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Continuum Resonances with Shielded Coulomb-Like Potential
and Efimov Effect∗
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Abstract—Motivated by the possibility of the second energy level (0+
2 ) of 12C (in a three-alpha model) to

turn into an Efimov state, we study a simple non-realistic toy model formed by three bosons interacting by
the phenomenological s-wave Ali–Bodmer potential plus a Coulomb interaction. An artificial three-body
potential was used to create a resonance with energy close to the energy of the 0+

2 of 12C, 0.38 MeV. The
strength of the Coulomb potential is decreased until the energies of the two alpha pairs are zero. The system
was placed inside a harmonic trap and a stabilization method has been used to calculate the energies of the
resonances. We found that the shielded-Coulomb potential, which keeps the long tail, is not able to produce
the Efimov effect. The energy of the three alphas decreases only to 0.19 MeV when the two-body energy
crosses the threshold to become bound.
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1. INTRODUCTION

The theoretical prediction of Efimov states in
1970 [1] was made in the context of nuclear physics.
However, the experimental achievement of this coun-
terintuitive phenomenon has been made in an ul-
tracold gas of cesium atoms [2]. Since then, once
realized that such effect is not a simple mathematical
artifact emerging in the limit of zero two-body bind-
ing, lot of papers have been published in this topic,
starting a new branch of quantum few-body physics,
called “Efimov Physics” [3].

Originally, the Efimov effect was derived for a
system of three spinless neutral particles of equal
mass and their possible implications have been con-
sidered for the nuclei 12C and 3H [1]. This effect is
manifested by the appearance of an infinite number
of three-body bound states as the two-body energy
tends to zero, or equivalently the two-body scattering
length tends to infinity, which can be explained by the
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appearance of an effective potential proportional to
1/R2 (R2 = r2

12 + r2
13 + r2

23, where rij is the distance
between particles ij) [4]. The energy ratio between
two consecutive states is given by e2π/s0 , where the
constant s0 depends on the mass ratio of the par-
ticles (for equal masses s0 ≈ 1.006 24). Their root-
mean-square radii,

√
〈R2〉, also present a constant

ratio between two consecutive states given by eπ/s0 .
Nowadays, we know that this effect is possible for
several systems with different masses and also for
more than three particles [5].

Efimov states are very weakly bound systems, their
wave functions are extremely extended in space and
located outside the range of the potential, such that
their properties are independent of the details of the
short-range potential [6]. Obviously, these character-
istics cannot be expected to appear in a deeply bound
and compact nuclear system such as the 12C ground
state. The 12C, approximated by three alpha particles,
also presents a Coulomb interaction, such that the
collapse of the system, known as Thomas collapse [7],
is avoided (note that the appearance of Efimov effect is
closely related to the Thomas collapse [8]). Moreover,
8Be does not have zero energy and we do not have
the freedom, as in atomic systems, to manipulate the
two-body energy. These reasons might be enough to
exclude the possibility to observe the Efimov effect in
such non-exotic nuclei4).

4)For a recent report on alpha cluster description of nuclei,
see [9]. In particular, the treatment of three-body charged
particles is discussed by Belyaev and collaborators in [10].
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As exposed in the last paragraph, the freedom we
have in atomic condensates to manipulate the two-
body scattering length by using the Feshbach res-
onance [11] is not present in nuclei. However, the
Coulomb potential could eventually be shielded in a
plasma with an electronic density enough to decrease
the energies of 12C and 8Be [12], such that Higa
et al. conjectured that “the 12C Hoyle state is a
remnant of a Efimov state that appears in the unitary
limit” [13]. In this paper, we use a very simple non-
realistic toy model to make a first investigation of
the former conjecture. We study a system of three
bosons (3B) in an s-wave state, where the two bosons
(2B) interact by the phenomenological s-wave Ali–
Bodmer potential [14]. This is a very preliminary
calculation which may give a first insight about the
conjecture. The paper is organized as follows. In
Section 2, we detail the method used to calculate the
resonances. In Section 3 we present our results. The
conclusions are presented in Section 4.

2. FORMALISM

We calculated a three-boson system with total an-
gular momentum zero. For the two-body interaction
we used the phenomenological s-wave Ali–Bodmer
potential given by

V (rij) = 500e−(0.7rij )2 − 130e−(0.475rij )2 , (1)

where rij is the distance between the bosons i and j.
All energies and distances are given in MeV and fm.

We also included the following three-body po-
tential to create artificially a resonance close to the
experimental energy of 0.38 MeV for the 0+

2 state

V3(R) = −9.02e−(R/6)2 , (2)

where R ≡
√

r2
12 + r2

23 + r2
31. We should mention

here that the two-body potential used in this toy
model does not consider higher partial waves, in par-
ticular d and g waves, which give a significant con-
tribution to the properties of 12C [15]. Much more
realistic calculations can be found in [16, 17].

The energy of the resonances was calculated by
using a stabilization method [18, 19]. For this pur-
pose, the system was put inside a harmonic trap

Vtrap(ri) =
�

2

2m
r2
i

b4
, (3)

where m is the mass of the alpha particle and ri are
the single-boson coordinates. The size of the trap,
b, is varied and the resonance appears as a “plateau”
revealed by the discretized-continuum states, which
present the noncrossing behavior at the resonance
energy.

The eigenvalues are approached by E ≡ 〈ψ|H|ψ〉
〈ψ|ψ〉 ,

where H is the Hamiltonian of the system and the
wave function was expanded by a sum given by

|ψ〉 =
N∑

i=1

CiS|φi〉, (4)

where N is the number of terms of the basis, large
enough to have a converged value for E, and S is
a symmetrizer operator. The functions φi have been
chosen as correlated Gaussians [20, 21]

φi = exp

⎡

⎣−1
2

NP∑

j>k=1

α
(i)
jk (rj − rk)2

⎤

⎦ , (5)

where NP is the number of bosons, {r1, r2, . . . , rNP
}

are the single-boson coordinates and α
(i)
jk is a param-

eter related to the extension of the wave function of
each pair jk.

Equation (5) can be written in terms of the Ja-
cobi coordinates as follows. The relative coordinates,
given by {x1,x2, . . . ,xNP −1} (xNP

is chosen as the
center-of-mass coordinate), can be written in terms
of the single boson coordinates by using a transfor-
mation matrix U :

xi =
NP∑

j=1

Uijri, (6)

such that the functions φi can now be written in a
compact notation as

φi(x) = exp
[
−1

2
X̃A(i)X

]
, (7)

where X̃ is a row matrix with the relative coordinates
and A(i) is a symmetric positive-definite (NP − 1) ×
(NP − 1) matrix containing the α parameters to be
defined conveniently. The success to obtain a good
result for E is very closely related to the choice of the

matrices A(i) which means the parameters α
(i)
jk (j >

k = 1, . . . , NP ). This choice can be made, for exam-
ple, using a stochastic search, where the matrices are
sorted in a certain interval. Another way is by using
a geometric progression in which the parameters are

written as α
(i)
jk = 1/(bjk

0 pi−1)2 (i = 1, . . . , N ), with b0

and p chosen to give a good description of the wave
function.

The energy is then determined by solving the gen-
eralized eigenvalue problem,

N∑

j=1

HijCj = E

N∑

j=1

bijCj , (8)
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Fig. 1. Eingenvalues (solid lines) for two (a) and three bosons (b) as a function of the trap size, b. Both spectra present the
avoid crossings close to the resonance energies. The parameters (Er, K) of the fitted function E(b) = Er + Kb−4 are given
by (0.080, 341.10) and (0.38, 856.72), respectively, for the two- and three-body systems (dashed lines).
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Fig. 2. Schematic representation of the analytical cut structure for a three-particle system. The upper diagram shows on the
left side of the vertical axis the two-body cut defined by the two-body bound-state energy, E2 = −|E2|, and the movement of
the energy of an excited three-body bound state BN+1

3 when |E2| is increased. In this case, the bound state becomes virtual,
with the corresponding pole, located in the positive imaginary axis of the momentum plane, moving to the negative imaginary
axis. In the lower frame the two-body system is virtual (no two-body cut) and the three-body state evolves into a resonance.

where i = 1, . . . , N and the Hamiltonian and overlap
matrices are given by

Hij = 〈Sφi|H|Sφj〉, bij = 〈Sφi|Sφj〉. (9)

The evaluation of the matrix elements is facilitated

because the mean value of the kinetic energy as well
as the overlap and the potential can be calculated
analytically since φi has been chosen as a Gaussian
function.

The results for E3 and E2 are presented in Fig. 1.
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Fig. 3. Two- and three-boson energies (real part) as
a function of λ. For λ = 0.943 E2 is zero and E3 =
0.19 MeV.

For large b we expect to fit a curve like E(b) = Er +
Kb−4, where Er is the real part of the resonance
energy [18].

3. RESULTS

The detailed pattern of the full trajectory of Efimov
states is well known and has been studied in several
papers [3, 22–24]. The upper part of Fig. 2 represents
the S-matrix poles corresponding to two consecutive
three-body bound states (BN

3 and BN+1
3 ) and the

disappearance of an excited state when the modulus
of the two-body binding energy (E2) is increased. In
this situation the S-matrix bound-state pole becomes
a virtual state passing through the elastic scattering
cut with branch point at E2. In the lower part of
the figure, the two-body cut is absent for a virtual
two-body state. In this case, the bound-state pole
dives in the three-body continuum becoming a reso-
nance [24]. The same qualitative behavior repeats for
an AAB system formed by two identical particles and
one different [25].

The above-described behavior (lower part) would
repeat in our 3B case, when E2 reaches the thresh-
old to become a bound state, as a consequence
of a greater attraction due to the shielding of the
Coulomb. However, the condition for a 2B system
with zero energy still presents a repulsive barrier
which should not be strong enough to prevent the
collapse of the 3B system. The Coulomb potential
VC(r) = λ4e2

r is weakened by decreasing λ. Figure 3
shows the two- and three-body energies as a function
of λ.

The three-body potential in the 3B system was
used to set the energy close to the 0+

2 state of 12C,
0.38 MeV. The 2B system reaches the zero energy

for λ = 0.943. This critical λ gives an energy of
0.19 MeV for 3B. We would have obtained a similar
effect for the decrease of the Coulomb potential by
making it screened by electrons. In this case, the
Coulomb is multiplied by e−(r/ρ)2 and the density of
electrons involving the alpha particles can be directly
associated with ρ. However, one should realize the
mathematical difference between the screening keep-
ing the Coulomb tail or by an exponential damping.
In the last case, the long-range Efimov potential,
when the two-body energy vanishes, can be active for
distances larger than screening length, ρ, and weakly
bound Efimov states with size much larger than ρ can
still appear.

4. CONCLUSIONS

This very preliminary calculation shows that the
remaining repulsive barrier is still strong enough to
prevent the Thomas collapse [7], and consequently
the appearance of Efimov effect, of the 3B system.
The 3B state will present a continuous transition to
a bound state only for λ = 0.884. Our results corrob-
orate a previous calculation for 12C made by Jensen
et al. [12]. It is also worthwhile to mention another
way to investigate the Efimov effect in the presence of
a Coulomb potential; more specifically, by considering
a zero-range potential for particles interacting via the
Coulomb potential as done in [26].

This means that, besides, the resonant nature of
the two-body subsystem, the three-body resonance
does not turn into an Efimov state as conjectured
in [13]. Obviously, a more detailed calculation should
still be made in order to verify the extension of our
results, as the two-body potential used in this toy
model is not including higher partial waves, which are
crucial to describe correctly the properties of 12C [15–
17]. A detailed analysis of the structure of the Hoyle
state in 12C, based on precise electron scattering
data, can be found in [27].
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