(5),, (440, 53%)
) | ((9,12],20) | {1,3,5,7,9; 2} - Sp(4),, (424, 82
55 [9,12) {1,3,5,7,9 3} | ' =(@ayh)? | Sp(3),,xUQ) | (410,752)
E (HS) ([7’ 37 1}7 ZQ) {17 3’ 57 75 83 g - Sp(2)9 X SU(2)4O (398’ %)
HH 7,3, 1] {1,3,5,7,8:3} | o =(aly)? | SU@3 xSU@) | (388, 732)
HHH [5%,1] {1,3,5,6,8; % - Sp(2);5 (380, 741
e &= W
[7,2%] {1.3.5,7.8:3} | ) @ | SP(2)s xSU(2)y, | (368, 57)
c = 2a./,C
8 7/279/2
@::l(ns) ([5,3%],Z2) | {1,3,5,6,7;2 - SU(2),, x SU(2), | (359, 733)
FHHH 5.3 | (135672 | 9 =@)? | U@, xUQ) | (352,%)
| I |
- (ns) ([7,1Y,Z2) | {1,3,5,7,7; 1} - Sp(3), (367, 53%)
| I |
g [7,1%] (1,357,721} | o =(afl})’ Sp(2)s (356, 932)
| I |
0 () | (153,17, Z2) | {1,3,5,6,7;] - SU(2), x U(1) | (347, %51)
s ,
' 5,3,1°] | {1,3,5,6,7;5} | o = (af}),)? SU(2)s, (340, 952)
(6) 3) \2
i o = (aé/z)
3t 522,17 | {1,3,5,6,7:3} | o =2a{%al), | SU@2), xU(1) | (314,%2)
Cglo) _ (a§5)2)2
@(HS) (13°,1%),Z2) | {1,3,4,5,7; 7} - SU(2)y, (319, %3%)
ki 307 | (LsasTI) | o = @) v | s )
et = (ag)s)”
6) _ o, (2) (4
ci = 2(13/2%/2
@ 3,27 {1,3,4,5,6; 1 ¥ = (al}))? SU(2),, (256, 597
2) ~(6
+2“é/>20§/)2
£ = 20,9,
| I |
H  (09) ([5,1°,Z2) | {1,3,5,5,5; 3} - Sp(2), (282, °3°)
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Nahm Hitchin Pole
C-partition B-partition structure Constraints Flavour group (6np, ony)
L1
E [5,1] {1,3,5,5,5; 3 i = (al’),)? SU(2), (274, 541)
E 3%,1°] {1,3,4,5,5; 3} U(1) (268, %31)
o = (af}))?
’ ) )9y X, 0,05 5 & = za a none s T o
3,22,14 1,3,4,5,5; 3 9 = 2a$),al), 244, 455
cés> _ (aé4)2)2
E (ns) (13,1°,Z2) | {1,3,3,3,3;3} - SU(2)5 (177,°3%)
E 3,1%] {1,3,3,3,32} | oY = (al’))? none (172, 383)
(1 {1,1,1,1,1;4 none (60, 121)
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