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A  new  multiconductor  transmission  line  model  is  proposed  based  on the method  of characteristics.
The  conventional  Bergeron  model  is characterized  by the  line  representation  using  constant  lumped
parameters.  The  novel  content  of  this  paper  is  the  inclusion  of the  frequency  effect  in  the  longitudinal
parameters  by  fitting  techniques  and  three-phase  representation  of  the  Bergeron  line  model.  This  new
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feature  enables  to  extend  the  application  of the  Bergeron  method  for  simulation  of electromagnetic  tran-
sient in  three-phase  systems,  considering  fast  and  impulsive  transients  composed  of  a  wide  range  of
frequencies.
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ime-domain analysis

. Introduction

The method of the characteristics, or Bergeron method, was
nitially applied to solve hydraulic systems and after for electri-
al problems in electromagnetic propagation through a lossless
ave guide [1]. At the same time, end of the 1960s and begin-
ing of the 1970s, two important researches on transmission line
odeling—TLM were published. The first work was published

y A. Budner, which described a two-phase transmission line
odeled by a two-port circuit in the frequency-domain. The time-

omain currents and voltages at the sending and receiving ends
f the two-phase line were calculated using inverse transforms
nd convolutions [2]. The second important research described the
nclusion of the line losses in the Bergeron model using lumped
esistances in the equivalent line circuit [3]. The main difference
f the two methods is that the Budner’s model is based on the
epresentation of the distributed characteristics of the line param-
ters in the frequency domain whereas the Bergeron line model
s a time-domain representation based on lumped circuits with-
ut inverse transforms and convolutions. Surely that at the same

ime there were other important contemporary studies, such as the
apers published by H. W.  Dommel on the Electromagnetic Tran-
ient Program (EMTP) [4]. However, the two prior references are

∗ Corresponding author. Tel.:+55 1130915152.
E-mail addresses: pablotorrezcaballero@gmail.com (P.T. Caballero),

ducosta@pea.usp.com (E.C.M. Costa), kurokawa@dee.feis.unesp.br (S. Kurokawa).

ttp://dx.doi.org/10.1016/j.epsr.2015.05.019
378-7796/© 2015 Published by Elsevier B.V.
more important specifically for the line model proposed in this
research.

An effective evolution in TLM was verified in the 1980s with the
great improvement of the computational resources and processing
power [5,6]. The well-established line model of J. Marti, available in
various programs derived from the EMTP, was  published in 1982
[7]. This paper introduced in the technical literature on TLM the
concept of synthesis of the line parameters, i.e., the frequency-
dependent characteristic impedance of the line was  represented in
the time domain as an equivalent circuit composed of resistances
and capacitances. Thus, the inverse transforms and convolution
used in the first frequency-dependent line models were not more
necessary for time-domain transient simulations [2]. At the same
period, the Bergeron line model with losses was  integrated to tool
boxes of power systems available in several simulation programs
derived from the EMTP [6].

In the 1990s, important researches were published improving
the multiconductor representation of transmission lines and new
methods for inclusion of the frequency effect in the line param-
eters, directly in the time domain, were also included in the TLM
literature. The multiphase representation of transmission lines
was carried out using modal decoupling, i.e., each phase of a trans-
mission line was decoupled as an independent propagation mode
[8]. Thus, there are no mutual parameters in the modal domain and

each propagation mode can be considered as a single-phase trans-
mission line. At the same period, fitting techniques were proposed
to include the frequency effect on the line longitudinal param-
eters directly in the time domain. The premise of the technique
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Fig. 1. Bergeron circuit considering the line losses.

enominated vector fitting is that the frequency-dependent resis-
ance and the inductance parameters of transmission lines can be
pproximated by a rational function and after represented by an
quivalent electric circuit in the time domain, such as in the J. Marti
ine model [9,10]. From these two techniques, modal decoupling
nd vector fitting, several line models were developed [11–15].

In reference [14], modal decoupling and line parameters fit-
ing were applied for development of a three-phase transmission
ine model in the time domain. Initially, the three-phase line was
ecoupled into three independent propagation modes that were
odeled as three single-phase lines using a frequency-dependent

ascade of � circuits based on the modal parameters fitting. The
ime-domain differential equations of currents and voltages along
he cascade of � circuits were represented as state equations and
olved using integration methods.

Recently, the same fitting procedure was  applied to the
ell-known Bergeron line model [15]. Although the frequency-
ependent approach of the Bergeron model showed accurate
esults for electromagnetic transient simulations, it was  developed
or single-phase transmission lines. In the current research, a mul-
iphase representation is developed for the frequency-dependent
ergeron model using an accurate modal decoupling and time-
omain modeling by fitting techniques. In sequence, the differential
quations of each propagation mode can be represented as state
quations and solved using any integration method.

The Bergeron line model is one of the most simple and prac-
ical line models available in the EMTP. The frequency-dependent

odel proposed in this research is free of high-frequency oscilla-
ions, as verified in previous line models based on fitting techniques
nd lumped parameters [7,10,11,14]. Furthermore, the proposed
ergeron model is developed based on a unique equivalent circuit,
ifferently of most of the time-domain models that are developed
onsidering a cascade of frequency-dependent circuits in series
11,14]. Another contribution with the state of the art is that time-
ariable events and other non-linear power components can be
asily integrated in the proposed line model and during the simu-
ation process [7].

. Inclusion of the frequency effect in the Bergeron line
odel

The Bergeron line model with losses can be represented concen-
rating the losses at the two terminals of the line representation.
umped resistances are included at the sending and receiving ends
f the Bergeron circuit, as in Fig. 1.

Currents in Fig. 1 are expressed in (1) and (2) [3]:

k (t − �) = − 1
(Z0 + R/2)

vm (t − �) − im,k (t − �) (1)
m (t − �) = − 1
(Z0 + R/2)

vk (t − �) − ik,m (t − �) (2)
Fig. 2. Time-domain fitting of the line longitudinal parameters.

The characteristic impedance Z0 and the propagation time �,
from the sending end to the receiving end of the line, are constant
and expressed as:

Z0 =
√

L′

C ′ ; � = l

v
= l

√
L′C ′ (3)

Terms l and v are the line length and propagation speed, respec-
tively. The last term is constant and expressed as follows:

v = 1√
L′C ′ (4)

In (1) and (2), term R/2 is added to the characteristic impedance
Z0 that is a function of the line inductance and capacitance per unit
of length (p.u.l.), L’ and C’, respectively. Term R is the total resistance
of the line, where R/2 is concentrated at the nodes k and m.  The Berg-
eron model with losses is characterized by a constant resistance R,
without the frequency effect in the longitudinal parameters. This
line model is included in the most of the transient programs derived
from the EMTP.

The inclusion of the frequency effect in the Bergeron circuit is
possible using fitting techniques. In this context, the fitting pro-
cedure is basically the approximation of the impedance Z(�) by
a rational function Zfit(�). The residues and poles of the fitted
impedance Zfit(�) are associated with a RL circuit, which is the
main step for inclusion of the frequency effect directly in the time
domain.

The equivalent circuit that represents the impedance Z(�) is
described in Fig. 2.

The rational function Zfit(ω) of the circuit in Fig. 2 is expressed
as follows [9]:

Z (ω) ≈  Zfit (ω) = R0 + jωL0 +
n∑

i=1

jωRi(
jω + Ri/Li

) (5)

Term ω is the angular frequency. The resistance R0 and the
inductance L0 are values for ω = 0. The number of RL circuits in the
equivalent circuit is a function of the frequency range considered
in Zfit(ω).

There are several fitting methods available in the technical liter-
ature for approximation of a general function by a rational function
based on tabulated values (poles, zeros and residues). However,
the vector fitting was firstly applied for TLM in reference [9], which
describes an accurate algorithm for smooth and resonant responses
with high order and wide frequency bands. This algorithm has been
widely used for development of frequency-dependent line models
in the time domain for simulation of electromagnetic transients in
power systems [12–15].

The inclusion of the frequency effect in the Bergeron circuit con-
sists in replacing the constant resistances that represent the line
losses in Fig. 1, by the equivalent circuit described in Fig. 2. This
procedure requires a new formulation of the Bergeron model that
results in a system of differential equations with dimension pro-
portional to the number RL blocks that composes circuit in Fig. 2
Substituting the resistance R in Fig. 1 by the equivalent circuit
obtained from Zfit(ω), the frequency-dependent Bergeron circuit is
restructured as follows:
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Fig. 3. Frequency-dependent B

The frequency-dependent impedance is concentrated at the
odes k and m of the equivalent Bergeron circuit in Fig. 3, such
s described for the Bergeron model with losses in Fig. 1. However,
he constant resistance R is replaced by the impedance Zfit(ω), in (5),
irectly in the time domain. Another variations in the frequency-
ependent circuit in Fig. 3 is that the input and output voltages are

ndicated as Vin(t) and Vout(t). The voltages Vk(t) and Vm(t) are asso-
iated with the past-history current sources Ik(t − �) and Im(t − �),
espectively.

The number of RL blocks depends on the type of electromagnetic
ransient to be analyzed. For an input signal composed of low fre-
uencies, e.g. a switching operation, no more than three or four RL
ircuits are necessary. Otherwise, for fast and impulsive transients,
.g. an atmospheric impulse, more than five RL blocks are required
o cover the entire range of frequencies that composes a steep-front
ave [15].

Considering the frequency-dependent Bergeron circuit in Fig. 3,
oltage equations on resistors and inductors of the node k are
xpressed:

R1

2
(ik0 − ik1) = L1

2
dik1

dt
(6)

R2

2
(ik0 − ik2) = L2

2
dik2

dt
(7)

Rn

2
(ik0 − ikn) = Ln

2
dikn

dt
(8)

Terms ik0, ik1 to ikn are the currents in the resistor R0 and induc-
ors L1 to Ln, respectively. Following the Kirchhoff’s current law, the
urrents through the resistors R1 and Rn are (ik0 − ik1) and (ik0 − ikn),
espectively. Thus, a general expression is formulated by associa-
ion of the past-history current source Ik(t − �) and the state current
k0 that is similar to the current ik,m(t).

in − R0ik0 − R1 (ik0 − ik1) − . . . − Rn (ik0 − ikn) + Z0Ik (t − �)

= Z0ik0 (9)

From expression (9), the currents and voltages of the frequency-
ependent Bergeron circuit in Fig. 3 can be calculated for a
ingle-phase line. In Section 3, an optimized method for modal
ecoupling is described based on the use of two  different modal
ransformation matrices. This modal decoupling method results
n exact modal transformations, i.e., a multiphase representation
f transmission lines without errors resulted from the successive
odal transformations in the modeling and simulation processes

16].

. Multiconductor modeling of transmission lines using
odal techniques
The electromagnetic propagation characteristics of multicon-
uctor transmission lines are dependent of the impedance and
dmittance matrices, [Z] and [Y], respectively. These matrices are
on circuit in the time domain.

frequency-dependent and expressed for an N-phase transmission
line as:

[Z] =

⎡
⎢⎢⎢⎢⎣

Z11 Z12 · · · Z1N

Z21 Z22 · · · Z2N

...
...

. . .
...

ZN1 ZN2 · · · ZNN

⎤
⎥⎥⎥⎥⎦ (10)

[Y] =

⎡
⎢⎢⎢⎢⎣

Y11 Y12 · · · Y1N

Y21 Y22 · · · Y2N

...
...

. . .
...

YN1 YN2 · · · YNN

⎤
⎥⎥⎥⎥⎦ (11)

The explicit modeling of the mutual parameters in TLM repre-
sents a difficult issue because there is no consensus on the physical
frequency-dependent modeling of the longitudinal parameters
between two phases [17]. A usual tool to overcome this problem is
by using modal decoupling techniques based on a modal transfor-
mation matrix.

The modal decoupling basically consists of the transformation of
an N-phase transmission line in N independent propagation modes.
The modal transformation is carried out using a modal transforma-
tion matrix [8]:

[ZM] = [TI]
T [Z] [TI] (12)

[YM] = [TI]
−1 [Y] [TI]

−T (13)

As previously described, the transformation matrix [TI] is vari-
able with the frequency. The row and columns of [TI] are calculated
based on the eigenvalues and eigenvectors of the matrix product
[Z][Y] using the Newton–Raphson method [8]. The modal trans-
formation matrix for transmission line decoupling is approached
in details in many technical literatures [8,9,11,13,14] Terms [TI]−1

and [TI]T are the inverse and transposed transformation matrices.
In (12) and (13), if the modal matrices [ZM] and [YM] are ideally

decoupled, their respective main diagonals are composed of modal
impedances and admittances of the N propagation modes whereas
terms out of the main diagonal are null [8].

The relationships of currents and voltages in the modal and
phase domains are also obtained using the same modal transfor-
mation matrix:

[IM] = [TI]
−1 [I] (14)

[VM] = [TI]
T [V] (15)

Terms [I] and [V] are vectors with N currents and N voltages
of an N-phase transmission line, respectively. Analogously, vec-
tors [IM] and [VM] are composed of currents and voltages of the
N propagation modes.

Several line models available in the technical literature in TLM
substitute the frequency-dependent matrix [TI] by a real and con-
stant matrix in (12)–(15) [11,14]. Depending on the geometrical

characteristics and structure of the transmission line, the approach
using a real and constant matrix leads to inaccurate results in the
modal decoupling. Thus, the proposed multiconductor represen-
tation is derived from a simple modification in the conventional
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odal decoupling in order to avoid eventual frequency- and time-
omains errors. As a first step, the line decoupling for a three-phase

ine is accomplished using the exact frequency-dependent transfor-
ation matrix. From this procedure, the modal parameters can be

ompletely decoupled from each other, without remaining mutual
erms, as expressed in (16) and (17) [16].

ZM] = [TI]
T [Z] [TI] =

⎡
⎢⎣

Z˛ 0 0

0 Zˇ 0

0 0 Z0

⎤
⎥⎦ (16)

YM] = [TI]
−1 [Y] [TI]

−T =

⎡
⎢⎣

Y˛ 0 0

0 Yˇ 0

0 0 Y0

⎤
⎥⎦ (17)

Since the line was totally decoupled from (12) and (13), there
re no errors in the line modeling and in the currents and voltages
n (14) and (15). The exact propagation modes ˛,  ̌ and 0 can be
epresented as three independent single-phase lines and modeled
y the frequency-dependent Bergeron circuit in Fig. 3. Thus, the
xact frequency-dependent matrix cannot be used in (14) and (15)
ecause the propagation modes were prior modeled direct in the
ime domain. In this case, the approach using a real and constant
ransformation matrix is necessary, such as the Clarke’s matrix that
s used in several well-established line models available in the TLM
iterature [11,14]. The Clarke’s matrix is a validity approach for
ransposed transmission lines or for transmission lines with a ver-
ical symmetric plane Eqs. (14) and (15) can be reformulated with
he Clarke’s matrix as follows [16]:

IM] = [TC]−1 [I] =
[

I˛ Iˇ I0
]T

(18)

VM] = [TC]T [V] =
[

V˛ Vˇ V0
]T

(19)

The transformation matrix [TC] is the Clarke’s matrix.
The modal procedure using two transformation matrices, the

xact frequency-dependent matrix in the parameters decoupling
nd the Clarke’s matrix for time-domain analyses, shows to be an
fficient method to eliminate eventual errors resulted from the
odal decoupling in multiconductor line modeling [16]. Other line
odels, based on modal decoupling techniques, have considered

he Clarke’s matrix for the entire decoupling procedure [8,11,14].
his approach implies inaccuracies in time-domain simulations of
he currents and voltages of the line because the propagation modes
re modeled from inaccurate parameters.

. Three-phase line modeling from the
requency-dependent Bergeron approach
The propagation modes ˛,  ̌ and 0, in (16) and (17), can
e modeled as three single-phase lines using the frequency-
ependent Bergeron circuit in Fig. 3. Thus, (6)–(9) are expressed

n the modal domain:

[AMk] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

RM1

LM1

(
−1 + RM1

ZM0 +
∑i=1

n RMi

)
RM1

LM1

(
R

ZM0 +
∑

RM2

LM2

(
RM1

ZM0 +
∑n

i=1RMi

)
RM2

LM2

(
−1 +

ZM

...
...

RMn

LMn

(
RM1

ZM0 +∑n
i=1RMi

)
RMn

LMn

(
R

ZM0 +∑
ms Research 127 (2015) 314–322 317

RM1

2
(iMk0 − iMk1) = LM1

2
diMk1

dt
(20)

RM2

2
(iMk0 − iMk2) = LM2

2
diMk2

dt
(21)

RMn

2
(iMk0 − iMkn) = LMn

2
diMkn

dt
(22)

In (20)–(22), terms iMk0, iMk1 and iMkn are the currents in the
resistor RM0 and inductors LM1 to LMn, respectively. The subscript
M indicates the propagation modes ˛,  ̌ and 0. Thus, the sys-
tem of n differential equations, represented in (20)–(22), is in the
modal domain and the RM and LM parameters are lumped elements
obtained from the fitted function ZMfit based on ZM(ω), analo-
gously as expressed in (5). Thus, the system described generically
in (20)–(22) represents three independent systems (for M = ˛, ˇ, 0)
that are solved in parallel.

From the same way  as in (6)–(8), the current in the resistors
RM1 and RMn are (iMk0 − iMk1) and (iMk0 − iMkn), respectively. Thus,
the general expression is developed associating the past-history
current source IMk(t − �) to the state current iMk0 that is equivalent
to the current iMk,m(t) in (25), analogously as in Fig. 3 and in the
general expression in (9).

VMin − RM0iMk0 − RM1 (iMk0 − iMk1) − . . . − RMn (iMk0 − iMkn)

+ ZM0IMk (t − �) = ZM0iMk0 (23)

Term ZM0 is the characteristic impedance of the generic propa-
gation mode M.

The first-order system of differential equations, expressed in
(20)–(23), can be expressed individually as state equations for each
propagation mode [15]:[

İ˛k

]
= [A˛k] [I˛k] + [B˛k] [S˛][

İˇk

]
=
[
Aˇk

] [
Iˇk

]
+
[
Bˇk

] [
Sˇ

]
[
İ0k

]
= [A0k] [I0k] + [B0k] [S0]

(24)

Considering the index M = ˛,  ̌ 0; the state-space systems in (24)
are expressed in general terms:

[İMk] = [AMk] [IMk] + [BMk] [SM] (25)

Vector [IMk] is composed of currents in the inductors LM1 to LMn:

[IMk]T =
[

iMk1 iMk2 . . . iMkn

]
(26)

The derivate form of the current vector in (25) and (26) is
expressed as:[
İMk

]T =
[

diMk1

dt

diMk2

dt
.  . .

diMkn

dt

]
(27)

The state matrix [AMk] is constant and expressed as a function
of RM and LM values, obtained from the fitting procedure, and also
the characteristic impedance ZM0, calculated based on the LM and
CM parameters for direct current, as generically described in (3).
Matrix [AMk] is expressed as:

M2
i=1
n RMi

)
. . .

RM1

LM1

(
RMn

ZM0 +
∑i=1

n RMi

)

RM2

0 +
∑n

i=1RMi

)
. . .

RM2

L2

(
RMn

ZM0 +
∑n

i=1RMi

)
⎤
⎥⎥⎥⎥⎥⎥⎥⎥ (28)
. . .
...

M2
n
i=1RMi

)
. . .

RMn

LMn

(
−1 + RMn

ZM0 +∑n
i=1RMi

)⎥⎥⎥⎦
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Matrix [BMk] is also expressed based on the characteristic
mpedance ZM0 and the RM and LM values. Matrix [BMk] has dimen-
ion n per 2 and is expressed as follows:

BMk] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

RM1

LM1

(
1

ZM0 +∑n
i=1RMi

)
RM1

LM1

(
ZM0

ZM0 +∑n
i=1RMi

)
RM2

LM2

(
1

ZM0 +
∑n

i=1RMi

)
RM2

LM2

(
ZM0

ZM0 +
∑n

i=1RMi

)
...

...

RMn

LMn

(
1

ZM0 +
∑n

i=1RMi

)
RMn

LMn

(
ZM0

ZM0 +
∑n

i=1RMi

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(29)

Eq. (30) expresses the modal vector [SM] that is composed of
he voltage source VMs, represented by a time-variable input signal
Min(t), and the historical current source IMk(t − �).

SM] =
[

VMin (t)

IMk (t − �)

]
(30)

The input currents and voltages at the sending end of the three-
hase line should be converted to the modal domain. Considering

 balanced three-phase source (e.g. a synchronous generator) con-
ected at the sending end of the line, the phase voltages at the three
erminals should be converted to the modal domain using (18) and
19). From this procedure, the input voltage VMin(t) at the sending
erminal of the modes ˛,  ̌ and 0 are obtained and the historical
urrent source IMk(t − �) is calculated direct in the modal domain.

From some algebraic adaptations in the state-space formulation
n (25) and based on the circuit in Fig. 3, the total current Ik,m(t)
nd voltage Vk(t) (in Fig. 3) are expressed as IMk,m(t) and VMk(t),
espectively, in the modal domain [15]:

Mk,m (t) =
n∑

q=1

(
RMqiMkq

ZM0 +
∑i=1

n RMi

)
+ 1

ZM0 +
∑i=1

n RMi

VMin

+ ZM0

ZM0 +
∑i=1

n RMi

IMk (t − �) (31)

Mk (t) = VMin (t) −
n∑

i=1

RMiiMki (32)

The formulation for the node m is similar to the development
f the node k because the parameters of the frequency-dependent
ircuit are the same for both sides of the equivalent circuit in Fig. 3.
onsidering a generic load, represented by an impedance ZL at node
, the state matrix [AMm] is expressed as:

AMm] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

RM1

LM1

(
−1 + RM1

ZM0 + ZL +
∑n

i=1RMi

)
RM1

LM1

(
RM2

ZM0 + ZL +
∑

RM2

LM2

(
RM1

ZM0 + ZL +
∑n

i=1RMi

)
RM2

LM2

(
−1 +

ZM0 +
...

...

RMn

LMn

(
RM1

Z + Z +∑n
R

)
RMn

LMn

(
RM2

Z + Z +∑
M0 L i=1 Mi M0 L i=1

One of the main advantages in the time-domain modeling is the
imple inclusion of time-variable elements in simulations. Thus, the
oad ZL can be modeled as constant impedance or a time-variable
ms Research 127 (2015) 314–322

RMi

)
. . .

RM1

LM1

(
RMn

ZM0 + ZL +
∑n

i=1RMi

)

2∑n
i=1RMi

)
. . .

RM2

LM2

(
RMn

ZM0 + ZL +
∑n

i=1RMi

)
. . .

...

R

)
. . .

RMn

LMn

(
−1 + RMn

Z + Z +∑n
R

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(33)

power element, such as a variable load or even a protection compo-
nent (metal-oxide surge arrester or a switch). By contrast, for line
models in the frequency domain, the inclusion of other non-linear
elements is not a simple procedure because most power compo-
nents are not usually approached in the frequency domain [13,14].

The vector with the modal currents in LM1 to LMn can be renamed
as [IMm]. However, as the k and m sections of the Bergeron circuit
are similar:

[IMm]T = [IMk]T =
[

iMk1 iMk2 . . . iMkn

]
(34)

and[
İMm

]T =
[
İMk

]T =
[

diMk1

dt

diMk2

dt
. . .

diMkn

dt

]
(35)

As shown in (34)–(35), vector [IMm] can be expressed only in
terms of iMk.

Terms [BM] and [SM] in (25) are also modified. Matrix [BM] is
reformulated as a vector composed of a single column:

[BMm] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

RM1

LM1

(
ZM0

ZM0 + ZL +
∑n

i=1RMi

)
RM2

LM2

(
ZM0

ZM0 + ZL +
∑n

i=1RMi

)
...

RMm

LMm

(
ZM0

ZM0 + ZL +
∑n

i=1RMi

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(36)

Vector [SM] is substituted by the past-history current source
Im(t − �) from the node m.  Thus, the state equation in (25) can
be rewritten from the current source in node m of the equivalent
Bergeron circuit in Fig. 3:[
İMk

]
= [AMn] [IMk] + [BMn] IMm(t − �) (37)

Analogously to (31) and (32), the current IMm,k(t) and the voltage
VMm(t) are analytically expressed:

IMm,k (t) = 1

ZM0 + ZL +
∑i=1

n RMi

[
n∑

q=1

RMqiMkq + ZM0IMm (t − �)

]

(38)

VMm (t) = VMout (t) −
n∑

i=1

RMiiMki (39)

The output voltage VMout(t) is expressed as:

VMout (t) = −IMm,k (t) ZL (40)

The state matrices are obtained from the fitted R and L param-
eters in the modal domain for M = ˛, ˇ, 0; the first-order systems,
Mi M0 L i=1 (M)i

representing each propagation mode, are solved using numerical
or analytical integration methods [14,15].
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Fig. 5. Voltages at the receiving end of the transmission line: ULM (solid curves)
and proposed line model (dotted curves).

An initial load with an apparent power of 150 MVA and power
factor of 0.98 is connected to the receiving end of the line. After
25 ms  of simulation, the load impedance is abruptly varied. This
non-linear behavior results in voltage and current transients that
Fig. 4. Three-phase transmission line with a single circuit.

The same mode-phase relationships expressed in (20) and (21)
re used to obtain the phase values of Im,k(t) and Vm(t) for the three
hases at the receiving end of the line, based on the calculated
odal values of IMm,k(t) and VMm(t). The phase values are repre-

ented by the vectors [I] and [V] whereas [IM] and [VM] are vectors
ith modal currents and voltages, respectively, as described in (18)

nd (19).

. Validation of the proposed three-phase line model

The proposed multiconductor line model is validated based on
esults obtained from the well-established Universal Line Model
ULM). This reference model is developed in the frequency domain
ased on the two-port equations of the line. The time-domain sim-
lations are obtained from inverse transform. The ULM is a very
ccurate model for transient simulations without non-linear and
ime-variable elements in the system [13].

Initially, a conventional 440-kV line section with length of
00 km is modeled using the two line models: the proposed Berg-
ron model and the ULM. The geometrical characteristics of the
ine/tower are described in Fig. 4. Each phase consists of a bun-
le with four Grosbeak sub-conductors and the ground wires are
HWS-3/8“. A soil resistivity of 1000 �m was considered for calcu-
ation of the line impedances.

For the proposed line model, the fitted parameters are up to
 MHz, as described in details in the appendix. The systems of state
quations in (24), representing the proposed Bergeron model, are
olved using the well-established trapezoidal rule [12,14,15]. The
ransmission line has the sending end connected to a synchronous
enerator and the receiving end connected to a three-phase load of
0 MVA  with power factor of 0.98 inductive. From the initial simu-

ation time t = 0, a three-phase switch is closed at the sending end
f the line, connecting the synchronous generator to the line. The
oltages at the load terminal were simulated using the two  models,
s described in Fig. 5.

The solid and dotted curves in Fig. 5 are the results obtained
rom the ULM and the proposed line model, respectively. The vol-
ages at the receiving ends of the three phases are described for a
ime window of 20 ms.  The magnitude and shape of the voltages
btained from the two line models are similar in the transient and
teady states. Only a small phase shift is observed during the first

 ms  of simulation, probably because of eventual truncation and

liasing errors of the inverse transform in the ULM. The simulation
imes of the two computational procedures (proposed model and
LM) are no greater than 5 s.
Fig. 6. Transient voltages simulated at the receiving end of the transmission line
with a variable load profile: proposed line model (dotted curves) and J. Marti model
(solid curves).

6. Simulation of time-variable elements using the proposed
line model

The proposed line model is able to simulate several line configu-
rations considering non-linear and time-variable conditions. Based
on the same 440-kV transmission line approached in the last sec-
tion, two distinct time-variable situations are simulated: a variable
load profile and a three-phase fault.

In the first case, a synchronous generator is connected to the
sending end of the line at the initial time. In sequence, after the
transient state resulted from the line switching, an abrupt load
variation occurs at the receiving end of the line, resulting a new
transient state in the system. This first case is simulated using
the proposed line model and the time-domain model of J. Marti
(available in the EMTP) in order to validate transient simulations
including time-variable conditions. The voltage and current trans-
ients are described in Figs. 6 and 7, respectively.
Fig. 7. Transient currents simulated at the receiving end of the transmission line
with a variable load profile: proposed line model (dotted curves) and J. Marti model
(solid curves).



320 P.T. Caballero et al. / Electric Power Systems Research 127 (2015) 314–322

Fig. 8. Transient voltages simulated using the proposed model at the receiving end
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Fig. 9. Transient voltages simulated using the proposed model at the receiving end
of  the transmission line during the three-phase fault.
f  the transmission line during a switching followed by a three-phase fault.

re observed in Figs. 6 and 7, respectively. In fact, this non-linear
ehavior and similar results can be obtained from an abrupt vari-
tion in the load characteristics and also from the tap changing of
ower transform connected at the line terminals. Though power
ystems are characterized by a time-variable dynamic, the non-
inear elements that represent this dynamic behavior are not easily

odeled using frequency-domain models, as in the ULM. By con-
rast, the proposed line model is completely developed in the time
omain, enabling a flexible inclusion of time-variable elements
uring simulations. This characteristic can be proved comparing
he results obtained from the proposed line model (dotted curves)
nd results simulated using the well-established line model of J.
arti (solid curve). Curves obtained from the proposed and J. Marti
odels are practically overlapped, validating the proposed model

or simulations including non-linear and time-variable cases. The
elative errors of simulations carried out using the two models are
o greater than 0.001%, i.e., the results are practically similar. An

mportant additional observation in this first simulation is that the
urrent values in Fig. 7 have inverse signals when compared to the
ransient voltages in Fig. 6 because of a simple notation in the sig-
al conventions using the Bergeron model. It was assumed that the
urrent flowing from the receiving ends of the line to the load is
egative. However, this convention could be easily modified in the

ine modeling and simulations.
In the second case, a three-phase switching is simulated at the

ending end of the line followed by a three-phase fault. This type
f fault represents a very critical situation that in the most of the
ases the entire transmission system is deactivated by the primary
nd secondary protection of the line and substations. Initially, a
ynchronous generator is connected at the sending end of the trans-
ission line. After 25 ms  from the line switching, a three-phase

ault occurrence is simulated at the receiving end of line. Fig. 8
hows the voltage profile at the load terminal of the line for the
hree phases:

The voltage transients and residual voltages on the three-phase
oad during the fault occurrence in Fig. 8 are observed in details in
ig. 9, extending a time window from 25 ms  up to 50 ms.

The voltage transients, resulted from successive wave reflec-
ions between the line terminals, are observed from 25 ms  up to
0 ms.  Residual voltage peaks of no more than 6 kV are observed
fter 30 ms  of simulation, as shown in Fig. 9.

The current transients at the load terminal are described in
ig. 10.

In the time interval from 25 ms  to 28 ms,  a sequence of cur-
ent wave reflections are observed at the receiving end of the line.
rom 30 ms  of simulation, the currents at the load terminal pre-

ented peaks of 1.5 kA up to 2 kA. As additional information, the
xecution times, during simulations using the two models, are less
han 5 s.
Fig. 10. Transient currents simulated using the proposed model at the receiving end
of  the transmission line during a switching followed by a three-phase fault.

7. Conclusions

A frequency-dependent line model based on the method of
characteristics was proposed for a multiconductor transmission
line. The proposed line model was developed from the Bergeron
equivalent circuit and using fitting techniques for inclusion of the
frequency effect directly in the time domain. An accurate modal
decoupling technique was applied for the multiphase modeling,
resulting in ideal line decoupling in exact propagation modes, i.e.,
without remaining mutual terms in the matrices [ZM] and [YM].

The proposed line model was validated by comparison
with results obtained from the well-established Universal Line
Model—ULM. In sequence, the proposed model was tested for
several time-variable conditions as: switching, variable load and
a three-phase fault. The electromagnetic transients simulated
including these time-variable elements show to be accurate and in
accordance with the expected results for the modeled transmission
line.

The accuracy of the proposed model depends on two distinct
steps in the line modeling. The first step is the line decoupling
into the propagation modes. The proposed decoupling tech-
nique has presented a great performance in TLM, as described
in previous references. An untransposed three-phase line can be
decoupled into three exact propagation modes using the exact
frequency-dependent transformation matrix whereas the time-
domain modeling/simulation process is carried out based on the
approach using the Clarke’s matrix. This line modeling technique
results in three exact propagation modes and no inaccuracies in
the time-domain simulations. The second step is the impedance
fitting of the propagation modes, which were fitted up to 1 MHz
using seven pairs of residues and poles of Zfit(ω), as described in
the appendix. The accuracy of the simulations is directly dependent

on the fitting technique applied in the line modeling. The fitting
algorithm applied in the proposed line model is well established
in the technical literature on TLM and proved to be very robust
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Fig. 11. Modulus (a) and angle (b) of the impedances Z(ω) and Zfit(ω) of the propagation mode ˛.

Fig. 12. Modulus (a) and angle (b) of the impedances Z(ω) and Zfit(ω) of the propagation mode ˇ.

dances Z(ω) and Zfit(ω) of the propagation mode 0.
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Table 1
Resistance values for the modal impedance fitting.

Mode � (�) Mode � (�) Mode 0 (�)

R0 2.0831 2.0831 2.0861
R1 71.2035 71.3166 86510.9063
R2 19.4688 19.4799 2263.9523
R3 7.3683 7.3706 69.9995
R4 3.2667 3.2672 2.3584
R5 2.1433 2.1434 0.0978
R6 1.043 × 10−12 1.044 × 10−12 343.6960 × 10−9

Table 2
Inductance values for the modal impedance fitting.

Mode � (mH) Mode � (mH) Mode 0 (mH)

L0 761.6470 × 10−3 933.5407 × 10−3 5412.0362 × 10−3

L1 408.3023 × 10−6 408.3302 × 10−6 1089.2526 × 10−3

L2 820.2195 × 10−6 820.1767 × 10−6 1052. 8664 × 10−3

L3 1522.1062 × 10−6 1522.1401 × 10−6 1024.7524 × 10−3

L4 2633.7367 × 10−6 2633.9204 × 10−6 975.7775 × 10−3
Fig. 13. Modulus (a) and angle (b) of the impe

f an adequate number of residues and poles are considered to
ynthesize the fitted impedance Zfit(ω).
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ppendix A. Appendix

The impedances Z(ω) and Zfit(ω) were calculated and fitted,
espectively, for the propagation modes ˛,  ̌ and 0 for a frequency
ange up to 1 MHz  and considering seven pairs of residues and
oles. The modeling and simulation process were carried out using
he commercial software MatlabTM. The modulus and angles of
(ω) and Zfit(ω) for the three independent modes are described in
igs. 11–13.

Figs. 11–13 showed that Z(ω) and Zfit(ω) are practically over-
apped for the three propagation modes. Only a few oscillations

ere observed in the angle of Zfit(ω) of the propagation mode 0 for
requencies higher than 100 Hz (Fig. 13b). These oscillations could
e easily eliminated increasing the number of poles and zeros in
fit(ω), however, these inaccuracies do not represent significant

rrors in the time-domain simulations.

The resistances and inductances of the equivalent circuit in
ig. 2, obtained from the vector fitting algorithm, are described in
ables 1 and 2, respectively.
L5 6944.4064 × 10−6 6944.4932 × 10−6 909.8750 × 10−3

L6 324.097 × 10−9 324.232 × 10−9 339.1479 × 10−3
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