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Abstract By comparing successful quark–gluon vertex interaction models with the corresponding interaction
extracted from lattice-QCD data on the quark’s propagator, we identify common qualitative features which
could be important to tune future interaction models beyond the rainbow ladder approximation. Clearly,
a quantitative comparison is conceptually not simple, but qualitatively the results suggest that a realistic
interaction should be relatively broad with a strong support at about 0.4–0.6 GeV and infrared-finite.

1 Introduction

The study of the nonperturbative quark–gluon vertex has been of great interest over the past decade [1–15] and
even though its tensor structure is well understood, a long way remains to determine the corresponding form
factors. Complete solutions of the Dyson–Schwinger equations (DSE) for the quark–gluon vertex are so far out
of reach, though tractable calculations can be realized by introducing model-dependent form factors [16–21].
One exciting feature of the DSE is that they provide a bridge between phenomenological models and the
basic objects of quantum field theories, namely the Green functions which can be calculated with lattice-QCD
simulations.

In the Rainbow–Ladder (RL) truncation of the DSE, in which the vertex structure is dictated by the pertur-
bative limit, many hadronic properties of light mesons (�1 GeV), quarkonia and the nucleon have successfully
been described [20]. This suggests that to some extent the simple RL vertex structure is sufficient to calculate
masses and decay constants of flavorless mesons when a judicious interaction model or dressing function is
employed. Direct extraction of the dressed quark–gluon vertex functions from lattice simulations is not straight
forward, as form factors associated with the longitudinal and transverse components have been obtained in
lattice simulations for different kinematic configurations, yet the range of space-like momenta on the lattice is
rather limited and their use in numerical DSE applications is currently impracticable. However, in computing
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the quark two-point function, lattice simulations do include, at least partially in quenched calculations, the
effect of nonperturbative quark–gluon dressing. We made use of this in Ref. [11], where we extracted an
effective quark–gluon vertex by numerical inversion of the quark DSE using lattice data for its dressed mass
function; see Eq. 3 below.

In the present study, we also make use of an effective coupling strength, g2eff , which under certain cir-
cumstances allows to extract important qualitative information from lattice data, and compare it with the
corresponding effective interactions of phenomenological models in RL approximation [22–26]. The DSE for
the quark propagator and arbitrary flavor is given by,

S−1(p) = Z2(i /p + mbm) + Z1 g
2
∫
k
Dμν(q)

λa

2
γμS(k)

λa

2
Γν(k, p) , (1)

where q = p− k,
∫
k ≡ ∫ Λ

0
d4k

(2π)4
denotes a Poincaré invariant regularization and Z1 and Z2 are the vertex and

quark wave-function renormalization constants. In Landau gauge, the gluon propagator is transverse,

Dμν(q) = Tμν(q)Δ(q2) , (2)

with the projection operator Tμν(q) := gμν −qμqν/q2. In QCD, the quark–gluon vertex satisfies the Slavnov–
Taylor–Ward Identity (STWI) which can be well approximated by a “ghost-improved” Ball–Chiu (BC) ver-
tex [11,27–29] :

Γ̃μ = X̃0(q
2) F(q2) Γ BC

μ (k, p), (3)

where X̃0(q2) and F(q2) are vertex and ghost dressing functions [11], respectively, and Γ BC
μ is the (BC)

vertex [30]. In the RL approximation and Landau gauge, the gluon and vertex dressing functions can be
absorbed into the definition,

Z1g
2 Dμν(q) Γμ(k, p) −→ G(q2)

q2
Tμν(q) γμ , (4)

and the effective coupling is the sum of two terms which describe the nonperturbative and perturbative regimes
of the interaction [31]:

G(q2)

q2
= 8π2

ω4 D exp

(
− q2

ω2

)
+ 8πγm F(q2)

ln

[
τ +

(
1 + q2/Λ2

QCD

)2] . (5)

In Eq. (5), γm = 12/(33 − 2N f ), N f = 4, ΛQCD = 0.234 GeV; τ = e2 − 1; and F(q2) = [1 −
exp(−q2/4m2

t )]/q2, mt = 0.5 GeV.
The combined framework of DSE and Bethe–Salpeter equations (BSE) has been successfully used to

describe the pseudoscalar and vector meson spectrum, related weak decay constants and electromagnetic
form factors [20]. For flavored observables with light-quark current masses, q = u, d, s, this continuum QCD
approach successfully reproduces the semi-leptonic decays K+ → π0�+ν� and K 0 → π−�+ν� which proceed
via a flavor changing charged current with a propagating spectator quark in the impulse approximation [32–34].
The same is not true for heavy-to-light transition form factors and in general for heavy-light meson observables
where one relies more on modeling [35–37]. In such cases, an improvement of the theoretical framework is
direly needed [38–41]. Thematrix element 〈π0(p)|s̄γμu|K+(k)〉 can be used to determine physical observables
such as branching fractions and the weak CKMmatrix element Vus . The transition amplitude for the said decay
can be completely described by two Lorentz vectors (t = Q2),

〈
π0(p)|s̄γμu|K+(k)

〉 = f+(t) Kμ + f−(t) Qμ , (6)

where Kμ = (p + k)μ and Qμ = (k − p)μ are, respectively, the sum and difference of the momenta of the
initial and final-state mesons, t = −Q2 and f±(t) are scalar transition form factors.

Part of the DSE–BSE program is concerned with the calculation of hadronic observables and meson
spectroscopy by means of a single quark–gluon interaction vertex. In order to accomplish this program, it is
necessary and important to identify phenomenologically successful vertex models beyond the RL approxi-
mation. Our primary interest in this work is to provide some qualitative criteria in the construction of these
models.
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Table 1 Mass spectrum and decay constants for flavor-singlet and nonsinglet J P = 0− mesons, where we follow Particle Data
Group conventions [43]

Model 1 Model 2 Reference

mπ 0.138 0.153 0.139 [43]
fπ 0.139 0.189 0.1304 [43]
mπ(1300) 0.990 1.414 1.30 ± 0.10 [43]
fπ(1300) −1.1 × 10−3 −8.3 × 10−4

mK 0.493 0.541 0.493 [43]
fK 0.164 0.214 0.156 [43]
mK (1460) 1.158 1.580 1.460 [43]
fK (1460) −0.018 −0.017
mηc(1S) 3.065 3.210 2.984 [43]
mηc(2S) 3.402 3.784 3.639 [43]

Both models refer to the interaction ansatz in Ref. [31], where we use the valuesω = 0.4 GeV and ωD = (0.8 GeV)3 for Model 1
and ω = 0.6 GeV and ωD = (1.1 GeV)3 for Model 2. Dimensioned quantities are reported in GeV and reference values in the
last column include experimental averages

2 Effective Coupling Strength

It was shown in Ref. [11] that it is possible, within error bars, to reproduce lattice-QCD data [42] on the
quark propagator with the ghost-improved BC vertex of Eq. (3). It is also well known that in solving the DSE
numerically, the BC vertex can be approximated by 1

2 [A(k) + A(p)]γμ such that the solutions for A(p2) and
B(p2) are similar to those employing the full BC vertex. This prompts us to compare our ghost-improved
vertex model with common RL models focusing on effective coefficient of the vertex structure γμ in the DSE
kernel. In this approximation, we can define the effective coupling strength g2eff(q, p) in either case, RL or
BC, as in Eq. (4),

Z1g
2 Dμν(q) Γμ(k, p) −→ g2eff(q

2)

q2
Tμν γμ , (7)

which corresponds to

g2eff(q, p)

q2
=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

G(q2) [RL]

4παs(μ)Δ(q2)F(q2)X̃0(A(k) + A(p))/2 [BC]
≈ 4παs(μ)Δ(q2)F(q2)X̃0.

(8)

In Eq. (8), we made use of the heavy-flavor approximation, 1
2 [A(k) + A(p)] ≈ 1, in the BC vertex, so that

g2eff(q
2) only depends on q2. It is not worth introducing this factor as part of the effective coupling strength,

since it is flavor dependent and this approximation can be seen to be reasonable from Fig. 3 of Ref. [11]. In
there, the variation, 1 � (A(k)+ A(p)) 12 � 1.5, in the range, (0.14 GeV)2 � p2 � (4.3 GeV)2, is for the light
flavors whereas for heavy quarks this factor is close to one. The difference in the effective coupling strength
between ω = 0.4 GeV and ω = 0.8 GeV is huge; thus, roughly speaking our conclusions are independent of
these less significant details.

Despite the qualitative nature of our analysis, we may derive some insight on the necessary domain of
support of the interaction, i.e. the combined effect of gluon- and vertex-dressing functions, from comparison
with the meson spectroscopy produced by the interaction models and the interaction we extracted from the
lattice simulation data, i.e. both ansätze in Eq. (8). From Table 1 it is clear that for ω = 0.6 GeV and
Dω = (1.1 GeV)3 the mass values of the exited states π(1300), K (1460) and ηc(2S) are in better agreement
with the average experimental data than forω = 0.4GeV. However, the interaction with Dω = (1.1GeV)3 and
ω = 0.6 GeV does not yield acceptable decay constants and overestimates the masses of the ground states. A
better interaction candidatemay be found in the choiceω = 0.6GeV and D = (0.8GeV)3/ω, yet we encounter
numerical complications for these parameter values whenwe solve the DSE in the complex plane.1 For the time
being this does impede the computation of the masses of radial resonances. Nonetheless, this problem can be
overcome by using a Nakanishi representation of the propagators. The choice ω = 0.6 GeV is also motivated

1 The quark propagators exhibits pairs of complex conjugate singularities which complicate the calculation.
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Fig. 1 Left panel the effective quark–gluon dressing form factor, X̃0, computed using the maximum entropy method (MEM) and
linear regularization (LRS); see Ref. [11] for details. The blue and yellow curves correspond to maximizing either the entropy
of X̃0(p2) or g2eff (p

2)/4π in the MEM, where g2eff (p
2) is the effective coupling strength of the interaction [29]. The latter is

infrared enhanced, as in this case p2 X̃0(p2) is finite in the limit p2 → 0. Right panel the purple curves correspond three different
parametrizations of the effective coupling strength g2eff (p

2) = G with the interaction model in Ref. [31] (ωD = (0.8 GeV)3

in all cases); the orange curve corresponds to the effective coupling strength in the Maris–Tandy model [26]; the yellow curve
corresponds to our effective coupling, g2eff (p

2) = 4παs(μ)Δ(p2)F(p2)X̃0(p2), with αs(μ) = 0.295 [29]

by the fact that the Maris–Tandy model [26] adequately reproduces experimental bottonium spectroscopy with
the interaction parameters tuned to D = 0.62GeV2 andω ∼ 0.6GeV [44]. This is particularly significant since
for heavy flavorless mesons the RL approximation is appropriate and flavor effects in the effective coupling
strength should be minimal in this case.

In Fig. 1, we depict the effective coupling strength of Ref. [31] for three values ofω and D = (0.8GeV)3/ω
fixed. In there, some common qualitative features may be appreciated; note in particular that the effective
interaction is finite in the infrared. On the other hand, meson spectroscopy does not allow to draw general
conclusions about the finiteness of the interaction. Modern DSE and lattice-QCD studies find that the gluon
propagator is a bounded, regular function of spacelike momenta, which achieves its maximum value on
this domain at q2 = 0 [15]. Nonetheless, it is necessary to establish whether the vertex possesses some
structure which can qualitatively alter this behavior as the effective interaction depends on the product of
gluon propagator and vertex dressing functions. In general, it is quite difficult to put absolute constraints on
Dω in the range ω ∼ (0.4–0.8) GeV. However, once Dω is fixed the best values for the masses of the radial
resonances correspond to a broader distribution in momentum space or equivalently larger values of ω [45].
Taking also into account that a broader distribution with a less pronounced peak is also required to reproduce
the heavy-quarkonia spectrum, this suggests that a suitable interaction for a wide range of applications beyond
the RL ought to have a strong and broad support concentrated at about 0.2–0.3 GeV2.

A deeper insight is gained from the lattice data by inspection of the functional behavior of X̃0(q2). All the
solutions for X̃0 in Fig. 1 are consistent with the lattice data for A(p2) and B(p2) as can be seen in Fig. 13
of Ref. [11]. However, it also becomes clear from Fig. 14 in the same reference that only when one solves the
quark DSE with an infrared enhanced form factor X̃0, the values of A(p2) and B(p2) become consistent with
lattice QCD data at low momenta. This suggests an inflection of X̃0 towards a finite limit for q2 → 0 GeV2.
Therefore, even though lattice data for the dressed-quark wave and mass functions do not strongly enough
constrain the infrared behavior of X̃0(q2) in the DSE inversion process, we find that requiring consistency
between the DSE solutions and lattice QCD results provides a valuable source of information and constraints
on the infrared domain.

3 Conclusions

By comparing experimental data on the pseudoscalar meson mass spectrum with realistic model calculations
in the RL approximation, one deduces that the data prefer a broader distribution in momentum space for the



Insights into the Quark–Gluon Vertex 643

effective coupling strength [45–47], g2eff , rather than a localized and sharply peaked interaction. An effective
interaction extracted from lattice QCD data on the quark propagator is consonant with such a distribution
and also points at an infrared-finite limit of g2eff . Self-consistency requires thus an infrared-finite functional
behavior of X̃0. Nonetheless, in order to go a step further in finding an interaction ansatz valid for a wide range
of mesonic observables, one may need to resort to a more realistic quark–gluon-vertex interaction and take
into account the important structure of its transverse components. In the past two decades, some progress in
this direction has been made [11,41,48–52] and phenomenological models should be extended to beyond the
RL approximation using the guidelines of these studies as well as other input, such as the one proposed in the
present study.
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