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Abstract: This study presents a mixed-integer second-order conic programming (MISOCP) model for the robust
reconfiguration of electrical distribution systems, considering the minimisation of active power losses and
reliability constraints. The uncertainty at the reliability data is considered by using a linear and adjustable robust
approach. The indices used to evaluate the reliability of the system are the system average interruption frequency
index (SAIFI) and the system average interruption duration index (SAIDI), both of which are calculated as functions
of the switch status (open or closed). Under radiality constraints, the solution generated by the proposed model is
robust in terms of the reliability, i.e. the SADI and SAIFI limits imposed by regulators are not violated even if the
uncertain data changes stochastically. The use of an MISOCP model guarantees convergence to optimality by
using existing convex optimisation solvers. To evaluate the robustness of each solution generated by the proposed
model, a set of Monte Carlo simulations were deployed. Finally, all tests were executed in a 136-node real
distribution system.
Nomenclature

Sets
Ωb
 set of nodes

Ωl
 set of branches

Ωsw
 set of switches

Ωz
 set of load zones

VS

z
 set of source zones
Parameters
clss
 cost of active power losses [$/kW]

f Dz,k
 artificial flow demanded at z∈Ωz for each k∈Ωb. Where

f Dz,k = 1 if ẑk = z, otherwise f Dz,k = 0

I ij
 maximum current at branch ij∈Ωl [A]
I
sw
ij
 maximum current at switch ij∈Ωsw [A]

lfusedij
 Boolean parameter that indicates whether branch ij∈Ωl

is fuse protected (lfusedij =1) or not (lfusedij =0)

Ni
 number of clients connected at node i∈Ωb
PD
i
 active power demanded at node i∈Ωb [kW]
QD
i
 reactive power demanded at node i∈Ωb [kVAr]
rsw
 automatic restoration time due to the coordinated
operation between switching devices and the main
breaker [h]
rij
 restoration time of branch ij ∈Ωl [h]

rz
 average restoration time of zone z∈Ωz [h]

Rij
 resistance of branch ij∈Ωl [mΩ]

SAIDI
 maximum SAIDI allowed [h/cust/year]

SAIFI
 maximum SAIFI allowed [fault/cust/year]

V
 maximum voltage magnitude [kV]

V
 minimum voltage magnitude [kV]

Xij
 reactance of branch ij ∈Ωl [mΩ]
ẑi
 zone of node i∈Ωb
ẑij
 zone of branch ij ∈Ωl ����������√

Zij
 impedance of branch ij∈Ωl, where Zij = R2

ij + X 2
ij

[mΩ]

Γ
 parameter used to adjust the robustness of the proposed

model

lij
 average failure rate of branch ij ∈Ωl [int/year]

lfusedk
 average failure rate in the case of lateral fuse protection

for each node k∈Ωb [int/year]

lz
 average failure rate of zone z∈Ωz [int/year]

σz
 standard deviation of the failure rate at zone z∈Ωz

[int/year]
Continuous variables
fij,k
 artificial flow through switch ij∈Ωsw, calculated for
each node k∈Ωb
f +ij,k , f
−
ij,k
 variables used by the linear equivalent of |fij,k|
f Sz,k
 artificial flow generated at z [ VS
z , calculated for each

node k∈Ωb
Iij
 current magnitude through branch ij ∈Ωl [A]

I sqrij
 square of Iij [A

2]

I swij
 current magnitude through switch ij∈Ωsw [A]

I sw,sqrij
 square of I swij [A2]
p l( ),v
z,k
 dual variable of the SAIFI constraint (48), related to the

binary decision variable ωz,k, used in the robust
formulation
p U( ),zact
z,k
 dual variable of the SAIDI constraint (49), related to the

binary decision variable zactz,k, used in the robust
formulation
p U( ),v
z,k
 dual variable of the SAIDI constraint (49), related to the

binary decision variable ωz,k, used in the robust
formulation
PS
i
 active power generated at node i∈Ωb [kW]
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Pij
918
active power flow through branch ij∈Ωl [kW]

Psw
ij
 active power flow through switch ij∈Ωsw [kW]
QS
i
 reactive power generated at node i∈Ωb [kVAr]
Qij
 reactive power flow through branch ij ∈Ωl [kVAr]

Qsw

ij
 reactive power flow through branch ij ∈Ωsw [kVAr]

SAIDI
 average SAIDI of the system [h/cust/year]

SAIFI
 average SAIFI of the system [fault/cust/year]

Uk
 average annual duration of interruptions at k∈Ωb [h/year]

Vi
 voltage magnitude at node i∈Ωb [kV]

V sqr
i
 square of Vi [kV

2]

z(l )
 dual variable of the SAIFI constraint (48), used in the

robust formulation

z(U )
 dual variable of the SAIDI constraint (49), used in the

robust formulation

Λk
 average annual failure rate at k∈Ωb [int/year]
Binary variables
yij
 switch ij ∈Ωsw status, where yij = 1 if switch ij is closed or
yij = 0 otherwise
zactz,k
 binary reliability variable that identifies if zone z∈Ωz is
part of the upstream path between each node k∈Ωb and its
corresponding source, where zactz,k = 1 if zone z is part of
the upstream path; otherwise zactz,k = 0
ωz,k
 binary reliability variable that identifies if zone z∈Ωz is at
the same feeder as the node k∈Ωb, where ωz,k = 1 if the
zone z belongs to the same feeder of k; otherwise ωz,k = 0
1 Introduction

Electrical distribution systems (EDSs) are designed to operate
economically and reliably. In this context, switching devices
allocated in the feeders can be supervised and controlled in order
to reduce the operational costs of the EDS and to guarantee a
reliable operation. Moreover, switch operations can be used to
reduce the average active power losses, to balance the load flow
through feeders, or to improve the voltage profile, by modifying
the topology that the system will have along a wide operational
horizon, e.g. a season or a year. However, the main reasons why
distribution utilities invest in switching and protection devices are
to prevent permanent service interruptions and to effectively
reduce the number of customers affected by faults.

Reliability measures the capacity of the network to maintain
continuous operation over a defined period of time. As such, the
ideal investment and operation of switching devices should
optimally improve the reliability indices. Two of the most common
indices used by utilities around the world are the system average
interruption frequency index (SAIFI) and the system average
interruption duration index (SAIDI) [1, 2]. There are other
reliability indices, such as the average energy not supplied (AENS)
and the average service availability index (ASAI). However, SAIDI
and SAIFI are customer-oriented indices used by many distribution
regulators to measure the continuity of the electrical service and to
establish reliability limits and penalties, in case of low-quality service.

Reliability indices are calculated as functions of the failure rates and
the restoration times of the system components. The frequency and
duration of the interruptions experienced by users can be directly
related to the system’s topology [3]. Eventually, reconfiguration can
be used as a new strategy to maintain reliability indices below the
continuity limits imposed by regulators. Thus, in addition to the
classical aim of reconfiguring the EDS to minimise operational
costs, it is possible to reconfigure the network in order to guarantee
a reliable operation.
1.1 Literature review

The optimal reconfiguration problem in EDS has been extensively
studied since the pioneer work of Merlin and Back [4] in 1975. A
comprehensive survey on EDS reconfiguration techniques
considering loss minimisation, load balancing, voltage profile
improvement and service restoration can be found in [5]. However,
in the last few years, the optimal reconfiguration of EDS
considering reliability constraints and data uncertainty has
emerged as a new EDS operating problem.

Most optimisation techniques found in the literature are based
on multi-objective metaheuristic algorithms, due to the non-linear
and combinatorial nature of the problem and the conflict
between the objective functions. Hsiao [6] proposed a
multi-objective evolution algorithm enhanced with a fuzzy
technique in order to establish the system’s configuration that
minimises the active power losses, while improving the voltage
profile, the service reliability and the number of switch
operations. The reliability in [6] was determined as the capacity
of the system to support unexpected loads, without considering
the failure and restoration rates. Mendoza et al. [7] used a
micro-genetic multi-objective algorithm for solving the problem,
considering power losses minimisation and various reliability
indices, such as SAIDI, SAIFI, AENS and the customer average
interruption duration index. Bernardon et al. [8] proposed an
heuristic methodology enhanced with a multi-criteria fuzzy
algorithm for minimising the SAIFI and the total active power
losses of the system, including the distribution and
subtransimission losses. Amanulla et al. [9] applied a binary
particle-swarm optimisation to solve the problem and used a
minimal cut set algorithm to determine each node’s availability
index. Vitorino et al. [10] proposed an improved genetic
algorithm and calculated the AENS of each configuration using
non-sequential Monte Carlo simulations, based on the probability
distribution of the random variables. Kavousi-Fard and
Akbari-Zadeh [11] used a shuffle frog leaping algorithm
enhanced with a multi-criteria fuzzy technique. The authors in
[12] proposed a bat algorithm considering DG and a
probabilistic load flow and, the same authors in [13] proposed a
clonal selection algorithm with a probabilistic load flow and a
sensitivity analysis. The failure rates in [11–13] are dependent
on the current magnitudes in each line, thus, the reliability
indices SAIDI, SAIFI and AENS are modified by the system’s
operating point.

The methodology in [14] uses a binary gravital search algorithm
and calculates the energy not supplied cost, using a Weibull
probability distribution to represent the random behaviour of the
failure rates. Alonso et al. [15] presented an artificial immune
system algorithm. The reliability in [15] is calculated with a
specialised index called: power interruption equivalent frequency
index, that uses a binary matrix to represent the out-of-service
nodes in case of a given fault. Gupta et al. [16] proposed a genetic
algorithm with weighing factors in the objective function to
determine the dominance between the active power losses and the
reliability indices. Narimani et al. [17] proposed an enhanced
gravitational search algorithm in order to minimise the active
power losses, the operational costs and to improve the system’s
AENS. The methodology used to calculate each node’s reliability
in [17] is based on the difference between the duration of the
interruptions in the nodes upstream the fault and the rest of the
nodes, as established by the analytical reliability assessment in
[18]. Duan et al. [19] applied an enhanced genetic algorithm and
reliability indices SAIDI, SAIFI, ASAI and AENS were used. The
authors in [19] considered three ways that faults affect each node’s
reliability: first, if the fault is in another feeder; second, if the fault
is in the upstream path of the node; and third, if the fault is not in
the upstream path of the node.

None of the aforementioned heuristic and metaheuristic algorithms
guarantee optimality of the final solution. Moreover, metaheuristic
techniques are neither flexible nor easy to reproduce and modify,
since most of them are based on random parameters that require
trial-and-error settings, depending on the characteristics of each
problem. On the other hand, mathematical models are flexible, easy
to represent using mathematical programming languages, and
convergence to optimality is guaranteed if the mathematical model
is convex.
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Fig. 1 Poisson distribution function for lz = 0.25, 0.5, 0.75 and 1.0 int/year
1.2 Contributions

This paper presents a convex mixed-integer second-order conic
programming (MISOCP) model for the robust reconfiguration of
EDS with reliability constraints, considering uncertainty of the
reliability parameters. The proposed model is used to find a system
topology, i.e. the status of the switches allocated along the feeders,
in order to minimise the active power losses, while avoiding the
violation of the reliability indices (SAIDI and SAIFI) limits. Besides
the electrical parameters, the proposed model uses the failure and
restoration rates of the EDS circuits in order to analytically compute
the reliability of the system. The use of the MISOCP model
guarantees optimality by using classical optimisation tools.

To consider uncertainty in the reliability assessment, the model is
transformed into a robust MISOCP problem. Robust models
guarantee that solutions remain reliable, even if some or all, random
parameters exceed the standard deviation around the mean value in
accordance with the desired level of robustness. The robust
approach used in this paper is based on the linear and adjustable
approach presented by Bertsimas and Sim in [20]. To evaluate the
level of robustness of each solution, a set of Monte Carlo
simulations were conducted. The proposed model was implemented
using the mathematical programming language AMPL [21], and
solutions were found via the commercial optimisation solver
CPLEX [22].

The main contributions of this paper are as follows:

(i) An MISOCP model for solving the reconfiguration problem of
EDS with reliability indices constraints, which has the following
benefits: (a) a flexible, realistic and precise model; (b) efficient
computational behaviour with conventional MISOCP solvers; and
(c) a convergence to optimality guaranteed by using classical
optimisation techniques;
(ii) A robust programming approach that considers uncertainty of
the failure rate parameters, used to evaluate the reliability indices
of the EDS.

2 Problem overview

In this section, the general formulation of the problem will be
introduced. This section also provides the characteristics of the
uncertain reliability parameters used throughout this paper, i.e. the
probability distribution function used to represent the uncertainty
of the annual failure rates for each component.

2.1 Formulation

The robust reconfiguration of the EDS considering reliability
constraints is an operational planning problem that defines the status
of the switches allocated throughout the system, in order to
minimise the average active power losses, and to probabilistically
avoid the violation of the reliability limits imposed by regulators.
Meanwhile, all technical and operational constraints, such as
voltage and current magnitude limits, substation capacities and
radial operation, need to be maintained. Radiality is an operational
constraint that utilities impose for technical reasons, such as
simplifying protection coordination and voltage regulation, and
reducing short-circuit currents.

Considering the previous comments, the objective function and
the constraints of the problem are defined as follows

min
yij[Vsw

clss
∑
ij[Vl

RijI
sqr
ij (1)

subject to:

Reconfiguration of the EDS: (7)−(19) (2)

Reliability assessment: (22), (23) and (27)−(38) (3)

Robust reliability constraints: (50)−(56) (4)
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The objective function in (1) minimises the active power losses
multiplied by the cost of the active power losses (clss). The set of
equations in (2) determines the switch status and the AC steady-state
operating point of the EDS, while guaranteeing a radial and
electrically constrained operation. The assumptions and equations
used to reconfigure the EDS are detailed in Section 3. The set of
equations in (3) determines the SAIDI and SAIFI indices based on
the switch statuses and reliability data. The hypotheses and equations
used to analytically evaluate the reliability indices are shown in
Section 4. Finally, the robust constraints in (4) consider the
uncertainty of the reliability data and provide a reliable topology,
even if the failure rates of the circuits change stochastically. The
formulation of the robust constraints is detailed in Section 5.

Note that the mathematical model presented in (1)–(4) is a mixed
integer non-linear programming problem (MINLP), since the
variables used to represent the switch statuses (yij) are binary and
the equations used to provide the AC steady-state operating point
of the EDS in (2) are non-linear expressions. Thus, in order to
solve the problem using a convex optimisation solver, such as
CPLEX, the current MINLP model will be transformed into an
MISOCP model, as explained in Section 3.1.

2.2 Uncertainty characterisation

In this paper, the failure rates of the system components are
considered uncertain parameters. As shown in [3], the annual
failure rates can be stochastically modelled using a Poisson
probability distribution function. Then, the probability of k failures
in a zone z is given by (5), and the standard deviation (σz) for
every stochastic parameter lz is given by (6)

Pz(k) =
lkz e

−lz

k!
∀z [ Vz (5)

sz =
���
lz

√ ∀z [ Vz (6)

In order to model the problem as a robust programming problem we
need to define an interval of protection for every stochastic parameter
lz. The selected interval should embrace an acceptable area of the
Poisson distribution function. Since lz cannot be negative, the
chosen interval of protection for every stochastic parameter lz is
defined as [max{0, lz− σz}, lz + σz].

Fig. 1 shows the proposed interval of protection for lz = 0.25, 0.5,
0.75 and 1.0 failures/year, which are typical failure rates in practical
EDS operation.
3 Reconfiguration of the EDSs

This section provides the mathematical foundation used for calculating
the EDS steady-state operating point, considering the operation of
switching devices. As shown in Fig. 2, the mathematical expressions
are based on the circuit equations commonly used by the backward/
forward sweep AC load flow algorithms [23, 24] and developed
according to the following hypotheses:
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Fig. 2 EDS steady-state analysis with switching devices
(i) Electrical loads in the EDS are represented as constant active
(PD

i ) and reactive (QD
i ) power loads at every node i∈Ωb.

(ii) The system is assumed to be balanced and represented by its
single-phase equivalent circuit. Thus, each circuit ij∈Ωl has a
resistance Rij, a reactance Xij and a current capacity I ij associated
to it.
(iii) All switches ij ∈Ωsw are considered short-length circuits with
negligible impedance and limited current capacity.

The steady-state operation of EDS considering switching devices
is defined by the calculation of the active (PS

i ) and reactive (QS
i )

power generated at each source node, the voltage magnitudes at
each node, the active (Pij, P

sw
ij ) and reactive (Qij, Q

sw
ij ) power flows

through each circuit and switch, and the status (yij) of each switch
installed in the system, in terms of the branch and node
parameters. Active and reactive power losses at each circuit ij,
given by the expression RijI

2
ij + jXijI

2
ij , are associated to the node i

in order to guarantee power balance throughout the system.
Since the current and voltage magnitudes are always presented as

squared variables, hence, the following change in variables is
convenient without loss of generality: V sqr

i = V 2
i , ∀i [ Vb;

I sqrij = I2ij , ∀ij [ Vl; and I sqr,swij = I swij

( )2
, ∀ij [ Vsw. Where V sqr

i ,

I sqrij and I sqr,swij are continuous non-negative variables.
The sets of equations in (7) and (8) determine the voltage and the

current magnitudes in the circuits as functions of the active and
reactive power flows, and the system parameters

V sqr
i − V sqr

j = 2 RijPij + XijQij

( )
+ Z2

ij I
sqr
ij ∀ij [ Vl (7)

V sqr
j I sqrij = P2

ij + Q2
ij ∀ij [ Vl (8)

Similarly, constraints (9) and (10) calculate the voltage and current
magnitudes of the switch’s nodes. Note that, since the impedances
of the switches are neglected, if the switch ij is closed (yij = 1),
then both nodal voltage magnitudes will be equal; otherwise, if
switch ij is open (yij = 0), then the difference between both nodal
voltages can vary freely within their operational limits

V sqr
i − V sqr

j

∣∣∣ ∣∣∣ ≤ V
2 − V 2

( )
1− yij

( )
∀ij [ Vsw (9)

V sqr
j I sw,sqrij = Psw

ij

( )2
+ Qsw

ij

( )2
∀ij [ Vsw (10)

To guarantee connectivity along the feeders, (11) and (12) are used
to represent the active and reactive power flow balances in the nodes,
considering the power losses and the power flows of the closed
switches

∑
ji[Vl

P ji −
∑
ij[Vl

Pij + RijI
sqr
ij

( )
+

∑
ji[Vsw

Psw
ji −

∑
ij[Vsw

Psw
ij

+ PS
i = PD

i ∀i [ Vb (11)
920
∑
ji[Vl

Q ji −
∑
ij[Vl

Qij + XijI
sqr
ij

( )
+

∑
ji[Vsw

Qsw
ji

−
∑

ij[Vsw

Qsw
ij + QS

i = QD
i ∀i [ Vb (12)

Constraints (13) and (14) represent the current and voltage
magnitudes limits at every branch and node in the system

0 ≤ I sqrij ≤ I
2
ij ∀ij [ Vl (13)

V 2 ≤ V sqr
i ≤ V

2 ∀i [ Vb (14)

Constraints (15), (16) and (17) define the operational limits for the
active and reactive power and current magnitudes of the switches
if they are closed (yij = 1); if switch ij is open, however, these
three magnitudes are zero

Psw
ij

∣∣∣ ∣∣∣ ≤ VI
sw
ij

( )
yij ∀ij [ Vsw (15)

Qsw
ij

∣∣∣ ∣∣∣ ≤ VI
sw
ij

( )
yij ∀ij [ Vsw (16)

0 ≤ I sw,sqrij ≤ I
sw
ij

( )2
yij ∀ij [ Vsw (17)

Constraint (18) is the analytical expression that, together with (11)
and (12), guarantees the radial topology of the final solution, as
demonstrated by Lavorato et al. [25]. The operator of cardinality
|Ω | in (18) determines the number of elements of the set Ω

Vl

∣∣ ∣∣+ ∑
ij[Vsw

yij = Vb

∣∣ ∣∣− VS
b

∣∣ ∣∣ (18)

As discussed in [26], in order to avoid loop generation due to the
presence of transfer nodes in the EDS, i.e. interconnection nodes
with no demand, a small load of 0.001 kW is assumed in each
transfer node so that all nodes are truly connected by (11). If, for
any reason, a small load cannot be used, then an alternative
mathematical approach for generating radial topologies considering
interconnection nodes can be found in [27]. Finally, the binary
nature of the decision variable yij is established by the following
equation

yij [ 0, 1{ } ∀ij [ Vsw (19)
3.1 MISOCP model transformation for the optimal
reconfiguration of EDS

Together, the objective function in (1) and the mathematical
expression in (7)–(19) produce an MINLP problem for the optimal
reconfiguration of EDS [25, 28]. However, MINLP models are not
convex and modern optimisation tools cannot guarantee the
optimal solution for this kind of formulation.

To achieve convexity and optimality, the equality constraints in
(8) and (10) are transformed into the second-order conic
IET Gener. Transm. Distrib., 2016, Vol. 10, Iss. 4, pp. 917–927
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constraints shown in the following equations

V sqr
j I sqrij ≥ P2

ij + Q2
ij ∀ij [ Vl (20)

V sqr
j I sw,sqrij ≥ Psw

ij

( )2
+ Qsw

ij

( )2
∀ij [ Vsw (21)

The new MISOCP model, defined by (1), (7), (9) and (11)–(21), is a
convex programming problem and, thus, can be optimally solved via
branch and bound techniques implemented by classical optimisation
tools.

If the new MISOCP model has a feasible solution, and the dual
variables related to constraints (20) and (21) are greater than zero,
then the solution provided by the MISOCP model is the optimal
solution of the original MINLP model, as demonstrated by Franco
et al. [29] for the EDS expansion planning problem.
4 Reliability assessment

This section presents the formulation used to calculate the reliability
indices, SAIDI and SAIFI, and the hypotheses made for computing
the reliability in terms of the system’s topology.

To relate the reliability assessment to the binary decision variable
yij, is necessary to add a new set of constraints to the reconfiguration
model presented in the previous section. The procedure used to
define the reliability indices of EDS in this paper is based on the
fundamental analysis for radial networks considering switching
devices and fuses, described by Billinton and Allan [3]. The
reliability of EDS is defined by the following indices

SAIFI =
∑

k[Vb
LkNk∑

k[Vb
Nk

(22)

SAIDI =
∑

k[Vb
UkNk∑

k[Vb
Nk

(23)

The SAIFI in (22) indicates how often average users suffer from a
sustained interruption in a year, and is based on the annual failure
rate (Λk) of every node k∈Ωb. SAIDI in (23) indicates the
average duration of the interruptions experienced by users in a
year, and is based on the annual duration of the interruptions (Uk)
of every node k∈Ωb. Normally Λk and Uk are determined by the
statistical or predictive value of the annual failure rate and
restoration time of the EDS components. However, protection
devices, such as fuses, reclosers and sectionalisers installed along
feeders, complicate the reliability assessment. Thus, this section
presents a set of constraints to analytically calculate the SAIFI and
SAIDI according to the system’s topology, considering the
operation of switching devices and fuses in EDS.
4.1 Pre-processing procedure

Before formulating the reliability constraints, the following
pre-processing steps need to be carried out:

Step 1: Define the set of zones (Ωz): Each zone is a section of the
EDS, in which the nodes are radially connected and delimited by
switching devices. In effect, all of the users that belong to the
same zone would experience the same frequency and duration of
interruptions in a year. Thus, nodes are aggregated into zones in
order to simplify the reliability assessment.
Step 2: Calculate parameters lz and rz for all of the zones:
Expressions (24) and (25) calculate the average failure rate (lz)
and average restoration time (rz), respectively, for each zone z
IET Gener. Transm. Distrib., 2016, Vol. 10, Iss. 4, pp. 917–927
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defined in Step 1.

lz =
∑
ij[Vẑl

ij is not fuse
protected

lij ∀z [ Vz (24)

rz =
1

Vẑl

∣∣∣ ∣∣∣
∑
ij[Vẑl

rij ∀z [ Vz (25)

Set function Vẑl
= ij [ Vl|ẑij = z

{ }
contains all of the branches

that belong to the specific zone z.

lfusedk =
∑

ij[Vl

lij If lfusedij =1, and k, i and j belong to the samepath

0 Otherwise

{

∀k[Vb

(26)

Parameter lfusedk makes it possible to distinguish fuse-protected
nodes in lateral circuits from those that belong to the main feeder
in each zone. The conditional summation in (26) considers the
downstream embracing effect of fuses, which protects circuits
from sustained faults downstream of the point where the fuse is
installed.
4.2 Hypotheses

The following hypotheses form the basis of the proposed reliability
assessment:

(i) Faults are considered sustained short circuits, therefore, every
fault in a non-fuse-protected circuit of the EDS will trigger a main
breaker operation.
(ii) Permanent faults in lateral fuse-protected circuits are isolated
due to the fuse blow [see (26)].
(iii) Fuses located in the main feeder of each zone are disregarded
from this analysis.
(iv) Faults in one feeder do not affect the other feeders.
(v) Switching devices, coordinated with the main breaker
operation, produce the quick isolation of the zones that do not
belong to the upstream path of a node whose reliability is being
evaluated. In other words, if a fault occurs in a zone that does not
belong to the upstream path of the node whose reliability is being
evaluated, the restoration scheme will restore the interruption in at
least rsw time.

As an example, consider the 16-node radial system shown in
Figs. 3a and b. If the node whose reliability is being evaluated is
node 10, then the upstream path in Fig. 3a is formed by zones 4
and 1 (shaded areas), and all interruptions due to faults in the rest
of the zones, i.e. zones 2, 3 and 5, are quickly restored using the
coordinated operation of the switches. Otherwise, if the fault is
located in any of the upstream zones, then it would take a nominal
restoration time to repair the interruption. Thus, the frequency and
duration of the interruptions of node 10 shown in Fig. 3a are

L10 a( ) = lF1 + lZ1 + lZ3 + lZ4

U10 a( ) = lF1rF1 + lZ1rZ1 + lZ4rZ4 + lZ3rsw

Note that, as shown in Fig. 3b, if the topology of the system changes,
then the upstream path of node 10 also changes, and the reliability
experienced by the users connected to node 10 is different from
the one shown in Fig. 3a. The frequency and duration of the
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Fig. 3 Hypotheses 5. Influence of the system’s topology in the reliability assessment

a Upstream path of the node 10 is formed by zones 1 and 4
b Upstream path of the node 10 is formed by zones 2, 4 and 5
interruptions of node 10 shown in Fig. 3b are

L10 b( ) = lF2 + lZ2 + lZ4 + lZ5

U10 b( ) = lF2rF2 + lZ2rZ2 + lZ4rZ4 + lZ5rZ5
4.3 Reliability constraints

The set of constraints (27)–(38) is a mathematical adaptation of the
procedure proposed in [3] to analytically estimate the reliability of
radial networks, considering switching devices, fuse operation and
the hypotheses established in the prior subsection

∑
ji[Vsw
ẑi=z

f ji,k −
∑

ij[Vsw
ẑi=z

fij,k + f Sz,k = f Dz,k ∀k [ Vb, ∀z [ Vz (27)

fij,k

∣∣∣ ∣∣∣ ≤ yij ∀ij [ Vsw, ∀k [ Vb (28)

zact ẑj ,k ≥ fij,k

∣∣∣ ∣∣∣ ∀ij [ Vsw, ∀k [ Vb (29)

zact ẑi ,k ≥ fij,k

∣∣∣ ∣∣∣ ∀ij [ Vsw, ∀k [ Vb (30)

vẑj ,k
≥ vẑi ,k

+ yij − 1 ∀ij [ Vsw, ∀k [ Vb (31)

vẑi ,k
≥ vẑj ,k

+ yij − 1 ∀ij [ Vsw, ∀k [ Vb (32)

zactz,k ≤ vz,k ∀k [ Vb, ∀z [ Vz (33)

vz,k ≤ f Sz,k ∀k [ Vb, ∀z [ VS
z (34)

zactz,k ≤
∑

ij[Vsw
ẑi=z

fij,k

∣∣∣ ∣∣∣+ ∑
ji[Vsw
ẑi=z

f ji,k

∣∣∣ ∣∣∣ ∀k [ Vb, ∀z [ Vz (35)

Lk =
∑
z[Vz

vz,klz + lfusedk ∀k [ Vb (36)

Uk =
∑
z[Vz

zactz,klzrz + vz,k − zactz,k

( )
lzrsw

[ ]
+ lfusedk rẑk

∀k [ Vb (37)

zactz,k , vz,k [ 0, 1{ } ∀k [ Vb, ∀z [ Vz (38)

Since the reliability indices, SAIFI and SAIDI, depend on the
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system’s topology, (27)–(38) define the annual failure rate of every
node (Λk), and the annual duration of the interruptions of every
node (Uk), according to the value of the binary decision variable yij.

Constraint (27) represents an artificial flow balance throughout the
zones and the switches of the system. The continuous variable fij,k is
an artificial flow that identifies the upstream path between each node
k and its corresponding source, where ij∈Ωsw. The identification of
the upstream path is necessary in order to evaluate the average
annual outage time (Uk) for each node, as established by the fifth
hypotheses in Section 4.2. Since parameter f Dz,k is equal to 1 if
ẑk = z, 0 otherwise; constraint (27) is the analytical formulation
that finds the shortest path through a radial graph between each
node k and its corresponding source [30].

To maintain linearity, the artificial flow is represented by the linear
set (39)–(41). The absolute value of fij,k is replaced by its linear

equivalent, fij,k

∣∣∣ ∣∣∣ = f +ij,k + f −ij,k , in all equations

fij,k = f +ij,k − f −ij,k ∀ij [ Vsw∀k [ Vb (39)

f +ij,k ≥ 0 ∀ij [ Vsw∀k [ Vb (40)

f −ij,k ≥ 0 ∀ij [ Vsw∀k [ Vb (41)

Constraint (28) links the artificial flow fij,k with the binary decision
variables yij. If switch ij is open (yij = 0), then (28) forbids flow
through it; otherwise, constraints (27) decides if switch ij is part of
the upstream path of the node k.

The binary reliability variables zactz,k and ωz,k are defined by (29),
(30) and (31), (32), respectively. zactz,k determines the zones that are
part of the upstream path between each node k and its corresponding
source. If the artificial flow through the switch ij is positive, then (29)
and (30) establish that both zones, ẑi and ẑj, are part of the upstream
path of the node k. On the other hand, ωz,k determines if the zone z
and the node k belong to the same feeder, i.e. if both are supplied by
the same source. If the switch ij is closed, and whether ẑi or ẑj is
supplied by the same source than k, then (31) and (32) establish
that both zones belong to the same feeder of k.

Constraints (33)–(35) establish the following set of trivial
relationships between the binary decision variables zactz,k and ωz,k

and the artificial flow fij,k:

(i) Constraint (33) defines that if the zone z does not belong to the
same feeder of a node k, eventually the zone cannot be part of the
upstream path, thus if ωz,k = 0, then zactz,k = 0.
(ii) Constraint (34) establishes that if no artificial flow is generated
at substation zone z [ VS

z for a given node k, it means that k does not
belong to the feeder supplied by z, thus if f Sz,k = 0, then ωz,k = 0.
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(iii) Constraint (35) determines that zactz,k = 0, if all artificial flows
associated to the zone z are zero, for a given node k.

Constraints (33)–(35) avoid inconsistencies between the binary
variables and enhance the accuracy of the final solution produced
by the solver.

Equation (36) defines the average annual failure rate (Λk) at every
node, while (37) defines the average annual duration of interruptions
(Uk) at every node. Both variables are functions of the average failure
rates (lz, lfusedk), the restoration times (rz, rsw) and the binary
reliability variables zactz,k and ωz,k. The reliability indices are
assessed by (22) and (23), where Nk is the number of customers
connected to the node k.

Finally, constraints (42) and (43) can be appended to the
mathematical model in order to guarantee that the average SAIDI
and SAIFI do not violate the limits imposed by regulators

SAIFI ≤ SAIFI (42)

SAIDI ≤ SAIDI (43)

The set of constraints in (27)–(43) is a mixed-integer linear equation
system that can be added to the reconfiguration MISOCP problem in
(1), (7), (9) and (11)–(23) in order to determine and limit the
reliability of the final solution. The new reconfiguration problem
with reliability constraints is a convex programming problem that
can be solved with commercial solvers, such as CPLEX. The
solution produced by the proposed reconfiguration model obtains
the EDS’s topology that minimises active power losses and
guarantees that the average reliability indices, SAIFI and SAIDI,
remain below their limits.
5 Robust reliability constraints

A major disadvantage of the proposed reliability constraints in (27)–
(43) is the fact that reliability parameters, such as annual failure rates,
are stochastic, uncontrollable and highly uncertain parameters. Thus,
in practice, the use of average values of lz can lead to unrealistic and
unreliable solutions. Accordingly, this section considers the
uncertainty characterisation of the reliability parameters lz shown
in Section 2.2 in order to transform the deterministic reliability
constraints (42) and (43) into robust reliability constraints.
5.1 Linear robust optimisation

Robust optimisation allows models to remain feasible even if some
or all, random parameters change during the application of the
solution produced by the robust model. A linear and adjustable
approach for turning deterministic models into robust models was
presented by Bertsimas and Sim [20].

Consider the nominal optimisation problem given by the
following equation

min
∑
j
cjxj

s.t.∑
j
aijxj ≤ bi ∀i

lj ≤ xj ≤ uj ∀j

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(44)

where xj is the set of decision variables, cj is the set of costs at the
objective function and aij is the set of coefficients at every
constraint i. Consider that ΩUi contains all of the coefficients in
the ith constraint that are subject to uncertainty. If every uncertain
coefficient aij, ∀j [ VU i is modelled as a random variable that
takes values within the symmetrically bounded interval[
aij − âij, aij + âij

]
, then the robust formulation presented in [20]
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is given by the following equation

min
∑
j
cjxj

s.t.∑
j
aijxj + ziGi +

∑
j[VU i

pij ≤ bi ∀i

zi + pij ≥ âij
∣∣xj∣∣ ∀i, ∀j [ VU i

lj ≤ xj ≤ uj ∀j
pij ≥ 0 ∀i, ∀j [ VU i
zi ≥ 0 ∀i

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(45)

The new robust model in (45) remains linear since the term |xj| is
easy to linearise, and a new set of continuous variables zi and pij,
∀i, ∀j [ VU i is added. Parameter Γi adjusts the level of robustness
of every constraint i in the final solution. If Γi = 0, then constraint i
will not be robust, and its coefficients are expected to be
deterministic parameters (âij = 0). Otherwise, if Γi = |ΩUi|, then
constraint i will be totally protected, even if all of the random
coefficients of i reach their known limits. Although, the last
scenario is a tempting protective approach, it would lead to an
extremely conservative solution, with the worst objective function
possible. The mathematical development used to transform
nominal deterministic mathematical models into robust
programming problems is detailed in the Appendix.

5.2 Robust SAIDI and SAIFI limits

Let (42) and (43) be the constraints that limit the reliability indices,
SAIDI and SAIFI, subject to the uncertainty of parameter lz. SAIFI
and SAIDI in (42) and (43) are replaced by their equivalent (22) and
(23) to obtain the following equations

∑
k[Vb

LkNk∑
k[Vb

Nk

≤ SAIFI (46)

∑
k[Vb

UkNk∑
k[Vb

Nk

≤ SAIDI (47)

Λk and Uk in (46) and (47) are replaced by their equivalents given by
(36) and (37) for each node k∈Ωb to obtain the following equations

∑
k[Vb

∑
z[Vz

Nklzvz,k ≤
∑
k[Vb

Nk SAIFI− lfusedk
( )

(48)

∑
k[Vb

∑
z[Vz

Nk rz − rsw
( )

lzzactk,z + Nkrswlzvz,k

[ ]

≤
∑
k[Vb

Nk SAIDI− lfusedkrẑk

( )
(49)

Note that (48) and (49) have the form
∑

j aijxj ≤ bi. The decision
variables are the binary reliability variables zactk,z and ωz,k, and all
coefficients are multiplied by the random parameter lz. Also, the
right-side members of (48) and (49) are constants factors.

As explained in Section 2.2, the protection interval of the random
parameter lz is bounded by the term [lz− σz, lz + σz]. Thus, the
coefficients that multiplied the binary variables zactk,z and ωz,k in
(48) and (49) are bounded by the same protection interval.
Applying the linear robust formulation given by (45), then (48)
and (49) are transformed into robust constraints given by the
following equations

∑
k[Vb

∑
z[Vz

Nklzvz,k + z l( )G+
∑
k[Vb

∑
z[Vz

p l( ),v
z,k

≤
∑
k[Vb

Nk SAIFI− lfusedk
( )

(50)
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Fig. 4 136-node real system with 16 load zones
∑
k[Vb

∑
z[Vz

Nk rz − rsw
( )

lzzactk,z + Nkrswlzvz,k

[ ]
+ 2z U( )G

+
∑
k[Vb

∑
z[Vz

p U( ),zact
z,k + p U( ),v

z,k

( )
≤

∑
k[Vb

Nk SAIDI− lfusedkrẑk

( )
(51)

z l( ) + p l( ),v
z,k ≥ Nkszvz,k ∀k [ Vb, ∀z [ Vz (52)

z U( ) + p U( ),zact
z,k ≥ Nk rz − rsw

( )
szzactk,z ∀k [ Vb, ∀z [ Vz (53)

z U( ) + p U( ),v
z,k ≥ Nkrswszvz,k ∀k [ Vb, ∀z [ Vz (54)

z l( ) ≥ 0 and z U( ) ≥ 0 (55)

p l( ),v
z,k ≥ 0, p U( ),zact

z,k ≥ 0, p U( ),v
z,k ≥ 0 ∀k [ Vb, ∀z [ Vz (56)

Note that, new dual variables zi and pij have been created in (50) and
(56) for every binary reliability variables zactk,z and ωz,k. Also,
considering that the number of decision variables in (51) is twice
than (50), parameter Γ of (51) is multiplied by 2. The use of only
one parameter Γ in the robust model is convenient because it
makes possible to change the robustness of the model by adjusting
only one Γ parameter. Moreover, 0≤ Γ≤ |Ωz||Ωb|. Equations
(27)–(38), used to determine the average value of each failure and
duration rates, are considered deterministic, so they are not
affected by the robust formulation.
Table 1 lz, rz and σz for each zone of the 136-node system shown in
Fig. 4

Zone lz, int/
year

rz, h σz, int/
year

Zone lz, int/
year

rz, h σz, int/
year

3 0.75 2.00 0.87 10 0.30 2.00 0.63
4 0.60 2.00 0.77 11 0.25 2.00 0.50
5 0.50 3.00 0.71 12 0.40 3.00 0.63
6 0.60 2.00 0.77 13 0.35 2.00 0.59
7 0.60 3.00 0.77 14 0.20 2.00 0.45
8 0.55 2.00 0.74 15 0.15 2.00 0.39
9 0.25 2.00 0.50 16 0.35 2.00 0.59
6 MISOCP for the robust reconfiguration of EDS
with reliability constraints

Finally, the MISOCP for the optimal reconfiguration of EDS
considering reliability indices assessment and robust reliability
constraints is given by the following equation

min clss
∑

ij[Vl

RijI
sqr
ij

s.t.

(7), (9), (11)−(23), (27)−(41), (50)−(56)

⎧⎪⎪⎨
⎪⎪⎩ (57)
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7 Tests and results

The 136-node real system shown in Fig. 4 was used to demonstrate
the performance of the proposed model. Electrical and reliability
data can be obtained in [31]. The constants of the system are clss

= $ 1/kW, Vnomf−n = 7.967 kV V = 0.9Vnom, �V = 1.1Vnom, rsw =
0.5 h, |Ωz| = 18 and |Ωb| = 138. Reliability limits were set at
SAIDI = 5.24 h/cust/yr and SAIFI = 4 int/cust/yr, as established
by the Brazilian EDS regulator in [32]. The proposed model was
implemented in AMPL [21] and solved with CPLEX [22], (with
default options and with a maximum gap of 1% as optimality
criterion) on a workstation with an Intel Core i5-4570 processor.

The 136-node system in Fig. 4 has two source nodes,
corresponding to nodes 201 and 202, and 16 load zones
highlighted with dashed lines. Switches in Fig. 4 are indicated
with squares, and some lateral branches are protected with fuses.
Table 1 contains the average failure rates (lz), average restoration
times (rz) and standard deviations (σz) of each zone, calculated
using (24), (25) and (6), respectively.

To obtain all the feasible robust solutions of (57), parameter Γ is
iteratively adjusted as follows:

(i) Let k← 0. Set Γ = 0, and solve (57) robust MISOCP model.
(ii) Save SAIDIk, SAIFIk and the operating point obtained in the kth
iteration.
(iii) Set k← k + 1, Γ = k and solve (57) robust MISOCP model. If
feasible, return to step ii; otherwise, continue to step 4.
(iv) Display all feasible robust solutions.

All feasible robust solutions for the 136-node system found using
the former procedure are shown in Table 2. All voltage and current
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& The Institution of Engineering and Technology 2016



Table 2 Configurations of the feasible robust solutions for the 136-node system

Γ Topology (open switches) Power losses,
[kW]

SAIDI, [h/
cust/yr]

SAIFI, [int/
cust/yr]

Robustness,
%

[0, 36] 49–52, 105–106, 12–75, 16–85, 31–136, 39–136, 38–99, 62–99, 62–97, 51–97,
45–118, 8–73, 70–83, 88–103, 80–132, 24–10

787.62 2.61 2.97 78.4

[37, 41] 12–75, 16–85, 31–136, 39–136, 38–99, 62–99, 62–97, 45–118, 63–108, 8–73,
70–83, 88–103, 42–52, 80–132, 93–94, 24–10

866.70 2.60 2.91 80.4

[42, 43] 49–52, 105–106, 12–75, 16–85, 31–136, 39–136, 62–99, 62–97, 51–97, 45–118,
8–73, 70–83, 88–103, 80–132, 32–29, 24–10

912.34 2.58 2.92 80.8

[44] 202–64, 16–85, 31–136, 38–99, 62–99, 62–97, 45–118, 63–108, 8–73, 70–83,
88–103, 42–52, 80–132, 93–94, 32–29, 24–10

1233.67 2.67 2.89 81.2

Fig. 5 Robustness assessment using Monte Carlo simulations
limits are satisfied. The first column in Table 2 identifies the interval
of Γ established by the iterative adjustment. As Γ increases, the level
of robustness is enhanced. Note that the least robust solution is
obtained by setting 0≤ Γ≤ 36, which corresponds to the
configuration that optimally minimises the active power losses in
the system (with a value of 787.62 kW). On the other hand, the
most robust solution is obtained by setting Γ = 44, but the active
power losses are increased to 1233.67 kW.

Note that, feasibility is lost for Γ > 44. This means that there is not
a feasible solution that prevents (42) and (43) from being violated in
all probable values of lz. Then, given the average values and the
standard deviations of the failure rates in Table 1, 100% reliability
robustness is not achievable for this particular system. The fourth
and the fifth columns in Table 2 identify the average SAIDI and
SAIFI for every robust solution, calculated by (22) and (23). Both
indices are shown in order to demonstrate the model’s capacity to
determine the average reliability indices of the EDS depending on
the system’s topology.

Since the purpose of the robust formulation is to maintain both
reliability indices below their limits, the last column in Table 2
indicates the robustness for each solution. Equation (58) and a set
of Monte Carlo simulations were executed to establish the
probability of (42) and (43) from being violated if all the
parameters lz stochastically change during the real application of
each robust solution considering the uncertainty characterisation
of lz.

7.1 Monte Carlo simulation

The level of robustness of each solution produced by the MISOCP
model in (57), is calculated as follows:

(i) Set n← 0 and x← 0. Save the binary variables z∗actz,k and v∗
z,k

generated by the solution of (57).
(ii) Based on (5)–(6), randomly generate a new set of annual failure
rates for every zone as lzn ← Poisson(lz).
(iii) Using (36) and (37), recalculate the annual failure rate (Λk) and
annual interruption duration (Uk) of every node, and determine the
new average SAIFIn and SAIDIn using (22) and (23).
(iv) Set n← n + 1. If SAIFIn . SAIFI or SAIDIn . SAIDI, then
x← x + 1. Establish the robustness at iteration n by using the
following equation

Robustness = 1− x

n

( )
100% (58)

(v) If convergence to the first decimal is achieved, then stop;
otherwise, return to step ii.

Fig. 5 shows the process of convergence of the Monte Carlo
simulations applied to every robust solution in Table 2. Each line
in Fig. 5 represents the probability of each robust solution to
maintain the system’s SAIDI and SAIFI below the limits, even if
parameters lz randomly changes.

As shown in Table 2, there is a tradeoff between improving the
reliability robustness and minimising the active power losses.
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Therefore, the proposed methodology is an effective and accurate
tool that utilities can use to reconfigure the EDS considering
uncertainty in the reliability parameters, depending on their quality
of service requirements.
7.2 Reliability robustness versus average reliability
optimisation

The minimisation of both reliability indices, SAIDI and SAIFI,
assuming the average value of lz, does not necessarily lead to
robust solutions. To demonstrate this, the robust model in (57) is
transformed into a non-robust weighted model given by (59). Note
that, the robust reliability constraints (50)–(56) have been removed
from (59). Both reliability indices are multiplied by a big positive
number M in order to enhance their relative weights in the
objective function

min clss
∑
ij[Vl

RijI
sqr
ij +M SAIDI+ SAIFI( )

s.t.
(7), (9), (11)−(23), (27)−(41)

⎧⎪⎨
⎪⎩ (59)

The non-robust MISOCP model in (59) is convex and can be
optimally solved by CPLEX [22]. Table 3 contains the solution of
(59) for the 136-node system, using M = 9999. A large value of M
has been chosen with the aim of forcing the model to improve the
average reliability indices. The last column indicates the level of
robustness using Monte Carlo simulations as indicated in Section
7.1. Note that, the solution in Table 3 has less robustness than the
most robust solution obtained with (57) in Table 2. Therefore,
reliability robustness is not guaranteed by the direct minimisation
of the average reliability indices.
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Table 3 Solution of (59) applied to the 136-node system, M = 9999

Topology (open
switches)

Power
losses,
kW

SAIDI,
[h/cust/

yr]

SAIFI,
[int/cust/

yr]

Robustness,
%

12–75, 16–85, 31–136,
39–136, 38–99, 62–99,
62–97, 45–118, 63–108,
8–73, 70–83, 88–103,
42–52, 80–132, 93–94,
24–10

866.7 2.60 2.91 80.4
8 Conclusions

In this paper, a new MISOCP model was proposed to solve the
reconfiguration problem of EDS considering the minimisation of
active power losses and the robust improvement of the reliability
indices, SAIDI and SAIFI. The proposed MISOCP model is a
flexible, realistic and precise mathematical approach with
convergence to optimality guaranteed by convex optimisation tools.

Uncertainty of the failure rates is a major concern in reliability
assessment. As such, this paper presented a robust model that
guarantees a reliable operation, even when uncertain reliability
parameters change randomly during the real application of the
solution. Finally, using Monte Carlo simulations, it has been
shown that the model is accurate and that a tradeoff exists between
the system topology that improves reliability robustness and the
one that minimises active power losses in EDS.
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10 Appendix

The linear robust programming approach proposed by Bertsimas and
Sim [20] is able to maintain model feasibility even if the uncertain
parameters scholastically change without excessively deteriorate
the objective function.

Consider the linear optimisation problem given by the following
equation

min
∑
j
cjxj

s.t.∑
j
aijxj ≤ bi ∀i

lj ≤ xj ≤ uj ∀j

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(60)

where xj is the set of decision variables, cj is the set of costs at the
objective function and aij is the set of coefficients for every
constraint i and variable j. Consider that ΩUi contains all of the
coefficients in the ith constraint that are subject to uncertainty, and
every uncertain parameter aij, ∀j [ VU i is modelled as a random
variable that takes values within the symmetric and bounded
interval

[
aij − âij, aij + âij

]
, where aij represents the mean value,

and âij represents the maximum positive deviations around the
mean value.

A new parameter Γi for every constraint i is introduced. Γi controls
the number of uncertain variables that can stochastically change
without violating the ith constraint. Thus, Γi can only take values
between 0 and |ΩUi|. With this in mind, the non-linear formulation
in (60) is the mathematical model that makes possible to adjust the
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level of robustness of the final solution depending on the value of Γi.

min
∑
j
cjxj

s.t.∑
j
aijxj + max

Si|Si#VU i , Si| |=Gi

∑
j[Si

âij xj

∣∣∣ ∣∣∣
{ }

≤ bi ∀i

lj ≤ xj ≤ uj ∀j

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(61)

To linearise the formulation in (61), the term

bi x, Gi

( ) = max
Si |Si#VU i , Si| |=Gi

∑
j[Si

âij xj

∣∣∣ ∣∣∣
{ }

is evaluated in a given solution x∗ and transformed into a linear
programming problem given by the following equation

bi x
∗, Gi

( ) = max
∑

j[VU i

âij x
∗
j

∣∣∣ ∣∣∣zij
s.t.∑
j[VU i

zij ≤ Gi

0 ≤ zij ≤ 1 ∀j [ VU i

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(62)

Clearly, the solution of (62) determines the maximum possible
deviation of the constraint i, if Γi parameters are allowed to
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change. The dual model of (62) is given by (63) for every
constraint i.

min
∑

j[VU i

pij + Gizi

s.t.
zi + pij ≥ âij|x∗j | ∀i, ∀j [ VU i
pij ≥ 0 ∀j [ VU i
zi ≥ 0 ∀i

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(63)

Replacing the term bi x, Gi

( )
in (60) by the objective function of

(63), and adding the new set of dual constraints, the non-linear
robust formulation in (61) is transformed into the equivalent linear
formulation shown in the following equation

min
∑
j
cjxj

s.t.∑
j
aijxj + ziGi +

∑
j[VU i

pij ≤ bi ∀i

zi + pij ≥ âij|xj| ∀i, ∀j [ VU i
lj ≤ xj ≤ uj ∀j
pij ≥ 0 ∀i, ∀j [ VU i
zi ≥ 0 ∀i

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(64)

The formulation in (64) is a linear adjustable robust approach used to
protect the original model from being unfeasible even when the
uncertain parameters randomly change.
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