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The magnetostatic field of an infinite rectilinear current placed in the stationary gravitational field of
a rotating cosmic string is found. An interesting aspect of this problem is that although the metric
is mathematically very simple, its physical meaning is not trivial. It depends only on topological
parameters. So, the cosmic string vacuum space–time is locally equivalent to the Minkowski
space–time, but not globally. The calculations are so simple that they can easily be shown in the
classroom. ©1997 American Association of Physics Teachers.
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I. INTRODUCTION

This work is based on the following question: How cou
a background field of a stationary cosmic string affect
solutions of the Maxwell’s equations? By background gra
tational field we mean that we are neglecting the contribut
of the magnetic field generated by the current to the grav
tional field. In other words, the magnetic field is a test fie
for the gravitational interactions. Many works have dev
oped these ideas in spherical symmetry. The simplest ca
the electrostatic and magnetostatic solutions, are treate
several examples in the literature. Some examples are:~i! the
electrostatic field of a point charge,1–3 ~ii ! the electrostatic
and magnetostatic dipole fields,4 ~iii ! magnetostatic field of a
loop current around a black hole5 and~iv! the magnetostatic
field of an infinite rectilinear current distribution.6

Why do the cylindrically symmetric systems interest u
Two arguments justify our interest. The first one is that c
lindrical symmetry has played an important role in the d
cussion of the internal consistency of general relativity its
For example, this is the simplest symmetry that can gene
gravitational waves, predicted by the general relativ
theory of Einstein for nonspherical sources.7 Besides, the
differences between general relativity and Newtonian th
ries are more evident in cylindrically symmetric system
than in spherically symmetric systems. This is particula
true concerning the number of parameters characterizing
space–time. In the spherical case both theories have a s
parameter, the total mass of the system producing the gr
tational field. In the cylindrical case, the Newtonian theo
needs only one parameter, the mass per unit length. On
other hand, general relativity theory needs two~four! param-
eters in the static8 ~stationary9! case. In recent papers the
has been presented a possible physical and geometric i
pretation of these four parameters.10,11 These works showed
that three of these parameters refer only to the topolog
structure of the space–time, while the fourth is respons
for the curvature of the space–time.

The second argument to motivate the study of cylind
cally symmetric systems is based on the astrophysical ap
cations of the study of cosmic strings. The vacuum spa
time of a cosmic string is locally flat although it global
differs from the Minkowski space–time. The range of t
914 Am. J. Phys.65 ~9!, September 1997
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angular coordinate in it is smaller. This difference is know
as an angular deficit. Consequently, the vacuum space–
of a cosmic string presents some characteristics that coul
astrophysically observed. For example, a cosmic string co
produce the gravitational lens effect. It either duplicates
image of a distant object or makes the image of an exten
object seem to be interrupted by a line of discontinuity. A
other effect, very important because of its cosmological c
sequences, could occur due to the motion of a cosmic str
In this case, in the region behind it there would be a hig
density region, in comparison with the other regions. So
would be able to provide the necessary density perturbat
for galaxy formation. These and other astrophysical effe
of a cosmic string are very well explained in a paper
Helliwell and Konkowski ~1987!.12 Recently, a cylindrical
metric was considered in another astrophysical applicat
out of the cosmic string context.13 The authors considere
the van Stockum metric,14 which represents a dust distribu
tion with rigid rotation around the symmetry axis, to mod
galaxies’ jets.

Besides these two strong arguments for studying cylin
cally symmetric systems, and particularly cosmic strings,
point out the simplicity of the cosmic string metric~with or
without rotation!. In this work we show, with very simple
mathematical calculations, that the presence of a station
cosmic string can amplify the magnetostatic field genera
by an infinite rectilinear current. Indeed, if the students
ready know tensor analysis and Maxwell’s equations in
variant form, this work can be presented in undergradu
courses. Knowledge of some basic topics of general rela
ity would be advisable. Although the problem presented h
is mathematically easy, it is a motivation for introducing t
cosmic string space–time, in connection with the Maxw
equations, and for exploring a purely topological effect p
sented in these space–times.

The paper is organized as follows. In Sec. II we pres
the vacuum metric of a stationary cosmic string and solve
vacuum Maxwell’s equations to the problem. In Sec. III
geometric interpretation of our results is given. Finally,
the conclusion we sum up our main results.
914© 1997 American Association of Physics Teachers
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II. FIELD EQUATIONS

The metric which describes the vacuum space–time o
rotating cosmic string is given by15

ds252dt222bdtdf1dr21dz21S r 2

a
2b2aDdf2,

~2.1!

where a and b are constants,a being associated with th
angular defect whileb is associated with the angular mome
tum per unit of mass of the stringJ by12

b52
4

Aa
J. ~2.2!

Here, we adopt geometric units, that isc 5 G 5 1. This
choice implies that time and mass are measured in unit
distance.

Our aim here is to solve Maxwell’s equations, for th
magnetostatic case, in the rotating cosmic string backgro
metric ~2.1!.

We assume that the only nonvanishing component of
vector potentialAm is A25Az and that it is a function ofr
only. Then the unique independent component of the elec
magnetic field tensorFmn is

F2152F1252
]Az

]r
. ~2.3!

Maxwell’s source equations in the vacuum, in generaliz
coordinates, are

1

A2g
~A2gFmn! ,n50, ~2.4!

where g[detgmn and the comma denotes ordinary deriv
tive. They imply

]

]r
~A2gg11g22F21!50. ~2.5!

Equation~2.5! shows that

A2gg11g22F125K5const. ~2.6!

So, using the metric~2.1!, we get

F125
Aa

Ar 21ab2~12a!
K. ~2.7!

In order to interpret~2.7! physically, let us conside
a51 and b50 which reduce the metric~2.1! to the
Minkowski metric. This corresponds to the pseud
Euclidean background case, in whichFmn can be interpreted
classically. Doing this, we obtain

F125
]Az

]r
5

K

r
, ~2.8!

which is the only nonvanishing component of the magne
field generated by a cylindrical electric current, along thez
direction, at a distancer from the axis. We can also associa
the constantK with the magnetic permeability in the vacuu
m0 and the constant currentI ; that is,

K5
m0I

2p
. ~2.9!
915 Am. J. Phys., Vol. 65, No. 9, September 1997
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Therefore, Eq.~2.7! represents the generalization of th
magnetostatic field of a cylindrical constant electric curre
that carries a cosmic string. Equation~2.7! also shows that
both metric parametersa andb contribute to amplify or di-
minish the magnetic fieldBf , related to that realized, in th
same positionr , in the Minkowski space–time. The ampl
fication occurs if we considera > 1 @the restriction upon the
value ofa is due to its relation with the energy density p
unit length of a cosmic string; that is,11 l
5(1/4)(121/Aa)# and thusab2(12a)<0. However, the
contribution ofb to the amplification ofBf only exists if the
angular defect exists (a.1). Another intriguing effect is the
presence of a lower limit to the radiusr in order to preserve
a real magnetic field, that is,r 5Aa(a21)b. This restriction
disappears ifb50 or a51.

III. GEOMETRIC INTERPRETATION

In Fig. 1 we illustrate the current distribution with th
cosmic string along the symmetry axis.

In the globally flat space–time~Minkowski space–time!
we have that the magnetic fieldBf of an infinite line current
is given by

Bf5
m0I

2pr
. ~3.1!

In order to analyze the string vacuum space–time let
simplify the stationary metric~2.1! to the static case, which
can be obtained if we putb 5 0. In this case, the metric
~2.1! reduces to

ds252dt21dr21dz21
r 2

a
df2, ~3.2!

with 0 < f < 2p and the hypersurfacesf 5 0 and f
5 2p being identified.

Observe that this metric differs from the Minkowski me
ric only by the coordinate transformation

f85
1

Aa
f. ~3.3!

Fig. 1. Magnetic field of a cylindrical electric current distribution.R is the
radius of the region which contains the current. Outside this region the
vacuum.
915A. G. R. Muriano and M. F. A. da Silva
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However, ~3.3! implies that the interval of the angula
coordinatef8 is @0, 2p/Aa#. So, if we consider only the
two-dimensional surface defined bydt 5 dz 5 0, we have
the geometric representation of the space, presented in
2, where

d52pS 12
1

Aa
D

is called the angular defect, or angular deficit.@Equation
~3.3! also shows that the parametera is unitless. This in
connection with Eqs.~2.1! and~2.2! implies that the param
eterb is in unit of length.# Observe thata>1 holds in order
that d > 0.

Thus, in this space–time, if we calculate the magnetic
culation, the path is not 2pr but (2p 2 d)r
5 (2p/Aa)r . So, we have

Bf5
Aam0I

2pr
, ~3.4!

which is exactly what we have from~2.7!, with ~2.9!, if we
put b50.

Another way to give a geometric interpretation to E
~2.7!, with b50, is to redefine the radius that defines t
perimeter around the string, as is shown in Fig. 3. If
substitute (r 2/a)df2 for R2df2, we have thatf varies from
0 to 2p but the radial distance is changed fromr to r /Aa. In
fact, it is not the radial direction which is warped, but t
angular direction. That is, meter sticks lying along thef
direction either contract or expand, depending upon the va
of a ~a . or , 1!, relative to those sticks measuring rad
distances. In this way, the circumference of a circle cente

Fig. 2. Geometric representation of the two-surfacedt 5 dz 5 0 of a static
cosmic string. Whenf 5 0, f8 5 0 but whenf 5 2p, f8 5 2p/Aa.
So, there is an angular deficit which we calld.

Fig. 3. An alternative geometric interpretation of the two-surfacedt
5 dz 5 0 to the space–time of a static cosmic string. The effective rad
for the calculation of the magnetic circulation isR instead ofr , if we
consider the correct range of the angular coordinatef, that is@0,2p#.
916 Am. J. Phys., Vol. 65, No. 9, September 1997
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on thez axis is less or greater than 2pr . However, this circle
is equivalent to that obtained if we change the radiusr by R.

Even in the general stationary case,b Þ 0, the effect on
the magnetic field is analogous to the static case. There
perimeter of a circle centered on thez axis is contracted or
expanded depending upon the value ofa andb. We can find
the equivalent radius which furnishes the same perimete
order to calculate the radius that defines the perimeter aro
the string, in the stationary case, we first find the spa
metric dl2, that is given by16

dl25g i j dxidxj , ~3.5!

where

g i j 5gi j 2
g0ig0 j

g00
. ~3.6!

So, we haveg33 5 @r 2 1 ab2(1 2 a)#/a or

R5
Ar 21ab2~12a!

Aa
.

As we can see, the terms involving the parameterb always
contribute to reduce the perimeter around the string, as l
as we restricta . 1. ~In this interpretation we are ignoring
the lack of simultaneity between events with the same ra
coordinate but differentf coordinates since the magnet
field looked for isf independent.!

Thus we conclude that the presence of a stationary cos
string modifies the magnetostatic field of an infinite rectili
ear current. The presence of the topological parametera
and b, causes an effect on the magnetic field equivalen
diminishing the effective radial distanceR of the observer
from the current. Note that this effect exists only in the pre
ence of an angular defect.

IV. CONCLUSION

Here, we show that the magnetostatic field of an infin
rectilinear current, placed in the stationary cosmic str
space–time, is amplified. This amplification depends on t
parameters. One is associated with the angular defect ge
ated by the cosmic string and the other is associated with
angular momentum of the stationary cosmic string.

Although these parameters do not imply a curved spa
time, as they are purely topological parameters, the magn
field is changed by them. It is important to note that t
metric ~3.2! is locally, but not globally, similar to the
Minkowski metric. This global difference is responsible f
the effect presented here. So, the local coordinate trans
mation ~3.3! cannot remove this effect.

We believe that this problem can be easily presented in
classroom since the calculations involved here are v
simple. On the other hand, some important aspects of cos
string space–times can be explored, in connection with M
well’s equations. It would give rise to discussions in t
classroom on subjects of present interest in physics.
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