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Abstract

This study establishes that for a given binary BCH code C? of length
n generated by a polynomial g(z) € Fs[x] of degree r there exists a
family of binary cyclic codes {Cg}n,l(n +1)n}m21 such that for each m >

1, the binary cyclic code Cg];,l( ) has length 2™~ !(n + 1)n and is

n+1
generated by a generalized polynomial g(:v%") € Fy[z, Q%Zzo] of degree

2™y, Furthermore, 02 is embedded in C;?"—l(n+1)n and Cg}n—l(nJrl)n is
embedded in C’;’Z:E}l +)n for each m > 1. By a newly proposed algorithm,
codewords of the binary BCH code C? can be transmitted with high
code rate and decoded by the decoder of any member of the family

{C;’}n_l(nﬂ)n}mzl of binary cyclic codes, having the same code rate.

Mathematics Subject Classification: 11T71, 14A50, 94A15
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1 Introduction

In [4] Cazaran and Kelarev introduce the necessary and sufficient conditions
for the ideal to be a principal ideal and describe all finite principal ideal rings
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Lin|1, 9, - -+, 2, /I, where I is generated by univariate polynomials. More-
over, in [5], they obtained conditions for certain rings to be finite commutative
principal ideal rings. However, the extension of a BCH code embedded in a
semigroup ring F[S], where F is a field and S is a finite semigroup, introduced
by Cazaran et al. [6], in which an algorithm is considered for computing the
weights of extensions for codes embedded in F[S] as ideals. Valuable infor-
mation related to several ring constructions and concerning polynomial codes
was given by Kelarev [8] and [9]. Whereas, in [10] and [11], Kelarev discuss
the concerning extensions of BCH codes in several ring constructions, where
the results can also be considered as particular cases of semigroup rings of
particular nature. Andrade and Palazzo [1] elaborated the cyclic, BCH, alter-
nant, Goppa and Srivastava codes over finite rings, which are in real meanings
constructed through a polynomial ring in one indeterminate with a finite co-
efficient ring. Shah et al. [12] and [13], instead of a polynomial ring, the
construction methodology of cyclic, BCH, alternant, Goppa, and Srivastava
codes over a finite ring is used through a semigroup ring, where the results of
[1] are improved in such a way that in the place of cancellative torsion free addi-
tive monoid Zx( of non-negative integers, the cancellative torsion free additive
monoids 1Zs>q and 55Zxq are taken, respectively. This converts the whole con-
struction of a finite quotient ring of a polynomial ring into a finite quotient
ring of monoid rings of particular nature. In [12] and [13], R is considered as a
finite unitary commutative ring for the quotient rings R[z; 3Zx¢)/ ((z2)2 —1)

and R[x; Q%Zzo]/((am%)?” — 1), respectively. However, in [2] Andrade et al.
describe the decoding principle based on modified Berlekamp-Massey algo-
rithm for BCH, alternant and Goppa codes constructed through monoid rings

R[ZL’, %Zzo].

The existence of an ((n +1)% — 1, (n+1)3" — 1 — 3%r) binary cyclic code,
where k is a positive integer, corresponding to a (n,n — r) binary cyclic code
established in [14] through the monoid ring Fa[2; 9 Zso]. Furthermore, in [14] a
decoding procedure for an (n, n—7) binary cyclic code by an ((n+1)%" -1, (n+
1)3k —1—3"r) binary cyclic code is also given, which provides an improvement
in the code rate and error corrections capabilities.

Provoked by [14] we initiate the inquiry in support to binary BCH codes
alike binary cyclic codes however we observed that; for a binary BCH code
of length n = 2° — 1 generated by r degree polynomial g(z) € Fy[z] it is not
possible to construct a binary BCH code of length 2™~!(n + 1)n generated by
2™y degree generalized polynomial g(z77) € Fa[z, 5= Z>0). Though, in this
study, we instituted that corresponding to an (n,n — r) binary BCH code C?
there is a family {(2"'(n + 1)n,2™ Y (n 4+ 1)n — 2™r)},u>1 of binary cyclic
codes (represented as {Cgi-1(, 1), }m>1) such that CY is embedded in each

Cg?n,l(n ) Furthermore, we propose an algorithm which enables in decoding
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of a received vector of binary BCH code C? of length n through the decod-
ing of corresponding generalized received vector of any member of the family

{Ch (n +1)n}m21 of binary cyclic codes.

2 Cyclic code of length 2" !(n+1)n constructed
thI‘Ollgh FQ [il,', QLmZZO]

Let D[z;S] be a monoid ring. A nonzero element f of D[x;S] has unique
representation Y ., fix®, where f; # 0 and s; # s; for i # j. If S'is Zy and D
is an integral domain, particularly the binary field Fy, the monoid ring D|x; S|
is simply the polynomial ring D[z]. Clearly D[z] = D[x;Zso] C Dlz; $Z0).
Since 175 is an ordered monoid, it follows that we can define the degree of
an element in Dx; $Zx).

The indeterminate of generalized polynomials in monoid ring Fs[z; 555 Z>0]
is 227 and it behave like an indeterminate z in Fy [z]. For instance for a torsion
free cancellative monoid S the monoid ring Fy[z; S| is a Euclidean domain if
Fy is a field and S = Z or S = Zs¢ [7, Theorem 8.4]. Corresponding to
principal ideal (f(z=™)) in Fsz; s L>o) generated by f(z¥™) there is a factor
ring MZRZZO} and it is a field if and only if f(z27) is irreducible over Fs.

Clearly, it follows the following proposition.

Proposition 2.1 Let g(x) € Fylx,Z>o| be an r degree polynomial. If n =
25 — 1, where s is a positive integer and g(x) divides x™ — 1, then the general-
ized polynomial g(x%m) € Fylz, Q%Zzo] of degree 2™r, where m € ZT, divides
(x2m 2D 1 i By, 5 L>0).

If f(z77) = (z27)2" '+ D"_1 then an element of — 2 oignZad o g0
) ((xQLm)szl(nJrl)”—l) 0

a%mg—i-aglm@%—- @ gt (27 D1 where ay, A Gem=imiy-n
UL —m
are in Fy and ( is the coset x%m%—(f(x%m)) So f(¢) = 0, where ( satisfies the re-

lation (2" '("+n 1 = (. If 237 = (, then the ring —— > migmZad  pecomes
((xgm y2m= Tn+1)n_ 1)

Fy[z; o Z>01]2m 1 (n+1)n in Which the relation (z2m)2" " (tn 1 —  holds, that
2m—t(n+1)n _

= 1. The multiplication * in the ring Fy|x; QLmZZO]T”*l(nJrl)n
2m=l(n+1)n__

is (z7)
is modulo ((z=7) 1). So, given ¢(z7™), d(z77) € Folx ,2mZ>0]2m Ln+1)ns

we write ¢(22™ )xd(x2™ ) to denote their product in the ring Fg[ A kD
1

and c(z Tm)d(x%m) to denote their product in the ring Fo[7; 5 Z>0] If deg( (z77))+

deg(b(zzm)) < 2™ Y(n + 1)n, then c(z2@) x d(zzm) = c(xz) 1( )m).1 ())th—
Fm ( am

erwise, ¢(zTm) * (m}”) is the remainder left on dividing c¢(z2
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(wW)Qm '(thn _ 1 In other words, if ¢(xz7) % d(zz7) = r(zz7), then
c(z7m)d(z7) = r(z77) + ((mm )2 s — Dg(z7) for some generalized
polynomial q(:z:%m) To get c(xzm) * d(a:Tm), we compute the ordinary prod-
uct c¢(zzm)d(z=) and put (zzw)?"'tDn — 1 (x2’")2m et — g

m—1 1 .
(z7m)2" (0t nt2 — (2w)2 and so on. Now, consider 2 % c(x2m), and 1t
1 1 m—1
Would be C(gm—l(n+1)n_1) —G—COJJT" +C21 (.I' 2m ) + +C(2m 1(n+1)n 2) (me )2 (n+1)
— m e

In particular, take the product T K c(wW) in Folz; 5 Z>0]2m Lnt1)n- The
Fy-space Fy[x; %ZZO]mel(n_’_l)n is isomorphic to Fy-space IF HntD)n ; indeed,
corresponding to the generalized polynomials c(xz%) = co+ 02%3:2’” + -+

Cam-igsin- (zzm )27 (0t n=1 iy [y [ s L>0)am—1 (n+1), having 2™ (n + 1)n

m—1
terms, there is an 2"~ !(n+1)n-tuple (co, Case C(Qm—l(n+1)n_1)) infFa (b,
Thus, the isomorphism between the Vector spaces Fo[z; o Z>0]2m nt1)n and

F 1(n+1) is defined by ¢ — c(z 7).

The multiplication by 277 in the ring Fyx; 2},1 Z>0|2m -1 (n41yn corresponds to

Ln+1)n

cyclic shift o in F , that is, 277  ¢(z¥7) = o(c)(x=™). A subspace C

1 1 .
(ntn 4 is a hnear code. As already agreed, we recognize every

of Fo-space Fgm
vector ¢ in F2"~'(n with the polynomial ¢(z27) in Fylz: o= Z0)2m =1 (n4 1)
so Cgn— Lnat)n © Fyx; %Zzo]Qm—l(n+1) The elements of the code C,_ Lt T)n
are now referred as codewords or code (generalized) polynomials. By use
of the techniques of [14], the following results can easily be established for
2m1(n + 1)n instead of (n+ 1) — 1.

Theorem 2.2 [14] If CT!

o 1(nJrl)n,m > 1 1s a linear code over Fy, then

1

om-1(ni1yn 1S cyclic if and only if zzm % c(x7m) € om—1(ny1)n JOT €very

1
C(l‘ 27”) E 2m 1(?’L+1)

Theorem 2.3 [14] A subset Co.,, 1y, of Fa[z; s Lis0)am—1 (1) 08 @ cyclic

code if and only if C. is an ideal of the ring Fy|x; %Zzo]gm_l(nﬂ)n.

Qm—l(n+1)n

Note that (p(zz™)) = {b(z=™) % p(x=™) : b(z=™) € Fy[x; s L>0)2m—1 (n41)n }»
where p(z27) € Fylz; 7], represents the principal ideal generated by the
polynomial p(x%m) in the ring Fy[x; Q%ZZO]Qm_l(nH)n.

Theorem 2.4 [1/] For any m > 1, if is a monzero ideal in

Fo[#; 5 Z0)om—1 (ns1)n, then

27" I(n+1)n

1. there exists a unique monic polynomial g(x?2 ) of least degree in C,

2. glzz™) divides (z7=)2" (00 _ 1 in Byl s L50)2m=1 (n+ 1)

m=1(n+1)n’
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3. g(z) divides a(z=) for all a(z2™) €

).

Qm I(n+1)n’

E

4 Conarnatyn = (9(z

Conversely, if CI" where m > 1, is the ideal generated by p z2m) in
2

m=l(n+1)n’
Fyx; 2_mZZO]2mfl(n+1 s then p(xz%) is a generalized polynomial of least degree

2m=1(n+1)n
i C2m I(n+1)n

¥y [33, om Zzobm L(n+1)n-

if and only if p(x%m) divides (x%m) — 1 in the ring

By Theorem 2.4, if follows that only ideals in the ring F|x; %Zzo]gmq(nﬂ)n
are linear codes which are generated by the factors of (z27)2" ™ ("+1)n 1 Thus
we can obtain all cyclic codes of length 2™~ (n+1)n over F, if we find all factors
of (zzm)2" 't n _ 1 in Tyl s Zo0). In the case of trivial factors, we get
trivial codes. If g(zzm) = (z27)2" '(+Dn _ 1 then g(z27) = 0. Whereas

1

g(z7) = 1 implies (g(x7)) = Fa[w; 55 Zsolam—1(nt 1)n-

Definition 2.5 Let CJ;,_ Lnt1)n

where m > 1. ]fg(mm) 15 the unique monic generalized polynomial of least de-

gree in Cg, L T)n? then g(x%m) 18 called the generator generalized polynomial
of the cyclic code Cg;,

be a nonzero ideal in Fy[x; %ZZO]mel(n_Fl)n,

m=1(n+1)n"

If CI = (p(z=7)) is the ideal generated by p(z=7), then p(z=~)

m—1(n+1)n

is the generator generalized polynomial of CJ; if and only if p(x 2m) is

m=1( n+1)
monic and divides (z77 )"~ ("7 — 1 in Fyla; 55 Z0).

3 Relationship of a BCH code and a cyclic
code

Let C? be an (n,n — r) binary BCH code based on the positive integers ¢, dy,
g = 2 and n such that 2 < §; < n with ged(n,2) =1 and n = 2° — 1, where
s € ZT. Consequently, the binary BCH code C? has generator polynomial
g(x) = lem{m;(z) : i =c,c+1,---,c+ 6 — 2} of degree r, where m;(z) are
minimal polynomials of ¢?, for i = ¢,c+ 1,-++,¢+ §; — 2. Whereas ( is the
primitive n'* root of unity in Fy. Since m;(x) divides 2™ —1 for each i, it follows
that g(z) divides £ — 1. This implies C° = (g(z)) is a principal ideal in the
factor ring Fy[x ] As it is established in Proposition 2.1 that the generalized
polynomlal g(z77) € Fylz, 5 L) of degree 2™r divides (zzm gm )2t ] iy

Folx, 5 Zo), so there is a family {Cj,_ Lnt1yntm>1 Of cyclic codes generated

by {g(z7 ) }ms1, in {Falz T; 55 L>0)2m=1 (nt1yn fm>1. Since (zz)2" — 1 divides
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(x7m)2" 0 in Fyla, 55 Z5), it follows that ((z2m )" '(+Dn — 1)
((z#7)2™™ — 1). By third isomorphism theorem for rings

Filt, g o] /((@P)2" 0400 _ 1) Fye, LZs)

1 >~ T and
(w2 = 1) (@S 1)~ (2 = 1)

IFylx] - Fylx ,QmZ>0]
@ =1) " (@ —1)

Thus 02 is embedded in C’;’Zn,l(n +)n under the monomorphism defined as
a(x) =ag+ a4+ a,_12" — ag —|—a1(x%m) ot A 1)(1-2%)27”(7171)(:
a(l’%m)) Also, if g(mm) is the generator polynomlal of the code Cf-1(, 11y, In
Falz; om Z>0]2m*1(n+1)n, then g(zm+T T ) is the generator polynomial for the cyclic

code Cgfn(iﬂ)n in the monoid ring Fa[2; gmrr Zso|om (n+1)n. Thus Cor_ Lt 1) 18
1
embedded in Cgfnﬁﬂ)n which is defined as a(z27) — a(xz71). The above

discussion shapes the following theorem.

Theorem 3.1 For a positive integer s, if C° is a binary BCH code of length

n = 2% — 1 generated by the polynomial g(x) = Y ;_, gix" € Falx] of degree r,
then

1. there exists a family {Co,_. n+1)n}m21 of binary cyclic codes such that

for each m > 1 CJ,_ Lnt1)n has length 2™~ (n + 1)n, generated by the

generalized polynomial g(x7™) = gy + g1(7™)2" + -+ + gom (z77)2"" €
Folx, 5 Zso) of degree 2™r,

2. the binary BCH code CY is embedded in each binary cyclic code C3:

m=l(n+1)n
form >1,

[N I [

3. there are embeddings On+1)

for the members of the family {ngln—l(n+1)

221(n+1)n grlnfl(n—&-l)n
W m>1 of binary cyclic codes.

[s it possible for a binary BCH code C? = (g(x)) that there is a binary
BCH code C7;,- Yt 1)n generated by polynomial g(xz%)? The answer is no,
indeed, as we know that generator polynomial of a binary BCH code is the
least common multiple of irreducible polynomials over Fy. For instance, if
g(x) = >i_, gix" is the generator polynomial of the binary BCH code C?, then

g(@=™) = gotgr (277" - gy (127)7 = (g1 (227) 4+ -t gp (i ))”
is not the least common multiple of irreducible polynomials in Fa[z, 55 Z>o).

Hence, g(x%m) is not qualified for a generator of a binary BCH code.
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4 General decoding principle

McEliece, Berlekamp and Van Tilborg [3] proved that the maximum likelihood
decoding is an NP-hard problem for general linear codes. Though by the
principle of maximum likelihood decoding we obtain a codeword after decoding
which is closest to the received vector while the errors are corrected. We use
the decoding procedure which follows the same principle.

Now, we interpret the decoding terminology for a 2™ ~!(n + 1)n length
binary cyclic code C0 - L(ni1)n rom the family {Ch.- Lnt1)n }m>1 of binary
cyclic codes. Let parity check matrix of a binary cyclic code oy —1 (nt1)n be
H. If a vector b is received, then we obtain the syndrome vector for b as
S(b) = bH”. In this way, we calculate syndrome table which is useful in
finding the error vector e such that S(b) = S(e). So the decoding of the
received vector b has done as the transmitted vector a=b —e.

The general principle of decoding is; choose the codeword which is closest
to the received vector. For this determination, we make a look-up table that
gives the nearest codeword for every possible received vector. The algebraic
structure of a linear code as a subspace offers a suitable method for making such

a table. As C;},?O ot )n is a subspace of [Fy-space Fg HntD)n . So C;},?O nt1)n
is a subgroup of the additive group FQmofl("H)n. Recall that for every a €
Fgmo_l(nﬂ)n + Comptninyn = fatc:ce Cyny 1), }is called a coset of
;Zfo,l(nﬂ)n. These cosets form a partition of the space IF2 DR Hence
Fng_l("“)” is the disjoint union of distinct cosets.
Let y be any vector in ]FQmOfl(nH) , and suppose X E oy 1(n+1) is the

codeword nearest to y. Now x lies in the coset y + CJ,0 Lot n = ={y—c:

€ Oy sy} Foralle € Oy it follows that d(y,x) < d(y,c),

e, w(y —x) < w(y —c). Hence, y — x is the vector of least weight in the
coset containing y. Writing e = y — x, we have x = y — e. Thus the following
theorem is obtained.

Theorem 4.1 Let Cgf,?o . - Fgmo—l(nﬂ)n
“L(n+1)n

be a cyclic code. Given a
vector' y € FQ , the codeword x nearest to 'y is given by x =y — e,
where e s the vector of least weight in the coset containing y. If the coset
containing y has more than one vector of least weight, then there are more

than one codewords nearest to'y.

be a linear code in Fg COEDR  The coset

15 defined to be the vector with the least

Definition 4.2 Let 2m0 1( +1)n

leader of a given coset of C' 2m0,1(n+1)n

weight in the coset.
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Theorem 4.3 Let C)° be an (2™ (n+1)n, 2m0_1(n+ 1)n—2mor)

2m0~(n+1)n
code over Wy, and let H be a parity-check matriz of Co _ Lt )n Then,
m, 1 n n
Comy- Y nt1)n —{xelF " Y =0= Hz"}.
By Theorem 4.3, it follows that S(y) = 0 if and only if y € CJ70 - Lt 1)

Fory,y/ € ]FQmO*l(”“)" S(y) = S(y’) holds if and only if (y—y’')HT = 0, that
is, y —y" € Com - Lt )n Hence two vectors have the same syndrome if and

only if they lie in the same coset of C;Z,?O Nty Thus there is a one-to-one
correspondence between the cosets of 2m0 Lt 1) and the syndromes. A table

with two columns showing the coset leader e; and the corresponding syndromes
S(e;) is called the syndrome table. To decode a received vector y, we compute
its syndrome S(y) and then look at the table to find the coset leader e for
which S(e) = S(y). Then y is decoded as x = y —e. The syndromes are
given by S(e;), where e; for i = 1,2,---,2%"°" are the coset leaders, F = F,
and S(e;) = e;H?, for i =1,2,--.,2%"".

Consider a binary BCH code C? based on the positive integers ¢, 0, ¢ = 2
and n such that 2 < § < n with n = 2°— 1, where s is a positive integer. Let
be a primitive n'" root of unity in Fu. Let m;(z) € Fy[z] denote the minimal
polynomial of (. Let g(x) be the product of distinct polynomials among m;(z),
fori =c,c+1, -+, c+5—2, that is, g(z) = lem{m;(x) : i = ¢,c+1, -+, c+5—2}.

Assume that for a fixed m = my, C’g}n,l(n +1)n 18 2 binary cyclic code of
length 2™ !(n + 1)n = n’) with minimum distance d and with generator gen-
eralized polynomial g(z¥7) from the corresponding family {Comt iy tm>1
of binary cyclic codes, which has the check generalized polynomial h(x%m) =
h(n/_zmr) (:B%”)”/_er + h(n/_gmr_l)x%””/”mr_l +---+ h%mx%m + hg, which sat-

=

1 n'

1sﬁes gz — 1 = g(z¥7) % h(z¥"). Thus, the matrix H is given by

B —amey  Pw—ame_yy - .. ho 0O 0 --- 0
2m 2771
0 Bwroamey - . by he 0
o2m 2m
O 0 O h(n’72m7‘) h(n’72m7‘71) R e h/L h/()
oM om 2m

is the (2™~ (n+1)n—k) x 2™~ (n+1)n parity-check matrix for C with

m=1(n+1)n
k=2m"1(n+1)n—2"r. Syndrome of the vector a € IF T g denoted as
S(a) = aHT. For the vector a = (ay, R UCSIPEE a(gmfl(;il)n,n) €

F2" (0" the generalized polynomial is a(z2m) = ao + a%mx%m ot

2m=1(n+1)n—1

1
s (n—1
A1) T2 (=1 4 me Yot N in Fo[2; 30 Z0)2m—1(n4 1)
2

and thus S(a) = aH". Assume that the codeword v € (' is transmitted and
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the received vector is a = v + e, where e = (eo,e%m,e%m, Ce e am(ntyno1) )
2m

is the error vector having polynomial form e(x%m) = e + e%mxﬁ + -+

€ am1(npnn (xT7 )2 01 Thyg S(e) = S(a). Now, the syndromes
2m

for the binary cyclic code Cg’}n_l(n )
1,2,---,22" (vt )n—k are the coset leaders, k = 2™ Y(n + 1)n — 2™r and
S(e;) =e;HT for i =1,2,..., 22" (ntl)n=k

Now, we introduce a decoding procedure for a binary BCH code of length n
through a binary cyclic code of length 2™~!(n+1)n in the corresponding family
{Ch (n +1)n}m21 of binary cyclic codes. Though, here we sum up the proce-
dure which indicates the steps in decoding a received word of the cyclic code
of length 2~ !(n+ 1)n and clarify the method finding the enveloped codeword

of a binary BCH code of length n. The decoding procedure is given by

are given by S(e;), where e; for i =

Step 1: Evaluate the check generalized polynomial h(x%m) of binary cyclic
code 02m"1—1(n+1)n'

Step 2: Construct the Syndrome table for the binary cyclic code C’;’}n,l(n )

Step 3: Calculate the received generalized polynomial &' (z27) in the ring
Fylx; QLmZzo]Qm—l(n+1)n corresponding to received polynomial b(x) € Fy[z],.
Step 4: Calculate the syndrome vector for the vector
b’ = (b, b%m’ b%m’ o b, G am gy ) € Fgm_l(N—H)n
2m

om

corresponding to the received generalized polynomial &/ (x%m) = bo—i-b%mx%m ceet

b% (7)o e b gt gy £T 2 (D=L i Ty [ oz Li0)am—1 (n+1)n-

Step 5: By looking at syzndrome table (step 2), find the coset leader e for
which S(b") = S(e).

Step 6: Decode b’ as b’ —e = a’.

Step 7: The corresponding corrected codeword polynomial a(z) in binary
BCH code C? is obtained.
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