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Abstract. Using molecular dynamics simulations, we find the commensurability force peaks in a two-
dimensional superconducting thin-film with a Kagomé pinning array. A transport force is applied in two
mutually perpendicular directions, and the magnetic field is increased up to the first matching field. Usually
the condition to have pronounced force peaks in systems with periodic pinning is associated to the rate
between the applied magnetic field and the first matching field, it must be an integer or a rational fraction.
Here, we show that another condition must be satisfied, the vortex ground state must be ordered. Our
calculations show that the pinning size and strength may dramatically change the vortex ground state.
Small pinning radius and high values of pinning strength may lead to disordered vortex configurations,
which fade the critical force peaks. The critical forces show anisotropic behavior, but the same dependence
on pinning strength and radius is observed for both driven force directions. Different to cases where the
applied magnetic field is higher than the first matching field, here the depinning process begins with
vortices weakly trapped on top of a pinning site and not with interstitial vortices. Our results are in good
agreement with recent experimental results.

1 Introduction

When a transport current is applied in type II super-
conductors, vortices inside the material begin to move
due to the Lorentz force, dissipating energy and destroy-
ing the zero-resistance state. In order to pin vortices and
avoid their movement, pinning mechanisms have been in-
troduced through artificial pinning centers (APCs) inside
the material. These APCs work as attractive potentials for
vortices, pinning them and enhancing the critical current
density Jc.

During the last years, it has been made many efforts
to understand the behavior of a vortex lattice under the
influence of a periodic pinning array [1–37]. Nowadays,
experiments on vortex dynamics with APCs have become
possible thanks to the development of nanotechnology.
Pinning arrays with different symmetries can be made by
electron beam lithography (EBL), heavy ions bombard-
ment or some substrate decorations [38]. These processes
allow the formation of periodic and non-periodic pin-
ning landscapes with the purpose of avoiding the vortex
motion.
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It had been shown theoretically and experimentally
that in the presence of a periodic and semi-periodic pin-
ning lattice, vortices in superconductors show a variety
of dynamic and commensurability effects, such as reduc-
tion of vortex mobility, change in the dynamic phases and
increase of critical currents when compared to random ar-
rays of APCs [14,39,40].

In particular, for periodic pinning as, for ex-
ample, square [12–15,35], triangular [3–7,34–37],
rectangular [1,22,28], honeycomb [2,3,8,29,33] and
Kagomé [2,3,8,29–35], it is well accepted that for values
of the external magnetic field (B) higher than the first
matching field (Bφ), vortices organize themselves in a
highly symmetric way that leads to a perfect cancelation
of the vortex-vortex interaction, generally forming a pat-
tern which is commensurate with the pinning landscape,
leading to pronounced peaks of critical force.

On the other hand, the vortex behavior under the
influence of quasi-periodic pinning, as for example,
Penrose [41–43], hyperbolic tessellation [44] and shield
tiling [7] exhibit unusual commensurability effects en-
hancing the critical current for several values of applied
magnetic fields [7,41–44]. Otherwise, in conformal pinning
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arrays, the critical currents do not change dramatically as
a function of the applied field and exhibit higher depinning
forces when compared to other pinning arrays [45–49],
which is interesting for technological applications.

For the case of periodic pinning landscape, there are
still open problems. For example, in type II superconduct-
ing thin films with Kagomé pinning lattices, both the-
oretical and experimental researches had been conducted
focusing in the study of commensurability effects and crit-
ical forces [2,3,8,29,33,35]. Recent experimental work con-
ducted by Cuppens et al. [8] investigated Al films with
Kagomé pinning, where matching features were found at
B/Bφ = 1/3, 2/3, 1, 4/3, 5/3, 2, 2.2 and 3. However,
previous theoretical simulations in superconducting films
with the same pinning landscape did not predict commen-
surability peaks at any submatching field, arguing the ab-
sence of an ordered vortex lattice [2]. They only predicted
pronounced peaks at most fields when B/Bφ = n/3, for
n > 3. Hence, the existence of critical force peaks when
the external magnetic field is lower than the first matching
field is still not clear. The usual commensurability condi-
tion, that B/Bφ must be an integer or a rational fraction,
seems to be insufficient to have pronounced force peaks.
The ordering of the vortex lattice is also important. Our
calculations show that the ordering of the vortex ground
state may strongly depend on the values of the pinning
radius and strength.

The effect of the pinning strength had been investi-
gated by several works [2,3,5,14,25,37], but only few stud-
ied the effects of the pinning strength for B/Bφ < 1. Re-
ichhardt and Grønbech-Jensen [5] studied the effect of the
pinning strength for submatching fields in square and tri-
angular pinning arrays, concluding that a stronger pinning
potential may lead to the loss of pronounced critical force
peaks for some values of external magnetic field. On the
other hand, some experimental and theoretical works have
investigated the influence of the pinning size in the critical
current of superconducting films [26,27,33,37,50], suggest-
ing that a larger pinning radius lead to the enhance of the
critical current due to vortex lattice ordering. However, I.
Sadovskyy et al. [37] showed that the antidot should not
become too large, because it may drop the critical current
Jc due to the reduced superconductivity gaps between the
inclusions.

Recently, a simulation tried to search for the optimum
pinning landscape in superconductors for all applied mag-
netic fields [51]. The idea was to model pinning size and
density in order to enhance the critical current. But, they
found that there is no universal optimum pinning for all
magnetic fields, each application requires a different pin-
ning landscape.

In the present work, we study the effect of the pin-
ning strength and pinning radius in thin superconducting
films, in order to better understand the commensurability
effects in the critical forces for fractional matching fields.
We also examine the depinning process and the role of
interstitial vortices for B/Bφ < 1. The analysis of com-
mensurability effects for the Kagomé pinning lattice at
fractional matching fields has not been addressed.

The outline of the paper is the following. In Section 2,
we present the model used for the simulation. In Section 3
we show the results for the vortex ground states and the
critical forces as a function of the applied magnetic field,
explaining the appearance of force peaks. In Section 4, we
analyze the depinning process. In Section 5 we show the
influence of pinning strength in the vortex ground states
and critical forces. In Section 6 we analyze the influence
of the pinning radius in the system with B/Bφ = 1/3. In
Section 7 we present the conclusions of the work, high-
lighting the factors that influence the commensurability
effects in the critical forces and in the depinning process
for this type of system.

2 Model

In this simulation, the system considered is an infinite
superconducting thin film, placed in the xy plane with
an external magnetic field �B applied perpendicular to the
film surface at zero temperature.

The dynamical properties of the two-dimensional sys-
tem under consideration may be described by a set of
Langevin equations [39]:

η
dri(t)

dt
= −

∑

j �=i

∇iUvv (rij) −
∑

p

∇iUp (rip) + FJ (1)

The first term in the right side of equation (1) is
the vortex-vortex interaction in thin films, described by
Uvv (rij) = −Cv ln (rij/Λ) [25,39], where rij = |rj − ri|
is the distance between the vortex i and j and Cv is de-
fined as Cv = Φ2

0/ 8πΛ. The second term is the vortex-
pinning interaction which is described by Up (rip) =
−Cpe

−(rip/ap)2 [39,40], where rip = |rp − ri| is the dis-
tance between the vortex i and the pinning center p, ap

is the pinning center radius and Cp is the strength of
the pinning potential. The third term is the driven force
FJ =

(
dΦ0

c

)
J × ẑ due to the transport current J. The

summation of forces between particles, interacting log-
arithmically under periodic boundary conditions, is de-
scribed by Grønbech-Jensen [52]. In the present case, the
length scales are normalized by 4ξ, the time scale by
τ = 16ηξ2/Cv and the force scales by Cv/4ξ. Where ξ is
the coherence length, η the Bardeen-Stephen friction [53],
Φ0 the flux quantum, Λ = 2λ2

L/d the effective penetra-
tion depth, d the sample thickness and λL the London
penetration depth [39,40].

The calculations are made for the vortex system un-
der the influence of Kagomé pinning array. The critical
forces are calculated for transport forces applied in two
mutually perpendicular directions, x and y. The numerical
simulations are made considering a fixed pinning density
np = Np/LxLy = 0.088/ξ2; 126 pinning centers were con-
sidered in the main simulation box, and B/Bφ = Nv/Np

was swept up to 1, increasing Nv by 6. Using Generalized
Simulated Annealing (GSA) minimization method [54],
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Fig. 1. Critical force Fc vs. B/Bφ for the Kagomé pinning
array with Cp = 0.2Cv and ap = ξ.

we obtain the lowest energy of the system and its associ-
ated vortex configuration. Through Molecular Dynamics
technique, we integrate the set of Langevin equations and
use the optimal vortex configuration as initial boundary
value. Then, we proceed to increase the driving force to
obtain their critical values. The driving force was increased
slowly, in steps of ΔFj = 0.01 until reaching values just
above the critical force Fc. For each value of force, we use
30000 time steps for evaluation of the time averages. The
calculation of critical forces requires the calculation of the
time average vortex velocity V = 〈Vx(t)〉 = 〈 1

Nν

∑
i

dxi

dt 〉
for x direction and analogously for y direction [39]. To de-
termine these critical forces, in both x and y directions, the
criterion used is that velocities 〈Vx,y〉 < 0.001 corresponds
to vortex fluctuations around the equilibrium position.

3 Vortex states and critical forces

For the analysis of the vortex dynamics, it is necessary to
search for the vortex ground state. Finding this ground
state is a delicate work because there are several local
minima with energy very close to the global minima, each
of them associated to a different vortex array. As we are
interest in commensurability effects, it is crucial to find
the most stable vortex configuration to obtain the correct
critical force. Using GSA, the energy of vortices under
the influence of the Kagomé pinning array was minimized
carefully for each value of B/Bφ.

The integration of the set of Langevin equations were
made for a transport force applied in both x and y direc-
tions. The results for the critical force, Fc, as a function
of B/Bφ with Cp = 0.2Cv and ap = ξ, are plotted in Fig-
ure 1. The results show pronounced critical force peaks at
B/Bφ = 1/3, 2/3 and 1.

Figure 2 illustrates the vortex configurations obtained
for the particular cases of B/Bφ = 1/3 and 2/3. At

Fig. 2. Simulation box, where the black dots represent the
vortex lattice and the red circles the Kagomé pinning lattice
for (a) B/Bφ = 1/3, and (b) B/Bφ = 2/3, obtained from the
minimization using Cp = 0.2Cv and ap = ξ. The lines at (b)
are guides to the eye to identify the vortex sub-lattices.

B/Bφ = 1/3, our configuration (see Fig. 2a) matches
the configuration predicted by Cuppens et al. [8], but for
B/Bφ = 2/3, we found a vortex pattern with slightly lower
energy than they proposed (see Fig. 2b).

The force peaks obtained at 1/3 and 2/3 agree with
experimental results [8], but not with previous simula-
tions [2], which proposed disordered vortex configuration
and the absence of pronounced critical force peaks for any
submatching field.

From Figure 2a, it is easy to see that for B/Bφ = 1/3
the minimum energy configuration is a triangular vortex
array, and from Figure 2b, we can see for B/Bφ = 2/3 an
ordered lattice composed of two alternate sub-lattices, one
with vortices at the vertices of a hexagon and the other
forming a zigzag configuration.
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4 Interstitial vortices and depinning process

We also examined the role of interstitial vortices in the
depinning process. The minimization of system energy at
zero transport force shows that all vortices are seated at
the top of a pinning site for all values of field, except
for B/Bφ = 1/2 and 11/21. Differently from cases with
B/Bφ > 1, where interstitial vortices move before than
the pinned ones [3,12,14,15], our simulation shows that, in
the present case, interstitial vortices are strongly pinned
by the caged potential induced by other vortices, and the
depinning process begins with vortices at the top of pin-
ning centers. The equilibrium vortex positions are shown
in the Figure 3a for B/Bφ = 11/21 with Cp = 0.2Cv and
ap = ξ, where it is possible to see some interstitial vortices.

In Figure 3b it is possible to see the depinning pro-
cess just above the critical transport force, Fx = 0.23.
In this case, one vortex situated at the top of a pinning
site, denoted by an arrow in that figure, begins to move.
It is interesting to note that when the driven force is in-
creased, but still under the critical force, some of the vor-
tices change their original position, shown in Figure 3a.
This corresponds to transient vortex motions, i.e., the
transport force induce vortex movements that reorder the
system in a new static vortex state. A similar type of tran-
sient state had been observed before [55,56].

We also performed the calculations using the trans-
port force in the y direction, and the result is shown in
Figure 3c, where it is possible to see that the transient
motion also occurs. In analogy to the case of transport
force applied in x direction, in y direction, at Fy = 0.29,
a vortex (indicated by an arrow) seated at a pinning site
begin to move, while interstitial vortices remain trapped.

5 Pinning strength effect

For a better understanding of the commensurability effects
and the significance of the pinning strength for the criti-
cal forces, we performed simulations varying the pinning
strength from Cp = 0.2Cv to Cp = 0.8Cv, increasing the
pinning strength by 0.1Cv. The calculations were made
for transport forces applied in x and y directions.

The minimization process shows that for given values
of B/Bφ the vortex ground state is different for different
values of pinning strength. As an example, we compare the
results for Cp = 0.8Cv with Cp = 0.2Cv. The vortex ar-
rangements for B/Bφ = 11/21 and 2/3 using Cp = 0.8Cv

are shown in Figures 4b and 4c and using Cp = 0.2Cv

in Figures 2b and 3a. For B/Bφ = 11/21, the interstitial
vortices are not present anymore due to the increase in the
pinning potential. That is, all vortices are trapped at the
top of a pinning site stabilizing in a different configura-
tion. This is in agreement with previous simulations with
other pinning lattices that shows that for weaker pinning
strength, vortices may be located in interstitial regions be-
tween pinning sites [5]. For the case of B/Bφ = 2/3, the
vortex ground state also changes.

On the other hand, there are some vortex ground states
that do not change as the pinning strength is increased.

Fig. 3. (a) The simulation box with the vortices in the equi-
librium position at Fx,y = 0, where the black dots represent
the vortices and the red circles the Kagomé pinning lattice, for
B/Bφ = 11/21, Cp = 0.2Cv and ap = ξ. (b) and (c) The evo-
lution of vortices just after their depinning process, for trans-
port force Fx = 0.23 and Fy = 0.29 respectively, showing that
the pinned vortices situated at the top of a pinning site (indi-
cated by arrows) depin before, while interstitial vortices remain
pinned.
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Fig. 4. Simulation box, where the black dots represent the
vortex lattice and the red circles the Kagomé pinning lattice
for (a) B/Bφ = 1/3, (b) B/Bφ = 11/21 and (c) B/Bφ = 2/3,
obtained from the minimization using Cp = 0.8Cv and ap = ξ.

Figures 2a and 4a show the vortex ground states for
B/Bφ = 1/3 using Cp = 0.8Cv and Cp = 0.2Cv, respec-
tively. We can see that for both values of pinning strength
the vortex ground state remains unchanged. In fact, our
calculations show that the vortex ordering at this value
of B/Bφ is maintained for all values of Cp. This also oc-

Fig. 5. Critical current Fc vs. B/Bφ for the Kagomé pinning
array with ap = ξ and varying Cp/Cv from 0.2 to 0.8. In (a) the
transport force is applied in x direction and (b) in y direction.

curs for B/Bφ = 1, where the vortex lattice matches the
Kagomé pinning lattice.

The results of the critical forces for both x and y di-
rections as a function of the applied magnetic field for
several values of pinning strength are plotted in Figure 5.
The figure shows that the overall critical force values in-
crease with the pinning strength and several peaks can
be observed. We can see peaks at B/Bφ = 2/21, 1/3,
10/21, 1/2, 2/3, 4/7, 5/7 and 1, depending on the direction
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of transport force and pinning strength value. The experi-
ment [8] shows peaks of critical force at B/Bφ = 1/3, 2/3
and 1, which agree with our simulations for Cp = 0.2Cv

shown in Figure 1. However, it is clear from Figure 5 that
changes in the pinning strength may influence the critical
forces of the system, resulting in the fading of some force
peaks due to the loss of the vortex lattice ordering. This
loss of the vortex lattice ordering can be seen in Figure 4
when compared to Figure 2.

When the transport force is applied in x direction,
peaks of minor intensity at B/Bφ = 1/2, 4/7, 5/7 and
6/7 can be seen in Figure 5a depending on the pinning
strength. Analogously, using force in y direction, it is pos-
sible to see in Figure 5b peaks for B/Bφ = 2/21 and
10/21. These results show that the commensurability ef-
fects are different depending on the transport force di-
rection, since some peaks are only present for x direction
and not for y, and vice-versa. Anisotropic behavior was
previously observed in other theoretical and experimental
works [3,16,21–23], but it is the first time that it is ob-
served in Kagomé pinning lattice at submatching fields.

It is necessary to point out that the peaks at B/Bφ =
1/3 and 1 (see Fig. 5) remain strong for both transport
force directions and all values of pinning strength. This
occurs because the ordering of the vortex lattice remain
unchanged as the pinning strength is increased. However,
other peaks became less evident as the pinning strength
increases. This can be clearly seen for the case of B/Bφ =
2/3 in Figure 5a. For Cp = 0.2Cv, there was a critical force
peak at this field, yet it faded for values of Cp ≥ 0.5Cv.
Minor peaks were detected for B/Bφ = 4/7, 5/7, and
6/7, but they strongly depend on pinning strength. The
reason for these peak fading is associated to the loss of
ordering of the vortex ground state as the pinning strength
is increased. Analogous behavior was found for the square
and triangular pinning lattices [5,25].

The simulation shows also a small peak at B/Bφ =
2/21, which appears for most values of pinning strength,
but the other minor peaks are pinning strength dependent.
For example, the critical force peak for B/Bφ = 1/2 only
exists when Cp = 0.2Cv, and the peak for B/Bφ = 2/3
exists only for some values of Cp. Differently from the
case when the transport force is applied in x direction, at
B/Bφ = 4/7, 5/7 and 6/7 the critical force peaks are not
evident in most of cases.

6 Pinning radius effect

As pointed before, critical force peaks at submatching
fields B/Bφ = 1/3 and 2/3 were observed experimen-
tally [8] but not predicted in previous theoretical works [2].
To understand this discrepancy, we suggested two possible
reasons: the pinning strength, and pinning center radius.
In Section 5, it was shown that the increase in the pin-
ning strength induce the fading of the critical force peak
at B/Bφ = 2/3, however the peak at 1/3 remains pro-
nounced (see Figs. 5a and 5b). These results show that the
disappearance of pronounced force peaks cannot be asso-
ciated only to the pinning strength, it may also depends on

Fig. 6. Simulation box, where the black dots represent the
vortex lattice and the red circles the Kagomé pinning lattice
for B/Bφ = 1/3, Cp = 0.2Cv and same ap used in reference [2].

the pinning size. Following the suggestion of experimental
and theoretical results [26,27,33,37,50], where their results
showed that larger pinning radius may lead to the increase
of the critical current, we used in our simulations a pinning
radius close to the experimental value [8] and larger than
that of reference [2]. As a result, vortices organize them-
selves in an ordered ground state (see Fig. 2a) provoking
a pronounced force peak at this field for any value of pin-
ning strength. Thus, to understand the absence of pro-
nounced force peak at B/Bφ = 1/3, we performed a sim-
ulation using the smaller pinning radius of reference [2].
Our results show that instead of the ordered vortex con-
figuration shown in Figure 2a, the smaller pinning radius
induced the disordered vortex ground state illustrated in
Figure 6. Despite all vortices are seated at a pinning site,
they organized themselves in a disordered vortex arrange-
ment weakening the pinning potential and preventing the
existence of a pronounced critical force peak.

7 Conclusions

In this research, we numerically investigate the commen-
surability effects in the critical forces using a Kagomé pin-
ning array at submatching fields. Our results show that
critical force peaks do not only depend on the system be-
ing commensurate, that is, the rate between the external
magnetic field and the matching field equal to integer or
a rational fraction. We show that the order of the vor-
tex ground state is also important. Our results show that
weaker pinning strength and larger pinning radius lead
to ordered vortex ground states and consequently to pro-
nounced critical force peaks. Our results agree with previ-
ous experimental results of Cuppens et al. [8], where three
main submatching features can be seen at B/Bφ = 1/3,
2/3 and 1, and elucidates why previous simulations [2] did
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not predict pronounced critical force peaks at submatch-
ing fields.

Our results show that the increase in the pinning
strength changes the vortex ground state provoking the
fading of pronounced force peaks for some values of field.
It can be seen clearly that the peaks at B/Bφ = 2/21,
10/21, 1/2, 4/7, 2/3, 5/7 and 6/7 have fluctuating inten-
sities as a function of the pinning strength. However, at
B/Bφ = 1/3 and 1, the peaks are always present. In these
cases, the ordered vortex ground states do not change with
pinning strength and the critical force peaks remain pro-
nounced. Hence, the pinning strength is not sufficient to
understand the disagreement afore mentioned, it is neces-
sary to take into account the pinning radius effect.

The pinning size can change dramatically the vortex
ground state. We analyzed the effect of pinning radius for
the case of B/Bφ = 1/3, because at this field value the
force peak remains pronounced for all values of pinning
strength. Our results show that using the same pinning
radius of reference [2], our vortex ground state also be-
came disordered and no critical force peak is observed.
We can conclude that larger APCs radius may lead to or-
dered vortex configurations, while smaller radius lead to
disordered vortex configurations. Thus, the condition to
have pronounced critical force peaks is not only associ-
ated to a commensurate vortex state, but it also requires
to be ordered.

Otherwise, for the case of B/Bφ = 1/3, our vortex
configuration matches Cuppens et al. prediction, but at
B/Bφ = 2/3 our vortex ground state has slightly lower
energy than that previously proposed by them.

The role of interstitial vortices was investigated for the
present case, where B/Bφ � 1. Our results show that
interstitial vortices are present only when B/Bφ is around
1/2 and for low values of Cp. Different from cases with
B/Bφ > 1, where interstitial vortices depin before, our
vortex dynamics simulations show that for the Kagomé
pinning lattice at submatching fields, the depinning begins
with vortices weakly pinned at the top of pinning sites, as
shown in Figure 3.

Our work also showed anisotropic behavior when the
transport force is applied in two mutually perpendicular
directions, one along the x direction and the other along
y. For the case of B/Bφ = 2/21, there is a small criti-
cal force peak that only exists when the transport force
is in y direction, for most values of Cp. But for the case
of B/Bφ = 6/7, the pronounced critical force peak only
appears when the transport force is applied in the x di-
rection, for low values of Cp.
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