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Abstract
This work presents a numerical method and simulations of axisymmetric free-surface flows of a polymeric fluid using the

Phan–Thien–Tanner (PTT) constitutive relationship. The governing equations are solved by finite differences on a stag-

gered grid that employs accurate boundary conditions on the free surface together with bounded, monotone, high-order

upwinding approximation of the convection terms. The numerical method is partially verified by solving fully developed

flow in a tube and comparing it to a known analytic solution. The problem of a drop impacting on a rigid plate is

considered. The effect of varying the five parameters, characterizing the PTT model, is studied extensively, and the results

are interpreted physically. The expansion–contraction phenomenon of the viscoelastic drop that occurs when it hits a flat

surface is tracked, and the time evolution of the normal and shear components of the extra-stress tensor is analyzed. To

further verify the code, the impacting drop of an Oldroyd-B fluid is simulated and the time evolution of the drop width is

compared to that of other authors.

Keywords PTT model � Axisymmetric flow � Free-surface flow � Impacting drop � Finite difference method

1 Introduction

The rheology of polymeric solutions is dependent on the

molecular architecture of the constituent molecules: chain

stiffness and chain branching and, of course, molecular

weight. Polymeric solutions also depend, of course, upon

the amount of Newtonian solvent, and any polymeric

solution is composed of polymers of different lengths.

Thus, the development of a satisfactory constitutive rela-

tionship is a difficult task. Despite this, many models have

been proposed, see, for example, [1] where a comprehen-

sive list, up to that date at least, may be found. Except

occasionally in the simplest of geometries, analytic

solutions cannot be found and consequently most

researchers resort to numerical methods (see, e.g., [2]).

The better known constitutive models that have been

studied include Oldroyd-B [3–6], Phan–Thien–Tanner

(PTT) [7–10], FENE-CR [11–13], XPP [10, 14, 15], Gie-

sekus [15, 16], among others. Within the class of differ-

ential models, the PTT constitutive equation [7] is known

to provide a reasonable fit to polymeric solutions and

polymer melts and has attracted the attention of several

scientists (e.g., [5, 9, 17–20]).

This paper examines the flow produced by a drop as it

impinges on a rigid surface: the so-called impacting drop.

Several authors have attempted to solve this problem: Oishi

et al. [14] employed the XPP model using finite differences

while Xu et al. [21] simulated the same problem using the

Oldroyd-B and the Upper Convected Maxwell models in

three dimensions with an improved smoothed particle

hydrodynamics method (SPH). More recently, Figueiredo

et al. [22] investigated the drop impact problem employing

the Giesekus and XPP models using a three-dimensional

finite difference code based on the marker-and-cell (MAC)

methodology and compared their Oldroyd-B results with

the data obtained by Xu et al. [21] together with results

from the OpenFOAMr [23] code.

With regard to free-surface flows, there would appear to

be few authors (but see [17, 24, 25]) who have considered
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solving the PTT model. The aim of this paper is to provide

a numerical method for solving the PTT equation, to

demonstrate that it converges and agrees with an analytic

solution for simple pipe flow and, by solving the impacting

drop problem, to study in detail the effect of varying the

five parameters that characterize the complete PTT model.

Where possible, comparisons with results from the litera-

ture are provided.

This work is organized as follows: The impacting drop

problem is described in Sect. 2, and Sect. 3 deals with the

methodology; in Sect. 4, a numerical computation of tube

filling is compared with a known analytic solution and

convergence results using mesh refinement are provided.

Section 5 simulates the impacting drop and effects a

comparison with existing data; mesh refinement is under-

taken, and a sensitivity analysis of the parameters charac-

terizing the PTT constitutive relationship is performed.

Conclusions are summarized in Sect. 6.

2 The drop impacting problem

A spherical drop of diameter d ¼ 2R is placed at a height H

above a rigid plate (see Fig. 1a). The flow is assumed to be

axisymmetric so the computational domain is displayed in

Fig. 1b. At t ¼ 0, the drop starts flowing downwards with

initial velocity vðr; h; 0Þ ¼ �U and u ¼ 0 while the com-

ponents of the extra-stress tensor sðr; h; 0Þ are set to zero.

After the drop has impacted the plate, it is anticipated that

it will flow radially expanding and, or contracting its

diameter d(t). Viscous, inertial, gravitational and elastic

forces can affect the flow after the drop has impacted the

plate. The surrounding air is supposed to be quiescent, and

surface tension forces are neglected since they are assumed

to be small.

3 Methodology

The governing equations for incompressible flows are

described by the mass conservation and momentum equa-

tions coupled with a constitutive relationship characteriz-

ing the PTT model [7]. In this work, the extra-stress tensor

s is split as a sum of a Newtonian tensor (gSD) and a non-

Newtonian tensor (S) that are defined by

s� ¼ 2gSD
� þ S�; D� ¼ 1

2
ru� þ ðru�ÞT
h i

ð1Þ

where gS represents a Newtonian viscosity (called solvent

viscosity); the non-Newtonian tensor S is responsible for

the effects of elasticity in the flow and is obtained from the

solution of the PTT constitutive equation. With this split-

ting, the governing equations can be written in conservative

nondimensional form as,

r � u ¼ 0; ð2Þ
ou

ot
¼ �r � uuT

� �
�rpþ b

Re
r2uþr � S

þ 1

Fr2
g;

ð3Þ

oS

ot
þr � uSð Þ ¼ � 1þ eReWi trðSÞð Þ

Wi

� �
S

þ Sðru� nDÞ þ ðru� nDÞTS
� �

þ ð1� bÞ
ReWi

D;

ð4Þ

where t is the time, u is the velocity vector, p is the pres-

sure, S is the PTT extra-stress tensor and g is the gravita-

tional acceleration. The nondimensional numbers

Fr ¼ Uffiffiffiffi
gL

p , Re ¼ qUL
g0
, Wi ¼ k U

L
are, respectively, the Froude,

Reynolds and Weissenberg numbers. The constants, L, U

and q denote typical scalings for length, velocity and

density, respectively; the parameter k is the fluid relaxation

time. To obtain the nondimensional Eqs. (2)–(4), the fol-

lowing nondimensional variables were employed:

t ¼ U

L
t�; x ¼ x�

L
; u ¼ u�

U
; p ¼ p�

qU2
;

S ¼ S�

qU2
; D ¼ U

L
D�;

where x ¼ ðr; zÞ. The amount of Newtonian solvent is

controlled by the dimensionless coefficient b ¼ gS
g0
, where

g0 ¼ gS þ gP is the total viscosity at zero shear while gS
and gP represent the Newtonian and polymeric viscosities,

respectively. The model parameters e and n have values in

the interval ½0; 1�. When e ¼ n ¼ 0; the PTT reduces to the

Oldroyd-B model.

Fig. 1 Simulation of drop impacting. a 3D view of initial state;

b computational domain employed
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Equations (1)–(4) are solved using cylindrical coordi-

nates Orz for axisymmetric flows. The cross-stream (radial)

coordinate and velocity are represented by r and u while

the streamwise coordinate and velocity are denoted by z

and v, respectively. Thus, the velocity and the non-New-

tonian extra-stress tensor are represented by

uðr; z; tÞ ¼
uðr; z; tÞ

0

vðr; z; tÞ

2
64

3
75 and

Sðr; z; tÞ ¼
Srrðr; z; tÞ 0 Srzðr; z; tÞ

0 Shh 0

Srzðr; z; tÞ 0 Szzðr; z; tÞ

2
64

3
75:

The coordinate system is centered on the symmetry axis

which is positioned in the vertical direction at r ¼ 0. To

solve the system of Eqs. (1)–(4), we consider all variables

initially to be zero. At fluid entrances (inflows), unless

otherwise stated, the velocity is specified by u ¼ Uinf and

the non-Newtonian extra-stress tensor is set as S ¼ Sinf . At

fluid exits (outflows), homogeneous Neumann conditions

are imposed, namely ou
oz
¼ 0 and oS

oz
¼ 0. On rigid bound-

aries, the velocity obeys the no-slip condition (u ¼ 0). We

use this condition together with the continuity equation

Eq. (2) to simplify Eq. (4) on rigid boundaries and solve

the simplified equation to obtain the tensor S on rigid

boundaries. On the symmetry axis, the velocity satisfies the

so-called free-slip condition u ¼ ov
or
¼ 0 on r ¼ 0

� �
, and

following a similar procedure used for the rigid boundaries,

Eq. (4) is simplified and solved numerically to obtain each

component of the tensor S on the symmetry axis.

We consider unsteady free-surface flows of a fluid

moving into a passive atmosphere which is assumed to be

at zero pressure. In the absence of surface tension, the

normal and tangential components of the stress tensor must

be continuous across any free surface, so that on that sur-

face we must have (see [26])

nT � r � n ¼ 0 and mT � r � n ¼ 0; ð5Þ

where n ¼ ðnr; 0; nzÞT and m ¼ ðmr; 0;mzÞT denote unit

normal and tangential vectors to the surface, respectively,

and

r ¼ �pI þ b
Re

ruþ ruð ÞT
� �

þ S ð6Þ

is the stress tensor. By taking m ¼ ðnz; 0;�nrÞT ; the stress
conditions (5) can be written as

p ¼ 2b
Re

ou

or
n2r þ

ou

oz
þ ov

or

	 

nrnz þ

ov

oz
n2z

� �

þ Srrn2r þ 2Szrnrnz þ Szzn2z ;

ð7Þ

2
ov

oz
� ou

or

	 

nrnz þ

ou

oz
þ ov

or

	 

n2r � n2z
� �

¼ Re

b
Srr � SzzÞnrnz þ Srzðn2z � n2r
� �

:

ð8Þ

In the absence of surface tension, equations (7) and (8)

represent the appropriate boundary conditions on a fluid

free surface (see [26]).

In this work, the numerical methodology employed is an

extension of the technique introduced by Tomé et al. [6]

which solved incompressible isothermal axisymmetric

flows of an Oldroyd-B fluid. The GENSMAC (GENeral-

ized Simplified Marker-And-Cell) [27] methodology is

used to solve the time-dependent momentum and mass

conservation equations on a staggered grid (see Fig. 2a).

We are concerned with time-dependent moving free

~p

i+1/2rriri−1/2
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Ψ
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Fig. 2 Staggered grid employed

(a); type of cells within the

mesh (b)
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surfaces so that a technique for identifying the fluid free

surface is required. For this, the cells within the mesh are

classified as: B-cells (cells that define rigid boundaries);

I-cells (cells that define inflow boundaries); O-cells (cells

that define outflow boundaries); F-cells (cells that contain

fluid—the governing equations are solved in these cells);

S-cells (cells that define the free surface—the governing

equations are solved in these cells together with the free-

surface boundary conditions given by equations (7) and

(8)); and E-cells (cells that do not contain fluid). Figure 2b

displays these type of cells during a calculational cycle.

More details about the classification of cells and dis-

cretization of the equations at the free surface can be found

in [6, 27, 28]. The fluid is described by a set of massless

particles that moves in time with the updated velocity field.

The visualization of the fluid surface is provided by joining

these particles by straight lines (see Fig. 3); the respective

volume of fluid is defined by the surface area occupied by

the closed surface (see blue area shown in Fig. 3).

The projection method is applied to decouple the

momentum and the mass conservations equations via the

Helmholtz-Hodge decomposition theorem (HHDT) [29].

Both the momentum and the PTT equations are solved by a

finite difference method that approximates the time

derivative by the explicit Euler method while the spatial

derivatives are approximated by second-order differences.

The convection terms in the momentum and PTT consti-

tutive equations are computed by the high-order upwind

method, CUBISTA [5]. The algorithm for calculating u, p

and S can be summarized as follows.

It is supposed that uðx; tnÞ ¼ uðnÞ, Sðx; tnÞ ¼ SðnÞ and

pðx; tnÞ ¼ pðnÞ are known. Then, uðx; tnþ1Þ ¼ uðnþ1Þ,

Sðx; tnþ1Þ ¼ Sðnþ1Þ and pðx; tnþ1Þ ¼ pðnþ1Þ are computed in

the following steps:

1. Set up the boundary conditions for u and S and com-

pute a pressure field ep that satisfies condition (7) on

the free surface. Usually, ep ¼ pðnÞ in F-cells while in

S-cells ep is calculated by the pressure equation (7).

2. Compute euðnþ1Þ by

euðnþ1Þ ¼ uðnÞ þ dt �r � ðuuTÞðnÞ
� �

�rep
n

þ b
Re

r2uðnÞ þ r � SðnÞ þ 1

Fr2
g


:

ð9Þ

by setting for eu the same values of u at the boundaries.

3. Solve the Poisson equation

r2wðnþ1Þ ¼ r � euðnþ1Þ; ð10Þ

subject to homogeneous Neumann conditions on

inflows, rigid boundaries and the symmetry axis, and

w ¼ 0 on outflows and free surfaces, since the

Helmholtz-Hodge decomposition requires that rw ¼
ðeu � uÞ within the domain.

4. Calculate the final velocity field

uðnþ1Þ ¼ euðnþ1Þ � rwðnþ1Þ ð11Þ

5. Compute the pressure

pðnþ1Þ ¼ ep þ wðnþ1Þ

dt
ð12Þ

6. Calculate the tensor Sðnþ1Þ by solving

Dðnþ1Þ ¼ 1

2
r uðnþ1Þ
� �

þ rðuðnþ1ÞÞ
� �T� �

ð13Þ

Sðnþ1Þ ¼ SðnÞ þ dt r � uðnþ1ÞSðnÞ
� �n

�
1þ eReWi trðSðnÞÞ

� �

Wi

2
4

3
5SðnÞ

þ SðnÞðruðnþ1Þ � nDðnþ1ÞÞ
h

þðruðnþ1Þ � nDðnþ1ÞÞTSðnÞ
i

þ ð1� bÞ
ReWi

Dðnþ1Þ:

ð14Þ

7. The last step is to update the positions of the particles

by solving the system of ordinary differential

equations:

dx

dt
¼ uðnþ1Þ ð15Þ

using the second-order RK21 scheme as proposed by

Oishi et al. [14].

r

z

Fig. 3 Particles defining the fluid and volume of fluid (blue area)
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The details of the finite difference equations for solving

steps 1–7 are provided in the papers of Tomé et al. [6, 30].

The cylindrical coordinates version of the mass conserva-

tion, momentum conservation and PTT constitutive equa-

tions are displayed in ‘‘Appendix 1.’’

The explicit computation of the momentum equation

imposes the following limitations on the time-step size (dt):

ðiÞ dtr �
dr

jujmax
; dtz �

dz
jvjmax

; ð16aÞ

ðiiÞ dtvisc �
Re

2

1

ðdrÞ2
þ 1

ðdzÞ2

 !�1

; ð16bÞ

where jujmax; jvjmax are the maximum of the velocity field at

time t. Condition (i) is essentially the CFL condition while

restriction (ii) results from a von Neumann analysis applied

to the linearized equations. The selected time step is

dt ¼ minfdtr; dtz; dtviscg:

Details of the procedure for calculating the time-step size

using equations (16a) and (16b) have been given in pre-

vious publications by the authors [27, 28] and are not

presented here.

4 Tube filling with a polymeric solution

In order to illustrate the capabilities of the numerical

methodology described in this paper, the transient filling of

an empty rounded tube was simulated using four meshes:

MESH 1: 10� 100 cells (dr ¼ dz ¼ 0:1), MESH 2: 20�
200 cells (dr ¼ dz ¼ 0:05), MESH 3: 40� 400 cells

(dr ¼ dz ¼ 0:025) and MESH 4: 80� 800 cells

(dr ¼ dz ¼ 0:0125). With the tube empty at time t ¼ 0,

0.60

0.5

1

1.5

2

r

v

MESH1
MESH2
MESH3
MESH4

Exact

(c)(b)(a)

0.6-1.5
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S
r
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0 0.2 0.4 0.8 1 0 0.2 0.4 0.8 1-1.5
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0

r

S
r
z
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MESH3
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(e)(d)

Fig. 4 Filling of a cylindrical tube with a PTT fluid: Re ¼ 1, Wi ¼ 0:5, b ¼ 0:5, e ¼ 0:1 and n ¼ 0. a, b 3D frontal visualizations of the flow at

t ¼ 2 and t ¼ 6, respectively, on MESH 2. c–e Numerical and exact solutions of v, Szz, Srz at the middle of the tube, 0� r� 1, z ¼ 5, at t ¼ 50
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fluid was injected in through the tube entrance until it

became completely full and steady state was established.

The input data employed were: tube radius L ¼ 1m, tube

length 10L, Re ¼ 1, Wi ¼ 0:5, b ¼ 0:5, e ¼ 0:1 and n ¼ 0.

At the tube entrance, the boundary conditions were speci-

fied by the PTT-exact solution derived by Cruz et al. in [8].

In dimensionless form, this exact solution can be expressed

as:

vðrÞ ¼ � Re

4b
pz 1� r2
� �

þ 3�Re3Wi2

ð1� bÞ3pz
½Fþð1ÞG�ð1Þ � FþðrÞG�ðrÞ

þ F�ð1ÞGþð1Þ � F�ðrÞGþðrÞ�;

ð17Þ

Srz ¼ FþðrÞ þ F�ðrÞ; ð18Þ

Szz ¼ 2WiRe

1� b
Srzð Þ2; ð19Þ

u ¼ 0; Srr ¼ 0 and Shh ¼ 0 ð20Þ

where

F�ðrÞ ¼ Cr �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A3 þ ðCrÞ2

q	 
1=3

;

G�ðrÞ ¼ 3Cr �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A3 þ ðCrÞ2

q
;

A ¼ 1� bð Þ2

6be ReWið Þ2
; C ¼ 1� bð Þ3

8be ReWið Þ2
pz:

For this particular simulation, pz ¼ �7:07212 was selected.
As the tube is being filled, a ‘‘parabolic-like’’ front will

move through the tube; on this free surface, the stress

conditions, given by Eqs. (7) and (8), are imposed while the

no-slip conditions are applied on the tube wall. Figure 4a, b

displays the 3D frontal visualization of the flow at times

t ¼ 2 and t ¼ 6, respectively.

Some time after the front has reached the exit, steady

state will be attained. Figure 4c–e displays the exact and

numerical profiles obtained for the velocity and the tensor

S on the tube cross section at z ¼ 5. We can observe in

Fig. 4 that the numerical solutions obtained are in good

agreement with the exact solutions given by Eqs. (17)–

(19). To quantitatively demonstrate the convergence of the

Table 1 Relative errors between exact and numerical solutions on

each mesh

E(v) EðSzzÞ EðSrzÞ

MESH 1 2.71e-03 7.15e-03 3.54e-03

MESH 2 6.90e-04 1.80e-03 8.96e-04

MESH 3 1.73e-04 4.52e-04 2.24e-04

MESH 4 4.34e-05 1.13e-04 5.62e-05

0.0125 0.025 0.05 0.1
1e-05

0.0001

0.001

0.01

E
rr

or

dr

v
Srz

Szz

Fig. 5 Decrease of the errors as a function of the mesh spacing

d
(t

)

t

M1
M2
M3

1

1

1.2

1.4

1.6

2 3 40

(a)

d
(t

)

t

Figueiredo et.al.[22]
Xu et al. [21]
OpenFOAM [24]
Oldroyd-M1
Oldroyd-M2
Oldroyd-M3

1

1

1.2

1.4

1.6

1.8

2 3 4 50

(b)

Fig. 6 a Mesh refinement using the PTT model with e ¼ 0:1 and n ¼ 0:2. Parameters used: Fr ¼ 2:26, Re ¼ 3, Wi ¼ 1 and b ¼ 0:1; b Time

evolution of the drop width using an Oldroyd-B fluid and comparisons with results from literature
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numerical method for this problem, the relative errors

(Eð�Þ) were calculated on each mesh and are displayed in

Table 1 (see also Fig. 5) where we can see that the errors

diminish with the mesh spacing. These results indicate

convergence of the numerical method.

5 Simulation of a drop impacting
an impermeable surface

The methodology, described in Section 3, has been

implemented in a computer code for viscoelastic free-sur-

face flows. In particular, in this section we shall consider

the axisymmetric impacting drop problem described in

Section 2.

A drop of radius R, falling onto a rigid plate, was sim-

ulated. The drop was positioned at a height H ¼ 0:04m

above the plate with an initial velocity �U ¼ 1:0ms�1

with gravity acting downwards, i.e., g ¼ �9:81ms�2. A

3D view of the drop and the computational domain are

sketched in Fig. 1.

Table 2 Input data used in the

simulation of drop impacting
H R (radius) U q g0 k Re

0.04 m 0.01 m 1 ms�1 1000 kg/s3 4 Pa s 0.02 s 5

Wi Fr e n b Domain size Mesh employed

1 2.26 0.1 0.2 0.1 1:25� 2:5 100� 200

(a) t = 1.5 (b) t = 2 (c) t = 2.5

(d) t = 3 (e) t = 4 (f) t = 5

Fig. 7 3D fluid flow

visualization at selected times.

Numerical results at Fr ¼ 2:26,
Re ¼ 5:0, Wi ¼ 1, b ¼ 0:1, e ¼
0:1 and n ¼ 0:2

(a) Srr (b) Szz

(c) Sθθ (d) Srz

Fig. 8 Profile of the components of the non-Newtonian tensor S at time t ¼ 1:5. Numerical results at Fr ¼ 2:26, Re ¼ 5:0, Wi ¼ 1, b ¼ 0:1,
e ¼ 0:1 and n ¼ 0:2
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5.1 Mesh refinement and comparison
with existing data

In order to partially verify the correctness of the code, a

comparison was made with data from the literature [21, 22]

and mesh refinement using the ‘‘complete’’ PTT model was

carried out. The impacting drop flow was simulated on

three meshes: M1 (dr ¼ dz ¼ 0:0125; 100� 200 cells), M2

(dr ¼ dz ¼ 0:00625; 200� 400 cells) and M3

(dr ¼ dz ¼ 0:003125; 400� 800 cells). The nondimen-

sional input parameters were chosen to be Re ¼ 3, Wi ¼ 1,

b ¼ 0:1 and Fr ¼ 2:26 together with the PTT parameters

e ¼ 0:1 and n ¼ 0:2. The results on the three meshes are

displayed in Fig. 6a where it is seen that the agreement

between the solutions is good. Moreover, in Fig. 6a, it can

be seen that the results on mesh M1 are accurate and

therefore all the remaining calculations will be performed

using this mesh.

With the purpose of comparing the width of the drop,

d(t), with results obtained by other authors using the Old-

royd-B model, one simulation using Re ¼ 5, Wi ¼ 1,

b ¼ 0:1, Fr ¼ 2:26 and e ¼ n ¼ 0:0 was effected. Fig-

ure 6b displays d(t) calculated on mesh M 1 together with

the solutions of Xu et al. [21], Figueiredo et al. [22] and the

OpenFOAMr code [23] for the Oldroyd-B model (see 6b).

It can be observed that the results obtained with the code

developed in this work are in good agreement with those

presented by the above-mentioned authors.

5.2 Behavior of the non-Newtonian tensor S
near the rigid plate

We are interested in determining the behavior of the non-

Newtonian PTT tensor nearby the rigid plate after the drop

has impacted it. For this reason, one simulation using the

dimensional and nondimensional data summarized in
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Fig. 9 b Time evolution of the components of the non-Newtonian tensor S at the cell adjacent to the rigid boundary, at cell (i, j) highlighted in (a,
c) zoom-in on the component Srz
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Table 2 was performed until nondimensional t ¼ 15. For

this particular simulation, the values of the components

Srr; Shh; Szz and Srz, at the cell highlighted in Fig. 9a, were

monitored in time. Figure 7 displays the 3D fluid flow

visualization of the time evolution of the drop deformation

along the plate at selected times while Fig. 8 presents the

profiles of the components of the non-Newtonian tensor S

at the time t ¼ 1:5. We can see that soon after the drop

collided with the rigid plate, due to the severe deformation

caused by the impact, the absolute values of the compo-

nents of the non-Newtonian tensor S, in regions near to the

plate, increased suddenly. To confirm these observations,

the time history of the components Srr; Srz; Shh and Szz at

the cell shown in Fig. 9a are plotted in Fig. 9b. We can see

that all the components of the tensor S displayed an

overshoot around time t ¼ 1:5 and then relaxed to zero

over time. The shear component (see Fig. 9c) presents

several overshoots and oscillates in time during the tran-

sient flow. It is also seen that the first normal stress dif-

ference N1 ¼ szz � srr is always negative. Moreover,

Fig. 10 displays several plots showing the time evolution

of the velocity component u. It is observed that at time

t ¼ 1:5 the velocity on the free surface near the rigid plate

becomes very large and positive causing the front surface

(a) t = 1.5 (b) t = 2

(c) t = 2.5 (d) t = 3

(e) t = 3.5 (f) t = 4

(g) t = 4.5 (h) t = 5

(i) t = 10 (j) t = 15

Fig. 10 Profile of the radial u-velocity at different times. Numerical results at Fr ¼ 2:26, Re ¼ 5:0, Wi ¼ 1, b ¼ 0:1, e ¼ 0:1 and n ¼ 0:2

Table 3 Parameters used in the simulations of drop spreading flow

n e b Wi Re

Reference values 0.1 0.1 0.1 1 5.0

0.0 0.0 0.1 0.5 3.0

0.1 0.1 0.3 1.0 5.0

0.3 0.2 0.5 1.5 7.0

0.5 0.5 0.7 2.0 10.0

0.9
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Fig. 11 Time variation of the width d(t) of a PTT impacting drop as a

function of the nondimensional parameters: n; e;b, Re andWi. a Fixed
parameters: Re ¼ 5:0, Wi ¼ 1:0, b ¼ 0:1, e ¼ 0:1. b Fixed parame-

ters: Re ¼ 5:0, Wi ¼ 1:0, b ¼ 0:1, n ¼ 0:1. c Fixed parameters:

Re ¼ 5:0, Wi ¼ 1:0, n ¼ 0:1, e ¼ 0:1. d Fixed parameters: Wi ¼ 1:0,
b ¼ 0:1, n ¼ 0:1, e ¼ 0:1. e Fixed parameters: Re ¼ 5:0, b ¼ 0:1,
n ¼ 0:1, e ¼ 0:1
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to move radially. Later, at times t ¼ 2:5; 3, viscoelasticity

within the drop has the effect of making the radial velocity

change sign which in turn causes the front surface to

retract. At times 3.5, 4, gravitational and inertial forces

then make the velocity at the top surface become positive

forcing the fluid to move radially. At later times, this cycle

is repeated and at time t ¼ 15, due to viscous and gravi-

tational forces, the velocity is small and the drop is nearly

stationary.

5.3 Drop spreading: an analysis of parameter
variation

To study the viscoelastic effects on the spreading of an

axisymmetric drop during the time evolution of the flow,

several simulations were performed, varying the parame-

ters that characterize the PTT model, namely, n, e, b, Wi

and Re. In these simulations, the transient width of the

drop, d(t), was plotted as a function of a given parameter of

the model. The data employed in this study are displayed in

Table 3 where the values highlighted in bold are fixed

when a specified parameter is varied, for instance, when the

values of the parameter n in the first column of Table 3 are

used, the values of the parameters e ¼ 0:0; b ¼ 0:1;Wi ¼
1;Re ¼ 5 are kept fixed.

Figure 11a displays the results obtained for d(t) using

various values of n. It can be seen that increasing n causes

d(t) to increase. This is in accordance with the PTT model

that predicts that the shear viscosity diminishes if n
increases, providing greater mobility to the free surface.

The results obtained with the values of e shown in Table 3

are presented in Fig. 11b. It can be observed that the

behavior of d(t) has some similarity with that shown in

Fig. 11a. However, the values of d(t) are larger for larger

values of e. This behavior could possibly have been

anticipated since we would expect that elongational vis-

cosity would decrease as e increases. The parameter

0\b\1 measures the amount of Newtonian solvent that is

added to the polymer. The range varies from pure polymer

(b ¼ 0) to pure Newtonian solvent (b ¼ 1). Figure 11c

shows the results of d(t) obtained with the b values given in

Table 3. We can see that with b ¼ 0:1, the viscoelastic

effects are strong and then diminish gradually as b
increases to b ¼ 0:9, approximating the Newtonian

behavior (lowest curve shown with no observed contrac-

tions). The influence of the Reynolds number on the

diameter of the drop d(t) is displayed in Fig. 11d where we

can observe that, by increasing the Reynolds number, the

width of the drop increases. The occurrence of this effect

was reported by [14] who used the XPP model and showed

that increasing the inertia (Re) led to more mobility for the

fluid and consequently increased the spread of the drop.

The effect of the variation of Weissenberg number on the

drop width is shown in Fig. 11e where it can be seen that

increasing the Weissenberg number also causes the drop

width to increase. Furthermore, for Wi ¼ 1:5; 2, it is noted

that steady state has not yet been achieved.

6 Conclusions

This work presented a numerical methodology for solving

the PTT constitutive equation for time-dependent axisym-

metric free-surface flows. The methodology was verified

by simulating the flow produced during the filling of a

cylindrical tube, and the results were compared with a

steady-state analytical solution, showing good agreement.

The convergence of the numerical technique was demon-

strated by using mesh refinement. The spread of a drop

impacting on a rigid surface was simulated. This was

compared with different models (using different numerical

techniques) employed by a number of investigators; good

agreement was displayed. An extensive sensitivity analysis

was performed by varying the parameters, Re, Wi, b, � and
n, and the results were interpreted physically.
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6. Tomé MF, Grossi L, Castelo A, Cuminato JA, McKee S, Walters

K, Die-swell (2007) Splashing drop and a numerical technique

for solving the Oldroyd B model for axisymmetric free surface

flows. J Non-Newton Fluid Mech 141:148–166

7. Phan-Thien N, Tanner RI (1977) A new constitutive equation

derived from network theory. J Non-Newton Fluid Mech

2:353–365

8. Cruz DOA, Pinho FT, Oliveira PJ (2005) Analytical solutions for

fully developed laminar flow of some viscoelastic liquids with a

Newtonian solvent contribution. J Non-Newton Fluid Mech

132:28–35

9. Norouzi M (2017) Analytical solution for the convection of

Phan–Thien–Tanner fluids in isothermal pipes. Int J Therm Sci

108:165–173

10. Konaganti VK, Ansari M, Mitsoulis E, Hatzikiriakos SG (2015)

Extrudate swell of a high-density polyethylene melt: II. Modeling

using integral and differential constitutive equations. J Non-

Newton Fluid Mech 235:94–105

11. Oliveira PJ (2003) Asymmetric flows of viscoelastic fluids in

symmetric planar expansions geometries. J Non-Newton Fluid

Mech 114:33–63

12. Rocha GN, Poole RJ, Oliveira PJ (2007) Bifurcation phenomena

in viscoelastic flows through a symmetric 1:4 expansion. J Non-

Newton Fluid Mech 141:1–17

13. Chilcott M, Rallison JM (1988) Creeping flow of dilute polymer

solutions past cylinders and spheres. J Non-Newton Fluid Mech

29:381–432

14. Oishi CM, Martins FP, Tomé MF, Alves MA (2012) Numerical
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