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1. Introduction

In 2012 it was discovery at the LHC a neutral spin-0 resonance with properties (mass and couplings)
that are compatible, within the experimental error, with those of the scalar SM-Higgs boson [1,2].
However, on the one hand, there is no experimental evidence confirming that only one of such sort
of scalars does exist. On the other hand, there are experimental evidence, e.g. the existence of Dark
Matter (DM) and neutrinos masses and mixing, that strongly suggest that the SM is not the ultimate
theory of nature. In this context, we may need to add new scalars, to play the role of the DM candidate
or in order to justify the difference between the mass scale of the neutrinos and the charged leptons.
The question is, if there are more scalar doublets, how many of them? The simplest case is to add one
more doublet. This is well motivated because it allows spontaneous (P violation if at the same time
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flavor changing neutral currents (FCNC) are allowed [3,4]. The latter processes strongly constrain the
masses and the mixing angles in the scalar sectors. For a recent review of the phenomenology of the
two Higgs doublet models (2HDM) see Ref. [5]. The next simple situation is having three doublets
in which it is possible to have spontaneous and hard (P violation [6] and at the same time to avoid
FCNC if some extra symmetries are introduced. Next, we can introduce more Higgs scalar doublets,
for instance, it may be motivated by the implementation of the Peccei-Quinn symmetry and the
unification of the three interactions, see Ref. [7] and references therein.

Among all these possibilities the case of three doublets with the same quantum number is
interesting if we assume that the replica of three generations occurs not only in the fermion sector
but also in the scalar sector. However, a general three doublet model (3HDM) has a very complicated
scalar potential with six parameters with dimension of mass (4%s), and many dimensionless ones (As).
Notwithstanding in physics, when the degrees of freedom augment it motivates the introduction of
new symmetries. In fact, to reduce the number of parameters in the scalar sector usually symmetries,
like Z; [8], are introduced. In some cases one of the scalar doublets is inert. However, the Z, symmetry
still allows four ?s and 23 dimensionless real parameters. The possibility of an S; symmetry is also
explored in [9,10]. In the case of the 3HDM with S3 symmetry has only two parameters with dimension
of mass and eight dimensionless ones i.e., in terms of the number of parameters the scalar potential
in the 3HDM plus a S3 symmetry has almost the same as the general 2HDM. The problem with this
model is that in general several possibilities are allowed, and some of them are not physical because
they imply the existence of massless physical neutral scalar. Another difficulty is the existence of FCNC
effects [11]. Usually also the neutral scalar with mass of 125 GeV is obtained only in the decoupling
limit [10]. All these effects arise mainly because, (i) the mass matrices mix all the scalars in each
charge sector and, because of this, the unitary matrices that diagonalize the respective mass matrices
are general ones in each case; (ii) an arbitrary vacuum alignment is assumed with all the vacuum
expectation values (VEVS) being different.

Here we will consider a 3HDM with an S3 symmetry in which the SM-like scalar is automatically
identified without requiring a decoupling limit. This is a consequence of a particular vacuum
alignment and the absence of FCNC at tree level is a consequence of this vacuum alignment plus the
condition of fermions transforming trivially under the symmetry S3. Another important consequence
of this vacuum alignment is that the scalars in the S3 doublet are inert [12,13]. It means that they do
not contribute to the spontaneous symmetry breaking and do not couple to fermions. They interact
only with the vector and the other scalar bosons.

The SM extensions with one inert doublet model (IDM) as a candidate to dark matter have been
already considered in Refs. [14-22]. However having two inert doublets allows to have a multi-
component dark matter scenario [23-25], because not only the real scalar and pseudoscalar may be
DM as in the IDM, but now we have two real scalar fields and two pseudoscalar ones, each of them
may contribute to the DM density.

The outline of this paper is as follows. In Section 2 we give the most general scalar potential involv-
ing three Higgs doublets which is invariant under the gauge and S3 symmetries. We also consider in
that section the mass spectra in the scalar sector when all VEVs satisfy the alignment v; = v, = v3 =
v = USM/«/§ and the singlet (S) and the doublet (D) of S3 are originated from a triplet i.e., in the re-
ducible representation. In this situation there are mass degenerate states in each scalar sector because
a residual S, symmetry remains. However the mass degeneracy may be lifted by introducing terms
that break the S, symmetry softly. We dubbed this case A. In Section 4 we consider the case when
S = H; and D = (H,, H3) with v; = vgy and v, = v3 = 0. We call this case B. We show that both
cases, before the spontaneous symmetry breaking (SSB), are related by a weak basis transformation.
However, after the SSB both cases are still equivalent but only the vacuum alignment is considered
here. We also consider in this case the situation when the S, symmetry is softly broken avoiding the
mass degeneracy, in this case the equivalence between both cases is also lost. The Yukawa interactions
are the same in both cases and are briefly discussed in Section 5. In Section 6 we study the positivity
of the scalar potential at the tree level, while in Section 7 we consider some phenomenological con-
sequences. Our conclusions are in Section 8 and in the appendices we show the constraint equations
for arbitrary VEVs, for case A in Appendix A, and for case B in Appendix B.
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2. Three Higgs-scalar doublet model and S3 symmetry

We present an extension of the electroweak standard model with three Higgs scalars, all of them
transforming as doublets under SU(2) and having Y = +1. Some of them transform under S3 as a
doublet D = (D1, D) = 2, and some as a singlet S = 1. As we will see, the latter one is identified
with the SM-like Higgs and the former ones are inert.

The most general scalar potential invariant under SU(2) ® U(1)y ® S3 symmetry is given by:

V(D,S) = uS'S + pu3[D" ® Dl; + A1(ID" ® D11)* + A2[(D' ® D)y (D" ® D)y]
+ A3[(D' ® D) (D' ® D)y 11 + A4(STS)* + As[D' ® D1;S'S
+ [6[[S'DI[STD1y 11 + H.c.] + A;ST[D ® D'11S
+ [s[(ST ® D)2 (D' ® D)» 11 + H.c.]. (1)

Denoting an arbitrary doublet by 2 = (x;, X,), we have the productruleSas2®2 = 1$ 1’ $ 2’ where
1=x1y1 + %292, 1 = X1y2 —Xy1, 2 = (X1¥2 + X2¥1, X1y1 — X2¥2),and 1/ ® 1/ = 1[26]. Let us define
S =(s"sOT,D; = (d; d))T,i = 1, 2.Interms of the S and D; fields, the potential in Eq. (1) is written as

V(S,D1,Dp) = p2S'S + u2(DiDy + DiD,) + A1 (DID; + DiD;)? 4+ A,(DID; — DiDy)?
+43[(D]D; + D}D1)* + (DIDy — DiD2)*] + 14(S'$)* + A5 (D]Dy + D}D,)s's
+[16(S"D1S™Dy + STD,STD,) + H.c.] + A;8T(D1D} + D,D})s

+15[STD1(DID, + DID;) + S'D,(DID; — DiD,) + H.c.]. 2)

Notice that the potential is written in terms of the symmetry eigenstates independently of how we
form the singlet and the doublet. If uﬁ > 0 only the singlet S gain a VEV and if g = 0 this vacuum
is stable at tree and the one-loop level. For this term be forbidden we impose a Z, symmetry under
which D — —D and S and all the other fields are even. However, in the appendix we consider the
constraint equations with a general vacuum alignment in order to study under what conditions we
have (D) = 0 and we find that independently of the sign of ,ug, it is possible to have the vacuum
alignment considered in this paper. The three-Higgs scalar potential has already been considered in
the literature in Refs. [9,10,27,28] but not in the inert doublets context. In fact, unlike the present pa-
per, all these articles have used the S3 symmetry to address the texture of the fermion mass matrices
using a general vacuum alignment.

3. Case A
Let us now consider the case when the three scalar doublets are in the reducible triplet
representation of Sz, say, 3 = (Hy, H,, H3) where H; = (Hj+ H?)T. This reducible representation is

broken down to the irreducible singlet and doublet ones, i.e.,3 = 2+ 1= D + S, where:

1
S=7(H1+H2+H3)’\’1

V3
D= (Dy,Dy) = |:1(2H1 _HZ_HB)»I(HZ_H3):| ~2, (3)
V6 V2
or, explicitly in terms of the symmetry eigenstates Hf 0i=1,2,3
)50 o () )
s V3AH+HI+H) ) TP E\) T e \2HY —HY —HY )
+ + +
ne(§)-5 (57%)
2 2 3

The decomposition of the symmetry eigenstates we make as usual, as Hi0 = (l/ﬁ)(vi + n? + ia?),
i = 1,2,3. We assume for the sake of simplicity that the VEVs are real, however see Section 7.
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The general constraint equations for the case when all VEVs are different from zero are given in the
Appendix A, Eq. (A.2). When v; = v, = v3 = v these constraint equations are reduced to a simple
equation:

t =t = t3 = v(uZ + 3r4v?), (5)
and if t; = 0 we have u? = —3x4v? = —A4v3, < 0, which implies that 14 > 0.
All scalar mass square matrices have the form
an bn bn
Mﬁ = bn an bn . (6)
bﬂ le al‘l

where a,, b, > 0and n denotes the scalar sector: n = h, a, c for the scalar, pseudo-scalar and charged
scalar fields, respectively.

This type of matrix is diagonalized by an orthogonal matrix, Urgy: UTTBMM,fUTBM = diag(a, +
2by, ay — by, a, — by), with a, + 2b, > 0 and a,, — b, > 0, Vn, the Uy, is given by

1 2 0
V3 3
1 1 1
Upy=| — — —— (7)
V3 Ve V2
1 1 1
NERERV/ NG
In the case of (P-even neutral scalars, we have 3a, = 2u3 + (244 + A)v3,, and 6by, = —2u2 +

(4hq — M)VE,, where X' = (As + A7 + 2A¢), and the eigenvalues are the following:
mﬁl = mi = 2A4U§M,
1- 1
2 2 _ 2 2 2 2 2
My, = My, = My = Hg + Ek/vsm =kt g Emh’ (8)

where we have used v = vgy/+/3.
Denoting as h; the mass eigenstates, we have h{ = " (Ufg,);n, where Ury is given in (7).
Explicitly we have

1
o NEAURECREE .
S

1
h | = —%(2;7?—7;3—772) =Re|-dV], (9)
h§ 1 —d;

——m =13

V2

and the scalar h® = Res® which, in Section 5, will be identified with the SM Higgs boson and the
doublet h; = h with the SM scalar doublet.

In the (P-odd neutral scalars sector, the mass matrix is given as in Eq. (6) but now with 3a, =
2ug + A"vd, and 6b, = —2u3 — A"v3,, where . = (A5 + A7 — 21¢) and in this case we obtain the
following masses:

mil =0,
M, = = = gl i = ks (10)
2 3 2 4 Ay
Denoting A? the pseudo-scalar mass eigenstates, we have A? = ", (Ufg,);a) and making the same
as in Eq. (9) we obtain that A° = Ims° is the would-be Goldstone boson, while AY = —Imd{ and

A} = —Imdj are physical (P odd fields.
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Similarly in the charged scalars sector we use Eq. (6) with 6a, = 2/@, + )sts?M and 12b, =
—2u3 — Asvd, and in this case we obtain the following masses:

2 _
me, =0,

A
m :mfgEme:uﬁ+§v§M:M§+§k—4mﬁ, (11)
and, if Hﬁ denote the charged scalar symmetry eigenstates and h,-+ the respective mass eigenstates, we
have hfr = Zi(U{BM)inﬁ. Using again the Eq. (7) we obtain s* = h™ the would-be charged Goldstone
boson, and the physical charged scalars: —d{ = hJ and —d; = hJ.

We summarize these results by using mixing matrix in Eq. (7), and writing the Higgs scalars doublet
D and the singlet S, but now in terms of the mass eigenstates, h%, A’ and h:*, as

ht ling
S=¢=|_1 O = —(¢1, ¢2), =11 0, 0], (12)
—(v3v + h° +iA%) —=(hy +iAY)
\/E \/i k k
where k = 2, 3.
We have the sum rule from Egs. (8), (10) and (11):
1 - -
my, + my +2m? = 3ug + )L—()»/+)»//+A5)mﬁ. (13)
4

The mass degeneracy in Egs. (8), (10) and (11), is due to a residual symmetry as we will see below.
The uﬁ parameter appearing in these equations is not related to the spontaneous symmetry breaking.
Thus, since p,fi is not protected by any symmetry, it may be larger than the electroweak scale. On one
hand, if u > v3, (assuming the A’s are of order one) the masses of the scalar hj 5, pseudo-scalar AJ ,
and the charged scalar hfj are heavier than h°, independently of the values of the A’s and vgy. On the
other hand, if #3 < 0 and X, X > 0,As > 0, all these particles may be lighter than h°. However,
since A5 may be negative, A4 is always positive, and in this case m? < 0, as can be seen from Eq. (11),
here we will consider only 3 > 0 and larger than |(As/84)|m?.

The potential in Eq. (2) can be written in terms of SU(2) scalar doublets with their components
being the mass eigenstates given in Eq. (12):

V() = 3rav?ptd + 13(p1d1 + dla) + A (pid1 + d12)? + ra(@lpr — plp1)?
+ A3l(@l + PIp)? + (Bl — d12) ] + ra(BT )2 + Asp P (Pid1 + Dia)
+ 2701671 + 10T 2121 + (A6[(@Th1)? + (D3 8)21 + Asld 1 (dih2 + pip1)

+ ¢ 2 (di s — plp] +Hoc ) (14)

Notice that this scalar potential is the same as that in Eq. (2). However the earlier one was written in
terms of the symmetry eigenstates and (14) is in terms on the mass eigenstates. This occurs only in this
model and not in any 3HDM and it is a consequence of the S3 symmetry and the vacuum alignment.

Notice that this scalar potential with three Higgs scalar doublets under SU(2), is as simple as the
two doublet case, see for instance in Ref. [29]. From Eq. (14), we can see that if Ag = 0 there is still a
residual S, symmetry: it is invariant under the exchange of the doublets ¢; <> ¢,. Notice, however,
that the mass degeneracy is due to the fact that the Ag term does not contribute to the Higgs scalar
masses, this is easy to be verified, once Ag corresponds only to the trilinear and quartic interactions
among the three doublets. Anyway, we have considered only the Ag = 0 case due to the Z, symmetry
considered above.

We will show later on under which conditions the potential in Eq. (2) (or (14)) is bounded from
below. For the moment, just notice that when v; = v, = vs, if A4 > 0, the minimum of the scalar
potential (Viin = —A4v§‘M) is global and stable minimum if the masses square, given in (8), (10) and
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(11) are all positive and, if the conditions for the A’s given in Section 6 are satisfied. However, the
stability of the solution v; = v, = v3 under radiative corrections will be studied elsewhere.

The residual S, symmetry can be broken, if necessary, to avoid the mass degeneracy and also the
domain wall problem. This can be done by quantum corrections [30] and/or by soft terms in the scalar
potential. As an illustration, here we break this symmetry by adding the following quadratic terms
uﬁmHJHm, n, m = 2, 3 to the scalar potential in (1). The mass matrices in all the scalar sectors are
now of the form

an by b,
an = bn an + M%Z bn + I’L§3
b, by + M%g, a, + M§3

, (15)

where M%m are naturally small, and we will assume that are real for the sake of simplicity. Although
when p3, = u?; = v?and u3;, = p? the matrix above is still diagonalized by the tribimaximal
matrix, as the neutrinos masses [31], this is not possible with scalars fields: in this case there is no
would-be Goldstone bosons. In order to have the correct number of these bosons we have to impose
that u%, = u3; = —u3, = p?. In this case the matrix in Eq. (15) is still diagonalized by tribimaximal
matrix in Eq. (7), and the eigenvalues are now (2a, + by, a, — by, a, — by + ©?) and we still have
S = ¢ and D = —(¢1, ¢>), as in the previous case.

4. A change of weak basis: Case B

We can build the singlet and a doublet of S3 with just one SU(2)-doublet, say Hy, and the other two,
say H, and Hs, transform as the irreducible doublet of S3, i.e.,

S=H;~1, D= (Hy, H;) ~ 2. (16)
But, note that, the two bases are related by the tribimaximal matrix in Eq. (7), i.e,

S H,
<D1> = Uy <H2> (17)
D, H;

with UTTBM being the transpose of the matrix in Eq. (7) and S, D1 and D, here are those in Eq. (3). The
representation in Eq. (16), is called here case B. It was considered since a long time ago [27,32-35] but
in other context and different motivations.

Although both cases in (3) and (16) are related by the transformation in Eq. (17) and can be
considered just the same model in two different basis, we can see that this is true only before the
spontaneous symmetry breaking. The VEV of the S3 triplet in case A is given by

#)-6)

When the decomposition in Eq. (3) is used and the vacuum alignment v; = v, = v3 = 157’2 is used it
implies the inert character of the doublet D. However, in case B we have

E)-(5)

We see that the vacua in (18) and (19) are related by the transformation in (17) only when v; =
vy = V3 = ”57";’ Hence, only in this situation both cases are identical before and after the spontaneous

symmetry breaking. But in a general vacuum the inert character of the doublet is lost because in this
case the mass matrices are of the general form, a full 3 x 3 matrix, and after the field rotation the SM-
Higgs like will be a linear combination of this three fields, this implies that at tree level and/or loop
level all scalars couple to all fermions. Hence we have to impose in case B that v, = v3 = 0. In fact,
the constraint equations are different and are given in the Appendix B. These constraint equations are
the same, see Eq. (5) with 3v? = vZ,, only in the vacuum alignment used in this paper.
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The constraint equations in Eq. (B.2) implies, with the vacuum alignment given above, ,uf =
—X4vd, and the mass square matrices are all diagonal: there is no mixing among the scalar fields in
each charge sector. At tree level the masses are the same as in case A, see Egs. (8)-(11). The doublets
of SU(2) written in terms of the mass eigenstates are denoted, as before, by ¢ and ¢ ». In this case
the scalar potential in terms of these fields is given also in Eq. (14) again with Ag = 0, this shows that
even after the SSB the models are equivalent. Unlike the case A, there is no mixing among the mass
eigenstate scalar fields therefore these fields are in the irreducible representations of S3 too: S = ¢
and D = (di, d) = (¢1, ¢2)-

The transformation ¢, <> ¢, is again a residual S, symmetry which, if necessary, can be softly
broken by adding terms like MZHZT Hs, (u? is also considered to be real for simplicity). In this case, the
mass matrices are given by

m, 0 0
M=o m P, (20)
0 w? My,

where n = h, a, c, for scalar, pseudo-scalar and charged scalar field, respectively. The mixing now is
only in the inert sector and the masses square are

=2 _ 2 =2 _ 2 2 =2 _ 2 2

mj, = my, mj, = my — u’, my, = my + u’,

=2 _ =2 _ 2 2 =2 _ .2 2

mg, =0, my, = mg; — [4°, Mo, = my + 4°,

=2 =2 2 2 =2 2 2

mg, =0, mg, =mg — pu*, me, = mg + u’, (21)

where m,zl, mﬁ and mf are given in Eqs. (8), (10) and (11), respectively. The mass matrices of the form
in (20) are diagonalized by the orthogonal matrix

1 0 0
o —L 1
U= V2 V2, (22)
1 1
NG

and the mixing between ¢ and ¢, is maximal.
Thus, in terms of the mass eigenstate fields, the scalar doublets of SU(2) are written as S = ¢ and
= —(D1,Dy) = —(—¢1 + @2, d1 + ¢2), where ¢; are the SU(2) doublets written in terms of the
mass eigenstate fields. Explicitly

h+

= — 1
S=¢= 500 |
1 1
7—h++h+ 7h++h+
1 = AR . = VZACRIEK (23)

1 1
5[—hg + hS 4 i(—AS + AY)] E[ng + h + (A9 + AY)]

It is important to note again that after the degeneracy breaking we lose the connection between the
two cases as can be seen by comparing Eq. (12) with (23).

5. The Yukawa sector

If in cases A and B in the lepton and quark sectors all fields transform as singlet under S3, they only
interact with the singlet S as following:

— Lyukawa = LiL(GyligS + GyvS) + Qu(GhujeS + GidieS) + H.c., (24)

S = it,S* and we have included right-handed neutrinos.
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We see that the fermion masses, as in the SM, arise only through the VEV of the singlet S which is
the only field, or linear combination of fields, with a non-zero VEV, see Eqs. (12) and (23). Hence,
there is no FCNC in the lepton and quark sectors at the tree level. Moreover, we obtain arbitrary
mass matrices from Eq. (24), because there is just one source of the fermion masses which are given
by M = (vsu/v2)G,f = I, v,u,d and where vgy = 246 GeV. The neutral interactions are
V2 / vSM)fLMf fxh®, where M is the diagonal mass matrix in the f-sector. These mass matrices are
general enough to accommodate a realistic Vpyns and Vg mixing matrices. Moreover, since the right-
handed neutrinos may have a Majorana mass term we can have a type-I seesaw mechanism.

Notwithstanding, unlike the case of the SM, having only one source of fermion masses is not
guaranteed to avoid FCNC in the scalar sector. In fact, the case of natural flavor conservation when
there are discrete symmetries was not considered in Ref. [36]. Hence, it is worth considering briefly
this issue. Let O be a generic non-Abelian discrete symmetry with multiplication law % under which
the left- and right-handed fermions, namely fp, and fy,, are in different representations of the gauge
symmetry but are singlet under the £ symmetry. The scalar multiplets, Hgp, transform non-trivially
under the gauge symmetry, but are singlet of O since this is the scalar that couple to fermions. The
Yukawa interactions are of the form fgp, *fg, *Hp ~ 1,i.e., it is invariant under the gauge and discrete
transformations. Even if Hp is in the trivial representation of £ as we have assumed, without the
vacuum alignment discussed above there are FCNC in each charge sector. With an arbitrary vacuum
alignment the relation in Eq. (9), which implies that ReS® = Hh°, is no longer valid and S° is a linear
component of the three neutral mass eigenstates and all of them contribute to the fermion mass
matrices. It suggests that the vacuum alignment can be added to the conditions in Ref. [36] to have
natural flavor conservation in neutral currents at the tree level when discrete symmetries are present
in the model. Here we have considered O = Ss.

6. Analysis of the scalar potential

The scalar potential has to be bounded from below to ensure its stability. In the SM this is easy at
least at tree level, we just have to ensure that the quartic term in the potential has & > 0. In theories
that increase the number of scalar multiplets it is more difficult to ensure the positivity of the potential
in all directions. A scalar potential has a quadratic form in the quartic couplings in the form Aabsjsbz.
If the matrix Agp is copositive in the sense of Ref. [37], it is possible to ensure that the potential is
bounded from below. Let us apply this analysis to our case.

We obtain the copositive conditions in the quartic terms in the scalar potential given in Eq. (14),
by defining:

1G> =&, &g =E&pe” (25)
where {; = S, D1, Dy, and p; and 6; are not physical parameters. From the scalar potential of Eq. (2)
we obtain the matrix A in the base (2, £7, £%) the matrix elements are given by:

A1l = Mg,
Ay = A1+ Az,
Aszz = Ap,
1
Atz = Ay = S[ks + p7 (7 + 22 cOS261)],

1
Ay = Ay = s + 03 (A7 + 2xg cOS(2¢))],

Ayz = A3 = 2(A3 — A2) + p3 (hy + A3) COS(2¢h3). (26)

Now we most minimize the potential with respect to the free parameters p; and ¢;. For the terms
27 cos(2¢1) and 21, cos(2¢,) it is obvious that the minimum will be when cos(2¢1) = cos(2¢,) =
—1, for the element A3 to the minimum occurs for p3 = 1and cos(2¢3) = —1, which leaves us with

A1 = Ag,
Ap = A1+ A3,
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A3z = Ap

1
Arp = Aoy = - (ks + p1(h — 2g)),

1
Az = A3 = 50\5 + p2 (k7 — 2h¢)),
Axz = A3y = —4A,. (27)

Now if A7 — 2Ag > 0, the minimum of the potential is obtained by setting p; = p; = 0, but if
A7 — 2Ag < 0 then the minimum is given by p; = p, = 1. To simplify our analysis and since
the results for p; and p, are equal we will set p; = 0 and p, = 1. Finally we have the following
expressions for the matrix elements,

1 1
A —A —[A A7 — 2A
4 hs 2[5+ 7 6]

A+ A3 —4A;
A+ 23

A= (28)

For a symmetric matrix A of order 3 the copositivity criteria are summarized as follows: a; > 0

and vj = a5 + /@a; > 0and \/a11022033 + 124/033 + A13/020 + a23/011 + /V12V13023 > O.

Explicitly we obtain:
Ag > 0,
Ar+23 >0,
A5+ 2y/Aa(h1 + 43) > 0,
As + A7 — 2hg + 2¢/As(h1 + A3) > 0,

A+ Ag > 4hg, (29)

and

(k1 = 220 — A3)y/ A + v/ (—4A2) (A1 + A3)2a

A — A2 V(A +A3)Ag +As + A7 — 24
+\/m()\-5+)\7_2)\6)+\/1 22 /(0 \/3%4 5 7 6)>0’

(—4r)V A 4 V(=4h2) 01 + A3)ha + VA1 + A3 (hs)
n VA= 22 (1 + A3)Ag + As) -0
NG

It is easy to verify that if the conditions in Egs. (29) are satisfied the conditions in Eq. (30) are
automatically satisfied. Hence, the positivity of the scalar potential is guarantee just by the conditions
in Egs. (29).

(30)

7. Some phenomenological consequences

It is well known that two-Higgs doublet models have an interesting phenomenology [5]. For
instance, (i) in a broad class of this type of models there is (P violation arising purely from the exchange
of Higgs bosons but FCNC are allowed [3], and (ii) in the class of models with inert scalars the lightest
neutral fields is, at least in some range of the parameters, a dark matter candidate in the universe. Here
we will consider only these two phenomenological aspects in this model. The first one is (P violation
and, secondly the possibility of having a dark matter candidate.

In general in three Higgs doublet models there is also (P violation via de exchange of scalar
fields [6]. We will analyze this issue in the present model. In case A, and the potential in Eq. (1) or in
Eq. (2). Let us suppose that the VEVs are complex, and still imposing v1e"1 = v,e%2 = v;e!%3 = Ve®
as a stable minimum of the scalar potential. The phase ®, which appears only in the singlet S, can
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be transformed away with a global U(1) transformation as it happens in the standard model. On the
other hand, if 6; # 6, # 03 we lost the inert feature of the two SU(2) doublets in D = (¢1, ¢,). Thus,
if we want two inert doublets there is no spontaneous (P violation through the VEVs. We can also
consider the possibility to have hard explicit CP violation through complex coupling constants in the
scalar potential because Ag may be complex, we can define A = |Ag|e!®. In this case, it is possible
to transform away the Ag phase by making the global phase rotations S — Se’® and D — De'®, and
choosing ap — as = /2, the Ag phase can be eliminated, wherefore we see that in this context there
is no (P violation in the scalar sector, just the hard violation in the quark and lepton mixing matrices.

We can try, also, to have soft explicit (P violation through the quadratic non-diagonal term in the
scalar potential Mzh;h3 assuming that u? is complex, as in Ref. [4]. However it is not possible in case
A once the mass matrices in Eq. (15) are not diagonalized by tribimaximal-type matrix and the inert
feature of the two extra doublets is lost. However, this source of (P violation is possible in case B since,
as can be seen from Eq. (20), notwithstanding the mixing and the (P violation occurs only in the inert
sector.

It is well known that there exists a range of the parameters in which an inert doublet is a candidate
for dark matter (DM) [13-15,30]. This may also imply, in the present model, contributions to the
invisible decay of the SM-like Higgs [38-40]. It has been shown in Ref. [22] that, in the context of
one inert Higgs doublet (IDM), there are three allowed regions of masses that are compatible with

observed value of £2pyh?: (i) < 10 GeV; (ii) 40-150 GeV, and (iii) < 500 GeV. Notice that the regions
(i) and that in 40-60 GeV there is SM Higgs invisible decay

The same may happen in the present model with h2 3. Here we will only show that, for a range of
the parameters and for the three allowed regions above the spin-independent cross section for the
hg ;-nucleon scattering agrees with the Xenon100 results [41], the Lux results [42] and the theoreti-

cal prediction of Xenon1T. And at the same time for the region (i) and 40-60 GeV, h® — hg 3 may be
compatible with the invisible width decay. Here we will consider only when there is mass degeneracy
in case A.
The spin-independent cross section for DM-nucleon scattering is given by [22]:
4 77202
m, Af

og = 2 x P 7 (31)

47 (m, + mhg)zmh0

2

where the factor 2 is because we have two mass degenerated inert scalars, and f = 0.326, see [39];
and the invisible Higgs width by:

}\/zvz
rh° — KR (hSh)) =2 x —2M

(32)
327”"113

In Fig. 1 we show the excluded region given by Xenon100 [41] and Lux [42] results and the
theoretical prediction for Xenon1T, Fig. 1(a) shows the behavior of Eq. (31) as a function of the masses
for a fixed A’ for masses less than 10 GeV, in this case the best solution is for A’ = 5 x 104, but with
masses lower than 6 GeV all values are allowed. Fig. 1(b) shows the behavior of Eq. (31) as a function
of 1’ for masses between 40 and 160 GeV, in this case we have two good solution for .’ = 5 x 10~*
for the entire range and X’ = 103 for masses between 60 and 160 GeV. Finally in Fig. 1(c) we show
that for masses larger than 500 GeV A’ is allowed for a range between 5 x 1074 and 9 x 1073, These
values are in agreement with the calculation of the relic density for this model as shown in Ref. [43].

In Fig. 2(a) we show the invisible Higgs width, using Eq. (32), and in Fig. 2(b) the branching ratio

Br(h — inv) = % as functions of the scalar mass and with three values for A’ = 5x 1074,

1x 1072 and 9x 102 for the mass range myo < 62 GeV. Note that the curve for 1 = 0.009 s excluded

if we want to have a dark matter candidate and the invisible branching ratio 8(h — DM) < 0.2 [38].
Since A’ = A5 + Ag + 2A7, from the constraints in Eq. (29) and from the expressions for the masses
in Eq. (8) and Eq. (11), we have
2(m% — u? am? —2u?
(my — uy) — ( M) - 1. (33)
vs[v[\/ )\4()\1 + )V3) Us[v[\/ )\4(}\1 + )"3)
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Fig. 1. The gray areas show the regions excluded by Xenon, Lux and the theoretical prediction Xenon1T for o5 defined in
Eq. (31) as a function of the DM-candidate mass, and for three different values of A'. (a) is the region for masses less than 10
GeV, (b) shows the behavior of Eq. (31) for masses between 40 and 160 GeV, finally in (c) we show the allowed region for masses
larger than 500 GeV.

From Eq. (33), we obtain the allowed region for 112 and (A +As3) if we fix m% and m2,and A4 = 0.13
is fixed by the SM Higgs mass. These are shown in Fig. 3 for (a) m,z, = 54.1 and m? = 85, (b)
mZ = 80 and m? = 95, and (c) m = 168 and m? = 84.7. These values are also compatible with the
experimental data of dark matter, as was shown in Ref. [43].

The presence of two inert doublet implies in contributions for h° — yy [44], and h® — Zy [45].
In the latter paper it was obtained the best value for A5, that fit the current data for h — yy, when
itis As = —0.4, in Fig. 4 we show the constraints on A; and A3 using the third line of Eq. (29),

(As + ~/Ag(A1 + A3) > 0).
8. Conclusions
If the Higgs sector has, as in the fermion sector, three sequential generations, we should expect the

existence of extra symmetries to make the interactions and the mass spectra simplest in the scalar
sector. This is because, in general, three Higgs doublet models have complicated scalar potentials and
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X =9 x 1073 is excluded by data, if we want that the scalar be a dark matter candidate.
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Fig. 3. The allowed region, using Eq. (33), for 42 and (A1 + A3) when we fix (a) m% = 54.1 and m? = 85, (b) m3 = 80 and
m2 = 95, and (c) m% = 168 and m? = 84.7. With A, = 0.13 fixed by the SM Higgs mass.

mass matrices in each charge sector are diagonalized by arbitrary unitary 3 x 3 matrices having each
one three mixing angles and six phases (some of them may be absorbed). In the present model because
of the S; symmetry and the vacuum alignment, the entries of the rotation matrices are, at the tree
level, Clebsch-Gordan-like coefficients. This eliminate plenty of new parameters that should have to
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Fig. 4. Using Eq. (29), A5 > —+/A4(X1 + A3), and the results in Fig. 3 we obtain the allowed region for A; and A3 when we fix
As = —0.4 and A4 = 0.13 is fixed by the SM Higgs mass, is the yellow area in figure above.

be determined by experiments. In fact, the scalar potential in this models is as simple as that in a
general two Higgs doublet model. The only difference is the Ag term in the scalar potential, see Eq. (1)
or (2). Anyway it is necessary that Ag = 0in order to maintain the inert character of the doublet of S3, D.

Moreover, like multi-Higgs models with no flavor changing neutral currents mediated by neutral
scalars, the only mixing parameters appearing in the fermion charged interactions are the CKM and
PMNS angles and phases. For more details see Ref. [44]. We would like to stress that the existence
of two inert doublets, and the flavor conservation in the neutral currents mediated by scalars are
consequences of three ingredients: (i) the S3 symmetry, (ii) the representation content of the fermion
and scalar multiplets under S3, and, (iii) the vacuum alignment.

If the lightest neutral scalars are the CP-even as we have assumed here, the CP-odd ones can be
produced at LHC in vector-boson fusion. This also deserves a detailed study.
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Appendix A. Constraint equations in model A
Expanding the scalar potential in Eq. (1) as a function of VEV’s, we will obtain:

V= %(Wf(v] + v 4+ v3)? + 12u3 (0 + 03 — vyv3 + V] — Vi(Vy + v3))
+4k1(vf + v% — VU3 + v§ —v1(vy + v3))2 + 4)»3(11% + v% — VU3 + v%
—v1(v2 4 v3))?) + Aa (V1 + v2 + v3)* + 25 (V1 + V2 + v3)* (V] + V5 — VoV + V]
— 01 (2 + v3)) + 246(V1 + V2 + v3)2 (V] + V3 — VU3 + V3 — V1 (V2 + V3))
+ 407 (V1 + vy + v3)2 (V] 4+ V3 — VaV3 + V3 — V1 (v + v3))
— 2v/225(1 + vy — 203) V1 — V2 — v3) (V1 — 203 + V3) (V1 + Vg + v3), (A1)
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the constraint equations are explicitly given by:
18t = 612 (2v1 — vy — v3) + 62V + 2(A1 — 4v/248)03 — [(Az + v/2hg) Bv? + v3 + vd)
— (A3 — 7v/228)v203](v2 + v3) + 6[(Ag 4 2v/228) (3 + v2)

+ (As — 2v/2h8)vo03]0¢ (A2)

18t) = — 2 _ 2 3 -2 3 3 2 2

2 = —pg(v1 — 203 +v3) +6usV + 24105 + (A 2Ag) (v + v3 + 3v5v3 4+ 3v5v1)

+6(As + Zﬁks)(vf + vz + 3(As — 2v/2)g) (V103 + 20503 + vy (A3)

18t3 = —Guﬁ(lh + vy — 2v3) + /,LSZV + 2/\11}; — (A + \/5)\.8)(1)? + Ug + 3U1U§ + 3U2U§)
+6(Ag 4 2v/2h8) (V2 + 1203 + 3(As — 2v/248) (V103 + V2 + 20,03) 1, (A.4)

where
Ay =2) + hg + 2, Ay =20 — 204 — X, Az =20 + 204 — 20,
Ag=XN~4+hry, As=2xs—X. (A.5)

Although the Ag term allows solutions, in this case the Ag symmetry has to be forbidden because
itinduces a tadpole that destabilize the vacuum alignment.

Appendix B. Constraint equations in model B
Expanding the scalar potential in Eq. (2) as a function of VEV’s we have
V= %(Zufuf + Aav] + 032U + (As + g + 2A7) 07
—2h50102 + (b1 + 23)v3) + Qug + (As + As + 2A7)v]

+ 6010y + 2(h1 + A3)V3) V2 + (A1 + A3)v3). (B.1)

With the representation in Eq. (16), the constrain equation are

- A
2t; = vy |:2/de + 20403 + X (V2 +02) — v—s (vg + vzvg)] ,
1

_ 2, 7.2 2 2 v1v§
2ty = vy | 2y + A'vy + (A + A3)(vy +v3) — 3Ag [ vivp — -
2

23 = v3[2u5 + AV} + 2(A + A3) (V3 + v3) + 6Agvvs], (B.2)

and we see that even in the general case when v; # v, # vs they are different from the respective
equations in model A, see Eq. (A.2).

Notice that the Ag term avoids the zero solution for vy and v,. If this term is forbidden with a Z,
symmetry under which D — —D and all the other fields being even under this symmetry, we can
have the solution v; = vgy and v, = v3 = 0.
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