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Optimal Distributed Generation and Reactive Power
Allocation in Electrical Distribution Systems

Benvindo R. Pereira Jr., Geraldo R. Martins da Costa, Member, IEEE, Javier Contreras, Fellow, IEEE,
and José R. Sanches Mantovani, Member, IEEE

Abstract—Optimal and simultaneous siting and sizing of
distributed generators and capacitor banks in distribution sys-
tems have attracted a lot of attention from distribution companies.
The placement and capacity of these devices have direct effects
on the system’s performance. This paper presents a model for the
simultaneous allocation of capacitor banks and distributed gener-
ation, which takes into account the stochastic nature of distributed
generation. To solve the model presented, we propose an efficient
hybrid method based on Tabu search and genetic algorithms. The
hybrid method is applied to a well-known system in literature.

Index Terms—Capacitor bank (CB), distributed generation
(DG), uncertainty, Tabu search (TB), Chu–Beasley genetic
algorithm (CBGA).

NOTATION

Sets
nb, nbc, nbg Sets of system buses, candidate buses for

CB installation, and candidate buses for
DG installation.

nlo Set of load levels.
nl Set of system lines.
CBf , CBs Set of fixed and switched CBs available to

be installed.
DG Set of DG units available to be installed.

Costs
CBccfc, CBccsc Cost to install a fixed/switched CB of type

c, in $.
DGcg Cost to install a DG unit of type g, in $.
Ksl Substation operating cost with load level l,

in $/MWh.
Kgg,l Operating cost of DG type g with load level

l, in $/MVAh.
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Binary Variables
xc,i
fc , xc,i

sc Decision to install (1) or not (0) a
fixed/switched capacitor bank of type c at
candidate bus i.

xg,i
DG Decision to install (1) or not (0) a DG unit

of type g at candidate bus i.
xc,i,l
osc Decision to operate (1) or not (0) a switched

CB of type c installed at candidate bus i,
with load level l.

Continuous Variables
Iij,l,p Current through branch ij with load level l,

in A.
P g,i,l
DG , Qg,i,l

DG Active and reactive power generated by a
DG unit of type g installed in the candidate
bus l with load level l, in MW and MVAr.

xc,i,l
osc Decision to operate (1) or not (0) a switched

CB of type c installed at candidate bus i,
with load level l.

P l
i (V, θ), Q

l
i(V, θ) Active and reactive power injection at bus i

with load level l, in MW and MVAr.
PGl

i, QGl
i Active and reactive power generated at bus

i with load level l, in MW and MVAr.
Vi,l,p Voltage at bus i with load level l, in V.
PSS
l Active power injected in the system through

the substation with load level l, in MW.
SS_pfl Power factor measured at the substation

with load level l.

Parameters
αope Operation discount factor.
ϕc Angle of the maximum capacitive power

factor.
ϕi Angle of the maximum inductive power

factor.
Imax
ij Maximum current allowed through branch

ij, in A.
P g
DGmax, P g

DGmin Maximum and minimum active power lim-
its of a DG unit of type g, in MW.

PLl
i, QLl

i Active and reactive power demand at bus i
with load level l, in MW and MVAr.

QCc
fc, QCc

sc Reactive power of a fixed/switched CB of
type c, in kVAr.

QCmax Maximum reactive power injected by a CB
allowed at a specific bus, in kVAr.

Qg
DGmax(P

g,i,l
DG ), Maximum and minimum reactive power

Qg
DGmin(P

g,i,l
DG ) limit for a DG unit of type g, in MVAr.
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SS_pfmax, Maximum and minimum power factors
SS_pfmin acceptable at the substation.
Sg
DGmax Maximum apparent power of a DG unit of

type g, in MVA.
Tl Duration of load level l, in hours.
Vmax, Vmin Maximum and minimum voltage levels of

the system, in V.

I. INTRODUCTION

T HE INSTALLATION of distributed generation (DG) in
medium- and low-voltage distribution systems has

become a feasible option in distribution system planning. DG
can offer several benefits to the system, however, its installa-
tion is subject to the availability and geographical location of
primary energy sources. The benefits obtained with DG are not
only related to the technical level (loss reduction, voltage con-
trol, current flow reduction in the branches, improved quality of
power supply [1]), but also to the environmental sphere, since
the reduction of costs and technological advances in power
electronics, communication systems, control and automation
allow for the use of renewable energy sources which pollute
less than conventional generators.

On the other hand, DG can cause undesired effects in the
system, such as fluctuations in the voltage profile, increased
fault current, inversion in the flow direction, readjustment of the
control and protection systems, etc. [1]. These effects become
more evident when DG uses renewable energy sources, since,
in their great majority, they have a probabilistic nature, such as
wind speed and solar irradiation. Therefore, technical studies
should be conducted so that DG can be properly installed in
passive systems, avoiding the degradation of reliability, system
operation, and quality of supply [2]. The need for such stud-
ies has, in the recent past, promoted research on DG regarding
topics related to its operating mode [3] and the operation and
expansion of distribution systems [1], [2], [4], [5].

In passive distribution systems, some of the benefits achieved
by the presence of DG are assigned to other devices, among
which capacitor banks (CBs) stand out. CB are devices widely
used due to their efficiency in reactive compensation, and, when
optimally installed in distribution systems, provide loss reduc-
tion, voltage regulation, and a financial return for distribution
companies (DISCOs) [6]–[10].

In active distribution systems the benefits and undesired
effects obtained by the installation or existence of DG and CB
are directly related to the location of these devices in the net-
work. The task of finding the location of these devices where
the benefits are maximized is not a simple endeavor, since it is a
combinatorial problem and involves the development of a com-
plex mathematical model composed of continuous, binary, and
integer variables. Different models and solution techniques are
found in literature for the CB allocation problem [6]–[10] and
the DG allocation problem [1], [5]. Considering the reality of
modern distribution systems, in which DG and CB must coex-
ist, it is necessary to review the allocation techniques, taking
into account the simultaneous allocation of CB and DG in the
system, once CB and DG provide similar and complementary
benefits to distribution systems [2], [11]–[14].

This paper presents a new methodology for the optimal and
simultaneous allocation of DG and CB in distribution systems,
differing from the proposals found in literature in the way dif-
ferent types of DG are modeled in the problem, in the objective
function, and in the CB type. Thus, the main contributions of
this paper are as follows:

• Simultaneous allocation of (fixed and switched) CBs
and DG (dispatchable and stochastic) in the distribution
systems is presented;

• In addition to dispatchable DG modeled using syn-
chronous generators (SGs), the proposed model considers
stochastic DG represented by wind turbines modeled as
doubly-fed induction generators (DFIGs) [3], [15];

• A probabilistic approach to find the power dispatch of
stochastic DG is used in order to achieve a more realistic
representation of the impacts of DG on distribution sys-
tems and, consequently, in the simultaneous allocation of
CBs and DG;

• Different load levels (to represent a daily load curve) are
taken into account in the model to find the operational
control of swicthed CBs;

To solve the proposed model we have used a hybrid algo-
rithm composed of a Tabu Search (TS) algorithm and a
Chu-Beasley Genetic Algorithm (CBGA). In addition to being
powerful tools that solve large and complex mixed nonlinear
combinatorial problems [10], [12], [14], [16], these metaheuris-
tics enable us to represent the sitting, sizing and control scheme
of DG and CBs in a easy and practical way.

TS is the main algorithm responsible for finding: location of
CB, location of DG, and type of DG. The CBGA is used to
solve an optimal power flow (OPF), which is an important tool
responsible for finding: DG power dispatch (dispatchable and
stochastic), type of CB, and the operational scheme of CB, con-
sidering the probabilistic nature of DG sources. In the proposed
model the objective function aims to minimize investment costs
(installation of DG and CB) and system operation costs (power
generation by DG and power purchase through the substation),
subject to technical and operational constraints, as well as the
availability of DG power generation. The results obtained allow
us to perform a specific analysis of the system’s behavior.

The remaining parts of the paper are divided as follows.
Section II presents the mathematical formulation, Section III
describes the proposed methodology, Section IV presents the
results for a well-known system in literature and several con-
clusions are presented in Section V.

II. MATHEMATICAL MODEL

The problem of the simultaneous allocation of CB and DG is
modeled as a mixed-integer non-linear problem. In the formula-
tion of this model we have considered the following hypotheses
for DG and CB:

• DG belongs to DISCOs [2], [12], [17], [18];
• Dispatchable DG: full control of the active and reactive

power generated is possible.
• Stochastic DG injects all its active power production into

the system and the control over reactive power is done by
controlling the power factor.
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• DG can produce reactive power only if producing active
power;

Note that the first hypothesis could be related to the role of
DISCOS as market facilitators as mentioned in [19]. The math-
ematical model proposed for the optimal CB and DG allocation
is as follows:

Of = min(Invcosts +Opecosts) (1)

Invcosts =
∑
i∈nbc

⎛
⎝ ∑

c∈CBf

CBccfc.x
c,i
fc +

∑
c∈CBs

CBccsc.x
c,i
sc

⎞
⎠

+
∑
i∈nbg

∑
g∈DG

DGcg.xg,i
DG (2)

Opecosts =
∑
l∈nlo

⎛
⎝PSS

l .Tl.Ksl

+
∑
i∈nbg

∑
g∈DG

√
P g,i,l
DG

2
+Qg,i,l

DG

2
.Tl.Kgg,l

⎞
⎠ . αope

(3)

subject to:

PGl
i − PLl

i − P l
i (θ, V ) = 0 ∀ : i ∈ nb, l ∈ nlo (4)

QGl
i +

∑
c∈CBf

QCc
fc.x

c,i
fc +

∑
c∈CBs

QCc
sc.x

c,i,l
osc

−QLl
i −Ql

i(θ, V ) = 0 ∀ : i ∈ nb, l ∈ nlo (5)∑
c∈CBf

QCc
fc.x

c,i
fc +

∑
c∈CBs

QCc
sc.x

c,i,l
osc ≤ QCmax

∀ : i ∈ nb, l ∈ nlo (6)

PGl
i =

∑
g∈DG

P g,i,l
DG ∀ : i ∈ nbg, l ∈ nlo (7)

QGl
i =

∑
g∈DG

Qg,i,l
DG ∀ : i ∈ nbg, l ∈ nlo (8)

xg,i
DG.P

g
DGmin

≤ P g,i,l
DG ≤ P g

DGmax
.xgi

DG

∀ : i ∈ nbg, g ∈ DG, l ∈ nlo (9)

xg,i
DG.Q

g
DGmin

(P g,i,l
DG ) ≤ Qg,i,l

DG ≤ Qg
DGmax

(P g,i,l
DG ).xg,i

DG

∀ : i ∈ nbg, g ∈ DG, l ∈ nlo (10)√
P g,i,l
DG

2
+Qg,i,l

DG

2 ≤ xg,n
DG.S

g
DGmax

∀ : i ∈ nbg, g ∈ DG, l ∈ nlo (11)

P g,i,l
DG ≥ 0 ∀ : i ∈ nbg, g ∈ DG, l ∈ nlo (12)

SS_pfmin ≤ SS_pfl ≤ SS_pfmax ∀ : l ∈ nlo (13)

Vmin ≤ Vi,l ≤ Vmax ∀ : i ∈ nb, l ∈ nlo (14)

Iij,l ≤ Imax
ij ∀ : ij ∈ nl, l ∈ nlo (15)

xc,i,l
osc ≤ xc,i

sc ∀ : ij ∈ nl, l ∈ nlo (16)∑
g∈DG

xg,n
DG ≤ 1 ∀ : i ∈ nbg (17)

xc,i
fc , x

c,i
sc , x

c,i,l
osc , x

g,i
DG ∈ {0, 1} (18)

The objective function aims to minimize investment (2) and
operational (3) costs. Operational costs take into account the

Fig. 1. Operational region of DFIGs and SGs.

different expenses involved in energy acquisition, such as the
purchase of energy through the substation and power produc-
tion by DG, including reactive power injection by DG. The
constraints considered in the problem are those traditionally
used in literature [7]–[10], [12], [16]: power flow balance (4, 5),
maximum reactive power injection by CB at a specific bus (6),
reverse active power flow at substation (12), power factor lim-
its at the substation (13), voltage limits in the system’s buses
(14), current limits in the system’s lines (15), and switched
CB operation only if it is already installed (16), and constraint
(17) ensures that only one type of DG is installed at a specific
candidate bus.

In addition to these constraints, due to the presence of DG,
it is necessary to add the physical and operational constraints
of these devices. In the mathematical model this is achieved
through (9), (10), and (11), limiting DG power production.
These equations are subject to the generator types and their
capability curves. In this paper, attention is focused on two gen-
erator types: doubly-fed induction generators (DFIGs) [3], [15],
more common in wind energy applications, and synchronous
generators (SGs) to represent dispatchable generation, although
its application is possible in wind turbines. Considering (9),
(10), and (11), DG hypotheses, and DFIG capability curves,
the operational region for these types of DG are presented in
Fig. 1. For DFIGs, the limits of Qg,n,l

DG in (10) are defined by the
following equations:

• if 0 ≤ P g,n,l
DG ≤ P ′:

−P g,n,l
DG .tanϕc ≤ Qg,n,l

DG ≤ P g,n,l
DG .tanϕi (19)

• if P ′ ≤ P g,n,l
DG ≤ P ′′:

−P g,n,l
DG .tanϕc ≤ Qg,n,l

DG ≤
√

Sg
DGmax

2 − P g,n,l
DG

2
(20)

• if P ′′ ≤ P g,n,l
DG ≤ P ′′′:

−
√
Sg
DGmax

2 − P g,n,l
DG

2 ≤ Qg,n,l
DG

≤
√

Sg
DGmax

2 − P g,n,l
DG

2
(21)

• if P g,n,l
DG = P ′′′:

−
√

Sg
DGmax

2 − P g
DGmax

2 ≤ Qg,n,l
DG

≤
√

Sg
DGmax

2 − P g
DGmax

2 (22)
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Fig. 2. Diagram of the proposed methodology.

For SGs, the limits of Qg,n,l
DG in (10) are defined by (19),

(20), (21).

III. PROPOSED METHODOLOGY

To solve the model presented in Section II we have used a
hybrid algorithm composed of a Tabu Search (TS) algorithm
[20] and a Chu-Beasley Genetic Algorithm (CBGA) [21].

TS is used to find the position of CB and DG in the system, as
well as the DG types. Its efficiency is subject to two important
concepts: codification and neighborhood. In the codification a
decimal base is used to represent in an easy and practical way
the devices’ positions [22] in the system and the DG types. The
neighborhood structure consists of amending the position of a
CB, DG or the DG type. In this case, a neighbor differs from
the current solution in only one position or DG type.

Knowing the devices’ locations in the network and the types
of DG, an optimal power flow (OPF) is solved to find:

• the types of CB to be allocated;
• the dispatch of active and reactive power (through opera-

tional power factor) of dispatchable DG;
• the operational power factor (for reactive power produc-

tion) of stochastic DG.
To solve the OPF model we have used a CBGA detailed in

subsection III-B and the uncertainties of the stochastic DG are
considered in the OPF solution process through the 2m+ 1
point estimate method (PEM), a well-known method in liter-
ature [23]. A block diagram of the proposed methodology is
presented in Fig. 2.

A. 2m+ 1 PEM Applied to the Optimal Allocation Problem of
CB and DG

The development of new technologies has made it possible
for many forms of energy to be used in electricity production,

highlighting clean energies, such as solar and wind power.
These energy sources have a high degree of uncertainty, requir-
ing the use of appropriate techniques to assess their impact on
the power system.

Monte Carlo simulation is a powerful tool that has been
widely used for this type of analysis, however it requires a
large number of trial runs and the knowledge of the probabil-
ity distribution function (PDF) of the random variable [24]. To
work around these problems of Monte Carlo simulation (MCS),
2m+ 1 PEM [23], [25] is used in the DG and CB allocation
problem.

PEM uses statistical information of the input random vari-
ables belonging to the problem and function F , which relates
input and output variables, to find information about the output
variables’ uncertainty. The estimated K points (concentra-
tions), 2 in this case, are composed of two parts: location
(pl,k) and weight (wl,k). The location pl,k is the k-th value
of the variable at which the function is evaluated and wl,k

is a weighting factor which accounts for the relative impor-
tance of this evaluation in the output random variables [23],
[25]. Thus, for each random variable, K deterministic prob-
lems need to be solved considering each pl,k and other ran-
dom variables are fixed at their corresponding mean values
(μp1, μp2, . . . , pl,k, . . . μpm) [23], [25]. In addition to these
points one more evaluation of function F is required, and this
concentration consists of m input random variables at their
mean values (μp1, μp2, . . . , μpl, . . . μpm) [23], [25].

For each concentration (μp1, μp2, . . . , pl,k, . . . μpm) a vector
of output variables, Z(l, k), is obtained by evaluating F . By
using wl,k it is possible to find the j-th moment of the output
variables. For example, the first and second moments, mean and
variance, can be found by using the following equations:

μZ = E[Z] ∼=
m∑
l=1

2∑
k=1

μl,k.(Z(l, k)) (23)

V arZ = E[Z2] ∼=
m∑
l=1

2∑
k=1

μl,k.(Z(l, k))2 (24)

σZ =
√

V arZ =
√

E[Z2]− E[Z]2 (25)

In the optimal and simultaneous allocation of CB and DG,
function F comes from the model presented in eq. (1–18)
and this deterministic model is evaluated through a backward/
forward power flow solution [26]. The input random variables
are the active power injection of the stochastic DG, calculated
through the wind speed, and the output variables are costs,
infeasibilities, and all the variables related to the power flow.

B. Optimal Power Flow (OPF)

To evaluate each solution provided by TS, an OPF is solved
to find the active and reactive DG power injections and the CB
types, as well as their operational schemes for each load level.
If there are stochastic DG units installed in the system, 2m+ 1
PEM is used to properly consider their active power injec-
tions, changing the deterministic value Of (1) to a stochastic
value with mean value Of . In this paper reactive power con-
trol of DG is achieved through power factor (PF) control, due
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to the voltage variation caused by stochastic DG. This consid-
eration provides a more efficient control of DG reactive power
injection, since it does not depend on voltage.

The OPF model solved is the one presented in (1–18) fixing
the i indexes of variables xc,i

fc , xc,i
sc and xg,i

DG as specified by
each solution of the TS algorithm. To solve the OPF model a
Genetic Algorithm (GA) is used [27], [21]. The GA developed
for the OPF solution is shown in algorithm 1.

Algorithm 1. OPF-GA (Chu-Beasley) algorithm

1: Generate the population with n_pop individuals;
2: ITER = 0
3: while ind �= n_pop do
4: For individual (ind) consider the values of Pinj (dis-

patchable DG), PFop (dispatchable and stochastic DG),
and power injection by CB and evaluate the proposed
model (eqs. 1–18) applying 2m+ 1 PEM finding Of
and finf . The violated constraints must be considered
in a function of infeasibilities (finf ) through penalty
techniques;

5: For the individual (ind) considering the previous values
of Pinj , PFop, and power injection by CB evaluate the
constraints of the model (eqs. 4–8) with all random vari-
ables in their minimum values. The violated constraints
must be considered in (finf );

6: For the individual (ind) considering the previous values
of Pinj , PFop, and power injection by CB and evaluate
the constraints of the model (eqs. 4–18) with all ran-
dom variables in their maximum values. The violated
constraints must be considered in (finf ).

7: end while
8: citer = 0;
9: while ITER ≤ ITERmax do

10: ITER = ITER+ 1;
11: Select two individuals of the population through the

selection tournament process;
12: Apply the crossover and mutation operators;

13: For the new individual (nind) generated, find (Of
nind

)

and finf
nind

;
14: if (The new individual is different from all individuals in

the population = “yes”) then
15: if (finf of all the individuals in the population is zero

=“yes”) then
16: Find the individual with the worst value of Of in

the population (wind);

17: if (Of
nind

< Of
wind

and finf
nind

= 0) then
18: Replace the wind by nind.
19: end if
20: else
21: Find the individual with the worst value of finf in

the population (wind);

22: if (finf
nind

< finf
wind

) then
23: Replace the wind by nind.
24: end if
25: end if
26: end if

27: Assign the individual of the population with the best
objective function to best_solution;

28: if (best_solutionITER = best_solutionITER−1) then
29: citer = citer + 1
30: else
31: citer = 0
32: end if
33: if (citer = M (specified number)) then
34: ITER = ITERmax

35: end if
36: end while
37: end

C. Evaluation of Two New Points in the OPF

In addition to the 2m+ 1 points analyzed in the PEM, this
paper proposes two new points to be evaluated in the OPF solu-
tion. These new points only evaluate infeasibilities and they do
not interfere with the PEM calculation process. The new points
are: i) all random variables at their minimum values and ii) all
random variables at their maximum values.

The two new points considered evaluate the solution’s
infeasibilites and they are very important in the optimization
process. The PEM always evaluates the probabilistic values
of a specific random variable pl,k fixing the values of the
other random variables at their corresponding mean values
(μp1, μp2, . . . , pl,k, . . . μpm) [23], [25]. Thus, some cases are
not considered in the probabilistic evaluation, which could
cause a violation of the constraints.

IV. CASE STUDY

The case study is the well-known system used in [6] and
presented in Fig. 3. Voltage operation is 12.66 kV and the max-
imum active and reactive power demands are 3,802 kW and
2,694 kVAr, respectively. A time horizon of four years is con-
sidered and the operation costs of each year are analyzed by
means of the net present value using an annual interest rate of
10%. In this case αope value, which updates the operating costs
to the net present value, is 3.17. Three load levels are taken into
account and they are shown in Table I.

The buses 17, 24, 35, 41, 46, 52, 58, 63, 67, and 69, to sim-
ulate realistic conditions, are selected as candidate buses since,
in real systems, DG units can be installed in just a few buses
due to the proximity of primary energy sources. Two DG types
are available to be installed: stochastic (type 1 - DFIG) and dis-
patchable (type 2 - SG). The active power limit for DG of type
1 is 732.5 kW due to the mechanical limitation of this type of
DG. DG data are presented in Table II. In Table III wind speed
stochastic data for two wind regions where the candidate buses
are located are presented. These data are based on the wind data
obtained from NERL (National Renewable Energy Laboratory)
[28]. In the tests we use a similar power production curve of a
wind turbine from [29]. Wind speed data are approximated by
a Weibull PDF, as done in several papers in literature. In this
paper random variables are treated as uncorrelated variables.

Due to the limits of DG penetration, the maximum num-
ber of DG units allowed to be installed in the system is two.
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Fig. 3. Topology of 69 bus system.

TABLE I
OPERATIONAL DATA

TABLE II
DG DATA

Considering that the two DG units are injecting at their maxi-
mum capacities, the DG penetration levels are 40.67, 50.84 and
81.35% for the peak, nominal and light load levels, respectively.

Two switched CB are installed at a specific bus
(300 and 600 kVAr, respectively), where CB power injec-
tion in this bus can be 0, 300, 600 and 900 kVAr. The CB
available to be placed are described in Table IV. The maximum
reactive power injected by CB in a particular bus must be
lower than 1,500 kVAr. Power factor (PF) limits are 0.93 and
1.0 (inductive) for the light and nominal load levels, and 0.93
(inductive) and 0.99 (capacitive) for the peak load level [7].
The maximum and minimum voltage limits are 1.05 and 0.95
pu, respectively.

In order to show the accuracy and efficiency of the proposed
method, we have compared it with MCS. MCS is carried out
with the solution provided by the proposed method, considering
that 6,000 trials could represent the stochastic behavior of the
problem studied and provide a “true” result of the power flow
solution [25]. The statistical analysis shown in this section is
based on MCS results and is carried out using the distribution
fitting toolbox of MATLAB.

Three cases are analyzed in this section. In the first one, both
types of DG units can be installed in the system, in the second
case only stochastic DG are available to be installed, and, in the
third case, only dispatchable DG can be installed.

A. Both DG Types

The solution found by the proposed method for this case
presents a mean value for the investment and operational
costs (Of) of $3, 364.88× 103 and a standard deviation of
$210.57× 103. This solution proposes the following actions:

• switched CB allocation of 300 kVAr at bus 64;
• fixed CB allocation of 300 kVAr at bus 12;
• fixed CB allocation of 900 kVAr at bus 61;
• DG installation of type 1 at bus 17;
• DG installation of type 2 at bus 63.

The (Of) with MCS is $3, 374.04× 103 with a standard
deviation of $245.06× 103. Therefore, considering the mean
values, the proposed method’s results present an error of around
0.26% compared with the MCS results. The PDF of Of is
shown in Fig. 4. In Table V, the operational scheme of DG and
switched CB is presented for the proposed solution. The val-
ues presented in Table V for the DG installed at bus 17 are the
mean values. Due to the production costs, dispachable DG (bus
63) produces only active power for every load level and stochas-
tic DG (bus 17), in addition to active power, produces reactive
power for the nominal and peak load levels, helping CB in pro-
moting voltage control through reactive support, loss reduction
and power factor control at the substation. The PDFs for active
power injected by the DG installed at bus 17, for the peak and
nominal load levels, are shown in Fig. 5. The high probability of
the extreme values is due to the power production curves of the
wind turbines, where ωcut−in = 4 m/s and ωrated = 13 m/s.
ωcut−in and ωrated are the minimum wind speed at which the
wind turbine starts to produce power and the wind speed from
which the wind turbine produces at its maximum active power,
respectively.

The critical voltage of this system occurs at bus 65 (0.90918,
0,92873, and 0.95670 pu for peak, nominal, and light load lev-
els, respectively). When applying the proposed solution, this
bus presents an acceptable voltage with a lower variation, 0.58
and 0.54% for the peak and nominal load levels, respectively.
The stochastic DG installed at bus 17 has less influence on this
bus, whereas bus 27 is directly influenced by this DG, present-
ing 3.55% and 3.48% of voltage variation for peak and nominal
load levels, respectively. The PDFs of voltages at buses 27 and
65 for the peak load level are presented in Fig. 6. Table VI
shows a comparison between mean values and standard devi-
ations for the voltages at buses 27 and 65 by the proposed
method and MCS for the peak load level. Fig. 7 shows the
maximum, minimum, and mean values of the system voltage
profile. DG penetration in terms of mean values represents
10.84, 17.76 and 18.89% for the light, nominal, and peak load
levels, respectively. The maximum penetration occurs when
both DGs produce at their maximum power, this value being
27.90%.

B. Only Stochastic DG

When only stochastic DG is considered, the proposed
method finds a solution with Of equal to $3, 538.18× 103.
Applying MCS, Of is $3,528.24 × 103, showing the efficiency
of the proposed method due to smaller errors (0.26% for case A
and 0.28% for case B). Fig. 8 shows the Of ’s PDF.
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TABLE III
STOCHASTIC WIND SPEED DATA

TABLE IV
CAPACITOR BANKS DATA

Fig. 4. Objective function PDF.

TABLE V
POWER INJECTION OF CB AND DG (KW AND KVAR)

Fig. 5. Active power data by MCS for DG installed at bus 17: (a) Peak load
level; (b) Nominal load level.

The solution found proposes the following actions:
• fixed CB allocation of 300 kVAr at bus 16;
• a fixed CB allocation of 600 kVAr at bus 61;
• a switched CB allocation of 1500 kVAr at bus 60;
• a switched CB allocation of 600 kVAr at bus 64;
• installation of DG unit of type 1 at bus 63.

Fig. 6. Voltage data for peak load level: (a) Bus 27; (b) Bus 65.

TABLE VI
MEAN VALUES OF VOLTAGES WITH MCS AND PEM

Fig. 7. Voltage profile with both DG types.

Fig. 8. Objective function PDF with only stochastic DG.

The operational scheme of the devices installed in the sys-
tem is presented in Table VII. In this case, the values for DG
injections are the mean values. Voltage variations at buses 27
and 65 are 0.43 and 2.65%, respectively, and Table VIII shows a
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TABLE VII
POWER INJECTION OF CB AND DG (KW AND KVAR)

TABLE VIII
MEAN VALUES OF VOLTAGES WITH MCS AND PEM

Fig. 9. Voltage profile with only stochastic DG for the peak load level.

comparison between PEM and MCS values of the voltage buses
for the peak load level.

In this case, due to the greater influence of the probabilistic
behavior of DG, more CB are installed in the system to ensure
compliance with voltage constraints. However, in order not to
violate power factor limits at the substation due to the amount
of reactive power injected by CB, the DG installed at bus 63
absorbs reactive power at the nominal and peak load levels. The
voltage behavior is depicted in Fig. 9.

In order to better assess the impact of the two new points used
in the OPF as mentioned in subsection III-C, we will consider
as an arbitrary solution the CBs and DG positions in the solu-
tion presented in subsection IV-B by adding another stochastic
DG at bus 24. The OPF solution considering only the 2m+ 1
points provides a feasible solution, however, when this solution
is evaluated by MCS it has infeasibilites for some scenarios. In
Fig. 10 the cumulative probability function (CDF) of the power
factor at a substation for a nominal load level is presented.

We can observe a high probability (over 20%) that this
specific constraint is violated, when the two points are not con-
sidered. This can occur with any problem constraints during the
optimization process, resulting in solutions with a high proba-
bility of violated constraints. When we use the two new points
this problem is minimized or even disappears, as we can see in
Fig. 10. The solutions found using the two points are generally
higher than the ones without using the two points.

Fig. 10. Power factor at a substation.

TABLE IX
POWER INJECTION OF CB AND DG (KW AND KVAR)

C. Only Dispatchable DG

With only dispatchable DG, the solution found has an Of
equal to $3, 456.31× 103. In this case the problem becomes a
deterministic one, without probabilistic variables. The actions
proposed are:

• switched CB allocation of 600 kVAr at bus 12;
• a fixed CB allocation of 900 kVAr at bus 61;
• installation of DG unit of type 2 at buses 58 and 63.

The operational scheme of CB and DG for this case is
presented in Table IX.

When the DGs installed are dispatchable, their power pro-
ductions are constant, for this reason smaller CB are needed to
operate within the operational limits. The critical voltage in this
case is 0.9616 pu at bus 65 for the peak load level.

D. Discussion of the Results

It can be observed that DG locations change for each case
study. Dispatchable DGs are installed at buses 63 and 58
for cases A and C due to their constant power production
and because this region has the biggest load concentration of
the system, causing a lower voltage variation in this region
compared with case B, where the DG installed at bus 63 is
stochastic. The variation caused by the stochastic nature of the
DG in cases A and B is offset by the larger amount of reactive
power injected by CB, making the system capable of operating
under any wind condition.

In case A the stochastic DG installed at bus 17 provides
some benefits to the system in addition to lower production
costs. The benefits of this DG are not only economic, but also
environmental because it uses renewable energy sources.

V. CONCLUSIONS

In active distribution systems the benefits and undesirable
effects obtained by the installation or existence of DG and
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CB are directly related to the locations of these devices in the
network and their operation modes. Thus, this paper presents
a methodology for the simultaneous CB and DG allocation,
taking into account the presence of stochastic DG.

As it can be seen in the results presented in the previous
section, the system’s operational state is susceptible to DG
operation, causing a large voltage variation. The results pre-
sented show that the proposed methodology is very efficient in
finding the buses where CB and DG are to be allocated, as well
as the control scheme of the switched CB and DG dispatches,
considering physical and operational constraints. The different
results of the case studies have shown that the operation of CBs
and DG is very dependent on the type of DG (stochastic or dis-
patchable) and the reactive power produced by the CBs, making
the methodology proposed valuable in a wide range of cases.

These results can be used when planning the system accord-
ing to the needs and interests established by the planning
divisions of distribution companies.
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