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Resumo

Observagoes realizadas nas ultimas trés décadas confirmaram que o universo se encontra
em um estado de expansao acelerada. Essa aceleragdo é atribuida a presenca da chamada
energia escura, cuja origem permanece desconhecida. A maneira mais simples de se modelar
a energia escura consiste em introduzir uma constante cosmoldgica positiva nas equagoes
de Einstein, cuja solu¢do no vacuo é entdo dada pelo espago de de Sitter. Isso, por sua vez,
indica que a cinematica subjacente ao espago-tempo deve ser aproximadamente governada
pelo grupo de de Sitter SO(1,4), e ndo pelo grupo de Poincaré 15O(1, 3).

Nesta tese, adotamos tal argumento como base para a conjectura de que o grupo que
governa a cinemética local é o grupo de de Sitter, com o desvio em relacao ao grupo de
Poincaré dependendo ponto-a-ponto do valor de um termo cosmolégico variavel. Com o
propésito de desenvolver tal formalismo, estudamos a geometria de Cartan na qual o espago
modelo de Klein é, em cada ponto, um espaco de de Sitter com o conjunto de pseudo-raios
definindo uma func¢ado nao-constante do espago-tempo. Encontramos que o tensor de
tor¢ao nessa geometria adquire uma contribuicdo que nao esta presente no caso de uma
constante cosmolégica. Fazendo uso da teoria das realizacbes ndo-lineares, estendemos
a classe de simetrias do grupo de Lorentz SO(1,3) para o grupo de de Sitter. Em
seguida, verificamos que a estrutura da gravitagdo teleparalela— uma teoria gravitacional
equivalente a relatividade geral— é uma geometria de Riemann-Cartan nao linear.

Inspirados nesse resultado, construimos uma generalizagao da gravitacao teleparalela
sobre uma geometria de de Sitter—Cartan com um termo cosmolégico dado por uma
funcao do espago-tempo, a qual é consistente com uma cinemaética localmente governada
pelo grupo de de Sitter. A fun¢do cosmoldgica possui sua propria dindmica e emerge
naturalmente acoplada nao-minimalmente ao campo gravitacional, analogamente ao que
ocorre nos modelos telaparalelos de energia escura ou em teorias de gravitacao escalares-
tensoriais. Caracteristica peculiar do modelo aqui desenvolvido, a fungdo cosmologica
fornece uma contribuigdo para o desvio geodésico de particulas adjacentes em queda livre.
Embora tendo sua prépria dindmica, a energia escura manifesta-se como um efeito da
cinematica local do espago-tempo.



Abstract

Observations during the last three decades have confirmed that the universe momentarily
expands at an accelerated rate, which is assumed to be driven by dark energy whose origin
remains unknown. The minimal manner of modelling dark energy is to include a positive
cosmological constant in Einstein’s equations, whose solution in vacuum is de Sitter space.
This indicates that the large-scale kinematics of spacetime is approximated by the de
Sitter group SO(1,4) rather than the Poincaré group 150(1, 3).

In this thesis we take this consideration to heart and conjecture that the group governing
the local kinematics of physics is the de Sitter group, so that the amount to which it is
a deformation of the Poincaré group depends pointwise on the value of a nonconstant
cosmological function. With the objective of constructing such a framework we study the
Cartan geometry in which the model Klein space is at each point a de Sitter space for
which the combined set of pseudoradii forms a nonconstant function on spacetime. We
find that the torsion receives a contribution that is not present for a cosmological constant.
Invoking the theory of nonlinear realizations we extend the class of symmetries from the
Lorentz group SO(1,3) to the enclosing de Sitter group. Subsequently, we find that the
geometric structure of teleparallel gravity— a description for the gravitational interaction
physically equivalent to general relativity— is a nonlinear Riemann—Cartan geometry.

This finally inspires us to build on top of a de Sitter—Cartan geometry with a cosmological
function a generalization of teleparallel gravity that is consistent with a kinematics locally
regulated by the de Sitter group. The cosmological function is given its own dynamics and
naturally emerges nonminimally coupled to the gravitational field in a manner akin to
teleparallel dark energy models or scalar-tensor theories in general relativity. New in the
theory here presented, the cosmological function gives rise to a kinematic contribution in
the deviation equation for the world lines of adjacent free-falling particles. While having
its own dynamics, dark energy manifests itself in the local kinematics of spacetime.

Keywords: dark energy, de Sitter special relativity, teleparallel gravity, cosmological
function, Cartan geometry.

Subjects: gravitation, cosmology, special relativity.
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And different forms of ... make laws in different ways. Some operate
democratically; in others the aristocrats rule; and in still others a single
tyrant makes the laws. It all depends on their various interests. They all
claim that what is advantageous to themselves is justice for the people
they rule. Anyone who violates this principle they punish as a lawbreaker,
and they brand that person as unjust. That is what I mean, sir, when
I say that there exists in all states the same principle of justice, and
that is the interest of the established . ... In all cases the ... has the
power, so the only reasonable conclusion is that everywhere there is but
one principle of justice: the interest of the stronger.

Thrasymachos in Republic I, 338d-339a, Plato
(Translation by B. Jowett)



1 | Prolegomena

The gravitational force was the first of the four fundamental interactions in physics to
have been given a quantitative description when Sir Isaac Newton stated his law of
universal gravitation in 1687. Well over three centuries later the ubiquitous gravitational
interaction still lacks a solid understanding both at the smallest of unobservable and
the largest of observable length scales, considering that Einstein’s general relativity
remains in full control in between. At very small distances and high energies, i.e., around
the Planck energy density, a quantization of the gravitational interaction is expected
indispensable [Pad87, Kie07]. The problem of constructing quantum gravity is thus of
direct relevance to understand the physics of the interior of black holes and the stages of
the universe closely following the big bang, but trying to solve it head-on might result too
ambitious.

It is not impossible that general relativity comes short in describing the evolution of
the large-scale structure of the universe, so that it may not be the complete story at
the classical level already. Until the nineties of the last century the gravitational force
had been observed to be attractive only, such that the expansion of the universe was
believed to be decelerating. In 1998, however, comparison of the apparent luminosity and
redshift for a set of Type Ia supernovae showed for the first time that the expansion of
the universe fairly recently started to accelerate [PT99, R198], i.e., gravity has a repulsive
component. According to Einstein’s equations such a component can only be the result
of some sort of energy whose pressure to density ratio is less than —1/3, coined dark
energy due to this exotic equation of state. The simplest candidate for dark energy is the

cosmological constant A, which has a pressure to density ratio equal to —1 if interpreted as
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a perfect fluid. Observations indicate it accounts for about 70% of the total energy density,
whereas the remaining 30% is almost completely made up of pressureless dust [AT15]. It
is part of the standard model of cosmology— the so-called A cold dark matter (ACDM)
model— that dark energy is the cosmological constant, being the simplest model consistent
with the present state of observational data. Nevertheless, the absolute constancy of the
cosmological constant due to its inability to interact with other forms of energy, as well
as the lack of a physical explanation for its observed value which is close to 10752 m~2,
give it a somewhat artificial appearance unless one is willing to interpret it as another
fundamental constant of nature. Alternative models for the cosmological constant to
explain the observed dark energy come in a number of varieties. Some of these models
minimally couple exotic scalar fields to general relativity, while others modify gravity
directly [CST06]. Generally they account for some form of dark energy with a dynamical
equation of state that mimics a present-day cosmological constant driving the accelerated
expansion of the universe.

The existence of dark energy suggests that the large-scale geometry of spacetime must be
considered a deformation of de Sitter instead of Minkowski space, for it is the former that
solves Einstein’s equations in the absence of further contributions to the energy-momentum
density. The kinematics of physics at this scale is consequently expected to be governed
by the de Sitter group SO(1,4) in place of the Poincaré group 150(1,3), for what reason
its characterization by special relativity is to be replaced with the more general de Sitter
special relativity [ABAPO7]. The degree to which the kinematic group is deformed from the
Poincaré to the de Sitter group depends on the value of A, which in the case of dynamical
dark energy must be allowed to become time dependent. In addition, there seems no reason
to suppose a priori that dark energy should remain homogeneous over scales where the
cosmological principle breaks down, such that A and the corresponding kinematic group
become spacetime dependent in principle. According to this scheme, different regions
in spacetime are approximated by de Sitter spaces with different cosmological constants
whose values are given by the cosmological function A. Because the cosmological function
modifies the local kinematics of physics one anticipates it to form an integral part of the
geometry of spacetime.

The working objective of this thesis consists in finding the precise mathematical structure
to implement this scheme and to apply it in order to construct a generalization of the
gravitational interaction coupled to the cosmological function. The set of mathematical
tools that are necessary to describe the spacetimes we are after is contained in Cartan
geometry, which is a nonhomogeneous version of Klein geometry [Sha97]. Klein geometries
describe homogeneous spaces in terms of their Lie symmetry groups, which connect any
two of the spaces’ points. When these symmetries are retained only between points that are
separated by an infinitesimal element, Cartan geometry introduces inhomogeneities that are
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quantified by nonzero values for the curvature or torsion two-forms or both. Accordingly,
the space characterized by the Cartan geometry is at each point approximated by the
corresponding homogeneous Klein space. It becomes intuitively clear that we need to
consider a Cartan geometry modeled on de Sitter space in order to achieve our purpose,
but with the peculiarity that the set of cosmological constants, i.e., the cosmological
function, is nonconstant on spacetime.

It appears sensible to have the cosmological function implemented in this manner as the
obtained geometry reduces to a Riemann—Cartan geometry when A vanishes everywhere.
This is nothing but a Cartan geometry modeled on Minkowski space, from which it is
well known that its zero-torsion variant is the framework that underlies general relativity.
When it is curvature instead of torsion that is turned off, the resulting Riemann—Cartan
geometry is used to describe teleparallel gravity. This theory is physically equivalent to
general relativity in its description of the gravitational interaction, although conceptually
it is rather unlike it [AP12]. A key difference between the two alternatives is that the spin
connection of teleparallel gravity accounts for inertial effects only, such that it does not
bear any gravitational degrees of freedom. Inertial and gravitational effects are therefore
logically separated, which makes the description robust against a hypothetical breakdown
of the weak equivalence principle. When aiming for a generalization of the gravitational
interaction in the presence of the cosmological function, we shall take as our starting point
the description of teleparallel gravity rather than the one of general relativity. This way
gravitational degrees of freedom are encoded in the torsion of the geometry, while the spin
connection represents inertial effects due to the noninertiality of the frame and kinematic
effects due to the cosmological function.

To conclude this introductory chapter we give a brief outline of the thesis.

o Basic tools regarding differentiable manifolds, Lie groups and principal fibre bundles
are recalled in §2, which are preliminary to a modern treatment of geometry.

o Geometry is the central theme of §3. The abstract geometries of Ehresmann connec-
tions are introduced first, after which the Lie theoretic descriptions of homogeneous
Klein geometries and nonhomogeneous Cartan geometries are looked at in detail.
We additionally revise the relation between Ehresmann and Cartan connections.

o §4, based on Ref. [Jenl4], constructs de Sitter—Cartan geometry, which is a Cartan
geometry modeled on de Sitter space so that the cosmological function is nonconstant.
Afterwards, a nonlinear realization of the Cartan geometry is considered to render
the construction SO(1,4) invariant.

o In §5 we review teleparallel gravity and clarify how its historical interpretation as a
gauge theory for the Poincaré translations can be understood in terms of a nonlinear

Riemann—Cartan geometry.
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o §6, based on Ref. [JP16], introduces de Sitter teleparallel gravity, which generalizes
teleparallel gravity for the cosmological function using de Sitter—Cartan geometry. It
is shown what the phenomenology is of the kinematic effects due to a nonvanishing
cosmological function. Finally, we postulate the dynamics of the gravitational field
coupled to the cosmological function.

o The thesis is concluded in §7.



2 | Preliminaries

In this first of three mathematically inclined chapters we provide a selective survey of
differentiable manifolds and Lie groups preliminarily to the study of Cartan geometry in
the following chapter. This review is mainly based on the first chapter of the beautiful
exposition [KN96a] and the book [Nak90].

2.1 Differentiable manifolds

2.1.1 Topological spaces and differentiable atlases

Definition. Let S be a set and let P(S) = {S | S < S} be the power set of S, i.e., the
collection of subsets of S. A subset 75 of P(S) is a topology on S if the following is true,

namely,

(i) The empty set ¢ and S itself are in 7g;
(ii) The union of any number of elements of 75 is an element of 7s;
(iii) The intersection of any finite number of elements of 75 is an element of 7s.

The pair (S, 7s) is called a topological space and the subsets of S that are in the topology
are referred to as open sets. The elements of S are called points. We shall generally
abbreviate notation and denote the topological space simply by S.

This at first sight rather abstract construction gives us a qualitative notion of closeness
between points of a set. This notion is obtained when the topology is used to define
convergence of sequences in a topological space.
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Definition. A sequence of points 1, ... 2y, ... = {xp}n_; converges to the point z if for
any open set U that contains x there is a natural number ny such that the tail {xn}n>nU
is in U. The convergence of the sequence is denoted by z,, —> .

The points {z,}

then {xn}n>nv n>ngy

x than the points in U/V. By considering a countable series of open subsets that contain

n>ny are said to be closer to x than x,,,. If V' is an open subset of U,

is a subtail of {z,} and ny > ny, so that the points in V' are closer to
x, the points of the corresponding subtails get arbitrarily close to x. To assure oneself
that this abstraction is natural, it is useful to concretize it for the set R¢ of real d-tuples
= (' .. .2t .. . x%).

Example. The usual topology on RY is constructed as follows. For any point = and any
positive real number r, the open ball with center x and radius r is defined by

B(z,r) ={ye R | |z —y| <r}.

The open sets U that constitute the usual topology are those that for each x € U encompass
an open ball with center . Consider a convergent sequence x,, — x with respect to the
usual topology. Let a collection of open sets that contain x be given by B(z,r) for any
strictly positive . Since the sequence {x,} converges to x, there is for any radius a number
n; such that B(z,r) contains the tail {z,},, ,
When r gets arbitrary small, the elements of the sequence contained in B(z,r) come

that is, ||z, — z| < r for any n > n,.

arbitrarily close to x, generally denoted by lim,, o z, = =.

A subset N of § is a neighborhood of a point x if N encompasses an open set to which
x belongs. If N is open it is called an open neighborhood. Evidently, the elements of the
usual topology on R¢ are open neighborhoods of any of its points.

A topological space (S, 7s) is a Hausdorff space if for any two points there exist disjoint
neighborhoods. The set R? with the usual topology is an example of a Hausdorff space.
Indeed, for any two points x; and x9 there exist B(x;,r) with r < |z1 — x2| /2.

Let S and T be topological spaces. A function ¢ : S — T is continuous if the preimage
of any open subset of 7 is open in S, i.e., o~ }(V) € 7s whenever V € 7. The function

I are continuous. This implies

© is homeomorphic if it is a bijection and both ¢ and ¢~
that open sets of S are mapped to open sets of 7. When there exists a homeomorphism
between two topological spaces they are said to be homeomorphic. In particular, if a
mapping ¢ : S — R? is a homeomorphism, S is homeomorphic to R

Naturally, not every topological space is homeomorphic to R?. We are nonetheless
interested in topological spaces whose open sets are homeomorphic to the open sets in R¢.

To provide a topological space with such a structure, we first define it.

Definition. A differentiable atlas of dimension d for a topological space S is a collection
of pairs {(U;, ¢;)} for which the following is true:
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(i) Every U; is an open set of S and u;U; = S;
(ii) Each ¢; is a homeomorphism from U; onto an open subset of RY;
(iii) Whenever U; n U; is nonempty the homeomorphism ¢; o gpi_l iU nUj) —
©;(U; n Uj) is differentiable, i.e., of class C™.
The pairs (U, ¢;) are called coordinate charts or just charts. The second item makes sense
because the sets U; are topological subspaces of S with topologies

v, ={U; nU | U € 75}.

When the last condition is dropped, the atlas is said to be topological instead of differen-
tiable.

Definition. A differentiable manifold M of dimension d is a Hausdorff space on which is
defined a d-dimensional smooth atlas.

The above defined manifold is for obvious reasons also called a real differentiable manifold.
A complex (analytic) d-dimensional manifold is readily constructed by demanding that
the homeomorphisms ¢; of the coordinate charts map onto open subsets of C¢. From now
on, by a manifold we shall mean a real differentiable manifold.

The smoothness of the transition functions ¢; o (pi_l can be written as follows in terms
of coordinate charts. Consider a nonempty intersection U; n U; on which there are defined
two coordinate systems = = ¢; and y* = ¢; taking values in some open set of RY. The
transition function on this open set takes the form y*(z") = ¢; o ;! (z). Differentiability
of such a mapping means that the functions y*(z”) are smooth, so that oy*/dx" and
higher order derivatives exist.

A mapping f from a d-dimensional manifold M to a d’-dimensional manifold M’ is
differentiable if for every chart (U;, ¢;) of M and every chart (Vj, ;) of M’ such that
f(U;) € Vj, the RY-valued function t; o f o ;1 ;(U;) — v;(V;) is differentiable. We
shall denote the latter equally by f or f*, where i/ = 1,...d. If we denote z# = ¢,
and y* = 1;, the mapping may be expressed as Y = f“/(x“). If f is a bijection and
its inverse is differentiable, it is called a diffeomorphism. One may conclude that d = d’
because all the matrices ¢j o f o Lpi_l are invertible as well. If the diffeomorphism goes
from M to itself, it is also called a transformation.

At this point it is appropriate to dedicate a few lines to the relationship between
diffeomorphisms and coordinate transformations on a manifold M, on which there are
defined two atlases {(U;, p;)} and {(V},4;)}. For any two overlapping charts (U;, ;) and
(Vi, ;) a coordinate transformation is defined by

Yot iU 0 Vy) = b (Ui A V) s o o g (2¥) = 4y 0 7 ().

From the definition of a differentiable atlas it follows that a coordinate transformation is a
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smooth invertible transformation on R?. Concretely, the points of M with coordinates
x# are given new coordinates y*, but the points themselves have not changed. On the
other hand, given a diffeomorphism f : M — M, we may consider its representation on
R9, namely,

piofoprt i oiUin f7HU)) — ¢ (fU) ;) at — yH(2¥) = pjo fop; H(ah).

The point with coordinates x* is mapped to another point with coordinates y*, whereas
the coordinate atlas itself has been left untouched. Diffeomorphisms and coordinate
transformations can be identified with each other on subdomains of R? by choosing
Y; = pjoforf= <pj_1 o 1;. Whether one prefers to think about the transformation
xH — yH(x") as a coordinate transformation (the passive point of view) or a diffeomorphism
(the active point of view) is not relevant mathematically.

2.1.2 Tensor fields

There are two subclasses of mappings on a given manifold M that are worthwhile to
consider explicitly. The first consists of the curves xy, which map open intervals of R into
M, ie., te (a,b) — x; € M. We shall assume that a curve does not intersect with itself,
although they may form loops. A second important class of mappings are made up by
the functions f : M — R, which assign a real number to each point of the manifold. The
set of differentiable functions on M will be given the name .% (M). With the help of a
coordinate chart (U;, ¢;) one readily obtains a curve ; oz in ¢;(U;) < R? and a function
fop; ! on ¢;(U;). We generally shall write them as z}' = ¢;(x;) and f(z#) = f o @; H(xH),
respectively.

The tangent vector X to a curve z; at the point x = x4, is the mapping .Z (z4,) — R
defined by

Xof = ST 0wl forany f e Fla,), (2.1.1)

In terms of a local coordinate system (Uj, ¢;), this is expressed as @}'0,,|¢, f(2”), where the
dot means differentiation with respect to t. The tangent vector to x; at any point along
the curve is therefore given by
0 dzl! 0
xn % 9 (2.1.2)
ozH dt Ozt

which is the directional derivative along the curve. If (V},1);) is a second coordinate chart
such that @ = x4, € Vj, one also may write (2.1.1) as ;' 0, f(y”). It follows directly that



2.1 Differentiable manifolds

the components of a tangent vector at x transform according to

oy

XH— XY
oV |,

under the coordinate transformation x# — y*(x¥) = 1h; o ; *(x¥).

Obviously, at any point x the tangent vector is a linear operator on the space .# (z),
i.e., for any two functions f and g it is true that X (f + g) = X(f) + X(g). Furthermore,
it satisfies Leibniz’s rule, i.e., X(fg) = X(f)g + fX(g). Under the natural addition and
scalar multiplication, the set of tangent vectors forms a vector space at any x, which is
called the tangent space T, M. From (2.1.2) it is evident that the collection {0/dz*} forms
a basis for the tangent space, so that dim 7, M = dim M. For obvious reasons it is called
a coordinate basis.

A wector field X on M is obtained by smoothly assigning a tangent vector at any point
in M. More precisely, the function X f, being defined pointwise by (X f)(x) = X, f, is
differentiable whenever f € .%(M). Vector fields are thus mappings of .% (M) onto itself,
the set of which we shall denote by 2 (M). They constitute an infinite-dimensional
vector space under the natural addition and scalar multiplication. Moreover, it is a Lie
algebra! with the bracket given by [X,Y]f = X(Y f)—Y (X f), which on a local coordinate
patch is expressed as [X,Y]" = XY0,Y* —Y"”d,X". The bracket is a commutator, i.e.,
[X,Y] = —[Y, X] and therefore satisfies the Jacobi identity

[X. Y], Z] +[[Y, 2], X] + [[Z, X],Y] = 0.

If a collection {ey}, with @ = 1,...dim M, of vector fields on M is at any point on which
they are defined a basis for the tangent space, it is said to be a frame. The commutator
of two elements of the frame can at any point be written as a linear combination of the
frame fields, i.e.,

[eav eb] = Cabc(p)em (213)

where the nonconstant c,,° are called the structure functions of the frame. Note that the
structure functions of a coordinate basis vanish. When it is possible to define a frame on
the whole of M, the manifold is said to be parallelizable.

The total differential df of a function f is the .#(M)-linear functional on the set of
vector fields 2" (M) that is defined pointwise by

dfz(X) = X,(f), forany X € Z'(M). (2.1.4)

In a local coordinate system (U, ;) such that a# = ¢;, (2.1.4) implies da*(0,) = .

!See §2.2 for the definition for a Lie algebra.
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Hence, the set {dz#} forms a dual set to the coordinate basis and spans the cotangent
space T; M, which is equal in dimension to T, M. Because df (X) = X"df(0,) = X"0,f =
XV0,fdx*(0,), it is obvious that df = 0, fdxz*. Of course, not any element w,dz" of
the cotangent space can be written as a total differential of a function. A one-form
w: L (M) - F(M) is a smooth assignment of an element of the cotangent space
at any point along M whereby it is meant that w(X) is differentiable whenever X is
differentiable. From now on the set of vector fields and the set of one-forms are denoted
by TM = 2 (M) and T* M, respectively. We remark that in a local coordinate system
one finds that w(X) = w,X*, from which it is readily concluded that a coordinate
transformation z# — y#(z”) induces at any point a concomitant transformation on the
components of the one-form according to w, — w, 0z /dy*.

It is then possible to interpret a vector field as a mapping of one-forms into functions by
identifying X (w) = w(X), which in a local coordinate system gives meaning to the equality
dudz” = 4. Such an interpretation paves the way for the introduction of differentiable
multilinear mappings

T:-T"Mx .. T"MxTMx .. TM — F(M),

J

~
r times s times

which are named (7, s)-type tensor fields and whose collection we shall label by 77 M.
Elements of Tj M are also called contravariant tensor fields, while those of T° M go by
the name of covariant tensors. The tensor product @ of two tensor fields T € T} 11./\/1 and
S e T;2 M is the (r1 + 72, s1 + s2)-type tensor field defined through

(TR S)Wiy.v Wy My e Mgy X1y oo Xgy, Y1,...Ys,)
=T(w1,-  wpy, X1y Xg))S(M1y e My, Y1, ... Ys,),

for any set of one-forms ({w;},{n;}) and vector fields ({X;},{Y;}). A tensor field T is
expanded in some local coordinate system according to T, .., 0y @ -+ 0, ® dz”' ®
s dxts.

A mapping f : M — N between two manifolds induces a mapping f* : F(N) — F(M)
between their sets of functions, defined by

(f*9)(x) = g(f(x)), for any z € M.

Since the function g on A is pulled back to a function f*g on M, f*g is called the pullback
of g by the mapping f. The pushforward of a vector X € T, M is the vector f,X tangent
to M at f(x) such that

(FX) 1y (9) = Xu(f*g), for any g & F(N).

10



2.1 Differentiable manifolds

Consequently, the pullback f* : T*N — T*M of a one-form is defined pointwise as
(f*w),(X) = wp@) (fX), forany X e T M.

The pushforward and pullback are generalized in a straightforward way to act on con-
travariant and covariant tensor fields. Indeed, for T € Tf M and S € TON we have

(fsT) py(wr, - o wr) = To(ffwr, ... ffwy),  for any w; € T N
and
(f*S)x(Xl, .. .Xs) = Sf(x)(f*Xl, N f*XS), for any Xj € Tx./\/l.

In general it is not possible to transform (r, s)-type tensors, because the pushforward
and pullback transform in opposite directions between M and N. More precisely, the
pushforward follows the same direction as f, whereas the pullback goes the other way
around. However, if the mapping is a diffeomorphism M — M one may define the
pushforward of an arbitrary mixed-type tensor field T € T, M by

(f*T)f(x)(wla .. 'wT’aXh' . XS) = T.’L'(f*wlv .. 'f*wva*_lea .. f*_lXS)

and
(f*T) (w1, owp, X1, .. X)) = Tf(x)(f_l*wh T, fe X fe X)),

for any w; € T*M and X; € TM. Obviously, the pullback of a tensor field by f is equal
to its pushforward by =1, ie., f* = f!, and vice versa.

The product manifold M x A is the set of elements (x,y), where x and y are points in
M and N, respectively. For every point (z,y), the tangent space T(, (M x N) can be
identified with the direct product T, M x TyN as follows. Let z; = (x¢,y:) be a curve in
M x N and let Z be the tangent to z; at t = 0, i.e.,

d

0 — —
9=

g(wtayﬂ) +

. dt

d _ _
g(z) = 7 g(zo,yt) = Xg+Yg,
0 0

where X is the vector tangent to the curve (z¢,99) and Y is the vector tangent to the
curve (xg,v:). We then identify Z with (X,Y’), where X and Y are the vectors tangent
to, respectively, x; and y; at ¢ = 0. This notation allows us to state the Leibniz rule in the
following proposition.

Proposition 2.1.1. Let f be a mapping M xN — O. If Z € Ty, o) (M xN) corresponds
to (X,Y) € TyyM + Ty N, then

f*Z = fl*X + fZ*K

11



2.1 Differentiable manifolds

where f1:x € M — f(x,y0) € O and fa:ye N — f(xg,y) € O.

Proof. Let Z be the tangent vector to (z,y;) at t = 0. In the manner described in the
paragraph preceding the proposition we have that Z = X +Y, and hence f.Z = f. X + f.Y.
It is easy to see that f*)_( = f1.X and f*l_/ = f9,Y, which proves what needed to be
demonstrated. o

2.1.3 Differential forms

There is a subclass of covariant tensor fields widely used in physics, so that it is appropriate
to have it reviewed in a separate discussion. These are the so-called differential forms, now
defined.

Definition. A differential form w of degree p, or simply a p-form, is a covariant tensor
field of rank p that is totally antisymmetric, i.e., for any set of vector fields {X;}

W(Xr1), - Xppy) = (M) w(Xy, ... Xp),

where 7 is an element of the group of permutations of (1,...p) and (m) the corresponding
sign.

Being a covariant tensor field, a differential form can be interpreted as a multilinear
antisymmetric mapping over .# (M) of Z° (M) x ... 2Z (M) into .#(M). We shall denote
the module of differential p-forms on M by QP(M). It is a short exercise to show that a
covariant tensor field is a differential form if and only if it is an eigenstate with eigenvalue
1 of the antisymmetrizer A, whose action is defined by

(AT)(X1,...X,) = ;! S () T(Xn(a)s - Xoi):

onany 1T € T[?M. Because A? = A, the antisymmetrizer is a projector from the covariant
tensor fields of rank p onto the module of differential p-forms. Therefore, and since A is
a linear operator, the elements dz#* A ...dxHr = plA(dz" ® ...dz"?) form a coordinate
basis for elements of QP(M), so that a generic p-form w may be expanded according to

1

= — M1 Hp
w = 70|<.uzm...ﬂpdac A dxte.

The exterior or wedge product of a p-form w with a r-form 7 is the (p + r)-form w A 7,
defined by
(p+r)!
plr!

Alw®n),

wAn=

12



2.1 Differentiable manifolds

which in local coordinates is expressed as

1
_ K1 Hp+
wAn= p'r'wm...upnupﬂ...#ﬁrdx A ..odxterr,

It is easily seen that the dimension of QP(M) is given by (Z) and that there exist no
p-forms for p > d. The exterior algebra QM) = QO(M) @ QY M) @ - -- Q4(M), where
QO(M) = F(M) denotes the functions on M, is therefore closed under the exterior
product.

Next, a derivative operator is defined on the exterior algebra.
Definition. Exterior differentiation is the linear mapping d : QP(M) — QPF1(M) that is
characterized by the following properties:
(i) For any function f e .%# (M), df is the total differential;
(ii) dod = 0;
(iii) For any w € QP(M) and n € Q" (M),

dlw A n)=dwarn+(=1)Pw A dn.

In terms of a local coordinate system, the exterior derivative of a p-form w is given by

1
dw = = 0wy .oy, da? A datt A Lo dxh®.

p!

There is an expression concerning differential forms that is useful to remember for future
reference. For any vector-valued one-form w and vector fields X and Y, the following
identity holds:

dw(X,Y) = X(w(Y)) - Y(w(X)) —w([X,Y]). (2.1.5)

This equality is a special case from a larger class of identities that are formulated for
vector-valued differential forms of any degree and proved in, e.g., [KN96a], Prop. 3.11.
Equation (2.1.5) is easily verified by comparing the left-hand side with the right-hand side
in a local coordinate chart.

Definition. The interior product of a differential form with respect to a vector field X is
the linear mapping ix : (M) — QP~1(M), such that:

(i) For each function f € # (M), ix(f) = 0;

(ii) For any w € QP(M),

(in)(le s 7Xp—1) = w(X7X17 s aXp—l)‘

We shall also make use of the notation X |w = ixw. In a local coordinate system the

13



2.1 Differentiable manifolds

interior product of a p-form may be expressed as

; — 1 M1 Hp—1
Ixw = 'X Wy pip—y AT A ot

(p—1)
2.1.4 Omne-parameter groups of transformations

An integral curve x; of a vector field X on a manifold M is a curve to which X is tangent
at z; for any value of the parameter . Given a local coordinate chart, this means that

m
dzy

L= X(a). (2.1.6)

For any set of initial conditions zf, the system of ordinary differential equations (2.1.6)
has a unique solution [L.S90]. Concretely, this expresses that given a point zy a unique
integral curve of X through the point exists.

Definition. A one-parameter group of transformations of M is a set {¢},. i of mappings
of M, satisfying the following conditions:

(i) For each t € R, ¢; is a diffeomorphism of M;
(ii) For all t,s € R and x € M, ¢; 0 ¢s(x) = ¢rys(x).

By identifying ¢g with the unit element and ¢_; with the inverse element of ¢, it is
easily understood that a one-parameter group of transformations is an abelian group.
Each one-parameter group of transformations ¢; naturally induces a vector field on M as
follows. For any point z € M, a curve through x is traced out by ¢;(z). The vector field
X tangent to the thus obtained curves solves the system

% (¢1(x)) = X f(9u(x)) for any =€ M. (2.1.7)

Conversely, let X be a vector field on M and let ¢¢(z) be an integral curve of X that passes
through z, such that ¢o(x) = . This curve solves the set of differential equations (2.1.7)
with the initial condition ¢g(z) = x. By the uniqueness of solutions it is easily verified
that ¢; o ¢s = @415, so that ¢; is a one-parameter group of transformations that induces
X. In this context, one says that the vector field X generates the one-parameter group ¢;.

Let X be a vector field and let ¢; be a one-parameter group of transformations generated
by X. The Lie derivative of a generic mixed-type tensor field T" with respect to the vector
field X is defined by

o1
ZxT = lim (T — ¢uT),

which is a tensor field of the same type as 1. For a differential form w, its Lie derivative

14



2.2 Lie groups and Lie algebras

can be rewritten as ]
Pyw = lim = (¢fw —
xXw tLI}(l) t ((bt w W),

and it may be verified that there is a useful relation between the Lie derivative, the exterior
derivative and the interior product of a differential form [KN96a]:

Pxw=doixw+ix odw. (218)

In terms of a local coordinate chart, it follows from the definition that the Lie derivatives
of a vector field Y and one-form w take the forms

(LXY) = XV, Y" — Y 3,X" and (ZLxw), = X" 0wy + w0, X"

This furthermore shows that the Lie derivative with respect to X of a vector field Y is
equal to the Lie bracket [X,Y].

Proposition 2.1.2. Let ¢ be a transformation of a manifold M. If X generates the one-
parameter group of transformations ¢, the vector field ¢ X generates the one-parameter

group ¢ o ¢y o qS_l.

This proposition, a proof for which can be found in [KN96a], pg. 14, implies that X
is invariant under the action of ¢, that is, ¢, X = X, if and only if ¢ commutes with ¢y,
namely, [¢, ¢¢] = 0 for all ¢.

Given a transformation ¢ of a manifold M, we are able to conclude that for any two
vector fields X and Y on M, it is true that ¢.[X,Y] = [0+ X, ¢.Y], because

GlX, Y] = m 2(6.Y — (60 6,067),04Y) = [0 X,6.Y],  (219)

where X generates ¢;.

2.2 Lie groups and Lie algebras

It is possible to endow manifolds with a group structure that is consistent with its
differentiable character. The resulting objects, which go by the name of Lie groups, find
vast applications in many areas of physics, where they generally represent real-world or
abstract groups of continuous transformations. In physical applications they generally
take the form of the so-called matrix groups, which will be reviewed in §2.2.2. As they
form a subclass of Lie groups, we begin with a discussion on the nature of generic Lie
group manifolds.
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2.2 Lie groups and Lie algebras

2.2.1 Generalities

Definition. A Lie group is a group which at the same time is a differentiable manifold,
such that the group composition and the inverse operation are differentiable mappings.
The dimension of the group is the dimension of the manifold.

We will denote by L, : g — ag and R, : g — ga, the left translation, respectively, right
translation of a Lie group G by an element a € G. These diffeomorphisms on Lie groups
allow us to consider a canonical subclass of vector fields on G. A vector field A is left
tnwvariant if it is invariant under the action of left translations, i.e., Lo+ A = A for any
a € G. Each element A, € T.G defines a unique left-invariant vector field A, = L+ A on
G, while the inverse translation identifies a left-invariant vector field with a unique element
of the tangent space at the identity. This bijection is an isomorphism between the tangent
space T.G and the vector space of left-invariant vector fields on G, the latter of which is
denoted by g, so that dimg = dim G. Since g is a subset of 2" (G), the former inherits
from the latter the definition for the Lie bracket. It follows from (2.1.9) that g is closed

under the Lie bracket, i.e., [A, B] is left invariant whenever A and B are elements of g.

Definition. The Lie algebra g of a Lie group G is the set of all left-invariant vector
fields on G together with the usual vector addition, scalar multiplication and Lie bracket
[,]:axg—g

Every A € g generates a one-parameter group of transformations ¢; of G, which allows
us to define the curve a; = ¢;(e) that goes through the origin of G. The left-invariance
of A implies that a; is a one-parameter subgroup of G. We therefore call a; the one-
parameter subgroup generated by A, whose curve is a solution to the set of differential
equations f(a;) = Af(az) for any f € .Z(G). This equation is generally given the shorthand
notation a; Yaof = Aof. The correspondence between one-parameter subgroups of a Lie
group and elements of its Lie algebra becomes manifest if we introduce the exponential
map exp : g — G as follows. For a one-parameter group a; generated by A, define
exp A = a;. We now show that exptA = a; for any ¢ € R. If ¢ is a real number, we have
that df (ac)/dt = cdf (ae)/d(ct) = cAf(act), which proves that a is the one-parameter
subgroup generated by cA. The left-invariant vector field B = cA also generates b;, which
satisfies df (by)/dt = cAf(by). From the uniqueness of the solution, we conclude that
act = by and expcA = by = a.. This proves the assertion.

Each automorphism ¢ of a Lie group G induces an automorphism ¢, of its Lie algebra.?
To verify this, note first that ¢, A is left-invariant whenever A is an element of g, because
¢oLa = Ly(q)o¢. Furthermore, ¢ commutes with the Lie bracket, as was shown in (2.1.9).

2An automorphism of a Lie group is a diffeomorphism that respects the group structure, whereas an
automorphism of a Lie algebra is an invertible mapping that preserves the Lie bracket.
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2.2 Lie groups and Lie algebras

In particular, the conjugation conj, : g € G — aga~! € G induces the automorphism
Ad,: Aeg— Ad,(A) = R,-1,A€g.

The mapping Ad : g — Ad, = Ad(g) is the adjoint representation of G on g. Let ¢;
be the one-parameter group of transformations of G generated by A, corresponding to
which a; = ¢;(e) = exptA is the one-parameter subgroup of G. For any g € G, ¢.(g) =
¢r 0 Lg(e) = Rq,g, as Prop. 2.1.2 implies that [L,, ¢¢] = 0. The adjoint representation
ad : A— ady = ad(A) of g on itself is defined as

1 1
ada(B) = lim - (B — Ad,+(B)) = lim (B — R, B)

o1
= lim (B~ 1) = [4,B].

Although it is true that the Lie algebra g denotes the set of left-invariant vector fields
on G, while T.G is the tangent space at the identity, the canonical isomorphism of left
translation allows us to refer to both of them as the Lie algebra of G. We shall make use
of this natural identification and denote T.G by g as well.

Note also that a frame e, of left-invariant vector fields on G forms a basis for the Lie
algebra. The structure functions in its commutation relations (2.1.3) are constants, because
both sides of [eq, ep] = ¢, e are left-invariant. They are called, quite unsurprisingly, the
structure constants of g.

Definition. The Maurer-Cartan form on G is the g-valued one-form wg : TG — g, defined
by wg(X) = L1, X for X e T,G.

The Maurer-Cartan form is left invariant, i.e., L¥wg = wg for any a € G, since for
X € T,G we have that

(LEwe)(X) = we(LawX) = Ly, -1, Lax X = wa(X).

(ag)

Furthermore, for each left-invariant A, wg(A) is a constant function. Therefore, it follows
from (2.1.5) that dwg(A, B) = —wg([A4, B]) for any two A, B € g. Because wg([4, B]) =
[wi(A4),wa(B)] = 3[wa,we](A, B),®> we obtain the Maurer-Cartan structural equation,
namely

1
dwa + §[wg,wg] =0. (2.2.1)

Although the structural equation has been derived for left-invariant vector fields, it is true
for generic vector fields X and Y on G. The reason is that it is an equation of two-forms

3We refer the reader to §2.A for a summary on the notation that is used for Lie algebra-valued differential
forms.
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2.2 Lie groups and Lie algebras

which act linearly on vector fields. As any vector field can pointwise be expanded with
respect to a basis of g, Eq. (2.2.1) retains its validity for all elements of 2°(G). If the
Maurer-Cartan form is expanded as wike,, the structural equation (2.2.1) can equally be

decomposed according to

1
dwéy + §cbcawg Awg =0,

where we made use of the equality [wg,wg] = wa A wilep, ec).

Lie groups are often characterized by their action on manifolds. The following definition
generalizes the one-parameter groups of transformations on a manifold that were introduced
in §2.1.4 to Lie transformation groups.

Definition. The action of a Lie group G on a manifold M is a differentiable mapping
(a,z) € G x M — ¢o(z) € M that satisfies the conditions:

(i) For each a € G, ¢, is a diffeomorphism of M;
(ii) For all a,be G and x € M, ¢p 0 pg(x) = dap(x), or alternatively, ¢p 0 ¢o(z) = dpa(T).

Since ¢, is a diffeomorphism, so that there is a unique y = ¢, (x) for each x, and because
Ge 0 Pa(x) = Pu(x), ¢e is the identity transformation of M. Similarly, one may conclude
that ¢,-1 = ¢, . The action is said to be transitive if for any two points z and y, there
exists an element a of G such that y = ¢,(x). If the existence of a point x, for which
¢a(x) = x, implies a = e, the action is called free. In other words, there are no fixed points
for nontrivial elements. The action is effective if ¢,(x) = = for all points x implies a = e,
that is, if the only element that leaves M unchanged is the identity of G. Note that a free
action is effective but that the converse does not hold in general.

If the action of a Lie group G is given on a manifold M, each left invariant vector
field A of G induces a vector field A* on M as follows. Namely, the action ¢,, of the
one-parameter subgroup a; = exptA on M induces a vector field A* € 2" (M), which
satisfies

& (60, (2)) = A (90, (@) for any z € M.

Well-known examples of Lie transformation groups are the left and right action of a Lie
group on a manifold, which are defined by, respectively, L,(x) = ax and R,(x) = xa for
any point z and group element a. In particular the right action is of great importance for
its role played in the theory of principal fibre bundles, which are to be reviewed in §2.3.
We therefore recall some properties that are proper to the right action of a Lie group on a
manifold.

The vector field A* that is induced by the right action R,, is called the fundamental
vector field generated by A, where as usual a; = exptA. We first verify that the mapping
p:Aeg— A* e 2 (M) is a Lie algebra homomorphism, i.e., it is linear and [A*, B*] =
[A, B]*. Observe that the mapping p can be constructed explicitly as follows. For any
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reM,let p,: ge G — xg e M. One may understand that p,«A. = A} = p(A),, from
which it trivially follows that p is a linear operator. To show that it is a Lie algebra
homomorphism, we note that for every z

1
[A*, B*], = lim E(B; — (Rq,+B"),,)

t—0

1
- PH{]} sz*(Be - Ada:1(Be)) = pu«|A, B], = [A, B},
where the second equality follows from (let f € .%#(M))

(Rat*B;agl)f = (Rat*p;pat_l*Be)f
= Be(f o Rg, © pmt—l) = Be(fopzo Conjat—l) = (pux Adat—l(Be))fa

As a corollary, these equalities lead to the interesting observation that
Ry« A* = (Ad,-1(A))" for any Aeg. (2.2.2)

Finally, if the right action of a Lie group on a manifold is free, the fundamental vector
field corresponding to a nonzero element of the Lie algebra is everywhere nonvanishing.
Indeed, if A* were vanishing at some point z, xa; = x for all . Since the action is free,
this implies that a; is the identity element of G, so that A must be the zero element of g.
At any point x, the Lie algebra spanned by the fundamental vector fields is isomorphic to

g.

2.2.2 Matrix groups

The vector space of linear mappings R™ — RR” consists of the real n x n matrices, which
we denote by M (n,R). Because not every matrix is invertible, M (n,R) is not a group
with respect to the matrix multiplication rule. By limiting our attention to those that are
invertible, we obtain the largest subspace of M (n,R) that is a group, which is called the
general linear group of R and denoted by

Gl(n,R) = {ge M(n,R) | det g # 0}.

Since we shall be concerned only with R-valued matrices, we drop the reference to the
set of real numbers and simply write Gl(n). It can be shown that the general linear
group is a smooth manifold and that the matrix multiplication and inverse operations are
differentiable [Sha97], from which it follows that Gi(n) is a Lie group. There is a natural
coordinate system that is given by the matrix entries gij, from which it is clear that the
general linear group is n2-dimensional.
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The determinant of the n x n matrices forms a continuous mapping from Gi(n) onto
R/{0}, because it is a polynomial in the matrix entries. Since its image has two disconnected
pieces, its preimage also is disconnected in the same way. The component of Gl(n) that
has a positive determinant is connected to the identity and is easily seen to be a Lie group
as well. From now on we shall only consider the identity component and agree that Gl(n)
refers to this group.

A tangent vector X at g can be expanded as X = X ij éij | > where the n? real numbers X ij
are arbitrary. Thereby we conclude that T,Gl(n) ~ M (n). The left and right translation
of Gl(n) on itself are given by the left and right matrix multiplication, respectively. The
pushforward of the left translation on X € TyGl(n) is then determined by

k a[ag]ij

(Lax X)f = X(f o Lg) = X% 20
k

aij lagf = aikaj 5z'j lag -

This shows that if X ij e M (n) corresponds to X € TyGl(n), the matrix [aX ]ij corresponds
to L« X € TogGl(n). In a similar way, it can be demonstrated that the right translation of
X induces the right multiplication on Xij, ie., [Xa]ij corresponds to Rq X € Ty,Gl(n). It
follows directly that the matrix [aXa ]’ ; 1s in correspondence with Ada(X) € T,gq-1Gl(n).

As a consequence, if A € gl(n) is a left-invariant vector field on Gl(n) and A’; is the
matrix corresponding to A at the identity, [gA]’j is the matrix that corresponds to A at g.
Consider a second element B € gl(n) for which B*; corresponds to B € TeGl(n). It is a
short exercise to show that

[A,B,f = g'x([AB]*; — [BAJ¥;)0/ | f = [g[A, B]I';6/ |,

where the commutator on the right-hand side of the second equation is the ordinary
matrix commutator. One concludes that the left-invariant vector field [A, B] € gl(n) at
the identity corresponds to [A, B]ij € M(n). As a result of that is there a Lie algebra
isomorphism between the set of left-invariant vector fields on GI(n) and the set of matrices
M(n), equipped with the matrix commutator. Since it is far more practical to use matrices
in applications, we shall identify them with the set of left-invariant vector fields, so that
in the following gl(n) refers to the set of real n x n matrices, where the composition rule
is the matrix commutation operation.

Finally, it is useful to find out how the Maurer—Cartan form looks like on GI(n). Assume
X ij is the matrix that corresponds to X € T,Gl(n). In general, the Maurer—Cartan form
sends a tangent vector into the Lie algebra by left translating it to the identity, where it is
identified with the corresponding element of the Lie algebra. Since for the general linear
group, the Lie algebra gl(n) consists of the matrices making up the components of the
left-invariant vector fields at the identity, it follows that the Maurer—Cartan form should
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be a mapping
X507l — [g7'XTY,

where [g_lX]ij is the matrix corresponding to L,-1,X € TeGl(n). Therefore, at any point
g € Gl(n), the Maurer—Cartan form is given by the gl(n)-valued one-form

wam) = L9~ 'kdg"; - T,Gl(n) — gl(n). (2.2.3)

This is the reason why the Maurer—Cartan form is sometimes written formally as ¢~ 'dg,
albeit it only makes sense for matrix Lie groups.

2.3 Principal fibre bundles

In this last section, we review the notion of principal and their associated fibre bundles.
The usefulness of fibre bundles for the description of physical phenomena can hardly be
understated, as it forms the background on which both the standard model of particle
physics and general relativity are formulated. Nevertheless, to implement a description
for the interactions these theories attempt to model, the bundle structure is not sufficient
and a geometry has to be defined on top through the introduction of connections. A
discussion on these connections and what type of geometries they create will be treated
in the following chapter. To start with the beginning, let us now define principal fibre
bundles.
Definition. A principal fibre bundle P(M,G) over a manifold M with Lie group G
consists of a manifold P and an action of G on P, for which the following conditions are
satisfied:
(i) G acts freely on P on the right;
(il) M = P/G is the quotient space of P by the equivalence relation induced by the
right action of GG, and the canonical projection 7 : P — M is differentiable;
(iii) P is locally trivial, in the sense that every 2 € M has a neighborhood U; such that
7~1(U;) is isomorphic with U; x G, i.e., there is a diffeomorphism

¢ipen ' (Ui) = (7(p),i(p) € Ui x G,

called a local trivialization, where +; is a mapping from 7~ (U;) to G, such that
vi(pa) = 7vi(p)a for any a € G.

We shall call P the bundle manifold, M the base manifold, 7=!(z) ~ G the fibre over z,

and G the structure group or typical fibre of P. For every two overlapping charts U; and

U;, we define the transition functions ti;(m(p)) = vi(p)y;(p)~" for each p e 7= (U; A U;).
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The transition functions are constant on the fibres of P, so that they are mappings
tij:UiﬂUjHG.

It is divectly verified that t;;(z) = e for any x € Uy, that tj;(x) = t;;(z) " for any z € U;nUj,
and that ¢;;(z)t;x(x) = tix(x) for any x € U; n Uj n Uy. The transition functions owe their
name to the fact that they relate different local trivializations on overlapping charts, namely
b5 (w(p),7(0) = ¢ (7 (p), %)) = &5 (7 (p), tij (w(p))y;(p)) for any p e 7= (U; 0 Uj).

When there is a manifold F' on which G acts on the left, the associated fibre bundle
with the principal bundle P(M, G) is constructed as follows. First, an action of G on the
product manifold P x F' is defined through

(p,f) € P x F — (pa,a”tf), withaeG.

Consider then the quotient space E = (P x F)/G of equivalence classes [p, f] = [pa,a™'f],
induced by the action of G on P x F'. We shall denote this quotient space by £ = PxgF =
P[F]. The projection 7g : E — M is specified by

mx([p, f]) = =(p),

a mapping that is well defined, for 7(pa) = 7(p). Because for any = € M, there is a
neighborhood U; for which 7=1(U;) ~ U; x G, it is also true that

UixGxF

=U;x F and 7, (z) ~F,

the latter of which are called the fibres of F. The local trivializations on overlapping
charts U; n U; are given by

Gi([p, f1) = [ (), f1 = [7(p).7;(p), f] = [7(p),e,7;(p) f]
= (me([p, f1), »i([p, 1)),
Gi(lp, 1) = [Wi(p), f1 = [7(0). %), ] = [x(p), e, ti;(w(p)); (p) f]

(
= (me(lp, £, ti ([, FD @i (I, 1)),

so that ;' (re([p, 1), 5[, /1) = &7 (wu((p, 1), tii ([P, F1) @ ([P, £1)), from which we

conclude that the transition functions are the same on a principal bundle P and some
associated fibre bundle E.
A cross section of a fibre bundle P over a region U; € M is a mapping ¢ : U; — P such

TE

that m o ¢ is the identity mapping on U;. Similarly, one may consider cross sections of
associated fibre bundles.
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2.3 Principal fibre bundles

Proposition 2.3.1. Let Q(M,G) be a principal bundle and let F' be a manifold on which
G acts on the left. There is a one-to-one correspondence between sections of Q[F] = QxgF
and mappings ¢ : QQ — F that are G equivariant, i.e., Rj$ = g 1o.

Proof. When ¢ : Q — F is a map that satisfies p(qg) = g~ '¢(q) for any g € G, a section
of Q[FY] is given by o(7(q)) = [q, v(q)] for each ¢ € Q. This is indeed a section, for it is
constant on the fibres:

a(m(q9)) = la9,v(q9)] = [4,p(q)] = o(7(q)).

Conversely, let o be section of Q[F']. Then there must be a map @ — F so that

o(m(q)) = [a.0(@)] = [a9, 9" 2(q)]-

Because a section is constant on the fibres, o(7(q)) = o(7(qg)) and v(qg) = g~ ¢(q), that
is, ¢ is G equivariant. o
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2.A Lie algebra-valued differential forms

Appendix 2.A Lie algebra-valued differential forms

In this dissertation, we use to some extent the index-free language of Lie algebra-valued
differential forms. Once familiar, they are very powerful in keeping equations readable and
focused on their algebraic structure. For convenience of the reader who is not at home
with the notation, we gather the facts necessary to understand its use.

Consider a manifold M and a Lie algebra g. The space of g-valued differential p-forms
on M, ie., g® QP(M), will be denoted by QP(M,g). If {E,}
element 1 of QP(M, g) can be expanded as n®® E,, which will also be written as n = n®E,,
and where every n® € QP(M).

For any two forms n € QP(M,g) and 6 € Q4(M, g) such that p + ¢ < dim M, a bracket
operation is defined by

a=1...dimg 1S & basis for g, an

(n,0) € QP (M, g) x QI(M, g) — [1,0] =" A 0°[E,, Ep] € QPTI(M, g),

where the last bracket is of course just the ordinary Lie bracket of g. This operator is a
graded commutator, namely,

[777 9] = (_1)pq+1[9’ 77]7
and satisfies the graded Jacobi identity (let w € Q"(M, g)):
(=1)"[n, 0], w] + (=1)"[[0, w], n] + (=1)"[[w,n], 0] =0,
which can be rewritten in the alternative form
[, [0, w]] = [[n, 0], w] + (=1)"[6, [n, w]].
From this identity it follows that

2[[n,0],6] for odd ¢,

0 for even gq.

[1,16,0]] = {

The exterior derivative of differential forms can naturally be extended to act on Lie
algebra-valued differential forms, by restricting its action on the form parts, that is,

n€QP(M,g) — dn = dn*E, € T (M, g).
It obeys a graded Leibniz rule, namely,

d[n, 0] = [dn, 6] + (=1)"[n, d6].
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2.A Lie algebra-valued differential forms

Lastly, we observe that if  and 6 are g-valued one-forms, then for any two vector fields
X and Y one has

[7,01(X,Y) = [n(X),0(Y)] — [n(Y),0(X)],
[7,n](X,Y) = 2[n(X),n(Y)].

In these expressions, we used the notation n(X) = n*(X)E,, so that the brackets on the
right-hand side reduce to the ordinary bracket of g.
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3 | Cartan geometry

Having reviewed principal fibre bundles in the preceding chapter, we next discuss how
geometry is brought into play. Through the course of history geometry has undergone
a remarkable evolution— from Euclid’s axioms through Riemannian manifolds to its
present-day description in terms of connections on principal bundles [Che90]. To the broad
public, geometry remains a theory of Euclidean lengths and angles, or at best the analytical
equations as developed by Descartes. Within the standard models of physics Ehresmann
connections and Riemannian geometry are familiar concepts because of their applications
in particle physics and general relativity, respectively. The objective of this chapter is to
review the less-known structure of Cartan geometry, which generalizes the local geometry
of Riemannian spaces, i.e., Euclidean geometry, to generic Klein geometries, which describe
homogeneous spaces defined in terms of symmetry Lie groups. Such generalizations will
give us the mathematical tools to tackle the problem of formulating theories of gravity
whose local geometry is given by de Sitter space, instead of Minkowski space.

We begin by reviewing the more general Ehresmann connections, which define the
abstract geometries underlying Yang—Mills theories. Afterwards, the Klein geometry of
homogeneous spaces is introduced, followed by their nonhomogeneous generalizations in
Cartan geometry. To conclude, the relation between Ehresmann and Cartan connections
is considered.



3.1 Ehresmann connections

3.1 Ehresmann connections

Let Q(M,G) be a principal G bundle over a manifold M. Because G acts freely on the
right on @, the fundamental vector fields on the bundle space vanish nowhere. At any point
q they span the vertical subspace V, < T,Q, whose dimension is equal to g. Vertical vectors
are tangent to the fibres of () and form the kernel of the bundle projection. Furthermore,
the distribution ¢ — Vj is right invariant, i.e., R.:V,; = Vg, for any a € G, because the
fundamental vector fields satisfy (2.2.2). Note, however, that a generic vertical vector field
must not be right invariant.

The vertical distribution is canonical on a principal bundle. On the other hand, at any
point ¢ we are left with an infinite set of linear complements H, = T;Q — V;, each of
dimension dim M = dim @ — dim G. The geometric idea behind an Ehresmann connection
is to single out a smooth distribution ¢ — H, that is right invariant, which is to say, a
distribution such that [Ehr51]

(i) T,Q = Hy + Vg,

(ii) Ry«Hq = Hgyq, and

(iii) Hy depends differentiably on ¢, so that a smooth vector field X is separated into
smooth vector fields X® and XV, where X}; € Hyand X € V.

The subspaces H, are said to be horizontal. Consequently, a connection singles out a
unique horizontal complement to every vertical subspace along the principal bundle, which
gives rise to a g-valued one-form as follows. Let w be the differential form that maps a
vector field X on @) into the Lie algebra of G according to

we(X) = A, where X7 = A7.

If an Ehresmann connection is given on (), then w annihilates horizontal vector fields,
for they have no vertical components by construction. Furthermore, Rjw = Ady-1 w,
an equality that follows from the right invariance of the horizontal distribution together
with (2.2.2). Therefore, it is possible to define an Ehresmann connection on a principal
bundle equivalently through the following connection one-form.

Definition. An Ehresmann connection w on a principal bundle Q(M, G) is a g-valued
one-form that satisfies:

(i) w(A*) = A, for each A € g;
(ii) Ryw = Adg1 w.
The horizontal subspace of T,() is for every ¢ defined by the kernel of w, i.e.,

H, = {X e T,Q | w(X) = 0}.
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3.1 Ehresmann connections

Note that the second item of this definition rightly implies that the horizontal distribution
is right invariant. Furthermore, the condition w(X) = 0 is a system of dim G ordinary
differential equations, thus leaving undetermined the dim M directions of the horizontal
subspaces. The advantage of the definition in terms of a one-form is that it lends itself
better to applications than the geometrically more intuitive definition given above. In
view of these applications it actually turns out to be necessary to pull back the connection
on the bundle space to a family of local connection forms on the base manifold M, since
it is in the latter that observational physics takes place.

Let {U;} be an open covering of M, for which v; is a family of local trivializations and
t;; a set of corresponding transition functions. For every chart U;, we denote by o; the
cross section that is defined by o;(z) = !

. (x,e). The local connection form is constructed

subsequently as
wi =0;w:TU; — g, (3.1.1)

which is a g-valued one form on U; € M. The following proposition explains how the local
connection forms defined by different local trivialisations are related to each other.

Proposition 3.1.1. The local connection forms on overlapping charts U; and U; are
related by
wj = Ad(ti_jl)wi + thwa- (3.1.2)

Proof. On two overlapping charts U; and Uj, we observe that oj(x) = o;(z)t;;(z). If
X e T, M, it follows from Prop. 2.1.1 that

0jx X = Rt 40 X + poyatijsX.

To understand the right-hand side of this equation, it is useful to consider the following
diagrams, where the second represents the pushforward of the first, namely,

r — (0i(z),tij(w)) — oi(x)ti(z)

gj
and (by Prop. 2.1.1)

X — (00X, 135 X) —> Ry, 20X + poatijs X .
\—//V

Next let t;;. X be equal to A € g at #;;(x). Because pgAy = A, for any ¢ € @ and
g € G, it follows that w(pg,;«tij+«X) = A = wg(t;jxX). We thus find that

w(ojxX) = (szw)(Ui*X) + we (tijxX),
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3.1 Ehresmann connections

which proves the assertion. o

A horizontal lift of a curve x; in M is a curve Z; in @ such that 7(Z;) = x4 and the
tangent vector to I; is horizontal for any ¢t. The curve Z; thus satisfies w(aLct) = 0. These
conditions add up to a system of dim () ordinary differential equations, so that there is a
unique horizontal lift of x; for each initial condition &g = ¢ € 7! (x).

Since it will be of use when defining the covariant derivative on associated vector bundles,
we construct a horizontal lift of a curve z; that lies within a chart U;. If we choose a
section o; on U; such that o;(zg) = &g, a curve g exists in G for which Z; = o;(x¢)g; and
go = e. Invoking Prop. 2.1.1, one finds that

df (oi(2t)ge)/dt = Rgysdf (0i(1))/dE + po, (w,)xdf (9:)/dt-

The lift is horizontal, so that w annihilates the left-hand side, which implies that
W(Rgx0ixTt) = —W(Pgy(z,)xdt), Where y and g; denote the tangent vectors to z; and
g, respectively. To simplify the right-hand side, note that if A is the element of g that coin-
cides with g¢ at a given ¢, then p,, (4,)x9t = A%, (,)g,» 20d thus W(Poi ()2 Gt) = Ae = g L.
Therefore, the lift #; = o;(x¢)g: of x; is horizontal if and only if the curve g; solves the
system of ordinary differential equations

Adg;l wi(dy) = —g; g,  with go = e. (3.1.3)

The right G action by constant elements maps the horizontal lift #; trough %o into a
horizontal lift #;a trough Zpa. Indeed, m(#a) = 2 and w(Rewt) = (RE,w) (1) + a; 'du,
which is equal to zero if and only if a; is constant along the curve.

Because the curve x; has a unique horizontal lift through any point in the fibre above
xg, which in turn singles out a unique point in the fibre above a second point x1, a
corresponding map is induced. This mapping

zy s Hxg) = 7 ()

is called the parallel displacement along the curve x; of the fibre at xg to the fibre at
x1. Since horizontal lifts of x; are related by the right action of constant elements of G,
parallel transport commutes with the constant right action.

Finally, the curvature of an Ehresmann connection w is the g-valued two-form defined as

1 1
dew+§[w,w] = zdwi+§[w,~,wi], (3.1.4)

where Q; = 072 is the local curvature two-form, pulled back to the domain U; of ¢;. The
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3.1 Ehresmann connections

curvature satisfies a Bianchi identity, namely,
dQ+ [w, Q=0 = dQ; + [w;, %] =0. (3.1.5)
On overlapping charts U; and Uj, the curvature forms €); and €2; are related by! [Sha97]
Q; = Ad(t;;") . (3.1.6)

From now on, we shall not refer explicitly to the chart U; on which the connection and
its curvature are pulled back, so that the forms on ) and their local versions on M are
denoted by the same symbols. This is not a problem, for their domains will make clear
which we are referring to. The section ¢ chosen to pull back the connection and curvature
is referred to as the gauge. Obviously, any other section ¢’ is a valid gauge as well. On
their common domain, two gauges are related by the corresponding transition function

g tie,o =og7!

which is referred to as the gauge transformation. The behavior under
gauge transformations of an Ehresmann connection and its curvature on the base manifold
is determined by Egs. (3.1.2) and (3.1.6), for t;; = g~ L.

To conclude this section on Ehresmann connections on principal bundles, we introduce
parallel transport and covariant differentiation on associated vector bundles, which is a
derivative operator that is consistent with the geometry of the bundle. Let E = Q[V] be
the associated bundle with Q(M, G), such that V is a linear representation space of G.
The fibres of E are isomorphic to V' as vector spaces, whereby vector addition and scalar

multiplication is given by
G [Qa U] + C2 [Qa U}] = [Qa c1v + CQw]'

If the set {Eq},_1  gimy forms a basis for V', then the collection {[q, E,]} is a basis for the
fibre over = = 7(g), because any element 7' (z) can be written as [¢,v*FE,] = v%[q, E,],
where ¢ € 771(2).

Given a curve z; and a horizontal lift Z;, a section s = [Z, v(z)] of the vector bundle
E is parallel transported along a curve x; on M if the V-valued function v(x;) is constant.
Note that parallel transport is independent of the horizontal lift chosen. Whether a section
is parallel transported along x; therefore only depends on the Ehresmann connection w,
and is quantified by the covariant derivative Dy, s = [Z¢,v(z¢)]. It follows directly that a
section is parallel transported if and only if its covariant derivative vanishes everywhere
along x;.

In order to express the covariant derivative on a local chart U < M, we assume that

! This relation may also be verified by reconsidering the proof for Prop 3.1.1 if we substitute Q for w.
More precisely, when we take into account that ) returns zero if at least one of its arguments is vertical,
which is proven in §3.3, one obtains (3.1.6).
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3.2 Klein geometry

xy lies within U. Let o0 : U — @ be a section such that o(z;)g; = Z; with gy = e,
and let e,(z) = [0(z), Ey] be a frame field on U. The covariant derivative of a section
s(x¢) = v*(x)eq(xs) = [Trg; ', v(xt)] is given by (note that the G action on V is represented
by matrices)

Dj,s(w) = [Zr,d(g; ) /dt v(we) + g; ' dv () /dt] = [o(we), w(ide)v () + 0],
where we used (3.1.3). This can be further worked out to give
D;, (v%q) = &4 (0,0" + wabuvb)ea,

which leads to the well known expression of the covariant derivative of a field v in component
form, that is,
(Dyv)* = 0,0 + w“buvb. (3.1.7)

1

Under a gauge transformation o — ¢’ = g™, we have

Vo = gt W o Wy = 9wl + g dlg T

3.2 Klein geometry

At the time Felix Klein initiated its Erlanger Programm in 1872, of which an English
translation was published about twenty years later [Kle93], a collection of homogeneous
geometries had come to light, such as, for example, projective and hyperbolic geometry.
These geometries differed to a more or less extent from the Euclidean geometry, which
for two millennia had been the unique geometry that was described by a consistent set of
theorems. Any of the newly conceived geometries had its own theory, which, although
showing similarities in its axioms, were above all conspicuous by the degree to which they
contrasted.

It was Klein who, instead of giving too much importance to their dissimilarities, ap-
preciated the common structure that existed among these geometries. He observed that
each geometry is the study of a set of properties of configurations that belong to some
manifold S, and that these geometric properties are invariant under a Lie group G of
transformations— the principal group or Hauptgruppe— acting on the left on S. An
obvious example is given by Euclidean geometry, in which the geometric properties are
angles and lengths in three-dimensional space, and the group of transformations is the
so-called group of motions, which consists of the rotations SO(3) and the vector group of
translations R3.

Conversely, the geometric properties are characterized by their invariance under the
transformations of the principal Lie group. Given a Lie group G and a manifold S of
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3.2 Klein geometry

any dimension on which there is defined a left G action, a corresponding geometry is
defined, in which the real geometric properties are those that remain invariant under
G transformations. Thereby, Klein shifted emphasis of the geometric properties to the
principal group, which lead to a unified description for “a series of almost distinct theories,
which are advancing in comparative independence of each other” [Kle93]. In what follows
we take a closer look at Klein’s point of view on homogeneous geometries.

Definition. A homogeneous space consists of a manifold S and a Lie group G that acts on
the left of S in a transitive and effective way. The elements of G are called the symmetries
of S, while G is said to be the symmetry group of the homogeneous space.

Given a point € S, He denotes the subgroup of G that leaves ¢ fixed, i.e., He(§) = &.
Because S is transitive under the action of G, it can be identified with the right cosets
G/Hg¢, namely,

9(§) € S = [g] € G/H,

where [g] is the equivalence class induced by the relation g ~ gh for any h € He. At
first sight, the description of the homogeneous space in terms of its symmetry group
apparently forces one to break the symmetry by singling out a point preferred over the
others. However, one must take into account that there is nothing special about our choice
for £ to be the origin of S, as any other point & will serve as well. The broken symmetries
are then understood to be merely hidden. To be sure, if ' = a(&) were taken the origin, S
is identified with G/Hg/, where the isotropy group of ¢’ is related with the isotropy group
of £ by the adjoint action, namely, Hg = aHfa_l.

Instead of describing a geometry with an origin £ as the pair (5, ¢) and principal group
G, we may as well describe it as a pair (G, H¢). The change of viewpoint necessitates
a choice of origin in a trivial way, since the combined set of isotropy groups of different
choices are mutually isomorphic. Nonetheless, it has a physically nontrivial meaning that
the group inclusion

i1: H—> G,
is not canonically given, if i(H) = H¢ denotes the isotropy group of £. For now, we shall
assume this subtlety understood and denote each one them by the same letter H.

Definition. A Klein geometry (G, H) consists of a Lie group G and a closed subgroup
H c G, such that the space of cosets G/H is connected. The manifold S ~ G/H is called
the homogeneous space of the Klein geometry.

The Klein geometry is reductive if there is a direct sum decomposition as vector spaces
g = h@p that is Ad(H) invariant, which is equivalent to the conditions

[b,b] = b and [h,p] Sp.
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Note that the action of G is effective if and only if the largest subgroup of H normal in G
is trivial. The Klein geometry (G, H) is therefore said to be effective in case the identity
elements constitute the largest subgroup of H that is normal in G.

The natural projection of G onto its right cosets gives rise to a principal H bundle
G(G/H,H), with the right action of H on the bundle space canonically given. The
fundamental vector fields generated by elements of hh are identical to the latter. Indeed,
let A € b so that a; = exp(tA) is a one-parameter subgroup of H. For any function f on
G, one derives

A;atf = %f(gat) = Lg*Aatf = Agatf'

Summarizing, the following structure is associated with an effective Klein geometry
(G,H):

(i) The homogeneous space S ~ G/H on which G acts transitively and effectively;

(ii) A principal fibre bundle G(G/H, H);

(iii) There is a g-valued one-form on the bundle space, given by the Maurer-Cartan form
wgq, which satisfies
(a) The linear map wg : T,G — g is an isomorphism, at any g € G;
(b) wg(A*) = A, for each fundamental vector field corresponding to A € b;
(¢) Riwg = Ad(h™Ywg, for every he H.

After having read the items just summed up, one should pause a moment to assure
himself of the power of the Kleinian point of view on homogeneous spaces. The shift from
the concrete geometric properties to the abstract Lie theoretic viewpoint allowed one to
recognize a fairly rich amount of structure associated with the geometry. It is this Lie
theoretic language that allows for a beautiful generalization to nonhomogeneous spaces,
and where the homogeneity is retained at the infinitesimal level, which forms the subject
of Cartan geometry, to be reviewed in the following section.

When the homogeneous space describes spacetime, the symmetry group is also called
the kinematic group. Homogeneous spacetimes underly a corresponding theory of special
relativity and exhibit metrical properties, which a priori are not determined by the
symmetry group. For instance, in §4.1 we shall consider de Sitter spaces with different
cosmological constants. These have the same symmetry groups but differ in their metrical
properties, depending only but crucially on the value of the cosmological constant. The
extra information required to introduce a metric on the Klein space G/H can nevertheless
be blended without effort into the Lie theoretic structure of Klein geometries, which we
sketch as follows. First note that pry o wg is an Ehresmann connection on the bundle
G(G/H,H), which we do not verify explicitly as it also follows as a special case from
Prop. 3.3.1. Furthermore, the space Hy = [pr, owg|g]_1(p) c T,G is horizontal with
respect to the connection pry o we at any g € G, and is equal in dimension to the tangent
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space TjsG/H. Therefore, the tangent spaces to the Klein space can be identified with
the vector space p = g/h, up to the adjoint H action,? in accordance with the diagram

TQG pry owg

’7T / p

TigG/H

If an Ad(H) invariant metric is defined on p, a corresponding metric is induced on the
tangent bundle of S ~ G/H. This metric on p can be given canonically, such as the
Cartan—Killing metric, or defined by hand, and included in the definition of the Klein
geometry. The resulting structure is called a metric Klein geometry.

3.3 Cartan geometry

The spaces of Klein geometries are perfectly homogeneous, so that they look identical
at all points and at every scale. They are adequate to describe physical objects at some
scales but generally become quite useless at other scales. For example, when viewed
at over a large enough scale our universe looks homogeneous, but such a description
clearly becomes insufficient on smaller scales, at which the distribution of matter is
nonhomogeneous [WLR99].

Before Klein developed its theory of homogeneous geometry in terms of the principal
group, a first notion of nonhomogeneity of manifolds was introduced in the form of
Riemannian spaces [Rie54]. More precisely, in Riemannian manifolds the homogeneity
of Euclidean spaces disappears, for the distance between two infinitesimally separated
points z# and x* + dz* ceases to be constant along space, while it is given by the square
root of the quadratic form g, (z)dz*dz", where the two-form g is called the metric.
Such a generalization, however, did also break the Euclidean nature at the infinitesimal
level of space, since there is no canonical way to relate the geometric properties of
infinitesimal elements at different points.®> This changed when Levi-Civita developed
parallel displacement of tangent spaces along curves in space, an operation in which the
length of elements and the angles between elements are ensured to be preserved [LC16], or
in other words, an operation with respect to which the metric is covariantly constant. In
this way, it has meaning to say that the geometry is locally of a Euclidean nature, since

2This follows from Hgyj, = RpsHy, see also the discussion following Prop. 3.3.1.

31t is true that the tangent space can be shown to have the Euclidean metric, but this is not sufficient to
recover an infinitesimal Euclidean geometry, because one should also be able to translate the tangent
space at one point to the tangent space at a neighboring point, without modifying the geometric
properties, which in this case are the Euclidean length and angles.
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Euclidean geometry Klein geometry

l l

Riemannian geometry

Cartan geometry

Figure 3.1: Generalization scheme of geometries, where generalization runs along the
direction of the arrows. The first row includes homogeneous manifolds in which the
symmetry group of Euclidean geometry is generalized to generic Lie groups. The second
row are the corresponding nonhomogeneous geometries, which retain the homogeneity
of their model geometries at the local level, but which are more general in that they
have nonvanishing curvature and torsion. Adapted from [Sha97].

its geometric properties in the tangent space are invariant under rotations and parallel
transport. The degree to which nonhomogeneity of the Riemannian space differs from
the Euclidean geometry, namely, the degree to which an around an infinitesimal loop
parallel transported tangent Euclidean space differs from its preimage, is quantified by the
presence of curvature and torsion.

Therefore, Riemannian spaces generalize the flat Euclidean space, for which both
curvature and torsion vanish, while their local geometry remains Euclidean. On the other
hand, we discussed in the previous section how Klein geometry generalizes Euclidean
geometry to generic homogeneous spaces by defining the geometry in terms of a symmetry
Lie group. The French mathematician Elie Cartan recognized that both directions of
the generalization of Euclidean spaces could be unified in one consistent theory. Just as
Riemannian geometry is a nonhomogeneous version of its model Euclidean geometry, any
Klein geometry gives way to a nonhomogeneous Cartan geometry [Car23a, Car26, Car35],
which retains the geometric properties of the homogeneous space at the infinitesimal level.
This scheme of generalizations is summarized in Fig. 3.1.

Our review on Cartan geometry principally follows [Sha97], a must-read for those
who want an extended analysis of the subject and some of its applications. Further
mathematically rigorous discussions on Cartan geometry are found in [Kob57, AM95],
while the articles [Wis09, Wis10, WZ12] are helpful for understanding the geometric
intuition that underlies the abstract notions central to the mathematics. In the following,
we shall assume that G and H are Lie groups, such that H is a subgroup of GG, and denote
their Lie algebras by g and b, respectively.

Definition. A Cartan geometry (P, A) modeled on (g, H) consists of a principal H bundle
P(M, H), on which there exists a g-valued one-form A— the Cartan connection— satisfying
the following properties:

(i) The map A :T,P — g is a linear isomorphism, at any p € P;
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3.3 Cartan geometry

(i) A(B*) = B, for each fundamental vector field corresponding to B € b;

(i) RfA = Ady-1 A, for every he H.
A Cartan geometry is said to be reductive if g = h @ p, where p = g/b, is a reductive
splitting.

The Cartan connection differs from an Ehresmann connection in the first of its defining
properties. Whereas the latter connection is valued in the Lie algebra of its structure group,
a Cartan connection is valued in a larger algebra that must be of the same dimension
as P. This is an important ingredient of Cartan geometries, because it implies that the
dimension of the base manifold is equal to the dimension of the homogeneous space of the
Klein geometry (G, H), i.e.

dim M = dim G/H.

The isomorphism A, can be inverted pointwise to give an injection of g into 2" (P),
namely, A=! : Be g — Ay Y(B) € T,P. The H equivariance property of the Cartan
connection implies that A]jhl = Rpx 0 A, L'o Ady, as can be verified from the following

commuting diagram:

Rh*

T,P T, P

|4 Adjy1 |4
0 g

Because A(B*) = B for each B € h and since A is a linear isomorphism, one concludes
that A=!(B) is the fundamental vector field that corresponds to B € h. At an arbitrary
point p, the restriction of the Cartan connection on the fibres yields

Ay(B*) = B = wn(B"),

where on the most right-hand side B* denotes the fundamental vector field on the Lie group
H. 1t is in this sense that the Cartan connection is said to restrict to the Maurer-Cartan
form on the fibres of P, i.e., Alg = wy.
The Cartan curvature is the exterior covariant derivative of the Cartan connection,
which is given by
F=dA+ %[A,A], (3.3.1)

and satisfies the Bianchi identity
dF + [A,F] =0. (3.3.2)

The g-valued two-form F’ is strictly horizontal in the sense that it vanishes if at least one of
its arguments is a vertical vector field. This can be understood by observing that A restricts
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3.3 Cartan geometry

to wpr on the fibres, whose exterior covariant derivative is always zero, see (2.2.1). Explicitly,
it is verified as follows. Since F' is a two-form, it is enough to check that F'(XV,Y") vanishes,
where XV is a vertical and Y a generic vector field on P. At any p € P, thereisa Be h
such that Xy = By = A, 1(B). Thence, F,(X",Y) = dA,(A,1(B),Y) + [B, Ay(Y)], and
¢@4Af1uﬁ,y)::@A;%B)odAL}Y)

=—(do iA,:l(B)A)p(Y) + (ngl(B)A)p(Y%
where we used (2.1.8). Since ip«A = B is a constant function, the first term vanishes. If we
denote b; = exp(tB), the second term can be written as lim;_, %[(Rl’;‘tA)p(Y) —Ap(Y)] =
—adp(A4,(Y)). We thus find that what was looked for:

Fp(XV,Y) = —adB(Ap(Y)) + adB(Ap(Y)) =0.

A Cartan geometry is said to be flat if the Cartan curvature vanishes. An example of
a flat Cartan geometry modeled on (g, H) is the Klein geometry (G, H). More precisely,
the pair (G,wq) is a flat Cartan geometry, which can easily be verified by comparing the
definition for the latter with the structure associated with a Klein geometry discussed
in §3.2. Conversely, the space M of a flat Cartan geometry modeled on (g, H) is in the
neighborhood of any point of M isomorphic as a Cartan geometry to an open subset of
the Klein space S ~ G/H [Sha97]. The Cartan curvature is thus a measure that quantifies
the nonhomogeneity of M, in comparison with the perfect homogeneity of the Klein space
S.

For the following, we restrict our attention to reductive Cartan geometries for which,
moreover, the Lie algebra g is symmetric. Concretely, there is a reductive splitting as
vector spaces

g=ho@p (3.3.3)

such that [h, ] < b, [h,p] S p, and [p,p] S h. Tt is the last condition that is necessarily
fulfilled in order that a reductive algebra be symmetric. When the Cartan geometry is
reductive, it is sensible to consider the corresponding decompositions of the connection
and its curvature, thus defined by

Ay =pryo A Fy=pryoF

and
Ap=pryoA Fy, =pr,oF,

because they transform reducibly under the right H action.

Proposition 3.3.1. The one-form Ay € Q(P,h) is an Ehresmann connection on P,
and the one-form A, € Q(P,p) is a displacement form, namely, H equivariant, i.e.,
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3.3 Cartan geometry

Ri Ay = Ad(h™Y) A, for each h € H, and strictly horizontal.

Proof. Because A is H equivariant and since g is reductive, it follows that R} Ay + R} A, =
Ad(h™1) Ay + Ad(h™1) Ay. By rearranging this equation so that

R} Ay — Ad(h™ 1) Ay = Ad(h™Y) Ay — REA,,

we obtain an equality between an h-valued left-hand side and a p-valued right-hand side.
This only makes sense if both sides vanish, which proves the H equivariance of Ay and A,.

Next let B* be the fundamental vector field that corresponds to B € . We have that
B = A(B*) = Ay(B*) + Ap(B*), or

B~ 4y(B*) = 4(B").

This can only be true if both sides vanish, hence Ay(B*) = B and A,(B*) = 0, which
completes the proof. o

Note that for any B € p, Ay(A~1(B)) = 0 as A is an isomorphism. Consequently, at
any p € P the subspace A, L(p) is horizontal with respect to the Ehresmann connection
Ayp. Conversely, any element of H, must be in A;l(p), so that at A;l(p) =Hy, Ifgis
reductive, the distribution p — A; Y(p) is right invariant and is therefore equal to the
horizontal distribution that corresponds to Ay:

Hyp = Ay (p) = Rps A, (Adp(p)) = RieHp,
This also implies that the tangent spaces of M can be identified with p, up to adjoint H
transformations, because 7, : H, — T, M is right invariant. Moreover, if there is defined
an Ad(H) invariant metric on p, it can be pulled back to give a metric structure on the
base manifold M.

The two-forms Fy and F}, are H equivariant and horizontal, because the same is true for
F, as has been verified above. For a symmetric Lie algebra, the definition for the Cartan
curvature (3.3.1) allows us to express them in terms of Ay and Ay, namely,

1 1
Fy = dAh + i[Ah, Ah] + §[Ap, Ap], (3.3.4&)
and

The h-valued Fj is called the (corrected) curvature of the geometry. In general, this is
not the same as the exterior covariant derivative of the Ehresmann connection Ay, which
is given by dAy + %[Ah, Ap] only. The p-component F}, of the Cartan curvature is called
the torsion of the geometry. The Klein geometry (G, H) is therefore a Cartan geometry
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3.4 Relation between Ehresmann and Cartan connections

modeled on (g, H) with vanishing curvature and torsion.
We also decompose the Bianchi identity (3.3.2) in an h-, respectively, p-valued component,
rendering the identities

da, o da, Ay =0, (3.3.5a)
and
dAh o dAhAp + [Ap, dAhAb] =0, (3.3.5b)

where dy4, is the exterior covariant derivative with respect to the Ehresmann connection Ay.
The structures associated with a Cartan connection were heretofore all considered on
the bundle space P only. As we already mentioned in §3.1, it is necessary to pull back the
geometric objects to the base manifold, for it is here that physical theories are implemented
in a concrete manner. Just as an Ehresmann connection and its curvature are pulled back
by a family of gauges o, a Cartan connection and its curvature give rise to a family of
local connection and curvature forms, defined on subdomains of M. These local forms
will be denoted by the same symbols as the corresponding forms on P. Furthermore,
from the transformation behavior of the Cartan connection and its curvature under gauge
transformations ¢ — ¢’ = oh™!, one concludes that the local connection A and curvature

F transform as
A Ad(R)A+h Mwy and F+— Ad(h)F, (3.3.6)

where h ™" wy = hdh™! if H is a matrix group. We conclude in mentioning that the
p-valued part of the local connection, i.e., Ay : T, M — p is an isomorphism. This follows
from the first condition in the definition of a Cartan connection. Naturally, such an
isomorphism only makes sense for reductive Cartan geometries.

3.4 Relation between Ehresmann and Cartan connections

In this final section on Cartan geometry we discuss the relationship between Ehresmann
connections and Cartan connections. To be precise, we shall review how certain Ehresmann
connections on a principal G bundle restrict to Cartan connections modeled on (g, H) on
a reduced H bundle.

The reduction of a principal G bundle to a principal bundle with structure group H,
H being a subgroup of G, comes down to the restriction of the structure group G to
the smaller group H, as will be reviewed in §3.4.1. At various places in physics, such a
mechanism generally models a situation in which a larger symmetry group is broken down
to an enclosed group describing less symmetry. Such a reduction of symmetries may be
forced by hand or may happen by chance, which is the case in spontaneous symmetry
breaking.
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3.4 Relation between Ehresmann and Cartan connections

We already saw that the notion of symmetry breaking is closely related to the Lie
theoretic description of homogeneous spaces in Klein geometry, where the isomorphism
S ~ G/i(H) depends on the inclusion i : H — G, i(H) = H¢ being the isotropy group of
an arbitrary point € in .S. In a similar way, a principal G bundle reduces to a principal
H bundle by singling out a section £ of the associated G bundle with typical fibre S.
Conceptually, the section £ locally singles out a point £(x) of the fibre S, over x, which
breaks the symmetry group G of S pointwise to i,(H) = H¢(,). Concomitantly, some
Ehresmann connections on the GG bundle restrict to Cartan connections on the reduced
H bundle. A rather rigorous discussion of this reduction process is indispensable to
understand how the accompanying breakdown of symmetry can be recovered by observing
that the choice of section £ is completely arbitrary, an observation that will be of use
in §4.3.

3.4.1 Reduction of principal fibre bundles

Our short synthesis on the reduction of principal bundles is based on the work [KN96a,
Hus66, HJJS08], but the notation used here is slightly adapted so that it will be easier to
make connection with its role played later on in this dissertation.

Definition. Let P(M, H) be a principal H bundle and Q(M,G) a principal G bundle
over the same base manifold M, such that i, : H — G is an inclusion, i.e., an injective
homomorphism, for each z € M. Let 2 : P — 1(P) < @ be a homeomorphism such that

1(ph) = 1(p)iz(h) and mgowr=mp, wherez = mp(p).

We then say that P is a reduction of @ and that the structure group G is reduced to the
group H ~ i,(H), while Q is called an extension of P.

Note that the inclusion i, varies along M, but that each i,(H) is isomorphic with
any other, so that the definition makes sense. Because i,(H) is a subgroup of G we can
construct the space Q/i,(H) of equivalence classes [q] = [gi,(h)], where mg(q) = . We
denote the canonical projection of ) onto the space of equivalence classes by

Q
i (H)

fHa 1 q€ Q> [q] €
Just as we could identify a space S that is symmetric under G with the space of cosets

G/H¢, where H¢ is the group leaving £ fixed, it is possible to identify the associated
bundle @ x¢ S with the space of equivalence classes Q/i,(H ), where i,(H) = Hg(,) for
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3.4 Relation between Ehresmann and Cartan connections

any z = mg(q), namely,

[q,a] € Q xg S =[qa] € Z;c(%{)

This is a well-defined identification, for [qa] = [gaiz(h)] = [qa,i.(h)E] = [qa,&].

Given a principal H bundle P(M, H), we always can extend it to a principal G bundle
as follows. Consider the associated fibre bundle @ = P x;_(gy G, where x = mp(p), which
consists of the equivalence classes [p, g] = [ph, iz(h)g]. The manifold @ is turned into a
principal fibre bundle over M with structure group GG by including the right G action,
naturally defined by [p, glg’ = [p, g¢']. The right action on the space of equivalence classes
Q@ = P|G] is well defined, because it commutes with the left action, i.e.,

[p. 919" = [ph.iz(h)glg" = [ph,iz(h)gg'] = [p.99'].
The extension is then constructed by
1:pe P [pele@=Px; mG.
On the other hand, it is generally not possible to reduce a principal bundle Q(M, G) to

a principal H bundle. This is the subject of study in the following proposition.

Proposition 3.4.1. A principal bundle Q with structure group G is reducible to a principal
bundle P with structure group H, if and only if the associated bundle Q[S], where S ~ G/H,
admits a globally defined section.

Proof. First assume that ¢+ : P — @ is a reduction. The composed mapping ¢ = i, 02 :

P — Q/iz(H) ~ Q[S] is constant on the fibres of P, since for every h € H

:uz(l(ph)) = /lx(l(p)zx(h)) = ,ux(l(p))'

Hence, the mapping ¢ = 5 o 7r131 cx € M — G(p) € Q5] is a section, because

mors)(a(x)) = mors1(a(p)) = morsy([2(p), €1) = Tq(u(p)) = =,

so that mgg) 0 0 = idm.

Conversely, let [g,&] be a section of Q[S]. According to Prop. 2.3.1, there is a corre-
sponding G equivariant mapping ¢ : Q@ — S such that £ = ¢(q). Consider the subspace of
Q, given by

W(P) = {ac Q| q= ¢ (¢) if mola) = mors([a: €D}

Denote by 7p the restriction of 7g on +(P) and let ¢; and g be elements of 75" (2) for some
x € M. It follows that £ = ¢(q1) = ¢(g2) and that there exists an element g € G such that
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3.4 Relation between Ehresmann and Cartan connections

o S~G/H
P(M,H) ? QM,G) \,U/:c\
\ J O x¢ S

Figure 3.2: The diagram summarizes which manifolds take part in the reduction process
and how they are related by the different mappings discussed in the text. The
reductions ¢ are in one-onto-one correspondence with the sections o.

1 = q2g. Because ¢ is G equivariant, we have that £ = g€, so that g € i, (H), where i, (H)
is the fixed group of £. Therefore, the structure group of +(P) is everywhere isomorphic
with H and ¢ : P — (@ is a reduction from the structure group G to i,(H) ~ H. o

To conclude, we summarize the reduction process diagrammatically in Fig. 3.2.

3.4.2 Restricting Ehresmann to Cartan connections

Consider a reduction 2 : P — @ from a principal G bundle to a principal H bundle such
that the dimension of P equals G. The following proposition specifies which Ehresmann
connections on () are pulled back by the reduction to Cartan connection on P.

Proposition 3.4.2. Let w € Q(Q, g) be an Ehresmann connection on Q. If
kerw n 14 (T'P) = 0, (3.4.1)
then the one-form A € Q(P,g) defined by
A=11*w
is a Cartan connection on P.

Proof. Because ker wy, N 14 (T),P) is zero for every p, 1*w = w o1, is a g-valued one-form on
P that has no kernel.

(i) Because ¢ is an injection and the dimension of P and G are equal, +*w is an
isomorphism at every p;

(ii) Let B* be the fundamental vector field on P that corresponds to B € h, namely, for
each function f we have B* f = df (pb;)/dt, where by = exp(tB). It follows that

(B*)f = S Fp)ia(b)),  where z = mp(p),
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3.4 Relation between Ehresmann and Cartan connections

which is fundamental vector field on ) corresponding to B € h. It follows that
1*w(B*) = B for each B € b.
(iii) For any p it is true that 2 o Ry(p) = u(p)iz(h) = R;,(») © 2(p), where x = mp(p).
Therefore,
(Riw), = (R ), = Ad(i(h) (),
By identifying i, (H) ~ H at any x € M, this proves that A = +*w is a Cartan connection
on P(M, H) m]

We have seen above that there is a one-onto-one correspondence between reduction
1: P — @ and section from the associated bundle Q[S] = @ x¢ S. Therefore, a Cartan
connection on P can be thought as an Ehresmann connection on () together with a section
of Q[S] for which the corresponding reduction satisfies (3.4.1).
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4 | Cartan geometry of spacetimes with a
nonconstant cosmological function

The means of Cartan geometry now at our disposal, we next present the geometry of
spacetimes that are tangentially approximated by de Sitter spaces whose cosmological
constants vary over spacetime [Jenl4]. For this purpose we consider a Cartan geometry
for which the local Klein space is at each point a de Sitter space, but for which the
combined set of pseudoradii forms a nonconstant function on spacetime. We begin with
a study of de Sitter space as a metric Klein geometry, after which de Sitter—Cartan
spacetimes with a cosmological function are introduced. We show that the torsion of
such geometries receives a contribution that is not present for a cosmological constant.
The structure group of the obtained de Sitter—Cartan geometry is by construction the
Lorentz group SO(1,3). Invoking the theory of nonlinear realizations, we extend the class
of symmetries to the enclosing de Sitter group SO(1,4), and compute the corresponding

spin connection, vierbein, curvature, and torsion.



4.1 Klein geometry of de Sitter space

Figure 4.1: Two-dimensional hyperboloid illustrating a de Sitter space with two spacelike
dimensions suppressed. The constant time slices represent three-spheres S° with
time-dependent radii.

4.1 Klein geometry of de Sitter space

Four-dimensional de Sitter space dS is a spacetime that is visualized easiest by embedding
it as the hyperboloid! [HE73, SSV02]

napx P = —% with A > 0

in the five-dimensional vector space R'* parametrized by Cartesian coordinates, see
Fig 4.1. The number A is the cosmological constant of Einstein’s equations [Wal84], for
which there is a different de Sitter space for every positive value of the cosmological
constant. In what follows we shall discuss de Sitter space explicitly from the Lie theoretic
point of view offered by metric Klein geometry, see also [KN96b, Wis10] and §3.2. Such a
treatment allows us to relate the cosmological constant of dS to a length scale defined in
the translational part of the Lie algebra so(1,4). This relation will be important when we
define spacetimes with a nonconstant cosmological function in §§4.2-4.3.

The group SO(1,4) acts transitively and effectively on de Sitter spaces with arbitrary
cosmological constants, a standard result proven in [KN96a], for example. The Lorentz
group in five dimensions is therefore also called the de Sitter group. Hence, the de Sitter
group is the symmetry group of de Sitter space and the pairs (dS, SO(1,4)) form a set of
homogeneous spaces, namely, one for each A. According to §3.2, in order to describe dS in
terms of its symmetry group is it necessary to single out an origin o, which we choose to

!'We use the convention nap = diag(+1, -1, —1, —1, —1); see also §4.A.
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4.1 Klein geometry of de Sitter space

be the south pole, i.e., the point with coordinates o4 = (0,0,0,0, —+/3/A). The isotropy
group of the south pole consists of the elements of the de Sitter group that are of the form,

AAB = (Aob ?) y Where Aab € 80(1,3) (411)

The fixed group of the origin is manifestly isomorphic to the Lorentz group in four dimen-
sions, whereas the matrix above clearly illustrates the inclusion SO(1,3), = i(SO(1,3))
SO(1,4). Because the action of the de Sitter group on dS is transitive, coset elements
of SO(1,4)/S0O(1,3), are in one-onto-one correspondence with points of de Sitter space,
namely, there is the isomorphism

&ﬁ[AAB]egziiéi)H»XA::AABﬁgedS. (4.1.2)
We shall denote the inclusion SO(1,3), by SO(1, 3) as well, so that it has been verified that
(SO(1,4),S50(1,3)) is an effective Klein geometry, wherein the Klein space is isomorphic
to the de Sitter space, i.e., SO(1,4)/SO(1,3) ~ dS. Note however that the left-hand side
of this isomorphism does not make reference to the cosmological constant of the right-hand
side. Therefore, the present description offered by Klein geometry is not sufficient if we
want to discriminate between de Sitter spaces with different values for A. In concordance
with §3.2 we extend the structure to a metric Klein geometry in order to introduce metrical
properties on the Klein space. To do so, it is necessary to shift focus to the infinitesimal
structure of the principal group, namely, to its Lie algebra, as follows.

To begin with, it should be observed that the Klein geometry (SO(1,4),S0(1,3))
is a symmetric space. To be precise, in concordance with the definition of symmetric
spaces [KN96b, Loo69], there is an involutive automorphism ¢ on SO(1,4) induced by the
linear transformation S45 : (x%, x*) ~— (—x%, x*), which in the fundamental representation
acts according to

-1, 0
U(A)AB:SACACDSD& s4 :< 04 1>-

From (4.1.1) one sees that the Lorentz subgroup is invariant under the action of . This
automorphism on SO(1,4) induces a corresponding automorphism on the algebra so(1,4),
which obviously is given by the adjoint action as well. Because ¢ is involutive, the vector
space $0(1,4) can be separated in an eigenspace h with eigenvalue 1 and an eigenspace p
with eigenvalue —1, from which it furthermore follows that

[b,b] = b, [h,p]Sp, and [p,p] Sh,
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4.1 Klein geometry of de Sitter space

for o commutes with the Lie bracket. Since the elements of the Lorentz subgroup remain
invariant under o, s0(1,3) < h. In fact, in its fundamental representation elements of the
de Sitter algebra are of the form

A w% 0 04 w1
W B = - )
0 O we/l 0
= iwab[Mcd]ab + iwb[Pb]a4, (413)
with w® = —lw? and w, = nabwb, and where the M, span the Lorentz algebra while the
P, = M4/l the linear complement p = so(1,4)/s0(1,3), which are called the infinitesimal

de Sitter translations or transvections. It is easy to check that p is the eigenspace of o
with eigenvalue —1, so that h = so(1,3) and

s0(1,4) = s0(1,3)®p (4.1.4)

is the corresponding Cartan decomposition [KN96b].

The symmetric nature of the de Sitter algebra just verified in the fundamental repre-
sentation can be observed in a way that does not depend on the representation, when
we decompose the commutation relations (4.A.1) for so(1,4) according to the reductive
splitting (4.1.4):

_i[Maba Mcd] = naCMbd - nadec + nbdMac - anMada (415&)
*Z.[Maba Pc] = NacPy — MpeLas (4.1.5b)
—i[Pa, Py] = —17* Mg, (4.1.5¢)

Similarly to the decomposition (4.1.3) in the fundamental representation, an element w of
50(1,4) may be decomposed according to the reductive splitting (4.1.4) as %wachd+iwaPa,
which naturally is invariant under the action of the Lorentz group. To obtain an expression
for the Lorentz action on so0(1,4) that is independent of the representation employed,
it is useful to compute it first for the fundamental representation. More precisely, if
w = %wAB M p is an element of the de Sitter algebra in a generic representation, we would
AB .

i

like to find an explicit expression for the components [Ad(A)(w)]”” in

Ad(A)(w) = S[AAA) )] Map
~ LTAQ(A) (@))*May + I[AA(A) ()] P

These components are clearly independent of the representation, so that they can be found
through computing the adjoint action in the fundamental representation. Doing so, one
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4.1 Klein geometry of de Sitter space

obtains that
[AD(A) ()] = A%wAb, and  [Ad(A)(w)]* = A%w®. (4.1.6)

This way, we have an expression for the adjoint action on the de Sitter algebra for any
representation, whereas the part that depends on the representation is contained in the
form of the generators M, and P,. Note how w® and w® do not mix under the adjoint
action, which reflects the reductive nature of the de Sitter algebra.

We are now in the position to implement the isomorphism between the infinitesimal
de Sitter translations p and the tangent space to dS at the origin. This isomorphism is
canonically given as the pushforward of the isomorphism between SO(1,4)/SO(1,3) and
de Sitter space, explicitly written out in (4.1.2). With every i{*P, € p we identify an
element of T,dS given by (let f € .Z#(dS))

d o d o
Ao 55| FexpltE Po) = | FOu(explit o))
0 0
d Ry A
T . [Ao(exp(it§* Py))] é’XiA ] /
where
0 I
0 1 /3 3
Aolexp(it€" Pa)) = exp(it€”[Pal"p)o” = = [ 0 |+ 4[5 | € |t +0().
0 £3
v/ 3/A 0
Consequently, the isomorphism takes the explicit form given by
.a 1 /3, 0
1P, ep— 7 Kg PNl e T,dS. (4.1.7)

Observe how the precise relation between corresponding elements depends upon the length
scale [, introduced above in the algebra of de Sitter translations. We will leave the value
of [ arbitrary for the moment, and first consider its role in the metrical properties of the
Klein geometry.

To provide the Klein space with a metric structure, according to §3.2 an Ad(SO(1,3))
invariant metric must be introduced on p. Such a metric is given naturally when restricting
the Killing form of so(1,4) to p. For any two elements X and Y in so(1,4), the Killing
form is given by B(X,Y) = 4tr(XY) [Hel78]. Therefore, upon restricting this form to p
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4.2 de Sitter—Cartan geometry

we find g
B(i¢ - P,it) - P) = 4[i€ - P)*z[iv - P]B, = ﬁnabgaﬁb,

which is a dimensionless number. Because we would like the inner product on p to result
in a quantity with a dimension of length squared, we make use of the length scale [ to
define the symmetric bilinear form n = (I?/8)B : p x p — R, so that

n(i€ - P9 - P) = 5yt

The isomorphism (4.1.7) induces a corresponding metric on the tangent space at the

origin of dS. More precisely, let g = A;1*n : T,dS x T,dS — R so that
’A . I2A
9(§-0,9-0) = ?U(Zf P P) = ?Uabfa’ﬂb-
This line element should be compared with the metric on dS that is induced by the
geometry of the embedding vector space R1%. Since the latter is given by 74,¢%9, it is
manifest that the metrical properties of the Klein space SO(1,4)/SO(1,3) coincide with
the geometry of a corresponding de Sitter space with cosmological constant A if and only
if we set the length scale introduced in the Lie algebra of de Sitter translations p according
to [Wis10]
3

I = T (4.1.8)

4.2 de Sitter—Cartan geometry

In §3 we saw how Cartan geometries generalize homogeneous model Klein spaces to nonho-
mogeneous spaces with arbitrary curvature and torsion, while preserving the homogeneity
of the model space at the infinitesimal scale of the manifold, when the latter is equipped
with an adequate Cartan connection.

In this section we construct the Cartan geometry (P, A) that is modeled on (so(1,4),
SO(1,3)), where P is a principal Lorentz bundle over spacetime M and A is an so(1,4)-
valued Cartan connection. The homogeneous model space for this geometry is de Sitter
space, whereas the corresponding Klein geometry described in §4.1 is an example of the
Cartan geometry with vanishing curvature and torsion. The spacetime thus obtained
describes a four-dimensional nonhomogeneous universe whose geometry at the infinitesimal
scale reduces to the geometry of de Sitter space, which in this sense are called tangent de
Sitter spaces. For such a spacetime local kinematics is governed by the de Sitter group,
something that will be made concrete in §6.

The cosmological constants of the de Sitter spaces tangent to spacetime are determined by
a length scale in the de Sitter algebra wherein the Cartan connection is valued. By letting
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4.2 de Sitter—Cartan geometry

this length scale be spacetime-dependent in an arbitrary way, with the only restriction
of forming a smooth function, we shall obtain a geometry in which the cosmological
constants of the local de Sitter spaces vary correspondingly. Doing so, there will be defined
a nonconstant cosmological function A on spacetime from the outset. We shall call the
Cartan geometry obtained in the manner just outlined a de Sitter—Cartan geometry [Jenl4].

In the present section we focus in a rather abstract manner on the basic ingredients of a
de Sitter—Cartan geometry with a nonconstant cosmological function. More precisely, the
structure group SO(1, 3) is considered abstractly a subgroup of SO(1,4) without explicitly
making reference to the point of d.S of which it is the isotropy group, whereas the de Sitter—
Cartan connection will be decomposed according to the corresponding reductive splitting.
Such a treatment is mathematically correct but not explicit enough if we would like to
interpret the Cartan connection on the Lorentz bundle P as an Ehresmann connection on
an extended de Sitter bundle @ together with a section in the associated bundle Q[dS] of
de Sitter spaces. In such an interpretation the structure group SO(1,3) ~ ﬂ}l(w) above
each z € M is given by the isotropy group of the point in dS ~ 7@1(3}) singled out by the
given section. For the moment we shall not enter into further details on this issue, and
come back to it in the following section. Let us nonetheless emphasize that the geometric
structure here outlined is complete, and that the spin connection, vierbein, curvature and
torsion of this section can also be seen as gauge-fixed versions of the corresponding objects
calculated in the section hereafter, as will become clear there.

A de Sitter—Cartan geometry is thus constructed over spacetime M when we introduce
a s0(1,4)-valued Cartan connection A, which may be decomposed with respect to the
reductive splitting (4.1.4) as

A= Az + Ap = %A“bMab AP, (4.2.1)

Under the local Lorentz transformation A the Cartan connection transforms according to
(see Eq. (3.3.6))
A — Ad(A)A + AdA™.

Proposition 3.3.1 implies that the so(1, 3)-valued part of A is an Ehresmann connection
for the Lorentz bundle P, i.e., a spin connection. This can also be seen directly from the
transformation behavior of its components:

A% > AT A NS 4 AL dAE.

From now on we shall refer to A%, as the spin connection of the geometry. While this is
correct for the fundamental representation, it must be remembered that the spin connection

in an arbitrary representation is really given by %A“b[Mab]aﬁ.
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4.2 de Sitter—Cartan geometry

The p-valued one-form Ay is called the coframe field and constitutes a pointwise mapping
between tangent vectors and infinitesimal de Sitter translations. This mapping induces
another map that will be denoted by the same symbol as well as given the same name of
coframe field,? namely,

Ay 1 VHO, € TM — iVOp, = iA% Vip, € E = P xg50(1.3) P, (4.2.2)

where p,(z) = [o(x), P,] forms a basis for n;'(z) at any 1 € U ¢ M and 0 : U — P
is a section. For simplicity’s sake, we shall denote the coframe field by its algebraic
components A = A? dz#— once again, such a notation is complete only when the
fundamental representation is considered— and which rotate as a vector under local
Lorentz transformations, i.e.,
A% — A% AL

Using this shorthand notation, the mapping (4.2.2) is reformulated as V¢ = A*(V) =
A VR

Since at any given point A% is an isomorphism T, M — ng(x) ~ p, its inverse exists.?
Such a bundle map takes elements V¢ € E as its input and results in vector fields over M,
hence is of the form A, = A,#0,. Since V*A, =V, we have the orthogonality condition

A% AP = -, (4.2.3)

The vector fields A,#0, constitute the so-called vierbein. We choose the vierbein to form
a set of vector fields that are dual with the coframe, i.e., A%(A4p) = o7, or

A% AN = 58, (4.2.4)

2A comment should be made here to clarify some mathematical subtleties regarding what is meant by the
coframe field [Wis10]. The form we denoted hitherto by A, is a pulled-back version of the p-valued part
of the Cartan connection A : TP — s0(1,4) from §3.3. On the other hand, in the physical literature
the coframe field is generally a bundle map Ap from the tangent bundle to the associated bundle
E = P x50(1,3) p, i.e., the diagram

commutes. If we denote the horizontal lift of a tangent vector X by X, the coframe field flp is defined
through A, as B }
Ay : X e TuM — [p, Ap(X)] e 7' (z) ~p, where pen ' (x).

It is shown in [Wis10] that the inverse relation identifies an A, on P with each coframe field A, on M,
so that both forms may be denoted by the same name and symbol.

3 As was mentioned at the end of §3.3, the mapping (4.2.2) is an isomorphism if the first condition in the
definition for a Cartan connection holds. If this condition is relaxed, such that the dimensions of P and
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4.2 de Sitter—Cartan geometry

Although denoting the coframe A® and vierbein A, by the same letter might seem
somewhat confusing, there is good reason to do so. To see this we first note that the
mapping (4.2.2) induces a metric structure on M. Indeed, the Killing form 7 on p can be
pulled back to give a symmetric bilinear form g on M, i.e., for every two tangent vectors
V and W we define g(V, W) = 1,4, A%(V)A*(W),* so that

gul/ = nabAauAby .

This metric is automatically nonsingular and of Lorentzian signature. As usual, its inverse
is denoted by g"”. Spacetime indices may then be raised or lower by g, while the same can
be done for algebraic indices with 7. From the orthogonality conditions (4.2.3) and (4.2.4),
we then see that the coframe and vierbein really are the same object with its indices raised
or lowered. Therefore, we shall use the name coframe and vierbein interchangeably.

The vierbein identifies with every vector tangent to spacetime a unique infinitesimal de
Sitter translation. Intuitively speaking this signifies that displacements in spacetime are
generated by de Sitter translations: a tangent vector singles out a direction in which we
are to move in spacetime, while the corresponding infinitesimal de Sitter translation is the
actual physical displacement. These generators satisfy the commutation relations (4.1.5¢),
so that the commutator of two infinitesimal translations in a de Sitter—Cartan spacetime
is proportional to a Lorentz rotation. The constant of proportionality is essentially the
cosmological constant of the tangent de Sitter spaces. To understand this one should
remember from §4.1 that the subspace of de Sitter translations p < so(1,4) with length
scale [ can be identified with the tangent spaces of a de Sitter space with cosmological
constant A, according to (4.1.7). Moreover, it was shown that the metrical properties of
dS implied by the Killing form on p under the identification (4.1.7) coincide with those
implied by the embedding pseudo-Euclidean space, if and only if [ = \/3/7, see (4.1.8).
Accordingly, at any point the vierbein constitutes a mapping of the space tangent to
spacetime onto a tangent space of the de Sitter space with cosmological constant

A % (4.2.5)
Because the Cartan connection is at any point valued in a copy of the de Sitter algebra, the
corresponding length scales defined pointwise in p can be chosen to form an arbitrary smooth
function [ on spacetime. In particular, its first order derivatives may be nonvanishing.
Consequently, we have obtained a de Sitter—Cartan geometry that at any point x is
approximated by a de Sitter space whose cosmological constant A(z) is spacetime-dependent

g remain equal, without Ay, : T, P — g being an isomorphism, however, one obtains the definition for a
generalized Cartan geometry [Wisl0]. Then (4.2.2) cannot be assumed to be an isomorphism and the
corresponding metric structure on M will be degenerate.

1See §3.2.
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4.2 de Sitter—Cartan geometry

in a nontrivial way. The combined set of these constants will be called the cosmological
function A, which in general is nonconstant:

dA # 0.

With the objects at hand it is possible to define local Lorentz and spacetime covariant
derivatives. The covariant derivative of sections of E with respect to the spin connection
is given by

b
D,V =0,V + A%, V. (4.2.6)

Correspondingly, an affine covariant derivative V = d + I' is defined by
e, =A,D,A%,.

The vierbein is then covariantly constant with respect to the total covariant derivative, i.e.,
D, A%, — I‘PVMA“p = 0. It follows directly that the metric is covariantly constant,” namely,

Vg = 0.
The Cartan curvature of a de Sitter—Cartan geometry is decomposed as
i .
F:E$@+AZ§W%M+MWQ (4.2.7)

with respect to the splitting (4.1.4). The so(1,4)-valued two-form F' transforms covariantly
under local Lorentz transformations, i.e., F' — Ad(A)F. This implies that the curvature
F% and torsion F® rotate as vectors under the action of the Lorentz group:

F9 — A% FS A and F®— A% F°.

The symmetric nature of the de Sitter algebra allows us to write the curvature and

SA different conclusion can be drawn if one defines the algebraic covariant derivative as
DV =0,V + A%V’ — 0, mlV* = D,V® — 8, InlV*".

There is an extra term compared with the standard expression 4.2.6, which explicitly takes into account
that the generators P, = M4/l change along spacetime. Correspondingly, an affine covariant derivative
V = d + T is defined by

I*,, =ASDuAY, = A’ DA%, — 8, Inldl.
The vierbein is then covariantly constant with respect to these connections, i.e., D, A%, — re
On the other hand, one may verify that the metric is not covariantly constant, namely,

A%, =0.

v
VoG = 0pIn1% g,

This conclusion is in concordance with the results of [YVZM]. Note that this equation is completely
equivalent with V,g,, = 0, when it is considered that I' = T' — dIn!.
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4.2 de Sitter—Cartan geometry

torsion as functions of the spin connection and vierbein. To that end we must make use

of (3.3.4) and (4.1.5), after which we find that

a a a (& 1 a
Fb:dAb+AcAAb+ﬁA /\Ab (428&)
1
= dAAab —+ ﬁAa VAN Ab,
and
1
F® = dA® + A% A AP — 7l A A (4.2.8b)

= dyA® — %dl A A9

where d4 denotes the exterior covariant derivative with respect to the spin connection A%,

The expressions (4.2.8) for the curvature and torsion in a de Sitter—Cartan geometry
differ at two places from the corresponding two-forms in a Riemann—Cartan geometry,
which are given by ds A%, and d4A®, respectively [Tra06]. The curvature has an extra
term that accounts for the curvature of the local de Sitter spaces. Due to this term, a
flat de Sitter—Cartan geometry describes a de Sitter space. In order to see this let us
rewrite (4.2.8a) into an expression for the spin curvature

1

dAAab - Fab — l2

A% A Ab.

In a homogeneous de Sitter-Cartan geometry F® vanishes and M is identical to the
model de Sitter space. This is indeed confirmed by the equation for the spin curvature,
since for a homogeneous geometry its Ricci scalar is given by

12

R[dAA%] = Ap|Aq]daA® =

In addition, there is a term in the expression (4.2.8b) for the torsion which is new

compared with the torsion d4 A% of a Riemann—Cartan spacetime. The presence of this

contribution has its origin in the spacetime-dependence of the length scale [ in the algebra

of de Sitter transvection p, and comes about as follows. The torsion is the p-valued
two-form Fy, = dAp + [As(1,3), Ay].5 The first term in this expression is expanded as

dA, = d(iA°P,) = i dA°P, — z(‘jl A A“) P,

since P, = Mg4/l. By use of the relation (4.1.8) between [ and the cosmological function

See Eq. (3.3.4b).
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4.3 SO(1,4) invariant de Sitter—Cartan geometry

A, the last term of the torsion can be rewritten as
—dInl A A" = 3dIn A A A%,

which shows that this contribution depends on the relative infinitesimal change of the
cosmological function along spacetime rather than on its absolute change.
The Bianchi identities (3.3.5) for the given de Sitter—Cartan geometry reduce to

daodpsA% =0, (4.2.9a)
and
daodgA®+ A° A dyA° =0, (4.2.9b)

which are identical to the corresponding identities for a Riemann—Cartan geometry [Tra06].

The transformations that are consistent with the given geometry are local Lorentz
transformations and spacetime diffeomorphisms, the latter being unphysical as they merely
relabel spacetime coordinates [EZ06]. In contrast, we see from (4.2.1) and (4.2.7) that the
spin connection and vierbein, and the torsion and curvature form irreducible multiplets
with respect to elements of SO(1,4). For example, a local infinitesimal pure de Sitter
translation 1+ie(x)- P leads to the following variations of the spin connection and vierbein,

1 dl
deAY = ﬁ(e“Ab —A%) and 0.AY = —de® — Aabeb + 76“, (4.2.10)
while for the curvature and torsion it is found that
1
55Fab = ﬁ(Ean — EbFa) and 0.F% = —ebFab .

Due to the reductive nature of so(1,4), these geometric objects are well defined up to local
Lorentz transformations only. Since local translational symmetry may play an important
role in theories of gravity, there is the need to extend the structure group to SO(1,4),
while preserving the presence of these different objects, necessary to construct geometric
theories of gravity. This will be discussed for the given de Sitter-Cartan geometry in the
following section.

4.3 SO(1,4) invariant de Sitter—Cartan geometry

In order to extend the structure group from SO(1,3) to SO(1,4), such that the geo-
metric objects obtained by the decomposition of a Cartan connection and curvature
according to the reductive splitting (4.1.4) are well defined, we nonlinearly realize the de
Sitter—Cartan connection of §4.2. The formalism of nonlinear realizations was originally
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4.3 SO(1,4) invariant de Sitter—Cartan geometry

developed to systematically study spontaneous symmetry breaking in phenomenological
field theory [CWZ69, CCWZ69, Vol73], see also [SS69], in which linearly transforming
irreducible multiplets become nonlinear but reducible realizations, when the symmetry
group is realized nonlinearly by one of its subgroups. Nonlinear realizations have been
applied to gravity in [ISS71, BO75], whereas Stelle and West [SW79, SW80] made use
of the formalism to realize connections on spacetime in a nonlinear way. Further discus-
sion on the role of nonlinear realizations in gravitational theories may be found in, for
example, [Wis12, TT04, Tre08, HB13].

There is compelling reason why one may expect that nonlinear realizations have their
importance in theories of gravity. As we explained in §3.4, a Cartan connection on a
principal Lorentz bundle P may be thought of as an Ehresmann connection on a principal
SO(1,4) bundle @ over M that is reduced to P. In essence this is a symmetry breaking
process [Wis12], for the reason that it corresponds to singling out a section £ of the
associated bundle Q[dS] = @ x go(1,4) dS of tangent de Sitter spaces, thereby reducing the
structure group SO(1,4) pointwise to SO(1, 3)¢, the isotropy group of the point {(x) in
the local de Sitter space WCSE 4s] (x) ~ dS, see also [GG09]. Most importantly, the reduction
is not canonical, i.e., the section £ can be chosen arbitrarily, and the broken symmetries
are nonmanifestly restored by realizing them nonlinearly through elements of the Lorentz
group. Consequently, decomposing a nonlinear de Sitter-Cartan connection according to
the reductive splitting of so(1,4) gives way to true geometric objects, well defined with
respect to all elements of SO(1,4). These objects, which include a spin connection and
vierbein, are indispensable for constructing metric theories of gravity. In short, starting
with an SO(1,4)-connection which encodes the kinematical group of spacetime at the
infinitesimal level, its nonlinear SO(1, 3) realization results in the geometric fields with
which gravitational theories can be built.

In order to present this section in a self-dependent manner we first review the formalism of
nonlinear realizations of the de Sitter group, after which it is applied to Cartan connections
to obtain the nonlinear de Sitter-Cartan geometry with a cosmological function.

4.3.1 Nonlinear realizations of the de Sitter group

Apart from the literature cited above we would like to refer the reader to [Zum77] and the
Appendices of [WB92], on which the present review is based.
Within some neighborhood of the identity, an element g of SO(1,4) can uniquely be

represented in the form
g = exp(i& - P)h, with h e SO(1,3).

Hence, the coordinates £* parametrize a region of the coset space SO(1,4)/SO(1,3) so
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4.3 SO(1,4) invariant de Sitter—Cartan geometry

that they constitute a set of coordinates for that region of the de Sitter space. Note
that the elements h by definition constitute the fixed group of the origin £&* = 0. The
parametrization allows us to define the action of SO(1,4) on de Sitter space by

goexp(if - P) = exp(i&’ - P)h' with b’ = h'h ™1, (4.3.1)

and where & = £(go,&) and ' = h'(go,&) are in general nonlinear functions of the
indicated variables.
To verify that the elements h'(gg, &) form a nonlinear realization of SO(1,4) we compute

grexp(i€’ - P) = exp(¢” - P)h'(g1,¢'),
g190 exp(i€ - P) = exp(£” - P)h" (9190, ¢)
= exp(fﬂ : P)h”(gla gl)h,(g(b é-)

It then follows that

h" (9190, &) = 1" (g1, €)W (90,€); €+ & VI ¢,

which manifestly proves how the group SO(1,4) is realized by its Lorentz subgroup.
Remark that one has to keep track of the transformation of the coset parameters under
the group composition. This is the trade-off for realizing the de Sitter transformations by
elements of the smaller Lorentz group: the latter have become nonlinear functions of the
e

If o is a linear representation of SO(1,4) on some vector space V', a corresponding
nonlinear realization is constructed as follows. Let Q[V] be the associated vector bundle
of Q(M, SO(1,4)) with typical fibre V' and denote by 1) some arbitrary section of it. On
a local chart, the field v transforms according to ¥ (z) — ¢'(z) = o(g(z))y(x). Given a
section £ of the associated bundle of de Sitter spaces Q[dS], the nonlinear realization of 9
is pointwise defined as

Y(x) = o(exp(—ié(z) - P))y (). (4.3.2)
Under a local SO(1,4) transformation ¢ rotates according to

'J}/ = U(h/(&go))% (433)

that is, only with respect to its Lorentz indices. The field 1 belonging to a linear irreducible
representation of SO(1,4) thus gives way to a nonlinear but reducible realization. The
price paid for getting irreducible SO(1,3) representations is their complex nonlinear
transformation behavior.

For elements of the Lorentz subgroup, i.e., if go = hy € SO(1,3), the transforma-
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4.3 SO(1,4) invariant de Sitter—Cartan geometry

tions (4.3.1) and (4.3.3) are linear. To see this, we first rewrite (4.3.1) trivially as
ho exp(i& - P)hgtho = exp(i¢’ - P)h'. Because hgexp(i€ - P)hg' = exp(i€ - Ad(ho)(P)) and
since the de Sitter algebra is reductive, it follows that

exp(i€’ - P) = hoexp(i€ - P)hy' and B = hy ,

whereas £ transform linearly as a Lorentz vector, see §4.1.

In principle, this concludes the review on the mathematical framework underlying
nonlinear realizations. The remaining part of this subsection will be devoted to computing
&'(90,&) and h'(go, &) explicitly when g is an infinitesimal pure the Sitter translation, i.e.,
go = exp(ie - P), with O(e?) = 0, so that go = 1 + ie - P.

If we denote dgg = i€ - P, the Taylor series expansion around the identity element of the
transformed coset parameters £ is given by

€'(g0) = €' (1) + 0,€'(9) 1690 + O(3g5) = & + &€,
which induces the following variation on the coset elements:

exp(i’ - P) = exp(i&’ - P)|1 + g exp(i&’ - P)|10g0 + O(5g2)
= exp(i€ - P) + dexp(i€ - P).

Note that the variation in the coset elements depends solely on the variation of the coset
coordinates under local de Sitter transformations. Furthermore, up to first order in dgy we
have that &’ = (h + 6h)h~' = 1 + 6h. Equation (4.3.1), which determines the variations
of £ and h due to gg = 1 + i€ - P, can then be rewritten in its infinitesimal form as

exp(—i§ - P)ie- Pexp(i§ - P) — exp(—i€ - P) dexp(i€ - P) = 6h. (4.3.4)

In order to solve (4.3.4) for 6 and dh one first uses the information that so(1,4) is
symmetric. We explained in §4.1 that the symmetric nature of the de Sitter algebra meant
there exists an automorphism such that so(1,3) and p are eigenspaces with eigenvalues 1,
respectively, —1. Applying this automorphism to (4.3.4) and eliminating dh leads to

exp(—i& - P) dexp(i§ - P) — exp(i& - P) dexp(—i& - P)
= exp(—i& - P)ie- Pexp(i§ - P) + exp(i§ - P)ie - Pexp(—i& - P).

When we use the identities (4.B.1) and (4.B.2) this equation takes on the form

1 — exp(—i - P)
i&- P

. 1 —exp(i& - P)
/\zéf-P—if%P

A0 - P
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= exp(—i§ - P) nie- P +exp(i€ - P) A ie- P,

which can be solved for §¢, that is,

i& - P cosh(i§ - P)

g P = sinh(i€ - P)

A e - P. (4.3.5)

This gives us the transformed coset parameters £'(€) = £ + d¢(e) due to an infinitesimal
pure de Sitter translation as prescribed by (4.3.1).
Consequently, one finds h/(§,€) = 1 + 6h(¢, €) upon substituting (4.3.5) for (4.3.4) and

solving for dh, i.e.,
1 — cosh(i& - P)

hte B ic- P. (4.3.6)

Ysho M =
2

The right-hand sides of the expressions (4.3.5) and (4.3.6) must be interpreted as power
series in the adjoint action of the de Sitter algebra, cf. §4.B. In order to get explicit
solutions for these variations we must compute these infinite series of nested commutators,
which are given by (4.1.5). This is the final task that hence remains to be done.

The power series for the relevant hyperbolic functions are given by’ [AS68]

Q0 P 2n
cosh(i€ - P) Z (i€ - )) , (4.3.7a)
n=0
o0 Zg P)2n+1
sinh(i¢ - P) ;O G D (4.3.7b)
and
o0
csch(i€ - P) = (i€ - P)~ Z z§ p)>1, (4.3.7¢)

Invoking the identity (4.B.3a) we compute the right-hand side of (4.3.5):
i - P A csch(i€ - P) A cosh(i§ - P) nie- P
% n ceiE- P ceif- P
( Z 2 (i€ - P)2"> A [coshz(ie - P — 3 65125 ) + ¢ 6225 ]

)]
:coshz( Z_l ")2”><zep f-eg’§-P>+§.e€i§.P
=coshzzcschz(ie-P_g'egg'P>+f'€§§'P

"The coefficients in the power series for the hyperbolic cosecant are ca, = 2(1 — 22" "1) By, with B; the
i-th Bernoulli number, see [AS68].
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. zcosh z : el P _ -1(eag \1/2
=14e- P+ <7sjnhz 1) <Z€ P 52 ); where z = [ (5 ga) .

Hence, the variation of the coset coordinates due to an infinitesimal pure de Sitter
translation with transformation parameters e is given by®

56 = @ + (&Shz - 1) <ea - gae”gb). (4.3.8)

sinh 2z £

The right-hand side of (4.3.6) is computed in a similar way resulting in the variations

Shab — 1 coshz—1

=5 (e7eb — P, (4.3.9)

The infinitesimal Lorentz transformation 1 + %5habMab is the nonlinear realization of the
infinitesimal de Sitter translation 1 + i€®P, : £ — £ + §€.
4.3.2 Nonlinear de Sitter—Cartan geometry

Now that it is clear how irreducible representations of the de Sitter group can be turned
into fields transforming nonlinearly only with respect to their Lorentz indices, we shall use
this framework to nonlinearly realize SO(1,4) Ehresmann connections. We thus consider
an SO(1,4) bundle @ over spacetime M and a corresponding Ehresmann connection A
on M. Under local SO(1,4) transformations, A transforms as

A= goAgy " + godgy 't = Ad(g0)(A + d), (4.3.10)
while its curvature F' = dA + %[A, A] transforms covariantly, i.e.,
F — goFgy ' = Ad(go)F. (4.3.11)

In order to realize A and F nonlinearly we explained in §4.3.1 that it is necessary
to single out a section & of the associated bundle Q[dS] of de Sitter spaces. Then, in

8The computation of (4.3.8) made use of the power series expansion of the hyperbolic cosecant. For a
real argument the series only converges on the domain (—7, ). How can we trust the solution (4.3.8)7
Note that (4.3.5) can be rewritten as

(i€ - P) "' sinh(i€ - P) A 66 - P = cosh(i€ - P) A e- P,
which when worked out gives us

£-066-P\  £-066-P §-e€-P\ §-e€-P
2 ) + e = coshz<e~P— & ) + & .
This result relies on the power series expansion of the hyperbolic sine, which converges for every value of
its argument. It is readily checked that (4.3.8) satisfies the above equation, which confirms its validity.

271 sinhz<5§ -P—
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concordance with the prescription (4.3.2) to construct nonlinear realizations, it follows
from (4.3.10) that the nonlinear connection must be defined as [SW80]

A = Ad(exp(—i€ - P))(A + d). (4.3.12)

Under local de Sitter transformations, the so(1,4)-valued one-form A transforms according
to
A s A(K(€,90))(A + d).
Because elements of SO(1,4) are nonlinearly realized as elements of SO(1,3), A is a Cartan
connection on a reduced Lorentz bundle, and the reductive decomposition /_150(1,3) + flp
is invariant under local de Sitter transformations. It is then sensible to define the spin
connection and vierbein through these projections, namely, as w = /_150(1,3) and e = f_lp,
respectively.

The spin connection w and vierbein e can be expressed in terms of the section £ and
the projections Agy(13) and Ay of the linear SO(1,4) connection. These relations follow
from (4.3.12), in which the different objects appear according to

%wabMab + e P, = Ad(exp(—i& - P)) (%AabMab +3AP, + d).

To carry out the computation of the right-hand side, we first rewrite it with the help of
the identities (4.B.1) and (4.B.2) in the form

1 —exp(—i - P)
i&- P

exp(—i€ - P) A (%A“bMab +iAP,) + A d(i€ - P).

This expression has to be worked out and terms must be collected in two parts— one valued
in the Lorentz algebra so(1,3) and a second taking values in the subspace of transvections
p. That such a decomposition can be done explicitly follows from the symmetric nature of
the de Sitter algebra: for any two elements X and Y in § or p, the element X A Y isin b
or p. By using the identities (4.B.3), it is found successively that

. .
exp(—if - P) A %AabMab - %(A“b Pt

1 ac a C
12,2 §C(§bA _§ Ab ))Mab
+ z'(z_l sinh zA“bgb) P,

sinh 2
12z

expl—ig P) i, = § (T argd — b)) o

b a
+i<Aa+ (coshz — 1)<A“— ¢ 2155 ))Pa,
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4.3 SO(1,4) invariant de Sitter—Cartan geometry

and

1 —exp(—i& - P)
i€ P

coshz —1

Aﬂﬁfﬂ=;(&ﬁu@é—&%%)mb

(sinhz [ . £bd&ee ghdgee  dl,,
e e L

Collecting these different contributions and separating terms according to whether they

are valued in so(1, 3), respectively p, one gets the expressions for the spin connection w?

and vierbein e%, namely,

hz—1
w =A% — %({a(d&) — A%E&e) — &p(dE* + Aacgc))
Silnj;z (€9 Ay — EA%) (4.3.13a)
and
¢ = Aty TE ey oy Do
L A inh gbdgyge
+ (coshz — 1) <A - 55 > - (S“; ° 1> 52’) . (4.3.13b)

These expressions are almost identical to the corresponding objects found by Stelle and
West [SW80]. The difference to note is that we have a new term in the expression (4.3.13b)
for the vierbein, namely, —dInl£®. This term is present because it is possible that the
internal de Sitter spaces are characterized by cosmological constants that are not necessarily
equal along spacetime. More precisely, one has to take into account the possibility that
the in p defined length scale is a nonconstant function, see Sec. 4.2. On the other hand,
the results of [SW80] specialize for the case that the local de Sitter spaces have the same
pseudo-radius at any point in spacetime. When [ is a constant function one naturally
recovers the results of [SW80].

Under the action of local de Sitter transformations, the linear curvature F' rotates in the
adjoint representation, see (4.3.11). Because the adjoint action commutes with exterior
differentiation, see (3.1.6), one deduces that the nonlinear Cartan curvature F is equal to

the exterior covariant derivative of the nonlinear connection, i.e.,

F = Ad(exp(—i€ - P))(F) = dA + %[A, A, (4.3.14)

which complies with the structure of a Cartan geometry. The nonlinear Cartan curvature
is an so(1, 4)-valued two-form on spacetime, which we decompose once again according
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4.3 SO(1,4) invariant de Sitter—Cartan geometry

to F = Fso(1,3) + Fp. Since F transforms— in general nonlinearly— with elements of
SO(1,3), the reductive splitting is invariant under local de Sitter transformations. This
suggests that Fso(l,s) and Fp must be considered the genuine curvature and torsion of the
Cartan geometry, which are denoted by R, respectively 7.

Similar to the computation of the spin connection and vierbein is it possible to write the
curvature 12 and torsion 7" as a function of £, Fyo(1,3) and Fy. Indeed, the definition (4.3.14)
implies that

SR Mgy + iT Py = Ad(exp(—i€ - P)) (%F“bMab + iF“Pa>,

after which the right-hand side must be worked out and written as sum of an so(1, 3)-valued
and a p-valued part. This computation is to a large extent identical to the derivation
of (4.3.13a) and (4.3.13b) and results in

coshz —1 sinh z
R = F% — 12,2 §(E Fype — &1, ) — W(éan — §FY), (4.3.15a)
and
inh Fb a
7o = Zng“b + cosh z F* + (1 — cosh z)gb §2§ . (4.3.15b)
z

Moreover, from (4.3.14) it follows that
R = d w" Lo d T¢=d.e* 1dl @
p = wwb+l—26 A €p an = dy€ 77 A e,

These equations, which express the curvature and torsion in terms of the spin connection
and vierbein, are the ones to be expected for a Cartan geometry. Because the exterior
covariant derivative of F' is always zero, there are two Bianchi identities that are formally
the same as those given by (4.2.9), i.e.,

dyody,w® =0 and d,od,e"+ e’ A dyw,* = 0.

When the section ¢ is gauge-fixed along spacetime, and for convenience at any point be
chosen the origin of the tangent de Sitter spaces, i.e., {*(z) = 0, all the expressions reduce
to those of §4.2. This is to be expected, because the broken symmetries are not considered,
and the geometry is described simply by a SO(1,4) Ehresmann connection for which only
SO(1, 3)-transformations— the isotropy group of £ = 0— are taken into account. This
has precisely been the way in which the de Sitter—Cartan geometry of §4.2 was set up. In
this sense, the linear geometry is a gauge-fixed case of the nonlinear geometry discussed in
this section. On the other hand, the de Sitter—Cartan geometry of §4.2 can also be seen
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4.3 SO(1,4) invariant de Sitter—Cartan geometry

as one which describes the formal structure, whereas the different geometric objects of
this section are explicit examples of quantities making up such a structure.

Therefore, the different secondary objects introduced in §4.2, such as covariant differen-
tiation, the coframe fields and a metric tensor, among others, and the relations that exists
between these objects, are also valid for the nonlinear de Sitter—Cartan geometry of this

section.
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Appendix 4.A The Lorentz group SO(1,d — 1)

The vector space R141 is defined as the vector space R? together with the nondegenerate
symmetric bilinear form

n:(z,y) € RY x R — gy’ € R, where g, = diag(+1,—1,... —1).

The Lorentz group SO(1,d — 1) in d dimension consists of the elements A of Gl(d) that
fix n, so that
Aab € SO(L d— 1) = AcaAdbncd = Nabs

which have a determinant equal to 1, if we only consider elements of Gi(d) that are con-
nected to the identity. Note that [A71]%, = A,®. For infinitesimal Lorentz transformations
A% = of + w%, the matrices w% = In A% are elements of the Lie algebra so(1,d — 1),
which satisfy wy, = —wp,. This implies that the dimension of the Lorentz algebra is equal
to d(d—1)/2.

The generators of the algebra so(1,d — 1) may therefore be denoted as My, = —Mp,,
where the subscript now enumerates the linearly independent elements, and should not
be confused with the representation indices of the fundamental representation. A generic
linear representation is generated by the corresponding matrices [Mab]aﬁ. The Lorentz
transformations are given by the matrix exponential of linear combinations of the generators,
ie.”

0

For example, in the fundamental representation one finds that [Mc4|% = —i(nad¢ —

A(w) = exp(§w™®Myy),  with My, = —2i

Nebdy), which is consistent with %wc‘i [Mcq]%, = w%. The generators in the fundamental
representation allow us to calculate the commutation relations for so(1,d — 1), which by
definition are independent of the representation. They are given by

—i[Map, Mea) = NacMpd — NaaMpe + MbaMac — MeMad - (4.A.1)

Appendix 4.B Nonlinear realizations

This appendix gathers background and a couple of intermediate results that were omitted
in discussing nonlinear realizations for the de Sitter group in §4.3.1.
To make notation less cluttered, we shall denote the adjoint action of a Lie algebra on
itself by
XAY=adx(Y)=[X,Y]eg.

9A conventional factor of 2 is introduced to account for double counting in the sum.
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4.B Nonlinear realizations

Note that the symbol A for the adjoint action of a Lie algebra is exclusive to this section
and to §4.3.1, and should not be confused with the wedge product of differential forms,
which is exclusive to the other sections throughout the dissertation.

Repeated use of the adjoint action will be written as

XFAY =adb (V) = [X,[X,...[X,Y]...]],
so that for a power series f(X) = Y, cx X*

FX)AY =) X AY
k

denotes a corresponding series of adjoint actions. Given a second function g(X) = >, d; X',
one obtains

g(X) A f(X) A X =) cpdrady (ad (V)
kl

=Y ad X AY = g(X)f(X) A Y,
kl

because of the linearity of the adjoint action. From this result it follows that the equation
f(X) AY = Z can be solved for Y = f(X)™ ' A Z. Note that the inverse function is
supposed to be expressed as a power series. Furthermore, one uses the convention that
1AX=X#[1X]

The following two identities are useful in carrying out the calculations of the present
section and §4.3.1. The first is Hadamard’s formula, namely,

exp(X)Y exp(—X) = exp(X) A Y. (4.B.1)

The other is the Campbell-Poincaré fundamental identity, which is given by

exp(—X) dexp(X) = 1_6}})(_){) A O0X. (4.B.2)

We now verify the identities (z = [71¢ and ¢ = (nabﬁafl’)lﬂ)

et P
(Z'g.P)Q”Ae-P:zQ"(e-P—gE;Q); n =1, (4.B.3a)
1
(i€ - P Ae- P = 51—222”(5%” — My, n =0, (4.B.3b)
(i€ - P)*™ A 6h - M = Sh17 222 2¢¢ (6, My — EaMpe); n = 1, (4.B.3c)

66



4.B Nonlinear realizations

and
(i€ - P)*" T A Sh - M = 6h® 22 (6, Py — & P,); n >0, (4.B.3d)

which were used in some of the computations carried out in §4.3.1. Equation (4.B.3a)
follows when we consider

i€ - P Ae- P =if%[P,, Py] = 1726%° My,
(i& - P)? ne- P =ifP, A 1726%" My,
= l72€a€bgc(nacpb - nbcPa)

— 22 (6.p_5'6§'P>;

(i€ P)' ne- P =172€%(i€ - P)* n (P_£€g£2p>
= l_2f2(if : P)2 Ane-P
= (17252)2 <€.p_ 5652P> :
3
(i P)™ e P=(7%" (e'p— £§P> .
This gives (4.B.3a) for z = I7'¢, while (4.B.3b) readily follows as well:
(ig.p)znﬂ Ae P = (i P) AZzn<€_P_£~e;2'-P>

1
_ l_222n€a€bMab _ 51—222n(£a6b _ Ebea)Mab-
In a similar manner Egs. (4.B.3c) and (4.B.3d) are found by'?

(i€ - P) A 6h - M = Sh** €% (—i)[Map, Pe] = 6h™ (&4 Py — &Pa);
(i€ - P)* A Gh - M = 26h%%€ - P A €,P,
= 20n°°6,£5(~i) [Py, P.]
= 201 2E,6 My, = Sh™12€°(& Mac — £aMie);
(i€ - P)* A Gh - M = 26h®1728,°(i€ - P)* A Mo,
= 20012 GE 26N (€ Mag — EaMea)
= 261222698, Mg

10Y¥e use the notation 6k - M = §h My,
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= (5habl_22260(€bMac - SaMbc)a

(i€ - P)*™ A Sh - M = Sh™1 2227 26%(&,Moc — £ Mye);
(i€ - P)*" 1 A 6k M = 26R%017 2226408, (—i) [Me, Pa]
= 20RI722 2 (68,8 - P — £26,P,)
= 5h“b22n(§apb — & Fy).
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5 | Teleparallel gravity

This chapter marks the beginning of the second part of the thesis, in which we utilize
de Sitter—Cartan geometry to generalize the gravitational interaction for a nonvanishing
cosmological function. In the present chapter we review teleparallel gravity, a theoretical
representation different from general relativity for exactly the same physics. We shall see
that the mathematical structure of teleparallel gravity is given by a nonlinear Riemann—
Cartan geometry without curvature [JP16]. This will inspire us to build in §6 the
generalization for a cosmological function on top of de Sitter—-Cartan geometry.

5.1 Introduction

Physically equivalent to general relativity in its description of the gravitational interaction,
teleparallel gravity is mathematically and conceptually rather different from Einstein’s
opus magnum. Although the precise implementation of general relativity differs from the
one of teleparallel gravity, their geometric structures are related by switching between
certain subclasses of Riemann—Cartan spacetimes.

General relativity being the standard model for classical gravity, it is naturally well
known that the fundamental field is the ten-component metric, which is accompanied
by the zero-torsion Levi-Civita connection. In the absence of gravity the connection
only represents inertial effects in a certain reference frame, which is characterized by its
curvature equaling zero. Subsequently, Einstein naturally incorporated gravity by allowing
for connections that have curvature. This way inertial effects and gravity are locally



5.1 Introduction

completely equivalent, while mathematically inseparable, albeit the equivalence cannot be
maintained over any finite region of spacetime.

This metrical formulation makes no distinction between local Lorentz and coordinate
transformations. Conceptually, however, they arguably are very different. Whereas the
former represent physical transformations between observers moving at different velocities,
the latter just redefine the way one labels spacetime [EZ06]. The distinction is preserved in
principle if the metric and spacetime connection are replaced by a corresponding vierbein
and spin connection. This way one obtains the vierbein formalism of general relativity, a
formulation even mandatory when fermions are to be coupled to gravity [Dir58, BW57].
The geometry that underlies this description is that of a Riemann—Cartan spacetime
without torsion, see §5.2.

There is another possibility to generalize the geometry of Minkowski space to incorporate
the dynamics of the gravitational field. In special relativity the vierbein represents a class
of idealized observers, whereas the spin connection quantifies the inertial effects due to their
reference frames. This representation retains its validity in the presence of gravity, when it
is torsion instead of curvature that is turned on by gravitating sources. Since the curvature
remains zero, the spin connection keeps its role of representing inertial effects only, which
can be transformed away globally by singling out a class of inertial observers. If the vierbein
gives rise to a metric equivalent to the one of general relativity, the teleparallel equivalent
theory of general relativity, or simply teleparallel gravity, is obtained. The fact that inertial
and gravitational effects are logically separated in teleparallel gravity historically has been
of importance, for it allows for a clear-cut definition of a true energy-momentum tensor
for the gravitational field [Mgl61, dAGP00a]. This will be further clarified in §§5.3-5.5
when we review the basics of teleparallel gravity.

It is interesting to note that teleparallel gravity originally was devised to form a gauge
group for the Poincaré translations [HN67, Cho76]. Although the gauge structure of
teleparallel gravity unmistakably bears similarities with the one of the Yang—Mills type
theories that describe the electromagnetic, the weak, and the strong interaction, there
are also important discrepancies. The geometries that encode the interactions of the
standard model are abstract, in the sense that they are unrelated to the tangent structure
of spacetime, so that the gauge fields are represented by certain Ehresmann connections,
see §3.1. Because gravity changes the geometry of spacetime itself, it is not surprising that
the mathematical structure is to be different. In §5.3 we shall argue that the geometric
structure underlying teleparallel gravity is that of a nonlinear Riemann—Cartan geometry,
and that its interpretation as a translational gauge theory can be understood from the
particular properties of such a geometry.

This understanding will have its importance when we aim at generalizing teleparallel
gravity for the presence of a cosmological function in §6, where we deform the group
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5.2 Riemann—Cartan geometry

governing the local spacetime kinematics from the Poincaré to the de Sitter group. Indeed,
since the gauge paradigm does not appear to allow for such a generalization— a point to
which we shall come back later— it will be necessary to leave the gauge picture for what
it is when generalizing teleparallel gravity for de Sitter kinematics.

5.2 Riemann—Cartan geometry

The geometric structure that underlies teleparallel gravity is a Weitzenbock geome-
try [Wei23], i.e., a Riemann-Cartan spacetime with vanishing curvature but nonzero
torsion. In order to establish a notation and reference that will be used throughout this
chapter, we here gather some properties regarding such a geometry.

A Riemann-Cartan spacetime is a manifold M that comes with a Cartan geometry
modeled on (iso(1,3),S0(1,3)), namely, it is the base manifold of a principal Lorentz
bundle and is provided with an iso(1, 3)-valued Cartan connection. Consequently, it is a
nonhomogeneous spacetime with arbitrary curvature and torsion, and where the degree
of nonhomogeneity is compared to the homogeneous affine Minkowski space M. Such a
geometry can be obtained as a special case from the de Sitter—Cartan geometry discussed
in §4.2. More precisely, upon considering the limit of a diverging length scale [ — o0 in the
commutation relations (4.1.5), one recovers the characterizing relations for the Poincaré
algebra is0(1,3) through an Inénii-Wigner contraction [IW53, Gil02], namely,

_i[Maba Mcd] = NacMpd — NadMpe + MpaMac — MoeMad, (5.2.1&)
_i[Mab7 PC] = Nac Py — Mo Pa, (5.2.1b)
~i[ Py, P] = 0. (5.2.1c)

The contraction limit corresponds to the vanishing of the cosmological constant! of
the homogeneous Klein space dS, which becomes Minkowski space. When we perform
the contraction at all points of a de Sitter—Cartan spacetime simultaneously, each of
the tangent de Sitter spaces reduces to the affine Minkowski space, and one obtains a
Riemann—Cartan spacetime. Correspondingly, the geometric quantities that characterize a
Riemann—Cartan spacetime are recovered by evaluating this limit in the respective objects
for a de Sitter—Cartan spacetime.

Hence, in concordance with the results of §4.2, there is the following structure associated
with a Riemann—Cartan geometry. The basic ingredients are the spin connection wabu
and the vierbein e, the latter of which is now valued in the abelian algebra of Poincaré

!See (4.1.8).
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translations t = span{P,}. Their curvature and torsion are denoted by

B% = dw® + w”, AW (5.2.2a)
and

G = de® + wY A €. (5.2.2b)

The expression (5.2.2b) for the torsion can be solved for the spin connection, which
gives the Ricci theorem
w“bu = (fizabu + Kabu? (523)

where &%, = %ec#(cha + Q% + Q%) is the Levi-Civita spin connection, with
Qabe = eplea]dec = e,'ey (Opec — Ovecy)
the coefficients of anholonomy, and where

K* !

b = §(Gaub + Guab + Gbau)7 or Gauu = Kabuebv - Kabvebu' (5.2.4)

The object denoted by K is called the contortion of w?,,- Note that the contortion is an
50(1,3)-valued one-form that transforms covariantly under local Lorentz transformations,
which can be deduced from (5.2.3) and (5.2.4). From (5.2.3) it also follows that the
Levi-Civita spin connection is the unique spin connection that has no torsion, while the
expression for the coefficients of anholonomy proves that w is determined completely by
the vierbein and its first order derivatives.

Subsequently, it is straightforward to define algebraic and spacetime covariant differenti-
ation by D = d 4+ w and V = d + I, respectively, which are interrelated by

I%,, =e’Dye”, and w%, =e*,V,e/.

A metric structure is readily constructed as well by contracting the vierbeins, i.e., g, =

a symmetric tensor that is covariantly constant, namely, V,g,,, = 0.

a
e €aus

The Bianchi identities for a generic Riemann—Cartan geometry are given by

dB% +w® A B9 —w% AB% =0
and

dG* + w% A G* + e’ A B, = 0.
It will turn out to be useful to define the so(1, 3)-valued two-form

Qab:dKab +Wac/\ch—wcb/\Kac—Kac/\ch. (525)
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This quantity measures the difference between the curvature of the spin connection w and
the curvature of the Levi Civita spin connection, i.e., B = dgw, namely,

BY = BY + Q%, (5.2.6)

which is verified directly from (5.2.3). Furthermore, the Bianchi identities can be reformu-
lated in terms of @) as

anb + U.)ac N ch — ch N Qac
- K'Y AQY+ Ky nQ+ K ABYy—K9AB% =0 (52.7a)

and
P AQt—e" AB=0. (5.2.7b)

Riemann—Cartan spacetimes are the fundamental mathematical structure that underly
various theories for the gravitational interaction at the classical level. In its most general
form it allows for both curvature and torsion, a setting that is considered in the Einstein—
Cartan—Sciama—Kibble (ECSK) theory [Car24, Car23b, Kib61, Sci64]; for an extensive
account on the inclusion of torsion in general relativity, see [HVDHKN76].

If one demands the spin connection to have no torsion, the resulting geometry is a
Riemann spacetime, see Fig. 5.1. This structure is the one considered in (the vierbein
formalism of) Einstein’s general relativity. It is physically nonequivalent to ECSK theory,
because the geometric objects & and e have a combined set of ten off-shell gravitational
degrees of freedom, whereas the torsion introduces extra components in the ECSK model.

When it is not the torsion that is required to vanish, but the curvature is set equal to
zero, the Weitzenbock spacetime is obtained. The spin connection is pure gauge, i.e.,

W, = A0, where A% € SO(1,3). (5.2.8)

It is interesting to note that the combined set of degrees of freedom of the spin connection
and vierbein in a Weitzenb6ck spacetime is the same as in a Riemann geometry. Not only
is it interesting; it is fundamental for what follows as it opens up the possibility for a
theory of gravity that is equivalent to general relativity, but where the spin connection
does not depend on any gravitational degrees of freedom. This theory goes by the name
of teleparallel gravity, which indeed is equivalent to general relativity in its description of
gravitational phenomena, a statement to be clarified in §5.5.
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Weitzenbock

B=0and G #0
Riemann—Cartan

B#0and G #0
Riemann

B#0and G=0

Figure 5.1: This diagram summarizes how a Riemann—Cartan geometry with arbitrary
curvature and torsion reduces to a Weitzenbock, respectively, Riemann geometry, when
the curvature, respectively, torsion is turned off.

5.3 Fundamentals of teleparallel gravity

In the following paragraphs we briefly review the fundamentals of teleparallel gravity. For
an extensive account on the subject we would like to refer the reader to [AP12, dAGP00b,
APO04]. Our discussion is based mainly on these references, although we adapt our point of
view in order to make the relation with a nonlinear Riemann—Cartan geometry manifest.

In concordance with observational facts we as usual model spacetime as a four-dimensional
manifold allowing for events to be specified by one time and three space coordinates. If
we furthermore take into account that in the absence of gravity inertial observers at any
spacetime point are related by Lorentz transformations, while observers at different points
can be linked by Poincaré translations, we would like to maintain such notions at regions
in spacetime sufficiently small when gravity is present.? This kind of local kinematics is
implemented when we provide spacetime with an iso(1, 3)-valued Ehresmann connection
A, which we decompose in a Lorentz and translational part, see (4.2.1).> We already
observed recurrently? that such a splitting in practice requires us to single out a point of
the Klein space, which for the case here discussed is Minkowski space. As for the de Sitter
connection, the splitting withstands local Lorentz transformations but not local Poincaré
translations 1 + ie(x) - P, for (see also (4.2.10))

6 A% =0 and §.AY = —de® — A%l (5.3.1)

Note that, as opposed to A%, the form A% is invariant under translations, so that it is a

2Promoting the global symmetries of special relativity to such local ones is really an assumption, because
it is possible that turning on gravity alters the kinematical group that governs physics locally. It is
nonetheless the most natural assumption, although we will relax it in de Sitter teleparallel gravity in
view of the dark energy problem, see §6.

3For the moment we set the curvature of A equal to zero, until we specify how to introduce the gravitational
degrees of freedom.

4See, e.g., §4.1
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true spin connection. We therefore define
wab = Aab (532)

as the spin connection of teleparallel gravity.

Next consider the associated bundle of tangent Minkowski spaces Q[M] = Q x so,3) M.
Because A is a flat connection, i.e., dA+%[A, A] = 0, spacetime M is geometrically identical
to the model Minkowski space, such that one may identify M and M, = Wé[lM] (x) for all
x € M simultaneously. We do so in an explicit manner as follows. Let £* be a Cartesian
coordinate system for M, after which we set x# = §#¢®, while for every M, the point of
tangency £%(z) is chosen so that it corresponds in value to z# € M. This way z# = JH¢®
is a (Cartesian) coordinate system for spacetime, while £%(z) forms a section of Q[M].
With some imagination it may be seen that such a choice reflects a single identification of
(Minkowski) spacetime and all the tangent Minkowski spaces. The tangent space T, M of
spacetime is consequently identical with the tangent space T¢ M, where the corresponding

map is the vierbein e, = dj;, since 0, = d;,0s. We are of course free to change coordinate

system and under the z:rbitrary transformation 0#£% — (&), the coordinate basis changes
according to dy, > 0,§"0q, so that the vierbein assumes the form e, = 7,£".

There still remains some arbitrariness in the way we identify the tangent Minkowski
spaces M, with spacetime. Firstly, each one of them can undergo a Lorentz rotation, i.e.,
£4(z) — A% (2)€%(x). In order for the vierbein to rotate covariantly under local Lorentz
transformations, we introduce a connection term, i.e., ¢, = 0M§”+A“b“§b. This connection
term does not introduce gravitational degrees of freedom, as it only accounts for inertial
effects. To be precise, it is of the form A% = A%.dA,°. Lastly, the tangent Minkowski
spaces can be acted upon by local Poincaré translations. An infinitesimal translation
1 + ie(z) - P changes the section £%(z) — £%(z) + €*(z). These transformations are of
fundamental importance in teleparallel gravity, for they are the gauge transformations on
which its construction as a gauge theory of gravity for the translation group RY? is based.
Because a Lorentz vector does not change components under a translation, the vierbein
should remain invariant. Therefore, we must include A® in its definition:

e = dev + A%EP + A% (5.3.3)

From (5.3.1) it follows that e® is invariant under local Poincaré translations.
The curvature and torsion then take the form

Bab = Fab (534&)
and
Go = Fo¢b + I, (5.3.4b)
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where the two-forms F'% and F are the exterior covariant derivatives of A% and A¢,
respectively, with respect to A%,. Because the spin connection is assumed to represent
inertial effects only, its curvature (5.3.4a) vanishes, hence the torsion of the geometry
is determined entirely by the quantity F'* = d4A®. This object itself is nonzero only if
A # de® + A“beb for every choice of €*, namely, it cannot be set to zero everywhere by a
local Poincaré translation. The form A“ is therefore generally given the role of gravitational
gauge potential, whereas the torsion is said to be its field strength, in some analogy with
Yang-Mills type gauge theories. The analogy is not complete since the torsion is not given
by the exterior covariant derivative of the gauge field with respect to itself, which here
would be dA®.

Then what is the mathematical structure underlying teleparallel gravity? We argue it is
a nonlinear Riemann-Cartan geometry for which the curvature B¢, of the spin connection
is set to zero [JP16]. This can be concluded by considering the limit of an everywhere
diverging length scale [ for the geometric objects of a de Sitter—Cartan geometry. To be
explicit, the spin connection (5.3.2) and vierbein (5.3.3) are clearly recovered from the
corresponding objects (4.3.13), while the curvature and torsion (5.3.4) follow from (4.3.15).
To specialize for the geometry of teleparallel gravity we just set B% = F'% = 0, a condition
manifestly consistent with local I50(1,3) transformations. From this point of view
the field A% is the t-valued part of a linear 150(1, 3) connection, while the vierbein is
the t-valued projection of the nonlinear Riemann-Cartan connection A. Furthermore,
the invariance of the vierbein e* and the torsion T under local infinitesimal Poincaré
translations follows from the fact that they transform nonlinearly with the Lorentz rotation
generated by (see (4.3.9))

1coshz—1
lim 6h* = ——- %~
o 12 zsinhz

(g — ety =0,

that is, with the identity transformation. The implied invariance of the vierbein and
torsion under these local translations is a crucial ingredient to allow for the interpretation
of teleparallel gravity as a gauge theory. Indeed, playing the role of covariant derivative
and field strength, respectively, they must transform with the adjoint representation of
the gauge group, which is the trivial representation due to abelian nature of iso(1, 3).

Because the set of de Sitter translations do not constitute a group, it does not appear
feasible to construct teleparallel gravity with local kinematics regulated by SO(1,4)
through the gauge paradigm. By observing that the structure underlying teleparallel
gravity is a nonlinear Riemann—Cartan geometry, it is natural to incorporate local de Sitter
kinematics by generalizing for a nonlinear de Sitter—Cartan geometry with a cosmological
function. This strategy will be deployed in §6.
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5.4 Equations of motion

5.4 Equations of motion

Now that the geometric structure that underlies teleparallel gravity has been laid out, let
us review the equations of motions for a classical test particle moving in a gravitational
field, after which we discuss the equations of motion for the gravitational field itself.

5.4.1 Particle mechanics

The action that determines the motion of a point particle with nonzero rest mass m in a

gravitational field is defined by (¢ = 1) [dAP97]
S = —deT, (5.4.1)

where integration runs along a world line #(7) traced out by the particle between given
start and end events, and where dr? = gudxtdx”, i.e., T is the proper time of the particle.
By the principal of least action the physical path taken by the particle is the one that
extremizes (5.4.1). The equations of motion are thus given by S = 0, where the variation
is due to an arbitrary infinitesimal deformation of the world line dz#(7) that nonetheless
vanishes at the start and end events.

Because the four-velocity u* = dz"/dr satisfies dr? = utu,dr?, we have that utu, = 1
and dr = u,dz = uge®, where the vierbein is given by (5.3.3). It is readily verified that
odT = ugde® so that

68 = —m J U0 (AT + de® + A%eb).

The variations of the different terms are actually given by the Lie derivatives in the
direction dx*, i.e., for a zero- and one-form we have, respectively,

0§ = 0,€"6x" and A%, = A% dox! + 0, A%y, 02 dat.

Furthermore, if we integrate by parts terms that contain déx*, then the resulting surface
terms vanish, as the world line variations there are equal to zero. A straightforward
computation leads to

dug a a a
58 = JdT(SI"LL[(dT - Abapubup> (aué + A b,LLfb + A ,u,)

— uguP et (0, A% , — OpAY,, + A%, A%, — A A%

— uqu” (0, A%, — 0,A%, + A%, A, — AaprbH)}

The last two lines of the integrand can be rewritten as —ugu” (§bFabMp —-F, ) = —uqu’ G,
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5.4 Equations of motion

When the variation of the action is demanded to vanish we obtain the equations of motion
that determine the particle’s world line, i.e.,

b b
u’Dpu® = upu”G” e = K% u’uf. (5.4.2)

In teleparallel gravity the spin connection does not have curvature, i.e., B = 0, so
that F'% vanishes as well, while G is equal to F*. We remark as a side note that the
calculation above remains valid for a generic Riemann—Cartan geometry. Therefore, the
equations of motion (5.4.2) also retain their form, as long as one keeps in mind that
G® is the nonlinear torsion (5.3.4b). The equality G* = F* in a Weitzenbo6ck spacetime
is important for considering teleparallel gravity from the gauge theoretic point of view,
because this way the equations of motion take the form of a force equation wherein the
right-hand side of (5.4.2) consists of a field strength F'* that corresponds to the gauge
field A%, in analogy with the Lorentz force equation in classical electrodynamics.

Observe that a particle in a gravitational field does not follow geodesics of the Weitzen-
bock connection, since geodesics are solutions of (5.4.2) with the right-hand side set to zero.
The contortion gives rise to a gravitational force that accelerates the particle away from
the path it would follow in the absence of gravitating sources. As will be discussed in §5.5,
the physical path taken by the particle dictated by (5.4.2) is identical to the one prescribed
by general relativity. In particular, the world line does not depend on the particle’s mass,
for the weak equivalence principle is equally assumed in postulating the action (5.4.1).
However, it has been shown in [APV04b] that generalizations of teleparallel gravity can be
formulated in which the weak equivalence principle breaks down. On the other hand, it is
well known that such a generalization is not reconcilable with the Riemannian spacetime
of general relativity.?

5.4.2 Gravitational field equations

Although we have found a set of equations that determines the motion of a test particle in
the presence of a gravitational field, it remains to be specified how the latter is produced
by gravitating sources. In other words, we need to formulate equations of motion for
the gravitational field itself, that is, for the vierbein. As has been mentioned before,
the presence or not of gravity is encoded in the torsion of the geometry. Therefore, the
action for the gravitational field should be the spacetime integral of a scalar made up of
at least the torsion. Furthermore, the field equations that follow from the action must
be equivalent to those of general relativity, so that they both predict equivalent physical

5At the present state of experimental affairs this is not really an argument of much value in favoring
teleparallel gravity over general relativity, for there seem to be no indications whatsoever that the weak
equivalence principle be false [WSGA12].
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5.4 Equations of motion

behavior. This means that the actions of teleparallel gravity and general relativity are the
same— or that the corresponding Lagrangians are equal up to the covariant divergence of
a four-vector.

The action for the gravitational field in teleparallel gravity is given by (¢ = A = 1)

1
Sig = 5 d*z e Lig, (5.4.3)

where the Lagrangian is defined as

1 1
Lig = GGy + G

N T < N 7 vp
= K", K", — K" K",

WGb”AeaAeb” — GaWGb”/\ea"eb’\ (5.4.4)

We introduced the number x = 87G with G the gravitational constant and denoted
e =dete”,. In §5.5 we shall verify that this action is completely equivalent to the one of
general relativity.

The physical vierbein is the one that extremizes (5.4.3), i.e., the one that solves §S = 0,
where the action is varied with respect to an infinitesimal shift in the components of the
vierbein. The variation goes as

1
08 = 5 Jd%(ae Lig + €0Lsg).

To further work out the first term in the integrand we use the formula that expresses the

variation of the determinant of a matrix in terms of the variations of its components, i.e.,
_ s a
de = eeyl'oe”,.

In order to simplify the second contribution in the integral one assumes that the variation
of the vierbein goes to zero at infinity, such that surface integrals vanish. One obtains

oL 1 oL
4 _ 4 tg tg a
Jd :Eeéﬁtg—fd xe[&eau ea’)(e&@pe“M)]&e -

Combining these results and demanding dS to be zero for any variation in the vierbein

gives us the field equations for teleparallel gravity, namely,

OLsg 0Ly e
Op <66(3pea#> e ee'Lig = 0. (5.4.5)

When one substitutes the Lagrangian (5.4.4) for L, in the field equations, their explicit
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5.4 Equations of motion

form is found:

Op(e W, PH) — ewbaprp“ +e GbpaWbp“ —ee ' Lig =0, (5.4.6)
where we introduced the superpotential

W, = G 4 G — G, — 2e, Y Gy + 2e, MGy, (5.4.7)

which is a tensor that is antisymmetric in its two spacetime indices. The calculation that
leads to these results is summarized in §5.A.
The field equations may also be written as

D,(eW,") + et} =0,
where we defined the tensor
t =GP W, — e L. (5.4.8)

Because of the antisymmetry in the last two indices of the superpotential, and since the
curvature of w vanishes, we have that D,D,(e W,”*) = £[D,, D,,](e W,”*) = 0, which in
turn implies that

D,(et,}) = 0. (5.4.9)

The tensor ¢,/ is thus covariantly conserved and can be interpreted as the energy-momentum
tensor of the gravitational field [AAGPO00a]. Furthermore, in a class of inertial frames the
spin connection vanishes everywhere and the covariant derivative reduces to the ordinary
derivative. For the corresponding inertial observers the quantities

da = fd?’a:etao (5.4.10)

are charges conserved in time, because®

00qa = —Jdgw Oi(etai) =0,

as the fields are assumed to vanish at spatial infinity.

From the point of view of noninertial observers the quantities (5.4.10) are not conserved
in time. As they are accelerating, the observed gravitational field acquires energy and
momentum, so that the nonconservedness of g, is of course very natural— and completely
equivalent to noninertial electrodynamics, for example. The charges conserved for such

5The superscript ¢ indexes spacelike coordinates.
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5.5 Equivalence with general relativity

observers are just the ones derived from ¢,/ —w®, ,W,”*, which can be verified directly from
the field equations (5.4.6). The second term can be interpreted as the energy-momentum
density due to the coupling of gravity to the inertial effects resulting from the noninertial
reference frame.

5.5 Equivalence with general relativity

Although teleparallel gravity and general relativity employ different geometric objects to
describe the gravitational interaction, the predictions they yield are equivalent on the
domain where general relativity applies.

The equations of motion for a test particle moving under the influence of a gravitational
field, given in (5.4.2), can be rewritten trivially as

uPOpu® + (W, — K"bp)ubup =0.

We explained in §5.2 that the Levi-Civita spin connection is equal to the difference
w = w — K. Therefore, if the flat Weitzenb6ck geometry is replaced with a Riemannian
spacetime, the equations of motion take the form

N A
u’o,ut + T oAU uf =0,

where we used the vierbein to eliminate the Lorentz index in favor of a spacetime index.
This is of course the geodesic equation for a Riemannian geometry, and it is well known to
determine the world line for a particle moving in a gravitational field according to general
relativity [Wal84].

Although both teleparallel gravity and general relativity predict the same world line
followed by a particle that interacts with a gravitational field e, the difference in form of
the respective equations of motion indicates that they conceptually speaking have a distinct
point of view on the interpretation of the gravitational interaction. General relativity
geometrizes the gravitational interaction in the sense that the Levi-Civita connection is
determined by the gravitational field. This way, inertial and gravitational effects get mixed
up in the same mathematical object, although they are distinguishable physically, when
going beyond the infinitesimal structure of spacetime. In teleparallel gravity, on the other
hand, the equations of motion (5.4.2) take the form of a force equation with the contortion
playing the role of gravitational force, while the connection encodes inertial effects only.

It is no coincidence that both sets of equations of motion lead to the same solution for
the particle’s worldline. This is so because the generating action of teleparallel gravity was
chosen to be equivalent to the one of general relativity, i.e., the particles elapsed proper
time. A priori, this equivalence is only formally true, since the metric of general relativity
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5.5 Equivalence with general relativity

and the metric derived from the vierbein of teleparallel gravity may not be the same. In
order to show that both theories give rise to the same metrical structure one must verify
whether their field equations— and therefore also their solutions— are equivalent. We do
so in the remaining paragraphs of this section by proving the total equivalence between
the actions for the gravitational field in general relativity and teleparallel gravity.

The Lagrangian of general relativity is the Ricci scalar of the Levi-Civita connection,
i.e.,

ﬁgr = _[;’ = _éabuueaueby7

where B is the exterior covariant derivative of the Levi-Civita spin connection w with
respect to itself. Let w be the Weitzenbd6ck spin connection and K its contortion. The
Ricci theorem (5.2.3) implies that B=B8B —@Q = —(@Q, where we observed that B = d,w =0
and the two-form @ is defined as in (5.2.5). One thus finds that Lg = Q = Q% e e, .
We therefore calculate

Q = 0,K", — Dye,') K™, — Dye,” K*, — 0,K", + Dye, ) K™,
+ Dye/ KM, — K* K, + K" K",
=20, K", +T# e,/ K", +T%, /K", —T" e /K™,
—TY,e,/ K", — K" K, + K!' K,
=20, K", +2I'", K, +2K", K, +2I", K", +2K", KM,
- K" K", + K", K,

2 v v v
= Z0u(eK™,) + K", KM, — KV, K,

It follows from (5.4.4) that
2

Lig = Lor = ~0u(eK™,). (5.5.1)

We thus conclude that the actions of teleparallel gravity and general relativity are equivalent
up to a surface integral at spacetime infinity. Such a surface term is usually ignored by
assuming that the fields at infinity go to zero sufficiently quick. Since the actions are
equivalent, the same is true for the corresponding gravitational field equations. As a result,
the metric structure determined by teleparallel gravity is the same as the one determined
by general relativity for a given current of energy-momentum.
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5.A Calculation of gravitational field equations

Appendix 5.A Calculation of gravitational field equations

In this section we derive the field equations (5.4.6) for the vierbein in teleparallel gravity.
These equations follow when computing (5.4.5) for the Lagrangian (5.4.4). We therefore
calculate in succession the partial derivatives of Lz with respect to the vierbein and its
first order spacetime derivatives, respectively.

We thus begin with

0Ly 10G°, . .~ 1 oG 109G, b a
dec. 4 dec Ga ZGa‘“’ Gei 3 oe¢ GTxea e
g g g g
1, oG™ 1 b (e e”)
- 2= A ZGe GH e Th )
27 M Qec, Ca T 0ec,
oG* oG d(e,e,?)
_iGbyeye)\_Ga /\eue)\_Ga Gbuaib
b b
o€, ATa He Qec, BN Qe

In furtherance of the calculation we first compute:

aGa/W _..a 50 _,a 50
deC =w cpuv Wiy wo
o

Ogpxn _ (€"pe4) o o
aecg = aecg = 66)\6p + €Cp(5)\,
dgP?

oec,

o A oA
=g pec -4 ecp'

Subsequently, one also needs the equalities

A
aea = —¢ % A
dec, @ e
oG,
(961(1: = [nabwbcagauggu + Gaauecy + Ga)\uec)\gmj] - [/.L <« V]a
o
bu
aG}\: p,uwb 57 — Uﬂwb _Gb el,LO'p_Gb e PgoH
Dec g cp®A g cA pAFec g pAFe g
g

We then make use of these intermediate results to work out dLg/de,, which after some

algebra is found to be given by

oec,

= W, W, + G, W, O, (5.A.1)

where we used the notation W as defined in (5.4.7).
It is a simpler exercise to find the derivative of the Lagrangian with respect to the first
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order derivatives of the vierbein. One only needs the expression

oG*
MY spSOsSa _ Sp SO Ssa
v 308762 — 608762

This is sufficient since the derivative operator annihilates the metric g, = e e, and we
can freely raise and lower spacetime indices. Using this information, it is readily found

that
° L1

00,€°,
Finally, when the expressions (5.A.1) and (5.A.2) are substituted for (5.4.5), the field
equations for the vierbein, i.e., Eq. (5.4.6), are recovered.

— W, (5.A.2)
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6 | de Sitter teleparallel gravity

We formulate a theory of gravity in which the local kinematics of physics is regulated
by the de Sitter group [JP16]. More precisely, we generalize teleparallel gravity for the
cosmological function being built on top of a de Sitter—Cartan geometry. The cosmological
function is given its own dynamics and naturally emerges nonminimally coupled to the
gravitational field in a manner akin to teleparallel dark energy models or scalar-tensor
theories in general relativity. New in the theory here presented, the cosmological function
gives rise to a kinematic contribution in the deviation equation for the world lines of
adjacent free-falling particles. While having its own dynamics, dark energy manifests itself
in the local kinematics of spacetime.

6.1 Introduction

In the preceding chapter we saw how teleparallel gravity models the gravitational interaction
in a manner that is in complete equivalence with general relativity from a physical point
of view. As is well known, these theories are consistent with the strong equivalence
principle [Wei72, AP12], which states that

all test fundamental physics (including gravitational physics) is not affected,
locally, by the presence of a gravitational field [DCLS15].

This means that if we set up an experiment taking place in a region of spacetime sufficiently
small and record the results, it is always possible to perform the same experiment in



6.1 Introduction

a region absent of gravity and change reference frame such that the same results are
obtained. In theory, sufficiently small might be synonymous to infinitesimal, namely, the
equivalence is exact only if the experiment performed in the presence of gravity takes place
in the tangent structure of spacetime. Alternatively, the equivalence principle implies
that gravitational effects at a given event can be turned off by considering a certain local
Lorentz transformation.

Furthermore, both teleparallel gravity and general relativity incorporate the assumption
that the local kinematics of spacetime is regulated by the Poincaré group. These consid-
erations are the rationale behind Riemann-Cartan geometry underlying both theories of
gravity, a fact we verified in §5, while their only difference being the way they accommodate
the gravitational degrees of freedom among the geometric objects available.

Be that as it may, there is significant experimental evidence that our universe momen-
tarily undergoes accelerated expansion [PR03, Wei08]. The substance that drives such a
stretching of spacetime is generally conjectured to be dark energy, which is a term used for
the cosmological constant, or a component that acts like one [PR03]. From a conceptual
point of view, there are at least two objections that may be posed against the dark energy
picture in teleparallel gravity or general relativity. Firstly, the cosmological constant must
be a spacetime constant, which follows directly from the gravitational field equations, and
it is thus excluded that this form of dark energy may explain possibly different rates of
expansion in space and time. This problem is sometimes circumvented by introducing a
scalar field with a self-interaction potential, which mimics a cosmological constant when
the potential is assumed to vary relatively slowly in spacetime. This brings us to a second
point of scepticism, as the new exotic matter is brought on the scene in a manner rather
reminiscent of ad hoc hypotheses, without good reason why one form over another should
be considered.

The presence of dark energy indicates that the large-scale kinematics of spacetime
is approximated better by the de Sitter group SO(1,4) [ABAPO7]. We shall take this
evidence to heart and conjecture that local kinematics is governed by the de Sitter group.
Looked at from a mathematical standpoint, this amounts to have the Riemann—Cartan
geometry replaced by a Cartan geometry modeled on de Sitter space, see §4. The
corresponding spacetime is everywhere approximated by de Sitter spaces, whose combined
set of cosmological constants in general varies from event to event, hence resulting in the
cosmological function.

In the present chapter we propose an extended theory of gravity as we generalize
teleparallel gravity for such a de Sitter—Cartan geometry. Quite similar to the cosmological
constant in teleparallel gravity or general relativity, we model the dark energy driving
the accelerated expansion by a cosmological function A of dimension one over length
squared. Fundamentally different, however, the cosmological function alters the kinematics
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6.2 Fundamentals of de Sitter teleparallel gravity

governing physics around any point, such that spacetime is approximated locally by a
de Sitter space of cosmological constant A. To be exact, a congruence of particles freely
falling in an external gravitational field exhibits a relative acceleration, not only due to
the nonhomogeneity of the gravitational field, but also because of the local kinematic
properties of spacetime that are determined by the cosmological function.

It is opportune to observe that the strong equivalence principle remains formally the
same, by which we mean that an observer always can change reference frame so that inertial
effects balance gravitational forces at a given event. This is not in contradiction with
our assertion that kinematics is locally governed by the de Sitter group. The kinematics
reveals itself in the relative acceleration between a congruence of particles, which can
be observed only in experiments taking place over regions including different points of
spacetime. The tangent space at any spacetime event is identified with the tangent space
of the local de Sitter space, which thus continues to be a vector space of signature two.

6.2 Fundamentals of de Sitter teleparallel gravity

Following the arguments exposed in the introduction, we construct de Sitter teleparallel
gravity on top of a nonlinear de Sitter—Cartan geometry. The mathematical structure of
this geometry was discussed in §4, to which extensive reference will be made during the
remainder of this chapter. For the sake of clarity, there will be some repetition of content
in the following sections, although details or derivations of formulae are usually omitted,
as the reader is invited to consult them in §§4.2-4.3.

To begin with we mention that spacetime continues to be modeled by a four-dimensional
manifold, for the necessity to label events by four coordinates is not a property we wish to
alter when introducing the cosmological function. An essential and new ingredient with
respect to teleparallel gravity, on the other hand, is that the presence of a cosmological
function A is supposed to change the kinematics that governs physics over a sufficiently
small region of spacetime. More precisely, the value of the cosmological function at a given
event determines the cosmological constant of the approximating de Sitter space, which
therefore can be thought of as being tangent to spacetime.!

The corresponding change in the kinematical group from the Poincaré group to the de
Sitter group lies at the heart for replacing the iso(1, 3)-valued connection A of teleparallel
gravity in §5.3 with a similar connection that is valued in the de Sitter algebra so(1,4).
In order to decompose A in two pieces, of which one takes values in so(1,3) and another
is valued in the infinitesimal de Sitter translations p, we must fix a point in de Sitter
space dS— or, more precisely, we must fix a section £ of the associated bundle of de Sitter

!The problem of finding the precise value for A along spacetime in de Sitter teleparallel gravity will be
addressed when we discuss the gravitational field equations in §6.4.
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6.2 Fundamentals of de Sitter teleparallel gravity

spaces Q[dS] = Q xg0(1,4) dS, because the splitting may be considered pointwise along
spacetime. We already verified in (4.2.10) that such a splitting is not preserved under
local de Sitter translations 1 + ie(z) - P:
6 AY = l(eaAb — A% and 6 A% = —de® — A% + oy
12 ‘ o

In contrast with the transformations (5.3.1) for a Riemann—Cartan geometry in teleparallel
gravity, the so(1,3)-valued part A% is not invariant under translations and cannot be
taken as the spin connection.

In order to obtain a true spin connection w and vierbein e, i.e., objects that retain their
usual meaning, independent of the section £ chosen to decompose the de Sitter algebra, we
nonlinearly realize A. This is completely equivalent to the manner in which we constructed
w and e for teleparallel gravity in §5.3, the only distinction being that £(x) is at any x
a point in the local de Sitter space dS, = 776_2[1 dS](z)’ instead of a Minkowski space, so
that the vierbein is a mapping from the tangent space at x to the tangent space at £(z),
Le, e : VI eTyM— e V€ TedS,. The spin connection and vierbein were computed
in §4.3, i.e., they are given by (4.3.13). Their curvature and torsion are then expressed
in (4.3.15).

Furthermore, we verified in §4.3 that the curvature R and torsion 7" are related to the
spin connection and vierbein through

1
Rab = Bab + ﬁea N €p (621&)
and
T = G*—dlnl A €, (6.2.1b)

were we denoted the exterior covariant derivatives of w? and e?, respectively, by

B% = dw® + w®, A w% (6.2.2a)
and
G% = de® + wY A €, (6.2.2b)

which is consistent with the notation chosen in (5.2.2). It is then manifest that the
Ricci theorem (5.2.3) holds, i.e., w?, = w?, + K%, , where &%, is the Levi-Civita spin
connection and K¢ is given by (5.2.4), namely,

1
Kabu = §(Gaub + Guab + Gbau), or Gauy = K(Ibueby — Kabuebu.

We shall continue to call K the contortion, although one must keep in mind that G is
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6.2 Fundamentals of de Sitter teleparallel gravity

not the torsion for a de Sitter—Cartan geometry whenever the cosmological function is
nonconstant, as can be seen from (6.2.1b). Furthermore, the Levi-Civita connection is the
connection for which the two-form G vanishes, such that the torsion of & is nonzero in a
de Sitter—Cartan geometry, namely, T% = —dlnl A €v

In §4.2 we already observed that the algebraic covariant derivative of p-valued forms on
spacetime may be defined as

DV =0,V +w, V. (6.2.3)

Subsequently, spacetime covariant differentiation is introduced as V = d + I', such that
V,.V? =e,D, V" It thus follows that
r°,

P a
#—eaDuel,,

and that the vierbein is covariantly constant, i.e., Dye®, — IV, e* = 0. Additionally,
one may provide spacetime with a metric structure by constructing the symmetric tensor

Guv = € €4, which is covariantly constant:
vpg;w = 0. (6.2.4)

Finally, we remark that the Bianchi identities are the same as those for a Riemann—
Cartan geometry, which were written down in (5.2.7).

Whilst this outline concludes our review of de Sitter—Cartan geometry as the mathematical
framework we shall employ to model teleparallel gravity with a cosmological function,
there remains to be specified how precisely it intends to accommodate the kinematics due
to A and the dynamical degrees of freedom of the gravitational field and the cosmological
function. These issues are addressed in the remainder of this section.

To begin with, it is postulated that a gravitational field is present if and only if the
exterior covariant derivative (6.2.2b) of the vierbein has a value not equal to zero. This
characterization to indicate whether or not there are gravitational degrees of freedom is
formally the same as in teleparallel gravity, which may be argued to be natural. A priori,
we would like to generalize for a different kinematics only and not alter the geometrical
representation of the dynamics of the gravitational field. Nevertheless, this does not mean
that the dynamics itself remains unaltered. On the contrary, we shall see in §6.4 how the
presence of a cosmological function modifies the gravitational field equations.

In further similarity with teleparallel gravity, the spin connection does not bear any
gravitational degrees of freedom. Being a connection for local Lorentz transformations, it
naturally continues to represent fictitious forces existing in a certain class of frames. The
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final and most important issue that must be settled in specifying for the geometry is then—
How are the local kinematics, whose defining group in the presence of the cosmological
function is SO(1,4), accounted for?

The question is given an answer by postulating that the curvature (6.2.1a) vanishes at
every spacetime event, i.e.,

a A' a a
B = _§(€ w€ow — €1 ep,)- (6.2.5)

buv
The curvature of the spin connection hence equals the curvature of the Levi-Civita
connection on a de Sitter space with cosmological constant given by A, which varies from
point to point. If the cosmological function goes to zero over the whole of spacetime, the
spin connection becomes the Levi-Civita connection for Minkowski space, or in the presence
of torsion, the Weitzenbdck connection of teleparallel gravity. The prescription (6.2.5) is
therefore consistent with teleparallel gravity, which is recovered in the contraction limit
A — 0. The prescription (6.2.5) to implement the kinematics in the geometric framework
is of great importance, for the kinematic effects will be observable as fictitious forces
between adjacent free-falling particles, something which will be clarified in the following

section.

6.3 Particle mechanics and kinematic effects

The geometric framework and fundamentals now well understood, we are equipped to
implement de Sitter teleparallel gravity. In this section we establish the motion of a test
particle moving in the presence of a given gravitational field and cosmological function.
Thereafter, we determine in §6.4 how the gravitational field and cosmological function
themselves are sourced by a certain distribution of matter energy-momentum.

The motion of a particle of nonzero rest mass m in the presence of a gravitational field
and cosmological function is determined by the action (¢ = 1)

S = —mfuaea, (6.3.1)

where u® = e? dr"/dr is the four-velocity of the particle. Hence, as usual (6.3.1) is
proportional to the particle’s proper time 7. Note that integration goes along a curve that
connects two given events, and that the physical world line traced out by the particle is
the curve that extremizes (6.3.1).

To be explicit, one looks for the world line z#(7) such that the Lie derivative in arbitrary
directions dx*(7) of (6.3.1) vanishes. The variations are set to zero at the end events,
since the latter are fixed by construction. Because duy,e® = 0, we only need the expression
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for the Lie derivative of the vierbein, i.e.,
oe" = e, déx" + 0pe®, ozl dat. (6.3.2)

The variation of the action can then be worked out without much effort, which consequently
leads to the result

dS=m J drézt [ <cilu: - wabpubup> e,

. p a a a b _ ,.a b
Ug U (8Mep Ope®, + why e, —wh e u)]

When this variation is required to vanish for arbitrary dz*, one obtains the particle’s
equations of motion, thus given by

u’Dyu® = K“bpubup. (6.3.3)

Before we discuss this result in further detail, we dedicate a couple of lines on its
derivation. Observe that the variation of the vierbein has been substituted directly
for the Lie derivative (6.3.2), instead of first replacing the vierbein with the expression
e (A% A%, £, 1) given in (4.3.13b), and subsequently taking the Lie derivative. The latter
procedure was followed when the particle’s equations of motion for teleparallel gravity
were derived in §5.4. It does not matter which procedure one chooses, because they are
equivalent to each other. This is so, since the expression e®(A%, A%,,£%, 1) constitutes a
one-form, hence must satisfy (6.3.2). It is a significantly simpler computation to take
the Lie derivative directly of €%, compared to first opening up the expression and then
applying the variation. For the sake of completeness, we have included the alternative
and more complex computation in §6.A, which confirms (6.3.3). In §5.4 as well, one could
have calculated the particle’s equations of motion by taking the Lie derivative from the
vierbein, instead of first using (5.3.3), although the gain in efficiency would have been
marginal.?

The equations of motion (6.3.3) are identical in form to the ones (5.4.2) governing
particle mechanics in teleparallel gravity, i.e., when the cosmological function vanishes.
In particular, (6.3.3) complies with the weak equivalence principle, yet a breakdown
of the latter most likely could be coped with along the lines it is done in teleparallel
gravity [APV04a]. Despite the fact it is not immediately obvious from (6.3.3), a nonzero
cosmological function has an impact on the motion of particles. The first change is rather

2When teleparallel gravity is formulated as a gauge theory for the Poincaré translations, first using (5.3.3)
and then taking the variations may be preferred from a conceptual point of view, since the field A® is
considered the fundamental gauge potential.
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6.3 Particle mechanics and kinematic effects

indirect and stems from a modification in the gravitational field equations, thus altering
the value of the contortion for a given distribution of energy-momentum that sources
gravity.

The second change reflects the alteration in kinematics, now regulated by the de Sitter
group. In order to clarify this, we consider a one-parameter family z,(7) of solutions
of (6.3.3), parametrized by o. Hence, these curves are the world lines of a string of
neighboring test particles, moving in an external gravitational field and in the presence of
a cosmological function. The solutions constitute a two-dimensional surface, to which the
vector fields u:i:dﬂa - v:i:dﬂa
dr dr " do do "
are tangent. For every value of o, the vector field u is the four-velocity of the particle with
world line z,(7), hence satisfies (6.3.3). The field v is tangent to constant 7 slices, i.e.,
v(1) = limp_0 #[To1n(T) — 24(7)], and thus connects two infinitesimally separated test
particles during their motion in a gravitational field. The vector field [Car04]

a® = u"D,(u”Dyv")

is therefore the relative acceleration between the world lines, measured by a free-falling
observer.

In order to get a useful expression for the relative acceleration a, we first note that the
definitions of u and v trivially imply that the commutator [u,v] vanishes. Further, one
has that

uDyv® — o' Dyu® = uv" G,

while it follows that

u" Dy, (u” Dyv®) = w" D, (v" Dyu® + u v’ G?,)
= w0, 0" Dyu® + w'v” Dy Dyu® + ut D, (ur? Gy,
= oo, u” Dyu® + u“v”ubBabW + uw'v” D, Dyu

+ u“Du(u)‘vVGaM),

where the last equality depends on the identity [D,,, D, |u® = ubBabW. The third term in
the last line can be written as

u'v” Dy, Dyu® = 0" D, (v Dyu®) —v”o,ut Dyu.

When we substitute for this identity and the particle’s field equations (6.3.3) are invoked
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6.4 Dynamics of the gravitational field and the cosmological function

as well, we find a final expression for the relative acceleration, namely,
a® = u“v”ubB“bW + oD, (K%, ubu”) + ul D, (u " GYy,), (6.3.4)

a
where BY ,
present only when the cosmological function is nonzero.

is the curvature (6.2.5) of the local de Sitter spaces. The first term is therefore

Equation (6.3.4) is a chief result of de Sitter teleparallel gravity, for it describes what the
phenomenology is of the local de Sitter kinematics. The last two terms are dynamical in
nature and come from a nonhomogeneous gravitational field. The first term originates in
the cosmological function A, as can be seen from (6.2.5), and is caused by the kinematics.
This contribution manifests itself in that two particles separated by the infinitesimal v®
deviate as if they were moving in a de Sitter space with cosmological constant A. Hence,
two neighboring free-falling particles have world lines that deviate, not only because they
move in a nonhomogeneous gravitational field, but also because of the kinematics that is
determined by the cosmological function. According to this approach, dark energy has its
origins in the cosmological function and reveals itself as a kinematic effect.

6.4 Dynamics of the gravitational field and the cosmological
function

Having specified the particle mechanics caused by a gravitational field and cosmologi-
cal function in the foregoing section, we now prescribe the dynamics of the latter two
themselves.

The gravitational action we shall consider is a reasonable generalization of the action
for the gravitational field in teleparallel gravity. Remember that the Lagrangian (5.4.4)
for teleparallel gravity is the function

1 1
ﬁtg = iGauuGawj + §GauuGb“Aea/\€bV - Ga,uuGb'u)\eayeb)\a

where G° is the exterior covariant derivative of the vierbein. The geometry underlying
teleparallel gravity is a Riemann—Cartan geometry, in which G® is the torsion of the
structure. Because the torsion for a de Sitter—Cartan geometry in the presence of a
cosmological function is given by T = G* — dInl A €%, it appears a natural proposition
to define the Lagrangian Lgsi, for de Sitter teleparallel gravity to be the same function of
T as Lyg is a function of G*. We thus postulate the Lagrangian

1

1 b
_ a v a °w A v a b v
EdStg = ZT Y Ta'u + §T /“/T A€a € — T /“/T A€a €b -

In order to restate this function as a Lagrangian for the gravitational field and the
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6.4 Dynamics of the gravitational field and the cosmological function

cosmological function, we substitute the torsion for G* + %dlnA A €%, after which a
straightforward calculation shows that

Lasig = Lig — gau InAd*InA —2G" 0, In A. (6.4.1)

The action for de Sitter teleparallel gravity is thus given by (¢ = h = 1)
Sastg = o d*zve | Lig — 56” InAo*InA — 2Gp“pﬁﬂ InA ), (6.4.2)
K

where k = 87G vy and e = det e“u.

The action (6.4.2) reminds, on the one hand, of the scheme in which scalar-tensor theories
modify gravity in the framework of general relativity [BD61, Dic62, Ber68, SF10, Tsul0], or,
on the other hand, of teleparallel dark energy, where a scalar field is coupled nonminimally to
teleparallel gravity [GLSW11, GLS12, XSL12]. To be precise, it specifies for a gravitational
sector modeled by teleparallel gravity— for a spin connection with curvature (6.2.5)—
that interacts with the cosmological function due to a nonminimal coupling between the
trace of the exterior covariant derivative of the vierbein and the logarithmic derivative of
A. A theory quite similar in structure was discussed in [Otal6]. Despite the similarity,
there is a crucial discrepancy it has in common with any of the other modifications of
general relativity or teleparallel gravity that introduce nonminimal couplings to scalar
fields. Usually, these fields are added to the theory in a manner rather reminiscent of ad
hoc hypotheses, and are not an essential feature of the spacetime geometry. In de Sitter
teleparallel gravity by contrast, the scalar field is the cosmological function, which forms
an integral part of the geometric structure and, moreover, quantifies the kinematics locally
governed by the de Sitter group in the sense of §6.3.

Note that the cosmological function appears in the action only through its logarithmic
derivative, which is a direct consequence of (6.2.1b). Factors of d,InA are naturally
dimensionless, which renders a correct overall dimension for the action. Because spacetime
coordinates are numbers and the dimension of the vierbein components is that of length,
ie., [e?,] = L, while

[k]=1L% [e]=L* [¢"]=L"% and [G™]=L"?

one confirms that Sqste indeed has dimension of h = 1.
The field equations for the vierbein are obtained by demanding that the functional (6.4.2)
attains an extremal value as function of the vierbein, which is the case if

6£dStg 6£dStg 1
Bt = = 0. 4.
Op <e 3o,e e pn ee ' Lastg = 0 (6.4.3)
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6.4 Dynamics of the gravitational field and the cosmological function

Substituting for the Lagrangian (6.4.1), these equations take the form

= OLig 0L p
0= ap <€aap€au> € aeau ee, 'Ctg
Ao )
— 20, <e G ot A> 4 3,28 mAP L)
(%’pe L 2 ae .
G)x(f)\ 3 N
+ 2e ea O, In A + 2¢ e'0p,In Ad?In A + 2ee G\ 0y In A. (6.4.4)
e
I

The first three terms of the right-hand side make up the field equations (5.4.5) for
teleparallel gravity. In §5.A we computed that they reduce to the left-hand side of (5.4.6),
a result that can be recycled here. Us thus rests the task to compute the remaining terms
of the expression above, an exercise that is synthesized in §6.B. The gravitational field
equations are hence found to be given by

Dy(e W, ") + et —2eG™ e,”0,In A —2ee,Tln A
+2ee,’V,0"InA —3ee, 0, In A" In A + ge e,'0p,In AP InA =0, (6.4.5)

where O is the d’Alembertian operator ¢"'V,0, = V, 0", while W,”* and t,* are the
superpotential (5.4.7), respectively, the gravitational energy-momentum current (5.4.8).

The equations (6.4.5) thus determine the components of the vierbein, but they do not
fix a value for the cosmological function. We thus need a differential equation that needs
to be solved by A. In de Sitter teleparallel gravity the cosmological function is given its
own dynamics, i.e., it is attributed its own field equation dpSqste = 0. We compute

1
0Sastg = “on Jd4x e(39"°0,In A 60, In A + 2G50, In A).
Because 60, In A = 0,,0ln A, it follows that
1 4 H pH
0Sasis = 5, | d'z {SnA[30, (" InA) +20,(c G,

— 0] (B A + 20 G )oln A .

The second line can be integrated into a surface term that vanishes, since the variation
dIn A is assumed to be zero at the boundary.? If we demand that the variation be equal to

31t may not be directly clear that 6ln A vanishes at the boundary. What if the cosmological function goes
to zero as well? Note, however, that dln A = —%(ﬂnl = —%Fl&l. As long as [ does not go to zero at
the boundary— which would correspond to an infinite cosmological function— a vanishing variation 4!
at infinity results in the well-defined condition that dln A|,, = 0.
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zero, the field equation for A is found, namely,
Ou(ed"In A 26’ GPF ) =0
M(e n ) + g #(6 p) =Y

which we rewrite as

—%(vucwp +G",G). (6.4.6)

OnA+G",0,In A =
The coupling of matter fields to the gravitational sector is carried out by taking the
sum of the matter action

Sm = Jd%eﬁm

and the action (6.4.2) for the gravitational field and cosmological function. The energy-
momentum current §(eLn)/de?, of matter is a source for the gravitational field equa-
tions (6.4.5), but does not appear in the equation of motion (6.4.6) for the cosmological
function. According to this scheme, energy-momentum generates gravity, which in turn
sources the cosmological function.

6.5 Concluding remarks

We formulated a theory of gravity consistent with local spacetime kinematics regulated
by the de Sitter group, namely, de Sitter teleparallel gravity. It was made plain in §5.3
that teleparallel gravity, a theory physically equivalent to general relativity, has the
mathematical structure of a nonlinear Riemann—Cartan geometry. This inspired us to
generalize for de Sitter kinematics by considering de Sitter—Cartan geometry in the presence
of a nonconstant cosmological function A.

The theory has the structure of a gravitational sector described by teleparallel gravity
that couples nonminimally to the cosmological function. Dynamical degrees of freedom of
the gravitational field are present if and only if the exterior covariant derivative of the
vierbein does not vanish. Further, the cosmological function has its own dynamics, sourced
by the trace of the exterior covariant derivative of the vierbein, but not directly by the
matter energy-momentum current. It is thence similar in form to teleparallel dark energy,
or scalar-tensor theories in the framework of general relativity.

A crucial difference between these models and the theory here proposed is that the
cosmological function modifies the local kinematics of spacetime. Indeed, at every spacetime
point we put forward that the curvature of the spin connection is equal to the curvature
of the Levi-Civita connection of a de Sitter space with cosmological constant given by the
value of the cosmological function. We saw that such a choice gives rise to a kinematic
contribution in the deviation equation for the world lines of adjacent free-falling particles,
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that is, they undergo a relative acceleration that is kinematic in origin. This result is
arguably the one of most importance of this chapter, for it specifies in exactly what manner
the kinematics due to the cosmological function are to be observed. Hence, dark energy
may be interpreted as a kinematic effect or, alternatively, as the cosmological function
causing this effect.

It is interesting to note that there exists a link between the dynamics and kinematics
of the theory, in the sense that the value of the cosmological function is determined
dynamically by its interaction with the gravitational field, while the resulting value
determines the local spacetime kinematics, which in its turn affects the motion of matter.
The theory thus gives a precise model that prescribes how the kinematics of high energy
physics may be modified locally and becomes spacetime-dependent [Man02]. Although
there is a connection between them, dynamics and kinematics remain logically separated
in the geometric representation of de Sitter teleparallel gravity. Nontrivial dynamics gives
way to the torsion of the de Sitter—Cartan geometry being nonzero, whereas the value of
the curvature of the spin connection encodes the inertial effects of a given frame and the
local de Sitter kinematics. This is a natural generalization of the geometric representation
of teleparallel gravity, which is recovered when the cosmological function vanishes.

To conclude we comment that if the specific dynamical model for de Sitter teleparallel
gravity in §6.4 were to be falsified by observational data, one naturally would be forced to
find alternative Lagrangians for the gravitational field and cosmological function, but the
paradigm of representing dark energy in the kinematics of spacetime according to §6.2
would remain a valid track to be considered further.

97



6.A Explicit calculation of a particle’s equations of motion

Appendix 6.A Explicit calculation of a particle’s equations of
motion

In §6.3 the equations of motion (6.3.3) were derived for a test particle of mass m moving
in an external gravitational field. They were found after a short calculation, since we
applied the Lie derivative directly on the vierbein, rather then first substituting it for the
expression (4.3.13b) for e*(A®, A%, £%,1). Here, we shall work out the second equivalent
approach as it generalizes the calculation of the particle’s equations of motion (5.4.2) in
teleparallel gravity.

We thus need to compute S = {u,de®, where the vierbein is replaced by (4.3.13b),
which we rewrite here as

& APEe
52

e’ = cosh z A — (coshz — 1)

sinh 2

; bea
(dfa + Aabgb) _ ﬂga _ (Slnzhz N 1) ébdgig )

z l

The variation is a Lie derivative, from which it follows that éS equals

Ab a
Jua{écosh zA® + cosh z 5A“pd:cp + cosh z A“pdéfcp — dcosh ng 525
WEGAPET  SE, AP EFAVET g Absgn

+ (cosh z — 1)[

o gbAbpga
52

£ &2 &2 &2 &2
)(df“ N Aabﬁb) N sinh z

sinh z

(dog™ + 5 A%, 0dx”

sinh z\ &debe®
)
CTE 20€ &g 06 delen & ddher  gdetage
z ¢ & & & & ’

z

dw] n 5(

sldl . dsl . dl
+ AMOE + A" dda’) + et — Tt — o — 5(

where, furthermore,

§A®, = 0, A% Sat,  5A%, = 0,A% b2,
and
6z =06(171€) = —1721€ +1716¢,  with 0l = 9,1 da", 6% = 0,£%0at.

We also used that for an exact one form d¢®, the Lie derivative commutes with the exterior
derivative, in the sense that §d&® = d(dx"0,£") = do&®, which can be verified explicitly.
Subsequently, boundary terms resulting from the integration vanish, because the world
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line is held fixed at the end events. We then obtain for the variation of the action:

Ab a .
f [ - dua{ coshz A%, — (cosh z — 1)€b 52“5 + Smhz((?uﬁa + Aabufb)

inh b inh
_ @5“ _ (Sm i >5ba“§ & }53:“ + u&x“da:"{ {sz zAabp (aufb

z &2
b
_ pbelut’ 5,55 ) + cosh 2 (3,6° + A%,€H) & éff - 6,)5“5”(255 ~ coshz(,¢"
N A LN a&0pt” & A
+ A bpé-b_é- bfg )Tu'i_apé. TM—2(COShZ—1)£ bég §2M
b C
+ (cosh z — 1)6,)5‘1517; B 4 (coshz —1)&* p§§2 B 4+ zsinh z&?f (Aap
5 b
_ fafbg;p) — zsinhz(A“p — §a§b§ p)&l“l] - {P < M} } + uadx”dxp{
. b
_ [azplsmhz (ug” + A%,8" - 5“&?56 )+ ?ﬂﬁa + cosh z 9, A%,
b
— (cosh z — 1)¢* fbag;l bmhza p A€ ] + {l) « N} }]

The terms between the first pair of curly brackets add up to give the vierbein, while it may
be verified that the sum of terms between the second pair of curly brackets is equivalent to

fb@ug

a sinhz . o o
[w pp€y — ——— A%, A°, £ — 5 sz —coshzA b A,
A, geAb A€
— (cosh z — 1)5“1)6252” — zsinth“p§C§2 “] — {p N M}-

This allows us to further work out 4S, namely,

h
J [ - duaeaﬂéx“ + uada:“dwp{ [w“bpebu sin Z§C <5 A, + A“prbCM

‘ @ @ Ol g £8p
1) e - 2,) - 5
0,0 0,1 Ab ga
aPAbu - Abc,oAcu - TpAbu - Tp (COSh z A%, — (coshz — 1)€b §2M§

. : bea
+szhz(aufa-i-AabMﬁb)—%fa— (smhz_ )gbé’ufﬁ >}

e
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sinh z
= J&az“[ —duge®, + uaw“bpebudxp - uawabuebpdwp - uadxp< EF

“6F" 0l Oul
6522W> - Tpeauuad:v” + ?eapuadxp].

In these last two lines one may recognize the expression (4.3.15b) for the torsion, i.e.,

&F €
S

+coshz F, + (1 — coshz)

sinh z

T = E°F% + cosh z F* + (1 — cosh z)

It follows that

O L P R U PR o

Setting S = 0 and using (6.2.1b), (6.3.3) is recovered.

Appendix 6.B Verification of gravitational field equations

In the following paragraphs it is to be confirmed that the field equations (6.4.5) for the
vierbein are correct, in the sense that they follow from the equations (6.4.4).
The first three terms of (6.4.4) were already calculated in 5.A, and shown to be equal

to the left-hand side of (6.4.3), i.e

Ly \ 0Ly
0 < Goe > eae““ ee ' Lig

= D, (e W, ) + eG'bpaVpr’L —ee ' L. (6.B.1)

To calculate the five remaining terms of (6.4.4) we make use of the auxiliary results

A

oG P\ = e, lg7" PgoH

d0pe®,

0 Ao

;a:_WA 9"%e,’,

&
o

and
aG)\O' A
A _Gua +e #g)\awb _ eb)\guawba)\ -G u/\eaa o G)\a)\g,ua'

de,
Substituting for these expressions shows that the last five terms of (6.4.4) equal

—20,(ee,l'g7P 0y In A — ee,Lg7" 0y In A) + 2e g*7 e, 'W’ 4p0o IN A
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—2e g“”ebpwbapé’a InA—2eG™ .70y In A —2e G, 9" 0; In A
—2eG" 0o In A — 3eg"e,” 0, In Ady In A + 2ee, G ,0, In A

- ge e,'0,In A 0” In A. (6.B.2)

The first four terms equal —2D,(ee,'9°?0; InA) + 2D,(ee,’g?"0, In A), which can be
worked out further by noting that d,e = ef‘ppu and that the vierbein is covariantly
constant:

—2eI* e g0, In A + 2e T*

pr=a

ow€a 97 0 I A +2ee, T 6" 05 In A

+2ee, T ,,9" 0o In A —2ee,l'g°" 0,0, In A + 21" e,” g7V 05 In A

—2elV,,e, 97" 0 In A — 2e e, g0 In A — 2ee,"T* 9" 05 In A

+2ee,”g?"0,0, In A

=2eK",,e,,97" 0 In A + 2ee,'T7,,g" 0o In A —2ee,' K7, 9" 0; In A
—2ee,l'g7"0,0; In A —2e K e,/ 97" 0s In A — 2ee,"T ,,g" 0y In A
+2ee,”K?,,9"0: In A + 2ee,”g°"0, 05 In A,

ovd

where we also used the Ricci theorem (5.2.3). With the help of this result, the sum of the
right-hand side of (6.B.1) and (6.B.2) becomes

D,(e W) + eGbpaWbp” —ee ' Lig +2e (K", + K, )0y, In A

—2eG" 0s In A —2eG”, 6,7 0o In A —2ee,l g7 (0,0 In A —T17;,0,In A)

+ 2ee,”9°" (0,0 In A —=T",,0,InA) — 3ee,0,In A 0" In A
+ %e e,l'0p,In A0 InA.

Because K*,7 + K" = GM° ,, we finally rewrite the above expression as

D,(eW,") + eGbpaWbp“ —ee ' Lig —2e G e,/ 0, In A —2ee ' Tn A

+2ee,’V,0""InA —3ee, 0, In A" In A + ge e'0p,In A 0” In A,

which is equal to the right-hand side of (6.4.5).
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In this thesis we investigated the possibility to generalize classical gravity in a manner
that deforms the group governing the local kinematics of physics from the Poincaré
group 150(1,3) to the de Sitter group SO(1,4), so that the local de Sitter spaces are
characterized by cosmological constants that form a nonconstant cosmological function
on spacetime. This generalization is motivated by noting that the accelerated expansion
of the universe implies that the large scale structure of spacetime is approximated by a
de Sitter space rather than a Minkowski space. From this point of view the observed
present-day cosmological constant is the cosmological function for a homogeneous and
isotropic universe.

We first recognized that the mathematical framework appropriate to implement such
deformed kinematics is contained in Cartan geometry. The precise geometry consists
of a spacetime that is equipped with a Cartan connection valued in the de Sitter Lie
algebra, namely, a Cartan geometry which is modeled on de Sitter space. The cosmological
constants of the local de Sitter spaces were shown to be related to a length scale defined in
the translational part of the de Sitter algebra, i.e., in the subspace of de Sitter transvections.
Because the Cartan connection is valued pointwise in copies of the de Sitter algebra, we
managed to account for a nonconstant cosmological function when the set of length scales
is allowed to become an arbitrary differentiable function on spacetime. This led to a new
contribution proportional to the logarithmic derivative of the cosmological function in
the torsion of the de Sitter—Cartan geometry. This geometry is by definition covariant
with respect to local Lorentz transformations, but the structure group was enlarged to
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the encompassing de Sitter group by constructing a nonlinear realization of the Cartan
connection.

With the right mathematical framework at our disposal we set out to formulate a
generalization of teleparallel gravity in the presence of a cosmological function. The result
was referred to as de Sitter teleparallel gravity. Equivalently to teleparallel gravity with a
vanishing cosmological function, gravitational degrees of freedom continued to be repre-
sented by the exterior covariant derivative of the vierbein. We saw how the cosmological
function gave origin to a kinematic contribution in the deviation equation for the world
lines of adjacent free-falling particles, thereby shedding light on the phenomenology of the
local de Sitter kinematics. The action we postulated for the dynamics of the theory is a
natural generalization of the action for teleparallel gravity and resulted in a coupled system
of equations of motion for the gravitational field and the cosmological function. What sets
de Sitter teleparallel gravity apart from theories with similar dynamical structures is that
the cosmological function determines to what degree the kinematics of physics is ruled by
the de Sitter group. In this sense the cosmological function is a true generalization of the
cosmological constant in Einstein’s equations: dark energy manifests itself as a kinematic
effect.

The new paradigm here presented to replace the Poincaré group with the de Sitter
group as the set of transformations that govern local kinematics is further motivated by
prospective problems to conciliate special relativity with the existence of an invariant
length parameter at the Planck scale. Namely, the concomitant replacement of special
relativity with an SO(1, 4) invariant special relativity allows for the existence of an invariant
length parameter proportional to A=2, while preserving the constancy of the speed of
light [ABAPO7]. Because the cosmological function is not restricted to be constant, its
value can evolve with cosmological time, so that this model may be suitable to describe
the evolution of the universe, which requires different values of the cosmological term
at different epochs. For example, a huge cosmological term could drive inflation at the
primordial universe. Afterwards, the cosmological term should decay to a small value in
order to allow the formation of the structures we see today. Then, to account for the
late—time acceleration in the universe expansion rate, the value of the cosmological term
should somehow increase [AJP115].

It goes without saying that the ideas implemented in this thesis constitute just a new
scenario for studying cosmology, and further research needs to be conducted. For example,
the field equations for the gravitational field and the cosmological function must be solved
for a homogeneous and isotropic universe in order to find the time evolution of the scale
factor and the cosmological function. Whether the dynamical model here presented is
consistent with observed dark energy behavior may be verified in a model-independent way,
i.e., cosmographically [Vis05], by comparing the calculated values for low order derivatives
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of the present-day scale factor with their observed values. Such cosmographic requirements
previously have been applied to put constraints on the functional form of modified gravity
Lagrangians, see, e.g., [CLS15]. Furthermore, if the Newtonian limit of the field equations
were to be obtained, one could verify their predictions for the galactic rotation curves’
dependence on the galactocentric radius. Because the cosmological function couples to
the gravitational field, it might contribute to the effective mass inside the galactic disk
and hence form a component of the dark matter supposedly responsible for the observed
flat rotation curves of galaxies. Another interesting question to be answered is how the
kinematic contribution due to the cosmological function in the deviation equation for
free-falling particles will leave its trace in the Raychaudhuri equation and what will be the

implications thereof for the motion of particles in a gravitational field.
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