
IEEE TRANSACTIONS ON SMART GRID, VOL. 7, NO. 1, JANUARY 2016 145
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Abstract—In this paper, a two-stage procedure is proposed in
order to solve the centralized self-healing scheme for electrical
distribution systems. The considered self-healing actions are the
reconfiguration of the distribution grid and, if needed, node and
zone load-shedding. Thus, the proposed procedure determines
the status of the switching devices in order to effectively isolate
a faulty zone and minimize the number of de-energized nodes
and zones, while ensuring that the operative and electrical con-
straints of the system are not violated. The proposed method
is comprised of two stages. The first stage solves a mixed inte-
ger linear programming (MILP) problem in order to obtain the
binary decision variables for the self-healing scheme (i.e., the
switching device status and energized zones). In the second stage,
a nonlinear programming (NLP) problem is solved in order to
adjust the steady-state operating point of the topology found in
the first stage (i.e., correction of the continuous electrical vari-
ables and load-shedding optimization). Commercial optimization
solvers are used in the first stage to solve the MILP problem and
in the second stage to solve the NLP problem. A 44-node test
system and a real Brazilian distribution system with 964-nodes
were used to test and verify the proposed methodology.

Index Terms—Centralized self-healing scheme, load-shedding,
mixed integer nonlinear programming, service restoration.

NOMENCLATURE

The notation used throughout this paper is reproduced below
for reference.

Sets

�b Set of nodes.
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�s
b Set of source nodes.

�l Set of branches.
�sw Set of switches.
�z Set of load zones.

Functions

f (y, ȳ,�) Piecewise linear approximation of the square
value of y.

Parameters

� Number of discretizations used in function f.
φy,λ Value of the λth slope used in the discretization

of y.
cR

z Cost of de-energizing zone z ∈ �z [US$/kW].
cls

i Cost of load-shedding at node i ∈ �b [US$/kW].
clss Cost of active power losses [US$/kW].
csw Cost of switch operation [US$].
Īij Maximum current magnitude through branch ij

[A].
Īsw
ij Maximum current magnitude through switch ij

[A].
PD

i Active power demand at node i [kW].
QD

i Reactive power demand at node i [kVAr].
Rij Resistance of branch ij [m�].
r̄i Maximum percentage of load-shedding allowed

at node i [%].
S̄i Maximum apparent power generated at node i

[kVA].
sini

ij Initial state of switch ij, where sini
ij = 1 if switch

ij is initially closed, or sini
ij = 0, otherwise.

V̄ Maximum voltage magnitude [kV].
V Minimum voltage magnitude [kV].
Vnom Nominal voltage magnitude [kV].
Xij Reactance of branch ij [m�].
ȳ Maximum value of y.
Zij Impedance of branch ij [m�].
zb

i Zone of node i.
zl

ij Zone of branch ij.

Continuous Variables

�y,λ Value of the λth auxiliary variable used in the
discretization of y.

Iij Current magnitude through branch ij [A].

Isqr
ij Square of Iij.
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Fig. 1. Sequence of technologies used for the location, identification, and
restoration of faults in modern distribution systems.

Isw
ij Current magnitude through switch ij [A].

Isw,sqr
ij Square of Isw

ij .
Ps

i Active power generated at node i [kW].
Pij Active power flow through branch ij [kW].
Psw

ij Active power flow through switch ij [kW].
Qs

i Reactive power generated at node i [kVAr].
Qij Reactive power flow through branch ij [kVAr].
Qsw

ij Reactive power flow through switch ij [kVAr].
ri Percentage of load-shedding at node i [%].
Vi Voltage magnitude at node i [kV].
Vsqr

i Square of Vi.
y Argument of function f.
y+ Auxiliary variable used in the calculation of |y|.
y− Auxiliary variable used in the calculation of |y|.

Binary Variables

wij Status of switch ij, where wij = 1 if switch ij is
closed, or wij = 0, otherwise.

xz Binary variable that indicates the state of zone z.
If xz = 1, then zone z is energized; if xz = 0,
then zone z is de-energized.

I. INTRODUCTION

SELF-HEALING is the capacity of electrical distribution
systems to automatically restore themselves if a perma-

nent fault occurs. Depending on the level of automation,
self-healing schemes isolate permanent faults in certain zones
of the grid and restore the electrical service to other zones as
soon as possible and with minimal human intervention. After
a permanent fault has been located, optimal restoration mini-
mizes the number of interrupted users and guarantees that the
new topology maintains the system’s constraints within their
limits. A truly automated self-healing scheme is only possible
within a smart grid context, as remote-controlled switching
devices are used to isolate faulty zones and transfer loads to
alternative sources, and direct load control devices installed in
specific nodes of the system, are used to de-energize nonvital
loads (i.e., remote load-shedding) [1].

As shown in Fig. 1, the self-healing scheme is activated
when a permanent fault has been located and identified by

the protection scheme and the supervisory control and data
acquisition (SCADA) system. This is, when the coordinated
operations of the protective devices installed along the feed-
ers, or the meters connected to a SCADA system, locate
a faulty zone, the self-healing scheme is deployed to immedi-
ately determine the set of restoration strategies to be carried
out [2]. After the permanent fault has been repaired by mainte-
nance crews, the distribution system is returned to its original
operation state and the self-healing process ends.

A self-healing scheme can follow two approaches depend-
ing on the decision maker. The first is a remote approach,
which is based on the ability of the protective and switching
devices to communicate and coordinate control actions among
themselves. Currently, these features are incorporated into
intelligent electronic devices (IEDs) that control the reclos-
ing and switching mechanisms, or it can be programmed into
existing equipment [3]. Although this remote approach is suit-
able for specific loads that has to be restored very quickly,
such as in hospitals, if not well coordinated with the dynam-
ics of the load and the existing protecting equipment, a totally
remote self-healing scheme applied to an entire distribution
network could cause nuisance tripping, constraints violations,
or power quality complaints. The second approach is called
centralized self-healing [4]. In this approach, all of the elec-
trical and operative system information is gathered by the
IEDs in the field and sent by the SCADA system to the con-
trol center where the self-healing scheme is installed. Then,
if there is a permanent fault, the self-healing system exe-
cutes a set of restorative actions. Thus, the objective of this
paper is to develop a methodology based on mathematical
optimization in order to efficiently determine the best restora-
tive actions to be taken after a permanent fault is located
in the system, considering the electrical and operational
constraints.

Some works analyzing the optimal restoration of electrical
distribution systems can be found within the specialized lit-
erature. Due to the nonlinearity and combinatorial nature of
the problem, most optimization techniques have been based
on heuristic or meta-heuristic algorithms. Early works pro-
vided a sequence of rules for restoring the system based
on the experience of system operators [5]–[6]. More elab-
orate heuristics [7]–[10] considered the electrical constraints
of the system and used mathematical formulations to improve
the quality of the solutions and to reduce the search space.
The multiobjective problem of maximizing the amount of
load to be restored while minimizing the number of switching
operations was considered in [11] and [12] using a heuristic
algorithm. More recently, meta-heuristics [13]–[15], and fuzzy
algorithms [16] have been efficiently employed to obtain qual-
ity solutions to the restoration problem; however, optimality
could not be guaranteed. Over the last decade, new, interest-
ing algorithms have been proposed. Dynamic programming
is used in [17] to determine the time sequence in which each
zone should be energized after a blackout. Thiébaux et al. [18]
proposed a flexible mixed integer linear programming (MILP)
model for solving the restoration problem, including multi-
ple objectives and switch sequence operation, based on a dc
flow model. Nguyen and Flueck [19] showed a restoration
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algorithm to be deployed in a remote self-healing scheme,
and Botea et al. [20] used a systematic search strategy called
A* for performing an efficient restoration plan based on
the cost of transferring a load among feeders. Although the
methodology in [20] guarantees optimality, its implementa-
tion requires a highly specialized algorithm, and it does not
consider some electrical constraints like voltage deviation.
New characteristics have also been added to the problem,
such as distributed generation resources [21] and unbalanced
load flow [22]. However, neither heuristic nor meta-heuristic
algorithms guarantee the optimality of the final solution. At
the same time, specialized methods, such as A* algorithms,
require a detailed implementation phase.

This paper presents a two-stage procedure based on mathe-
matical optimization, which is used to solve the centralized
self-healing scheme to restore the system once a perma-
nent fault has been identified, considering load, and zone
shedding where possible. Switching device status (open or
closed) and zone status (energized or not) are represented by
binary decision variables. The proposed methodology deter-
mines the system’s topology that isolates the faulty zone
and minimizes the number of de-energized nodes and zones
by transferring the load among feeders, while maintaining
the operational network constraints (i.e., voltage magnitude
limits, current capacity of conductors, radial operation, and
source capacity) within their limits. Service restoration will
occur if and only if the new system’s topology is feasi-
ble. If the demand is too high to be supplied by any of
the nonfaulty feeders, the self-healing scheme will discon-
nect nonpriority loads by carrying out remote load-shedding
where possible. The objective function minimizes the amount
of de-energized load and zones, the number of switch oper-
ations, and the power losses of the final topology. The first
stage of the proposed procedure uses a piecewise lineariza-
tion in order to transform the original nonlinear problem
into an MILP model. The MILP model obtains the binary
decision variables for the self-healing scheme and guaran-
tees optimality by using existing classical optimization tools.
In the second stage, the binary decision variables found in
the first stage are fixed to produce a nonlinear program-
ming (NLP) problem that calculates the steady-state operating
point of the solution’s topology. A 43-node test system and
a real Brazilian distribution system with 964-nodes were
employed to demonstrate the accuracy and efficiency of the
proposed methodology by simulating different outages for
each test system. The procedure was implemented using a
mathematical programming language (AMPL) [23]; the first
stage solution was found via the commercial optimization
solver CPLEX [24], and the second stage solution was found
via the commercial solver nonlinear interior-point trust region
optimizer (KNITRO) [25].

Finally, in order to avoid using heuristic, meta-heuristic,
or exhaustive search algorithms, which are neither flexible
nor easy to develop and modify, we propose a mathemati-
cal approach. By employing this technique, utilities engineers
would spend less time programming, maintaining, and updat-
ing the self-healing software and more time analyzing and
improving the results of the restorative actions.

The main contributions of this research are as follows:
1) a novel, realistic, and precise ac model for solving the

centralized self-healing scheme for electrical distribution
systems considering the electrical and operational con-
straints of the electrical distribution systems;

2) a two-stage procedure to obtain an efficient solution for
the problem with the following benefits:

a) a flexible approach;
b) efficient computational behavior because of the use

of commercial optimization solvers;
c) a convergence to optimality guaranteed in the

first stage.

II. MATHEMATICAL MODEL

The analytical expressions used to calculate the steady-state
operation of the electrical distribution systems are based on
the mathematical representation used in the backward/forward
sweep load flow algorithms [26]–[27]. The expressions are
developed according to the following assumptions.

1) The electrical loads in the electrical distribution sys-
tems are constant active and reactive power loads at
every node.

2) The system is assumed to be balanced and represented
by its single-phase equivalent circuit.

3) The switches are short-length circuits with very low
impedance.

The mathematical model for representing the centralized
self-healing scheme in radial electrical network, consider-
ing load-shedding, can be represented as a mixed-integer
NLP (MINLP) problem shown in (4)–(23). Since the current
and voltage magnitudes appear as squared variables, hence, it
is convenient to consider the following change in variables:

Isqr
ij = I2

ij ij ∈ �l (1)

Isw,sqr
ij =

(
Isw
ij

)2
ij ∈ �sw (2)

Vsqr
i = V2

i i ∈ �b (3)

where Isqr
ij , Isw,sqr

ij , and Vsqr
i are non-negative continuous vari-

ables. Also, note that in the MINLP problem in (4)–(23), the
system is divided into load zones, where each zone is a section
of the system containing nodes that are radially connected and
delimited by the interconnection switches

min
∑
z∈�z

cR
z (1 − xz) +

∑
i∈�b

cls
i PD

i ri + clss
∑
ij∈�l

RijI
sqr
ij

+ csw
∑

ij ∈ �sw:
sini

ij = 1

(
1 − wij

) + csw
∑

ij ∈ �sw:
sini

ij = 0

wij (4)

subject to∑
ji∈�l

Pji −
∑
ij∈�l

(
Pij + RijI

sqr
ij

)
+

∑
ji∈�sw

Psw
ji −

∑
ij∈�sw

Psw
ij

+ Ps
i = PD

i

(
xzb

i
− ri

)
∀i ∈ �b (5)

∑
ji∈�l

Qji −
∑
ij∈�l

(
Qij + XijI

sqr
ij

)
+

∑
ji∈�sw

Qsw
ji −

∑
ij∈�sw

Qsw
ij

+ Qs
i = QD

i

(
xzb

i
− ri

)
∀i ∈ �b (6)
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0 ≤ ri ≤ r̄ixzb
i

∀i ∈ �b (7)

Vsqr
i − 2

(
RijPij + XijQij

) − Z2
ijI

sqr
ij − Vsqr

j = 0 ∀ij ∈ �l (8)

Vsqr
j Isqr

ij = P2
ij + Q2

ij ∀ij ∈ �l (9)

0 ≤ Isqr
ij ≤ Ī2

ijxzl
ij

∀ij ∈ �l (10)

−V̄2(1 − wij
) ≤ Vsqr

i − Vsqr
j ≤ V̄2(1 − wij

) ∀ij ∈ �sw (11)

Vsqr
j Isw,sqr

ij =
(

Psw
ij

)2 +
(

Qsw
ij

)2 ∀ij ∈ �sw (12)

0 ≤ Isw,sqr
ij ≤

(
Īsw
ij

)2
wij ∀ij ∈ �sw (13)

−V̄ Īsw
ij wij ≤ Psw

ij ≤ V̄ Īsw
ij wij ∀ij ∈ �sw (14)

−V̄ Īsw
ij wij ≤ Qsw

ij ≤ V̄ Īsw
ij wij ∀ij ∈ �sw (15)

(
Ps

i

)2 + (
Qs

i

)2 ≤ S̄2
i ∀i ∈ �s

b (16)

V2xzb
i

≤ Vsqr
i ≤ V̄2xzb

i
∀i ∈ �b (17)

|�l| +
∑

ij∈�sw

wij = |�b| − ∣∣�s
b

∣∣ −
∑
z∈�z

(1 − xz) (18)

∑

ij ∈ �sw:
zb

i = z

wij +
∑

ji ∈ �sw:
zb

i = z

wji ≥ xz ∀z ∈ �z (19)

wij ≤ xzb
i

∀ij ∈ �sw (20)

wij ≤ xzb
j

∀ij ∈ �sw (21)

wij ∈ {0, 1} ∀ij ∈ �sw (22)

xz ∈ {0, 1} ∀z ∈ �z. (23)

The objective function in (4) is assembled in five parts:
1) minimizes the cost of the de-energized zones; 2) minimizes
the cost of the load-shedding in the nodes; 3) minimizes the
cost of the active power losses; and 4) and 5) minimize the cost
of the total switch operations after reconfiguring the system. In
the case of nonremote-controlled switches, the cost of switch
operations can be modified as follows.

1) The switch operation cost can be specified for every
switch, by using csw

ij . Thus, nonremote-controlled
switches can have higher operational costs depending
on the value of csw

ij , for each switch ij.
2) If any switch cannot be operated during the self-healing

scheme, then the following constraint can be added to
the model: wij = Sini

ij .

Constraints (5) and (6) represent the active and reactive
power flow balance for each node and guarantee connectivity
along the feeders. Active and reactive power flows through
the switching devices are also considered in (5) and (6),
respectively. Constraint (7) limits the percentage of load-
shedding allowed in each node if the node’s zone z is energized
(xzb

i
= 1); otherwise, the load-shedding is set to zero.

Constraint (8) calculates the voltage drop for radial electrical
distribution systems as a function of the active and reactive
power flows, the current magnitudes, and the circuit branch
parameters. Constraint (9) calculates the current magnitude
throughout the circuit branches. Constraint (10) limits the cur-
rent magnitude throughout the branches; if the branch’s zone
is energized (xzl

ij
= 1), then the maximum current magni-

tude must be guaranteed; otherwise, all branches within the

de-energized zone do not conduct current. Constraint (11)
controls the voltage magnitude between switchable nodes; if
switch ij is closed (wij = 1), then the voltage magnitudes
of the nodes are equal; otherwise, if wij = 0, both nodal
voltages can vary freely within their operational constraints.
Constraint (12) is equivalent to (9), but for switching devices.
Constraints (13)–(15) define the limits for the current magni-
tude, active power, and reactive power flow through switching
devices if they are closed; otherwise, all magnitudes are equal
to zero.

Constraint (16) represents the source nodes generation
capacity according to the parameter S̄i established for every
substation or feeder source node. Voltage magnitude limits are
guaranteed by (17); note that if the node’s zone is de-energized
(xzb

i
= 0), then the voltage magnitudes are set to zero.

Together, constraint (18) and the active and reactive power
flow balance in constraints (5) and (6) establish the necessary
and sufficient conditions for producing a final radial topology
as demonstrated in [28]. Constraints (19)–(21) are auxiliary
constraints for modeling the de-energized zones. Note that
a zone is energized (xz = 1) if any of the switches around
the zone are closed; otherwise, the zone will be de-energized.
A de-energized zone is represented as a unique, isolated radial
portion of the grid in which all electrical variables are set to
zero. Constraints (22) and (23) define the binary nature of
variables wij and xz.

Equations (4)–(8), (10)–(11), (13)–(15), and (17)–(23) are
linear expressions, while (9), (12), and (16) are nonlinear due
to the multiplication between current and voltage squared mag-
nitudes and the square of the active and reactive power flows.
Thus, the model (4)–(23) is a MINLP problem that is combi-
natorial, nonconvex, and difficult to solve even with modern
optimization solvers.

III. PROPOSED METHODOLOGY

A two-stage procedure is proposed for solving the MINLP
model in (4)–(23). The first stage solves an MILP problem
that is an approximation of (4)–(23) in order to determine the
binary decision variables for the self-healing scheme, i.e., the
switching device status (wij) and energized zones (xz). The sec-
ond stage solves a NLP problem obtained from the evaluation
of the binary decision variables calculated at the first stage,
into (4)–(21) model. The second stage corrects the steady-state
operating point of the new system’s topology and optimizes
the continuous load-shedding in the nodes. The methodology
is summarized in the flow chart of Fig. 2.

A. Approximated MILP Model

The MILP model used in the first stage requires some sim-
plification and linearization methods of the MINLP problem
in (4)–(23). In order to linearize the product between Vsqr

j Isqr
ij

and Vsqr
j Isw,sqr

ij in (9) and (12), voltage magnitude is considered
to be nominal (Vnom), then the expressions in (24) and (25)
are obtained

Vsqr
j Isqr

ij ≈ (
Vnom)2

Isqr
ij ∀ij ∈ �l (24)

Vsqr
j Isw,sqr

ij ≈ (
Vnom)2

Isw,sqr
ij ∀ij ∈ �sw. (25)
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Fig. 2. Flow chart of the proposed methodology.

The simplifications of (24) and (25) have a relatively low
approximation error due to the narrow voltage magnitude inter-
val [V2, V̄2] normally considered in the distribution system
operation.

The quadratic terms P2
ij, Q2

ij, (Psw
ij )2, and (Qsw

ij )2 in (9)
and (12) are linearized using a piecewise linear approxima-
tion function formulated by (26) and (27). This is a standard
procedure also used in [29]–[31] for other electrical system
optimization problems

P2
ij + Q2

ij ≈ f
(
Pij, V̄ Īij,�

) + f
(
Qij, V̄ Īij,�

) ∀ij ∈ �l (26)
(

Psw
ij

)2 +
(

Qsw
ij

)2 ≈ f
(

Psw
ij , V̄ Īsw

ij ,�
)

+ f
(

Qsw
ij , V̄ Īsw

ij ,�
)

∀ij ∈ �sw. (27)

The piecewise linear approximation function f (y, ȳ,�) is
defined as follows:

f (y, ȳ,�) =
�∑

λ=1

φy,λ�y,λ (28a)

y = y+ − y− (28b)

y+ + y− =
�∑

λ=1

�y,λ (28c)

0 ≤ �y,λ ≤ ȳ/� ∀λ = 1, . . . , � (28d)

φy,λ = (2λ − 1)ȳ/� ∀λ = 1, . . . , � (28e)

y+, y− ≥ 0. (28f)

Fig. 3 shows how the piecewise linear function
f (y, ȳ,�)approximates the quadratic curve. Equation (28a)
approximates the square value of a given variable y by using
the variables �y,λ in order to discretize the absolute value of
y, represented as y+ + y− in the interval [0, ȳ]. The parameter
φy,λ represents the slope of the λth line segments of the
linearization method and is used to compute the contribution
of �y,λ for each step of the discretization. The bound ȳ/� in
(28d) and (28e) represents the relative magnitude of the �

Fig. 3. Piecewise linear approximation function.

discretized segments (pieces) utilized in the linearization
method. �y,λ is a set of continuous variables that denotes
the magnitude of the discretized segments (pieces), the sum
of which is equal to |y| according to (28c). y+ and y− are
non-negative variables used to model |y|. The parameter y
represents the maximum value of y. Bigger values of �

improve the fitting of the piecewise linear approximation
function. Notice that (28a) is a set of linear equations.

Constraint (16) represents the maximum substation capac-
ity. Using the function f (y, ȳ,�), it is possible to obtain
a piecewise linear approximation of (16)

f
(
Ps

i , S̄i,�
) + f

(
Qs

i , S̄i,�
) ≤ S̄2

i ∀i ∈ �s
b. (29)

Finally, the MILP model is given by

min (4)

Subject to: (5)–(8), (10), (11), (13)–(15), (17)–(23), (29)

(30)(
Vnom)2

Isqr
ij = f

(
Pij, V̄ Īij,�

) + f
(
Qij, V̄ Īij,�

)

∀ij ∈ �l (31)(
Vnom)2

Isw,sqr
ij = f

(
Psw

ij , V̄ Īsw
ij ,�

)
+ f

(
Qsw

ij , V̄ Īsw
ij ,�

)

∀ij ∈ �sw. (32)

Note that constraint (31) replaces (9); (32) replaces (12)
and (29) replaces (16). The number of continuous variables
is increased by the linearization; meanwhile, the number of
binary variables (wij and xz) remains unchanged. The following
strategies can be used to improve the first stage approximation.

1) Increase the number of linear piecewise discretization �

used in the function f (y, ȳ,�).
2) Improve the voltage magnitude simplification estab-

lished by (24) and (25), e.g., by using an initial load
flow analysis.
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Fig. 4. Forty four-node test system—initial topology.

IV. TESTS AND RESULTS

A 44-node test system and a real-Brazilian distribution sys-
tem of 964-nodes were used to demonstrate the performance
of the proposed methodology. The MILP problem in (30)–(32)
and the NLP problem in (4)–(21) were implemented via the
mathematical programming language AMPL [23], and solu-
tions were obtained using the commercial solvers CPLEX [24]
and KNITRO [25], respectively, with default options and
a maximum gap of 1% as the optimality criterion for the
MILP, on a workstation with an Intel Core i5-4570 processor.
For all of the piecewise linearization functions the number of
discretized segments chosen was � = 20.

A. 44-Node Test System

The 44-node test system in Fig. 4 is a radial distribution
system with three radial independent feeders (blue, red, and
green), 44 nodes, 38 branches, 18 switching devices, and
nine load zones. The voltages limits are as follows: Vnom =
7.967 kV, V = 0.95Vnom, and V̄ = Vnom. Table I shows the
bus data of the 44-node test system; nodes that have not been
included in Table I are interconnection nodes without load (i.e.,
PD = QD = r̄ = 0). For simplicity, all branch parameters are
considered equal, with Rij = 0.9 �, Xij = 0.9 �, Īij = 200 A
∀ij ∈ �l, and Īsw

ij = 1000 A ∀ij ∈ �sw.
The weights used in the objective function are established

according to a hierarchical system, which determines the
importance of the operations (from most to least important)
needed to restore the system. Therefore, in order of impor-
tance, the costs of the restorative operations in the objective
function are designed as follows: 1) to energize the maximum
number of zones by applying a cost of cR

z = 5 U$/kW∀z ∈ �z;
2) to meet each node’s demand by applying a cost of cls

i = 1
U$/kW ∀i ∈ �b; 3) to reduce the number of switch opera-
tions by applying a cost of csw = 0.2 U$ (all switches are
considered equally remote-controlled); and 4) to reduce the
active power losses in the branches by applying a cost of

TABLE I
BUS DATA FOR THE 44-NODE TEST SYSTEM*

TABLE II
SOURCE OPERATIONS FOR THE 44-NODE SYSTEM: INITIAL TOPOLOGY

clss = 0.01 U$/kW. Fig. 4 shows the initial topology of the
44-node test system. Open switching devices are represented
as white-colored boxes, and closed switching devices are rep-
resented as gray-colored boxes. The topology for the 44-node
test system is initially radial, and each feeder is identified using
a unique color for each zone.

As shown in Fig. 4, the initial operating point of the sys-
tem has 26.5 kW active power losses. The minimum voltage
magnitude obtained is 0.9683 p.u. at node 44. All current mag-
nitudes throughout the branches and switches are within their
limits. Source operations are summarized in Table II.

1) Case 1 (Fault in Zone 7 With Available Load-Shedding):
A fault was simulated in zone 7 (zf = 7). The proposed
methodology isolated the faulty zone by opening the switches
between nodes 32 and 33, and 35 and 37. It also shed 34.8% of
the load at node 43 (approximately 69.61 kW and 13.92 kVAr)
and, as summarized in Table III, it transferred the unattended
demand (due to the feeder 3 outage) by opening the switch
between nodes 22 and 25, and closing the switches between
nodes 12 and 28, and 23 and 39. The restored topology shown
in Fig. 5 has 45.8 kW total active power losses. The minimum
voltage magnitude is 0.9500 p.u., at node 44. The current flow
magnitudes throughout the branches and switches are within
their operative limits. Source operations are shown in Table IV.
Note that the proposed methodology only disconnected the
zone 7 in order to isolate the permanent fault. Total execution
time was 14.6 s.

2) Case 2 (Fault in Zone 7 Without Load-Shedding): In
case 2, the same permanent fault in zone 7 was considered,
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TABLE III
SUMMARY OF THE SWITCH OPERATIONS FOR THE

RESTORED TOPOLOGY IN CASE 1

Fig. 5. Restored topology of the 44-node system—case 1.

TABLE IV
SOURCE OPERATIONS FOR THE RESTORED TOPOLOGY IN CASE 1

but this time without load-shedding capacity at any node
(ri = 0, ∀i ∈ �b). The proposed methodology isolated
the faulty zone 7 as well as the zone 9 by opening the
switches located between nodes 32 and 33, nodes 35 and 37,
and nodes 38 and 40. In this case, it was necessary to iso-
late the zone 9 in order to avoid voltage magnitude limit
violations. The proposed methodology transferred the unat-
tended demand (due to the feeder 3 outage), to the feeder
2 by closing the switch located between nodes 23 and 39,
as summarized in Table V. The restored topology depicted
in Fig. 6 has 18.3 kW total active power losses. Minimum
voltage magnitude is 0.9738 p.u., at node 14. The current
flow magnitudes throughout the branches and switches are
within their operative constraints. Source operations are shown
in Table VI. Both zones 7 and 9 were disconnected, which
increases the amount of de-energized demand of the self-
healing scheme. In this case, the total amount of load-shedding
was 400 kW and 80 kVAr. Total execution time was 13.1 s.

TABLE V
SUMMARY OF THE SWITCH OPERATIONS FOR THE

RESTORED TOPOLOGY IN CASE 2

Fig. 6. Restored topology of the 44-node system—case 2.

TABLE VI
SOURCE OPERATIONS FOR THE RESTORED TOPOLOGY IN CASE 2

3) Case 3 (Fault in Zone 7 Without Load-Shedding
Capacity and With DG Operation): Distributed generation
(DG) operation can be easily considered by modifying the
power balance constraints in (5) and (6) in order to add a con-
stant power injection at each node with connected DG. Thus,
constraint (5) is replaced by (33) and constraint (6) is replaced
by (34) in the proposed MILP model without losing the
convexity of the original (30)–(32) model. Parameters PDG

i
and QDG

i represent the amount of active and reactive power
generated at each node i ∈ �b, respectively

∑
ji∈�l

Pji −
∑
ij∈�l

(
Pij + RijI

sqr
ij

)
+

∑
ji∈�sw

Psw
ji −

∑
ij∈�sw

Psw
ij + Ps

i

=
(

PD
i − PDG

i

)(
xzb

i
− ri

)
∀i ∈ �b (33)

∑
ji∈�l

Qji −
∑
ij∈�l

(
Qij + XijI

sqr
ij

)
+

∑
ji∈�sw

Qsw
ji −

∑
ij∈�sw

Qsw
ij + Qs

i

=
(

QD
i − QDG

i

)(
xzb

i
− ri

)
∀i ∈ �b. (34)
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TABLE VII
SUMMARY OF THE SWITCH OPERATIONS FOR THE

RESTORED TOPOLOGY IN CASE 3

TABLE VIII
SOURCE OPERATIONS FOR THE RESTORED TOPOLOGY IN CASE 3

Consider a DG connected at node 42 (zone 9) of the 44-node
test system, modeled by a constant injection of 150 kW.
Parameter PDG

i is equal to 150 kW if i = 42, zero otherwise,
and QDG

i = 0 for all i ∈ �b. Computing a permanent fault in
zone 7, the DG-considered self-healing model produced the
same topology of Fig. 5, but this time the DG operation at
node 42 prevented any load-shedding in the system. Switch
operations are summarized in Table VII. The minimum volt-
age magnitude is 0.9518 p.u., at node 30. Source operations
are shown in Table VIII. Compared with the results obtained
in case 1, the DG resources improved the amount of ener-
gized load after restoration, reduced the power generation of
the main sources, and enhanced the voltage profile of the sys-
tem. Finally, (33) and (34) guaranteed that any DG resource
within a de-energized zone would be disconnected and its
islanded operation would not be allowed due to the radiality
constraint.

B. Real-Brazilian Distribution System With 964-Nodes

Fig. 7 shows all of the interconnected zones in a real-
Brazilian distribution system that was used to demonstrate
the flexibility and efficiency of the proposed methodology
when applied to real cases. The electrical distribution system is
radial and has three independent feeders (red, blue, and green),
964 nodes, 855 branches, 136 switches, and 106 load zones.
The voltages magnitude limits are as follows: Vnom = 13.8 kV,
V = 0.93Vnom, and V̄ = Vnom. The weights in the objective
function are identical to those employed in the 44-node test
system.

The steady-state operating point of the initial topology in
Fig. 7 has 14.8 kW total active power losses. Current mag-
nitudes throughout the branches and switches are within their
operative constraints. The initial source operations are summa-
rized in Table IX. Neither circuit branches nor nodes have been
included; only load zones and interconnection switches are dis-
played in Fig. 7 for convenience. Open switching devices are
represented by discontinuous lines.

Fig. 7. Real-distribution system: initial topology.

TABLE IX
SOURCE OPERATIONS FOR THE REAL-DISTRIBUTION

SYSTEM: INITIAL TOPOLOGY

Case 1: A permanent fault was simulated at zone 9
(zf = 9), which was energized by the switch located between
zone 7 and 9. The proposed methodology isolated the faulty
zone 9 by opening the switches between zones 7 and 9,
9 and 11, and 9 and 12. The proposed methodology trans-
ferred the unattended demand from the red feeder to the blue
feeder by closing the switches between zones 11 and 12, and
22 and 52, as outlined in Table X.

Furthermore, the solution suggested a load-shedding of
21.72% at node 107 in zone 11. This load-shedding was



CAVALCANTE et al.: CENTRALIZED SELF-HEALING SCHEME FOR ELECTRICAL DISTRIBUTION SYSTEMS 153

TABLE X
SWITCH OPERATIONS FOR THE RESTORATION OF REAL SYSTEM. CASE 1

TABLE XI
LOAD-SHEDDING FOR THE RESTORATION OF THE

REAL-SYSTEM IN CASES 1 AND 2

TABLE XII
SOURCE OPERATIONS FOR THE RESTORATION

OF THE REAL SYSTEM. CASE 1

TABLE XIII
SWITCH OPERATIONS FOR THE RESTORATION

OF THE REAL SYSTEM. CASE 2

necessary to avoid exceeding the current limit capacity of the
circuits in zone 54 (blue feeder) which have a common cur-
rent capacity of 200 A. This capacity would not be enough to
support the total current of the new configuration once zones
11–24 have been transferred to the blue feeder. Table XI con-
solidates the load-shedding actions for the restoration of the
real system in case 1.

The solution’s topology for case 1 is radial with 15.2 kW
total active power losses. The currents throughout the branches
and switches are within their operative limits. The source
operations are shown in Table XII. Total execution time
was 243.8 s, which proves that the two-stage procedure is
computationally efficient even for large systems.

Case 2: Consider, once again, a permanent fault in zone 9,
but this time without load-shedding capacity. The proposed
methodology isolated the faulty zone 9 and transferred the
unattended demand by closing the switches between the
zones 11 and 12, and 22 and 52. Moreover, the solution
suggested de-energizing the zone 14 by opening the switch

TABLE XIV
SOURCE OPERATIONS FOR THE RESTORATION

OF THE REAL SYSTEM. CASE 2

between zones 12 and 14 (see Table XIII). Total execution
time was 388.4 s. In this case, 50 kVA was de-energized to
ensure feasibility. The switch and source operations for case 2
are shown in Tables XIII and XIV, respectively.

1) Execution Time Improvement: In order to improve the
total execution time of the proposed methodology, the follow-
ing strategies are proposed.

1) Improve the computational resources or the process-
ing capacity of the computer being used to solve the
problem.

2) Increase the maximum convergence gap of the CPLEX
at the first stage.

3) Establish a maximum execution time at the first stage,
using the time-stopping criterion of the CPLEX.

4) Eliminate the second stage.
Finally, consider that strategies 2 to 4 are tradeoff between

the quality of the final solution and the execution time of the
proposed methodology.

V. CONCLUSION

This paper proposes a two-stage procedure for the cen-
tralized self-healing scheme to restore electrical distribution
systems after a sustained fault in any zone, considering both
load and zone shedding. The first stage uses a piecewise lin-
earization function to turn the original problem into an MILP
model. The solution of an MILP model guarantees optimality
by using existing classical optimization tools. At the second
stage, the decision binary variables are fixed to produce a NLP
problem that determines the steady-state operating point of
the solution topology obtained in the first stage. The pro-
posed methodology finds feasible and high-quality solutions
for establishing the system’s operation. The solution isolates
the faulty zone and minimizes the number of de-energized
nodes and zones by transferring load among feeders, main-
taining the network operational constraints within their limits,
and disconnecting nonpriority loads through load and zone
shedding, if necessary.

A 43-node test system and a real Brazilian distribution sys-
tem with 964-nodes were used to test and verify the proposed
methodology. For all cases, the methodology isolated the faulty
zones and proposed a feasible system topology to minimize the
de-energized load and operate under healthy conditions. The
load-shedding decreased the unattended zones and improved
the flexibility of the self-healing scheme providing an effi-
cient response to the fault. The results show that the proposed
self-healing methodology is efficient and robust during the
restoration of electrical distribution systems in the context of
smart grids.
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