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Abstract

This work investigates the possibility of suppressing chaos in a fractional-nonlinear macroeconomic dynamic model. The system
generalizes a model recently reported in the literature in which chaos is strongly present. This description involves the inclusion
of the public sector deficit and its coupling with other variables. The system is simulated for integer and non-integer orders that
produce a complex dynamics. The time histories and the phase diagrams are presented. The main contribution of this work refers
to the adoption of the largest Lyapunov exponent (LLE) criteria based on Wolf’s algorithm. This approach improves the response
of the system, suppressing, at least partially, the strong presence of chaos reported in previous studies.
c⃝ 2015 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights

reserved.
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1. Introduction

The dynamics of markets require an accurate modeling for understanding the complex behavior of real world
financial and economic systems. A frequent factor in dynamic nonlinear systems is path dependence, so that, the
history leading to a supposed level of equilibrium may neither be unique, nor predetermined. This behavior contrasts
with the concept of equilibrium in neoclassical economics, in which output presumably reaches equilibrium regardless
of its starting point or even in the presence of temporary crisis. In path dependence, the starting conditions, or some
noise in the trajectory, can have significant effects on the final outcome, and possibly irreversible consequences.

Studies proposed recently employ fractional derivatives in financial and economic modeling. However, they do not
consider the public sector deficit variable in the model and the obtained results indicate a strong presence of chaos.

In this study, we investigate possible impacts resulting from the introduction of an additional variable, namely, the
public sector deficit. A fractional differential equation is introduced and their coupling with system dynamic equations
is considered. Consequently, one can see how changes in the functional form of the model may lead to different
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expansion paths in economics [31]. It is noteworthy that numerous studies about financial–economic markets have
been published. However, merely a small part of them use FC as a modeling.

FC can represent systems with high-order dynamics and complex nonlinear phenomena using just a few coeffi-
cients, since the arbitrary order of the derivatives provides an additional degree of freedom to fit a specific behav-
ior [26]. In fact, the importance of studies involving nonlinear dynamic and chaos in economic was demonstrated in
recent years. This property, allied to the fact that financial–economic variables possess long memories [25], motivated
our choice for a more appropriate nonlinear fractional modeling. This paper is organized as follow: in Section 2, we
present a brief literature review. In Section 3, we present the fractional order model and several considerations about
inclusion of sector public deficit. In Section 4, we consider a sensibility analysis in addition to show and discuss about
the numerical simulation results of the fractional order model. Finally, in Section 5 we outline the main concluding
comments.

2. A brief literature review

Financial and economic variables, such as foreign exchange rates, gross domestic product, interest rates, produc-
tion, and stock market prices reveal long memory. Indeed, correlations overlap with the longest time scales in the
financial–economic market [25,34]. This means that all past fluctuations in financial and economic variables present
correlations towards the future. With this fact in mind, FC [8,10,19,24] can be a convenient tool in order to deal with
that property. Investigations using FC in financial–economic systems were conducted in [7,12,15,21,20,23,28–30].

Continuous nonlinear and chaotic models that have been proposed to study complex economic dynamics, namely,
the forced Van der Pol model [6], the IS–LM (Investment Saving–Liquidity Money) model [3] and others [1,5,13,
14,22,37]. Ma and Chen [17,18] reported an interesting dynamic model of economic system. They found that the
model provides irregularity and extreme sensitivity to the initial value of the state and the parameters. Chen [4]
considered a generalization of the system proposed in [17,18] for fractional orders. Two typical routes to chaos –
period doubling and intermittency – were reported. Li and Peng [16] showed a strong presence of chaos in Chen’s
system with fractional order. However, Chen’s model does not consider public sector deficit in the dynamic equations.
David et al. [9] proposed a model of fractional order involving the public sector deficit, but the results are inconclusive
about the presence (or not) of chaos.

3. Fractional order macroeconomic model

In this work, it is considered the public sector deficit W and its coupling with other variables. Furthermore, it is
investigated the Largest Lyapunov Exponent (LLE) [2,27] in order to provide an assertive response about the presence
of chaotic behavior.

The Lyapunov exponents [11,36] evaluate the sensitive dependence on initial conditions by considering the
exponential divergence of nearby orbits. Therefore, one needs to evaluate how trajectories with nearby initial
conditions diverge, since they are related to the expanding and contracting nature of different directions in phase space.

The dynamics of the system transform the D-sphere of states in to D-ellipsoid; therefore, when a chaotic motion
emerges, a complex evolution exists. The instabilities are associated with the directions where the stretching occurs,
while the stability is associated with the contraction directions.

Mathematically, the Lyapunov exponents consider d (t) = d0bλt , where b is a reference basis. In this perspective,
the following definition is considered,

λi = lim
t→∞


1
t

logb


di (t)

d0


, i = 1, 2, . . . , D, (1)

where di (t) is the deformed hyper-volume in time instant t . The signs of the Lyapunov exponents provide information
about the system’s dynamics and the greater exponent is an important index to diagnose chaotic motion.

The model adopted here describes the time-variation of four state variables: the interest rate, X , the investment
demand, Y , the price index, Z and the public sector deficit, W . The parameters, a, b, c and d, are nonnegative, so
that a is the saving amount, b is the cost per investment, c is the elasticity of demand of commercial markets and d
represents the cost of public debt.
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Fractional order derivatives depend not only on local conditions of the evaluated time, but also on the complete
past history of the function. This fact is often useful when the system has a long-term “memory” and any evaluation
point depends on the past values of the function. Several studies show empirical subsidies to the discussion on the
relation between public deficit, W , and others macroeconomic variables. Therefore, we believe to be appropriate to
add the variable W and the parameter cost of public debt, d, in the model.

We highlight that, as for the problem proposed, we are most concerned with the relationship among the variables
and parameters, and their relative influence and capacity of to provoke changes on the system behavior [17,18]. By
other words, we are not addressing the absolute amount value of every individual factor in the key structural model.
In this line of thought, we consider the following assumptions in the structural model: (i) The factors that influence
changes of X mainly come from: the surplus between investment and savings; structure adjustment from the prices
of goods; public deficit. Therefore: dq1 X

dtq1 = f1 (Y − a) X + f2 Z + f3W , where a, f1, f2 and f3 are constants.
(ii) The changing rate of Y is in proportion with the benefit rate of investment, in proportion by inversion with the
cost of investment, with the interest rate and with the public deficit, so that, dq2 Y

dtq2 = f4(δ − αY − β X2
− γ W ),

where f4, δ, α, β, γ are constants. (iii) The factors that influence changes of Z are controlled by the supply and
demand and, on the other hand, are influenced by the inflation rate as well as the public deficit. Thus, we write
dq3 Z
dtq3 = − f5 X − f6 Z − f7W , where f5, f6 and f7 are constants. (iv) The change of W takes into account that it should

be proportional to its size. Also, a variation in the interest rate X , modifies debt government changing, consequently,
the deficit W . Assuming that the economy is operating at full employment of its natural output, the public deficit W
decreases private investment Y . Therefore, we can write dq4 W

dtq4 = f8 W − f9 X − f10Y , where f8, f9, f10 are constants.
Nonetheless, by choosing and setting an appropriate dimension to every constant aforementioned and renaming

the parameters, we can get the more simplified model. Taking into account these arguments, we proposed a model
involving a fractional set of differential equations of arbitrary orders including the public sector deficit W , as follows:

dq1 X

dtq1
= Z + (Y − a) X + W,

dq2 Y

dtq2
= 1 − bY − X2

− W, (2)

dq3 Z

dtq3
= −X − cZ − W,

dq4 W

dtq4
= (W − d) X − Y.

The public sector deficit W is considered to be financed by the private sector by means of bounds tied to the
prime rate; therefore, a rise in the interest rate X raises debt government increasing the deficit W , ceteris paribus.
Assuming that the economy is operating at full employment of its natural output, the public deficit W decreases
the private investment Y . This phenomenon is known as crowding-out: the increase in the deficit pressing demand
over its capacity, that causes a rise in interest rates X to suppress the economy growth; however, the rise in interest
rates discourages private investment Y . The interest rate X has a considerable importance in defining the level of the
investments Y , since it directly impacts upon this variable. Ceteris paribus, a rise in the level of interest rate X tends
towards reducing investments Y , resulting in the growth of opportunity cost of capital. The increase in interest rate,
X , reduces the present value of future flows of income that the investment, Y , can bring. Regarding the increase in
the price index Z , modern Central Banks use interest rates X as a basic instrument to ensure a better control in prices
dynamics. The increases in interest rates, X , tend to reduce consumption by making credit costs more expensive,
therefore stimulating the formation of savings from private sector.

With these facts in mind, and adopting macroeconomic system (2), several numerical simulations are performed
in the sequel for integer and non-integer orders of the derivatives. It is well known that there are various definitions
of fractional derivatives [19,24]. In this study, we apply the Riemann–Liouville approach and the Adams scheme in
order to proceed with the numerical simulations of the fractional derivatives. Briefly, the Riemann–Liouville approach
can be understood from the definition of integration of arbitrary order:

dm

dxm


c D− ρ

x f (x)


=
dm

dxm


1

Γ (ρ)

 x

c
(x − t)ρ−1 f (t) dt


. (3)
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Table 1
Cases and range values of order α.

Case Order Range of values of α Parameters (δ; σ ; ϕ)

I q1 = q2 = q3 = q4 = α 0.40 ≤ α ≤ 1.0 (4; 25; 0.6)
II q2 = q3 = q4 = 1 and q1 = α 0.40 ≤ α ≤ 1.0 (4; 85; 2)
III q1 = q3 = q4 = 1 and q2 = α 0.40 ≤ α ≤ 1.0 (4; 80; 0.4)
IV q1 = q2 = q4 = 1 and q3 = α 0.20 ≤ α ≤ 1.0 (4; 73; 0.6)
V q1 = q2 = q3 = 1 and q4 = α 0.20 ≤ α ≤ 1.0 (4; 12; 0.6)

a b

c

Fig. 1. State X–Y for system (2) with fractional order q1 = q2 = q3 = q4 = α, (a) α = 0.84, (c) α = 0.93, (f) α = 1.0.

More details about the Riemann–Liouville approach and the Adams numerical integration scheme can be found
in [8,33].

4. Results and discussion

In this section several numerical simulations explore the advantages of the proposed model. We present the range
of values for the derivative orders and the responses are shown and discussed. The results reveal some kind of chaos
suppression when compared with previous studies.

It is also well known that the sensibility analysis adjusts the variables and observes their influence up on the
system. Swamy et al. [32] show that it is possible to estimate the direct effect of an independent variable upon a
dependent variable, with all of its other determinants held constant, even in the presence of an unknown functional
form, measurement error and omitted variables. However, we have several variables and, if they are studied one by
one, then the sensibility analysis becomes difficult and time-consuming to perform. In order to improve the efficiency
of the analysis, we propose a first round of simulation considering α = q1, q2 q3, q4 (i.e., the derivatives of arbitrary
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Fig. 2. Largest Lyapunov Exponent (LLE) – Case I – q1 = q2 = q3 = q4 = α.

Fig. 3. State X–Y for system (2) with fractional order q2 = q3 = q4 = 1 and q1 = α, (a) α = 0.90, (b) α = 0.80, (c) α = 0.70, (d) α = 0.65.
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Fig. 4. State Y –Z for system (2) with fractional order q2 = q3 = q4 = 1 and q1 = α, (a) α = 0.90, (b) α = 0.80, (c) α = 0.70, (d) α = 0.65.

Fig. 5. Largest Lyapunov Exponent (LLE) – Case II – q2 = q3 = q4 = 1 and q1 = α.
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Fig. 6. State X–Y for system (2) with fractional order q1 = q3 = q4 = 1 and q2 = α, (a) α = 0.99, (b) α = 0.95, (c) α = 0.90, (d) α = 0.89.

orders in system (2)) and a finite interval of the variation of the order α. Table 1 shows the cases to be investigated in
this work and the range of values of α adopted in the numerical simulations.

The system is simulated using both integer and fractional orders. In order to compare our results with the values
reported by Chen [4], we consider the following parameters: a = 3.0, b = 0.1, c = 1.0 and d = 1.0, with the initial
state


X0, Y0, Z0, W0


= (2.0, 3.0, 2.0, 1.0). The time histories, phase diagrams and (LLE) criteria are adopted to

identify the system. The figures are chosen in order to allow a comparison with other works previously referenced.
Using the Runge Kutta solver and the Largest Lyapunov Exponent (LLE) criteria based on Wolf’s algorithm

[35,36], we find that chaos exist in the nonlinear fractional-order model. However, in our model, including the public
sector deficit W , we verify that chaos occurs less frequently when compared to Chen’s model. We outline that LLE
is investigated for the range of values of α and the LLE is calculated for each one of the cases listed in Table 1. The
other parameters adopted in the numerical simulations, namely, embedding dimension (δ), the embedding delay (σ )
and the maximal initial distance (ϕ) are also listed in Table 1. For all other points, there is no information indicative
of occurrence of chaos. Nevertheless, for the sake of comparison, we also show the LLE obtained for the same values
of α reported by Chen [4].

Case I—Commensurate orders q1 = q2 = q3 = q4 = α

System (2) is simulated numerically for α ∈ [0.40, 1]. Note that (2) corresponds to the integer-order system, when
α = 1. The state plots of X (Interest rate) – Y (Investment) are depicted in Fig. 1(a)–(c). The trajectory for α = 0.84
is attracted to a fixed point when t → +∞ indicating stability. For α = 0.93 and α = 1 we can note limit cycles.
Fig. 2 indicates the presence of chaos for a single value of the fractional order, namely, α = 0.93 and λmáx. = 0.308.

Case II—orders q2 = q3 = q4 = 1 and q1 = α

System (2) is simulated against α ∈ [0.40, 1]. Figs. 3(a)–(d) and 4(a)–(d) show the diagrams of X (Interest rate) –
Y (Investment) and Y (Investment) – Z (Price index), respectively, for α = 0.90, α = 0.80, α = 0.70 and α = 0.65.
Limit cycles occur for Fig. 3(a) and (b) and for Fig. 4(a) and (b). Moreover, Fig. 3(c) and (d) and Fig. 4(c) and (d)
show that the trajectories converge to a fixed point when t → +∞, indicating stability. The results presented in Fig. 5
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Fig. 7. State Y –Z for system (2) with fractional at q1 = q3 = q4 = 1 and q2 = α, (a) α = 0.99, (b) α = 0.95, (c) α = 0.90, (d) α = 0.89.

Fig. 8. Largest Lyapunov Exponent (LLE) – Case III – q1 = q3 = q4 = 1 and q2 = α.
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Fig. 9. State X–Y for system (2) with fractional order q1 = q2 = q4 = 1 and q3 = α, (a) α = 0.90, (b) α = 0.80, (c) α = 0.50, (d) α = 0.20.

do not show evidence, and are not indicative of, chaotic behavior for our model within the α range investigated and
that λmáx. = −0.081.

Case III—orders q1 = q3 = q4 = 1 and q2 = α

In this case, the system is simulated against α ∈ [0.40, 1]. The time evolution consists of oscillations that appear
to be regular and showing no intermittency. Chen [4] reported intermittency in the time histories of X (Interest rate)
for α = 0.89, 0.891, 0.893, 0.895. Figs. 6(a)–(d) and 7(a)–(d) show the phase diagrams of X (Interest rate) – Y
(Investment) and Y (Investment) – Z (Price index) respectively for α = 0.99, α = 0.95, α = 0.90 and α = 0.89. We
can observe the limit cycles suggesting orbital stability. Fig. 8 indicates the presence of chaos for a single value of the
fractional order, α = 0.95 and λmáx. = 0.096.

Case IV—orders and q1 = q2 = q4 = 1 and q3 = α

System (2) is simulated for α ∈ [0.20, 1]. Figs. 9(a)–(d) and 10(a)–(d) show the phase diagrams of X (Interest
rate)—Y (Investment) and Y (Investment)—Z (Price index) respectively for α = 0.90, α = 0.80, and α = 0.50
and α = 0.20. Again, we can observe the limit cycles indicating orbital stability. One can notice that, Fig. 11 shows
chaotic behavior for all values of indicated and the LLE occurs in α = 0.90 and λmáx. = 0.247.

Case V—orders q1 = q2 = q3 = 1 and q4 = α

In this case V, system (2) is simulated numerically for α ∈ [0.20, 1]. Figs. 12 and 13 show the limit cycles obtained.
Fig. 14 indicates the presence of chaos for a single value of the fractional order, namely, α = 0.84 and λmáx. = 0.434.

The periodic behaviors in these cases correspond to a stable cycle as reflected by the periodic oscillations. The
increase or decrease of the values of α does not lead to period doubling or to any interruption of the regular
behaviors of oscillations. However, we outline that the results obtained by applying the LLE criteria, as shown in
the aforementioned figures, reveal chaotic behaviors for some cases in our model. Figs. 2, 8 and 14 indicate the
presence of chaos for a single value of the fractional order, namely, α = 0.93, α = 0.95 and α = 0.84, respectively.
One can also notice that Fig. 11 shows chaotic behavior for all values of α investigated. On the other hand, the results
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Fig. 10. State Y –Z for system (2) with fractional q1 = q2 = q4 = 1 and q3 = α, (a) α = 0.90, (b) α = 0.80, (c) α = 0.50, (d) α = 0.20.

Fig. 11. Largest Lyapunov Exponent (LLE) – Case IV – q1 = q2 = q4 = 1 and q3 = α.
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Fig. 12. State X–Y for system (2) with fractional q1 = q2 = q3 = 1 and q4 = α, (a) α = 0.95, (b) α = 0.90, (c) α = 0.84, (d) α = 0.83.

Table 2
Results comparison.

Case Range of values of α W.C. Chen (2008) Current paper
Investigated (chaos reported) (occurrence of chaos)

I 0.40 ≤ α ≤ 1.0 0.85 ≤ α ≤ 1.0 α = 0.93
II 0.40 ≤ α ≤ 1.0 0.69 ≤ α ≤ 1.0 Chaos not found
III 0.40 ≤ α ≤ 1.0 0.90 ≤ α ≤ 1.0 α = 0.95
IV 0.20 ≤ α ≤ 1.0 α = 0.35; 0.50; 0.83 ≤ α ≤ 0.9 α = 0.20; 0.50; 0.80; 0.90
V 0.20 ≤ α ≤ 1.0 Not availablea 0.84

a Absence of the public deficit (W) and of the q4 variable derivative order in Chen’s model.

presented in Fig. 5 do not show evidence, and are not indicative of, chaotic behavior for our model within the α range
investigated. Table 2 provides a summary of the main results and allows a comparison between the results obtained
by Chen [4] and the new ones.

5. Conclusions

Fractional models are appropriate for financial–economic systems because they reveal long memory effects. The
model treated here is a generalization of a dynamic model recently reported and involves the public sector deficit
equation, which renders the description more realistic and complete when compared with those proposed previously.
We highlight that our numerical simulations take into account this renewed model with the inclusion of the public
sector deficit. The results show an improvement in its behavior because they suppress, at least partially, the presence of
chaos reported in other studies in the current literature. Additionally, this work adopts the Largest Lyapunov Exponent
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Fig. 13. State Y –Z for system (2) with fractional q1 = q2 = q3 = 1 and q4 = α, (a) α = 0.95, (b) α = 0.90, (c) α = 0.84, (d) α = 0.83.

Fig. 14. Largest Lyapunov Exponent (LLE) – Case V – q1 = q2 = q3 = 1 and q4 = α.
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in order to provide an assertive response about the presence (or not) of chaotic behavior for the fractional-nonlinear
macroeconomic dynamic model.
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