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Abstract

There are three families of second-order (in derivatives) models for massive
spin-2 particles via a nonsymmetric rank-2 tensor. Each family depends upon
an arbitrary real parameter. One of the families includes the usual Fierz—Pauli
(FP) model. By starting from a dual formulation of the FP theory in terms of a
spin connection it is known that one can derive a fourth-order model for
massive ‘spin-2’ particles in arbitrary dimensions. It is a higher dimensional
version of the linearized 3D New Massive Gravity. Here, we show that the
same approach applied for the other nonsymmetric rank-2 families leads
exactly to the same fourth-order theory. We point out that this is a con-
sequence of the ubiquity of a traceless spin connection in the dual formulation.
The Weyl symmetry in the massless limit of one of the rank-2 families is
behind the appearance of the traceless spin connection in the dual model. We
derive dual maps between correlation functions in the rank-2 (vielbein) and
rank-3 (traceless spin connection) dual formulations.

Keywords: massive spin-2, massive gravity, Fierz—Pauli

1. Introduction

The lack of renormalizability of general relativity (GR) [1, 2] has long ago motivated the
addition of higher derivative terms to the Einstein—Hilbert action. It is known [3] however,
that higher derivatives of the helicity two modes in D = 3 4 1 introduce ghosts at tree level.
The case of topologically massive gravity (TMG) [4] in D = 2 + 1 shows that higher
derivatives may not necessarily lead to ghosts at tree level, at least if we allow the graviton to
be massive, which presently has its own motivations. See the review works on massive
gravity in [5, 6] and [7]. One might argue that TMG is a very peculiar model which describes
only one (+2 or —2) helicity state, with parity breaking. Many years later, however, it was
shown in [8], still in D = 2 + 1, that the addition of quadratic terms in the curvature (parity
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invariant), including higher derivatives of helicity two modes, can still avoid ghosts at tree
level and even beyond tree level [9, 10]

Although the New Massive Gravity (NMG) of [8] is probably not renormalizable [11],
the work of [8] has raised interest on a possible generalization of NMG to higher dimensions.
In [12] a 4D linearized NMG has been suggested. It correctly describes a massive spin-2
particle in D = 4 and contains a fourth-order term in derivatives, as in the case of the
linearized NMG. However, it is much too similar to its 3D counterpart in the sense that the
fourth-order term has more local symmetries than the second-order one. Namely, there is a
generalized Weyl symmetry in the higher derivative term which means, as pointed out in [13]
in the case of NMG, that there are degrees of freedom only present in the second-order term
and those will have the usual 1/p* ultraviolet behavior instead of 1/p*. The present work
emerged as an attempt to overcome such difficulty by generalizing the work [12] and its D-
dimensional generalization [14].

The works [12] and [14] are based on a first-order formulation of the paradigmatic
massive spin-2 theory of Fierz and Pauli (FP) [15] with one extra ingredient. Namely, the FP
rank-2 tensor must be nonsymmetriclz €[] # €[y)- The first-order theory used in [12] is
formulated in terms of a linearized spin connection ), = —wj,,, and a general rank-2 tensor
€., Schematically, it can be written as

LDNw, e] = mPw - w+ mw de — m?e - e. 1

The last term is the usual FP mass term (e, e”* — e?) while the first is an appropriate spin
connection mass term”. The Gaussian integral over the spin connection leads to the usual FP
theory [15] while the Gaussian integral over e,,,, leads to a dual model. Schematically again,
the dual rank-3 model can be written as

L, olw] = (0w)? + m*w - w. )

It turns out, not totally surprisingly®, that the kinetic term by itself (Ow)? has no particle
content. Consequently, one can build up a master action, similar to formula (3.14) of [12],

Lylw, Q] = (Ow)? + m*w - w — [O(w — DP =mw - w — 2w 022 — 9Q - 90 3)

On the one hand, the shift  —  + w and the absence of particle content of (92)? shows
that £y [w, §2] has the same content of L, [w], i.e., a massive spin-2 particle. On the other
hand, the Gaussian integral over w,,, gives rise to a fourth-order model £[{2] which by
construction describes also a massive spin-2 particle. In D = 3 it becomes the linearized
NMG"* of [8]. A natural nonlinear completion of £[€2] in D = 3 leads to the full NMG model.
In D=4 L[Q] is the 4D NMG of [12] while in D-dimensions it is the D-dimensional
linearized NMG of [14, 18]. The model of [12, 14, 18] has a generalized Weyl symmetry in

lThroughout this work we use n‘L,,:diag(7,+,---,+) and the notation ep.) = (€u — ey)/2,

ey = (euw + ey)/2, e = n'ey,. Although the antisymmetric components e,,) vanish on shell, they turn out to
be important also to prove duality between the rank-3 massive spin-2 model of Curtright and Freund [16] and the
usual FP theory, see [17].

2 Throughout this work the linearized spin connection w),,, has the same mass dimension of the linearized vierbein,

. ours usual

in contrast to the usual notation for a spin connection, namely, wy,, = Wy /m.

>In higher rank dual models of massive spin-zero and spin-1 particles such as (9,4*)* + m?A,A* and
(c')“W,W)2 + mz[W/fV — W? / (D — 1)] / 2 respectively, the kinetic terms have no particle content, see details in [14].
* The connection between ,wp and the metric is made through the 3D identity €2, = ¢,,3h ‘f, It turns out that only
the traceless piece of 2, survives. The traceless condition 7**€),, = 0 leads to a symmetric rank-2 tensor
hg, = hys which is the metric fluctuation, g, = 7, + hy,.
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the fourth-order term which is, as already mentioned, an obstacle to building up a
renormalizable nonlinear completion.

The fact that e;,,,; = 0 in (2) opens up new possibilities. In [19-21] one has shown that
there are alternative massive spin-2 models to the usual FP theory in D = 4 if we assume
from the start that e,,,; = 0. In the present work, we replace the starting point (1) by rather
general first-order actions which interpolate between those alternative rank-2 models and a
dual rank-3 model. It turns out that the same fourth-order model L£[Q2] of [14, 18] in
D-dimensions is recovered. We show that the ubiquity of a rank-3 traceless model is behind
this fact.

In section 2 we deduce the alternative first-order theories (15) and (19). In section 3 we
obtain the corresponding spin connection dual models and demonstrate their reduction to the
ubiquitous traceless rank-3 model Lg, see (28). In section 4 we find dual maps between Lg
and the alternative rank-2 models, we also reproduce the FP conditions directly from Lg and
comment on its massless limit in D-dimensions. In section 5 we draw our conclusions. In
appendix A we deduce some general formulas regarding the Gaussian integral over the
linearized spin connection. In appendix B we deduce, in the simplest way we know, the
fourth-order D-dimensional NMG model, while in appendix C we prove the conditions (12)
for a vector symmetry.

2. More general first-order massive spin-2 models

In [20-22] we have shown that there are three independent families of second-order models
which describe a massive ‘spin-2’ particle in D dimensions via an arbitrary (nonsymmetric)
rank-2 tensor ¢,,. They can all be written as

E[E/I,V] =a (aneaﬂ)z + aZ(aagau)(aﬁeVﬂ) + a3 (8y€/1,u)2 + b]@ Oe + bZ Ole aaeo,y
2
+ %eﬂ,uljem/ + %eﬂ,llljey” - mT(e/wewl + q 62 + 6[%“/])_ (4)

For all three families we have:

1 1 11
(a27 a33 pls pz) = (_’ T _)' (5)

Each family contains one free coefficient as shown in the following table.

The sum S = a; + a, + a3 is an interesting index since it is invariant under invertible
trivial redefinitions ¢,, — Ae,, + (1 — A)e,, + B T € with (A, B) = (1/2, —1/D). In
the last column, we display the gauge symmetry of the corresponding massless theory.

The first family includes (¢, = 0) the usual FP model [15]. In the second, the subscript
‘nFP’ stands for non-Fierz-Pauli since c; is arbitrary and the mass term does not need to fit the
FP fine-tuning ¢; = —1. The third family overlaps the other two at a; = 1/4 (FP case with
c; =0)and gy = (3 — D)/[4(D — 1)] (nFP case with ¢; = —1). At these points we have the
corresponding enhancement of the local symmetries of the massless theories. Moreover, £, at
a; = —1/4 becomes the model suggested in [19]. The three families have been derived in
[20] in D = 4 from the requirement that it contains only one massive pole in the spin-2 sector
of the propagator and its residue has the correct sign for a physical particle. From the
equations of motion of (4) one derives the Klein—-Gordon equation and the FP conditions for
all three families, namely
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Table 1. Three families of massive spin-2 models.

famlly aj b] b2 Cq Co S 0 €y (m = 0)
,cpp 1/4 71/2 -1 -1 free 1 87/5/" + A[,W]
D-3 1 1 D
Lurp TG T - b T -1 1 free 0 20-1) b+ @
L free f(al + Z) 72(a1 + Z) -1 0 a+ 3 8,,@‘
@0 — m?e,, = 0; e = 0; N, =e=0; 9, = 0. 6)

The gauge parameter Ay, is an arbitrary antisymmetric tensor which allows us, together with
the arbitrariness of c¢,, to get rid of e(,,,) off-shell for the FP model, which is usually presented
in terms of a symmetric tensor e(,,).

In order to generalize to the second and third families, the usual vielbein-spin connection
first-order version of the FP theory as given for instance in [17, 23] we start with a rather
general first-order ansatz with nine new coefficients to be determined and take ¢, = O,
namely,

2
2 ; P
Loe=kuwug, +71 wa,gﬁ/w/ﬂ“ + 5 w,wh + 2w, FOP — 7(6}“/6”“ + ¢ €?). @)

where
Wapy = —Wayps Wy = U“ﬁwam, (®)
Eyﬁ'y =a aa(eﬂ'y - e'yﬁ) + b(aﬁea'y - a’yeaﬁ) + C(aﬁe'ya' - a'yeﬂa)
+n,5(d O,e + t Oe,y + u de,,) — Ny (d Oge + t OV, + u Oles,) 9)

In the appendix A we show that the Gaussian integral over the ‘spin-connection’ w3, gives
rise to the second-order Lagrangian:

1

T =0+ 2k
2
— mT(eu,,e”/" + ¢ €2).

ee

2k — P)F2; — 2 rEyg F1% 456
| ‘ Rk+r+sD— D]

(10)
In order to avoid constraints on F,3, we have assumed :
r—k+20Rk+r+sO - 1] =0. (11)

Comparing (10) with (4) we obtain complicated formulas for the seven coefficients a;, b;
pj with i =1, 2, 3 and j = 1, 2, in terms of the nine parameters (a, b, ¢, d, t, u, k, r, s)
appearing in (7). The explicit formulas are displayed in appendix A. Since they are rather
involved, it is convenient to make use of the conditions on the nine parameters of (7) which
guarantee the local massless gauge symmetries appearing in table 1. As shown in appendix C,
invariance of L .(m = 0) under the ubiquitous vector symmetry 6 ¢, = 81/5;1 and the fact
that the only consistent massive spin-2 models in terms of e,,,, are the ones defined in (5) and
table 1, require that

d+t=0;, u=0;, a=c. (12)

From the formulas (86) in appendix B, and, see (5), p. =(p, + p,)/2 =1/2 and
p.=(p, — p,)/2 = 0 together with a = ¢, we find r and k as functions of b and c:

4
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r=81(b—c?+2c; k=8@2b—c). (13)

So far, formulas (12) and (13) hold for both families £,rp and L, Sticking to the second
case, plugging (12) and (13) in (81) we obtain a; = a,(s), and inverting such relationship we
have:

_ glo+o’d+d4a)—40b+0d+20D-1Dd’

(14)
4D — Da;+ D — 3
Thus, we find the first-order version of the third family £, :
L(l)_sz Frw yBa p_m_z v 52
o = oy gy WP+ s w,w 5 (ewe e”)
+ 4[c wagy (8% — 9vePy + b Wasy 0P + d w, (Ore — 0,e™M)]. (15)

where k, r, s are given in (13) and (14) while b, ¢, d remain arbitrary except for the condition :
b-2c0b+)b—-D-1)d~+ cll4D — )a; + D — 3] =0. (16)

which stems from (11) and the emergence of the Weyl symmetry éw €, = 7,,¢ in the
massless theory at a; = (3 — D)/[4(D — 1)] where the second family £, coincides with the
third one L, rp. The arbitrariness of b, ¢, d is a consequence of trivial field redefinitions of the
kind:

WaBy — llwzvﬂ'y + 12 (ww&y - wﬂ'ya) + 13 (nnﬂw"/ - n(},ywﬁ)’ (17)

which do not change the result of the Gaussian integral over the ‘spin-connection’. The
constants [y, I, 3 are arbitrary except for the fact that they must be such that they allow for an
inverse transformation.

Likewise, regarding the second family £, zp, the reader can check that the requirement of
the Weyl invariance on (7) imposes:

b=u+t+Dd—c. (18)
From (12), (13) and (18) we deduce the first-order nFP model:

2
m
[,EIIF) =k ngﬂ",’ +r wu,,gﬁ,w“/ﬂa + s wwh — 7(%/6”“ + ¢ e?)

+ 4[c wapy (0% — 98e®r 4+ 9Bere)
+dD-1) wagv,aﬁe‘w + d w, (0'e — J.e“")]. (19)
where
F=8{[dD — 1) —2cP +2c); k= —8c[3c—2d(D —1].  (20)

Due to the field redefinitions (17), the parameters c, d, s remain arbitrary except for the
condition (11) which now becomes

d[3c—2dMD — D][s + 8d*(D — 1)] = 0. Q1)

In the next section, we obtain from (15) and (19) dual models 52 and E’,fpp in terms of a
rank-3 field w

afy
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3. Dual rank-3 model

Now, we Gaussian integrate over e,,, in the first-order theories (15) and (19) in order to obtain
dual models. It is convenient to begin with the nFP model (19). The action (19) can be written
as

2
1 2 / , _m 7 . _F
Ly =k W, + 1 wap, ™ + s wwh — 7[(€/W —f e =)+ e?]

e 22)

where we have introduced the traceless tensor _W:

fvu = —%{c 0oy + [c — (D — 1) d]10Mwypy — ¢ wyyy + d(muﬁﬂwg — 0w}

(23)

Remarkably, f,, can be written as

_ 07,

oy = ——, (24)

m

where we have the traceless (nﬁ“’ﬁ/m, = 0) ‘spin-connection’:
= 4
Qmﬂ,f = Z[d (D - ])wuu'y + d (77#,, Wﬁ,/ - 7’]#,)/ wl/) +c (www - wpz/’y - w’y;u/)]' (25)

The coupling between the field e,,,, and a traceless tensor like ﬁ# in (19) is a consequence
of the Weyl symmetry (0w e, = nw¢). After the shifte,, — &,, + f_w in (22) and neglecting
the quadratic term in the decoupled field &, we obtain after some algebra

2
Lopp = mTZJ Wtk wagy + T W™ s w0, (26)
1 +O VY m2_ OB 2 2
= 2000 0,07 + Ty @R s+ 2O — DI, @7)

Dropping the decoupled’, pure trace wi term we have the Q-model:
1,.= — LI —
;Cﬁ = 58’7/9#1}", 87/an + m?Qaﬂ»y Q’yﬁa (28)

The model (28) is probably the most compact way of writing down a Lorentz covariant
Lagrangian density for a massive ‘spin-2’ particle in arbitrary dimensions. It has appeared
before in [17] as a dual theory to the usual FP model (first family of table 1). As shown in [17]
it is equivalent to the model of [16] in D = 4. It is not the most economical description of
massive spin-2 particle in general, since pr contains D*(D — 1)/2 — D components which
are, in D > 4, larger than the number of components of a symmetric rank-2 tensor (FP
theory): D(D + 1)/2. They match only in D = 3 where, see [14], we can always write
ﬁ,‘“’ﬂ = €pae’, and the traceless condition implies €., = €y,

We point out that the existence of the family £, zp with Weyl symmetry in the massless
limit makes the appearance of a traceless tensor ﬁ#,,,, quite natural.

5 Note that the right-hand side of (25) is invariant under 6w, = T ¢)3 — ’r/Md) which means invariance under an

arbitrary shift of the trace éw, = (D — 1)¢,. Therefore, the trace w, is effectively not present in the first two terms
of (27).
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Moving now to the dual of the third family £,,, similar to (26), we notice that Gaussian
integrating over e,,, in (15) we obtain

2
plere m v
Ejl =k wim + 7 Wapy WP + s wwh + T(ﬁ’“fu - . (29)
where
avﬁlwq 4 b+ C)
Sk T R L N F Y 30
m m mz( D—1 ! 30)

Another traceless ‘spin-connection’ has been introduced

b+ c)

= 4
Ql/,uv = ;I:C (W;U/"/ - Wﬁ/l/u) + b wl/y,’y + ﬁ(nmf Wy — UWWA,)} (31)

Plugging back in L:’:l and neglecting once again a term proportional to wfl we have exactly the

same result (28) with QW replaced by ﬁzm- For completeness we mention that, as shown in
[17], the dual of the first family of table 1 (usual FP model) is once again the Q-model (28)
where

Q/w'y — Wy + (UMWV - nu,,w'y)/(D - 1) (32)

Therefore, all differences among the three families in table 1 disappear in the universal dual
model (28). In particular, all dependence on the free parameters a;, c; has been washed out.

4. More on the dual ©2-model

The universality of the {2-model impels us to study it in more detail. First, we have found it
instructive to derive the Klein—Gordon equation and the FP conditions for a massive spin-2
particle directly from (28), different from [17] where it is derived from another model dual to
(28) with many more space-time indices. Second, we look at its detailed relationship with the
rank-2 models of table 1 and finally we comment on its massless limit.

4.1. Fierz-Pauli conditions

We start with the equations of motion® of (28):

ko= B0 _ gig 0t — 909,00 — 2@ — TP =0, (33)

afy

The kinetic term of Sq is invariant under:
— 1
gy = O"Appy1a + ﬁ[nﬂzﬁaw\[uﬂeﬂ = Ny 8/1[\[’4)%]]. (34)

where Ay,5,1, is totally antisymmetric in the first three indices. Motivated by the symmetry
(34) we look at the following cyclic combination of the equations of motion:

MK - KP4 GOk = (. (35)

6 Sq is the action corresponding to the Lagrangian density L£g in (28).

7
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which leads to the constraints
orFBla 1 grplbple + gBFImla — (), (36)
where FI9le = 79 _ 9 From the general solution of (36) a rank-2 tensor arises:
Qe QP = grede — gigre, (37)

The tensor " is defined up to a gauge transformation 6¢#” = 9#¢". From the trace of (37)
we have

g = 0ve. (38)
From (37) and (38) we deduce
D@7 — 9y = 0. (39)

From (37) back in the equations of motion (33) we have

(9,77 — m2 &by — 98,V — m? &) = 0. (40)
Whose general solution gives us:

9,0 = m2ee - 9FA* = m2ele. (41)

From the trace of (41) we have the first of the FP conditions:

Ny’ = e =0. (42)
Due to (42), the otherwise arbitrary vector field A, must satisfy

0-A=—-m?é. (43)
From (41) in (39) and d, on (41) we have the remaining FP conditions:

eldl = 0. (44)

Oy’ = 0, (45)
Adding up cyclic permutations of (37), using (41) and (44) we have

2@ 4 Q% 4 Q) = grelfal 4 §Belar] 4 Gaelisl = 0, (46)
Thus,

QI =@ - 9P = grete — 9fer. (47)

Back in the general solution (41) of the equations of motion (33) and using (45) we finally
obtain the Klein—-Gordon equations:
d — m?e = 0. (48)

In summary, the general solution to the original equations of motion (33) is given by (47)
where e/” satisfies the FP conditions (42), (45), (44) and the Klein—-Gordon equation. This
corresponds to a massive ‘spin-2’ particle and nothing else.

4.2. Dual maps

Now, we turn to the dual maps which relate correlation functions in the families of table 1 and
the common dual {2-model. We start with the simplest case, i.e., the duality between L, zp and
Lo,
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- ; D N 4, qwoo TH
WU, 71 = [DejueDe ¢ J e B (49)

— . D wo Qe
:f,DQ;wa,De;w ¢ fd X [Lyr+euw I +Quad "] (50)

where the master Lagrangian [24] £, is given by

O mZ O 0B aBAv0) I’I’l2 Vi 2
EM [6#1,, Q,uua] = TQQ/}'\/Q A m e a/Qaﬁﬁ/ - T(e,uue H—e )v (51)

In (49) we have split Dw,, = DOy, Dw, and integrated over Dw,. The Lagrangian L}
given in (19) differs from L), by a pure trace term proportional to wlzl, so the integral over w,,
amounts to an overall constant that we have dropped. Starting from (50) we either integrate
over e,,, or {),,,. The comparison between these two routes leads to the dual maps below.

Integrating over e,,, we have up to an overall constant,

— — i D -,Wi _F V_F V_ 2 v 0 */lm}
WIJ, J]1= f DQyaDeyy € Je "{‘” 5 =T, =T, )=+ e 1"+ 00T
— . D F oqwQ T e 2
_ fDQw/a ezfd (Lo + F, I+ Dy "+ OO (52)

The traceless tensor fw is defined in (24). On the other hand, £,,; can be written as

2 2
m: =  =.3 — 3 m
‘CM = TQQ[MQW‘ “ +m QQ‘HWFG‘JA’ - 7(61”,61/“ - 62)

1 _ — ) p B,
= E(m Qaﬂq’ + Eyﬂ'y + Fyﬂa + Fbav’)(m Q the + F%%t + th + FUMY) + £11FP [e/w]~
(53)
where
,rlaﬂvfy _ navvﬁ

Foby = l 0Be™ — 97 4 i VI=07e — Qte‘”. (54)
2 D—1

Thus, if we first integrate over ﬁum in the generating function we obtain, after the shift

Qapy — Qpy — (Fapy + Fpo + Foy)/m, the nFP model at ¢; = —1. Up to an overall
constant we have:

WL T] = fDeW o [ AP Lt e G T O] 55)
where

Gopr [l = (Fupy + Fypa + Fiay)/m

ayyB _ paByy
M)/m. (56)

=10.ews — 93¢0y — Oneis +
(/(3) B€(ay) (8] D— |
Comparing (52) and (55) we have the maps between correlation functions

(e )€ O harp = (f,,, (), () ) + contact terms,  (57)

<Q;L] Vi (xl)' : ’Q;LNVNQN (xN) >§ = <Gulula1 (xl)' : 'G,LLNVND(N (xN) >nFP + contact terms, (58)

where (---)q stand for correlation functions in the dual Q-model defined in (28). The contact
terms are due to the quadratic terms in the sources in (52) and (55).

Regarding the other two families Lrp and £, although it is not natural to use a traceless
‘spin connection’ ﬁum, it turns out that the maps (57) and (58) still hold with the replacement

9
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of L,rp by Lgp and L, and the replacement of QW,, by the right-hand side of (32) and Qﬂ,,p
given in (31), respectively. In order to make this point clear, we take the first-order FP theory.
It consists of the linearized Einstein—Hilbert action written in terms of linearized vielbein and
spin-connection, plus the FP mass term,

2
Esp],l = 2(wa&,w7’*‘3“ — wywh) + 2 wagﬂ,(?ﬁe“"’ + 2w, (0Ve — Ope™) — %(eﬂye"’l —ée?).

(59)

In the corresponding action S}}.? we can integrate by parts and using the traceless ‘spin
connection’ {),,,, on the right-hand side of (32) we can write:

2 2
m- < — ) _ m
L= 7 Qo V7 4+ m 00705, — 7(%/6”“ )

+ %%(8"6 — O,e) —

20 -1

TR (60)

Due to the lack of Weyl symmetry in the massless theory, the trace w,, is nontrivially coupled
to e,,. However, the coupling can be undone by the shift ¢, — ¢, + K 0,w, with
K = 2(D — 2)/[m*(D — 2)]. Thus, in the path integral we have, up to overall constants,

- i [ aPxichte, jwid, T
W, 7] = f DupyaDey, ¢ J AL+l 40T 61)
. 2(D-2) 2(D-1) 5 Taa
— i d”x[ﬁ + w, (01'e— ey — Wl I+ Q0T ]
:fDQuU(I’,DeNI/Dwﬂ e f Y- b=1 ' (62)
, 2(D-1) , p 5 Faa
— i de[L — wi—K w, 0,0 +e,, J"+Q,,,J " ]
— [ DDyuaDeyu Dy € J | o K 0 (63)
Q. o [ ALt I BT 0UR)
== DQ}II/(Y e L 1 (64)

Instead, if we start from the second line (62) and integrate over ﬁwa and w,, we end up with
—_ . D w7 T v T2
WIJ,J] = fDeW e fd < [Lrplel+eud" +Guad "+ O] (65)

Comparing (64) and (65) we confirm that the dual maps (57) and (58) hold also for the duality
between Lg and Lrp. The case of the third family £, is totally analogous to the FP case.

4.3. The massless limit

Probably the main motivation for studying massive spin-2 particles is massive gravity [5, 6].
If the graviton has a mass it must be a tiny one. So it is important to look at the massless limit
of the massive spin-2 Q-model (28).

The massless limit of (28) can be written in a first order form with the help of a traceless
nonsymmetric tensor e,

Lotn = 0) = 8,00 — ~&,e. (66)

In the path integral, the integral over &,, leads to the kinetic term of (28) while integrating
over Q,Wp we have a functional delta function enforcing the constraint:

10
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35 Bz
mpal €5 — nﬁ“’a‘ €3p

0,8, — 0,8,, + =0. 67

(] 1p 1-D (67)
By applying 0" on (67) we have

8/)(aué;w) - 81/(8Méﬂp) =0. (63)
whose general solution is 0%, = 0,¢. Back in (67) we have

8/’ w % wp 0. (69)
where f,, = &, + 1,,¢/(D — 1). The general solution to (69) introduces an arbitrary vector

field: f, = 0,9, Taking the trace we have ¢=(D — 1)0,®"/D  and
ey = 0,8, — 77#1,8 - P /D. Finally, back in the last term of (66) we deduce an equivalent
theory

D -1

2D

It is known that (8,@”)2, and consequently Lg(m = 0), is a pure gauge theory with no
particle content, see, for instance, [14]. Indeed, as shown in [17], Lg is equivalent to the
Curtright—Freund theory in D = 4 which is known to have no particle content [16] at m = O.
Our demonstration holds in arbitrary dimensions. Thus, by taking the massless limit in (28)
we go from (D* — D — 2)/2 degrees of freedom of the massive ‘spin-2’ particle to zero. This
is analogous to other higher rank descriptions of massive particles like, e.g.,
L= (QLA“)2 + mzA/,,A“ which describes a massive scalar, but whose massless limit has no
particle content.

Since the kinetic term of (28) has no particle content it can be used as a mixing term in
the master action approach of [24] in order to generate a higher-order dual model. In
appendix B we confirm that a simple master action in terms of traceless dual fields ﬁ;wp and
W, leads to the same linearized fourth-order theories of [8, 12] and [14, 18] in D = 2 + 1,
D =3 + 1 and arbitrary D-dimensions, respectively.

Laim =0) < — (9,91 (70)

5. Conclusion

It would certainly be welcome to have a unitary and renormalizable local quantum field
theory for gravity (massless gravitons). However, this does not seem to be possible even in
the lower dimensional 3D case with massive gravitons.

Although the topologically massive gravity of [4] and the NMG of [8] both have higher
derivatives in the Lagrangian, not all degrees of freedom of the metric are present in the
higher derivative term due to an increased local symmetry in the higher derivative term
compared to the lower second-order one, as pointed out in [13]. The question of finding a new
higher-order massive spin-2 theory arises, where both higher and lower derivative terms have
the same set of local symmetries. Usually, the higher derivative term has more local sym-
metries than the mass term, as in the Maxwell-Proca theory, in order to produce the necessary
constraints to decrease the exceeding number of components of the tensor fields to the
required number of propagating degrees of freedom, like 25 + 1 for spin-s in D = 3 + 1.
However, at least in D =2 + 1 there are exceptions, like the massive spin-1 Maxwell—
Chern—Simons theory [4] and the massive spin-2 higher derivative TMG of [25, 26] where
both lower and higher derivative terms have the same set of local symmetries.

Here, we have tried to obtain new higher derivative massive ‘spin-2’ models, in arbitrary
dimensions, by generalizing the procedure of [12] where the authors have deduced a fourth-

11
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order description of massive spin-2 particles in D = 3 + 1, still with unbalanced local
symmetries in lower and higher derivative terms. The work [12] is based on a first-order
frame-like description of the usual FP theory, where the rank-2 tensor (linearized vierbein) is
not symmetric e,, = e,,.

In [20, 22] we have shown that there are three independent families of second-order
theories for a nonsymmetric rank-2 tensor which describe massive spin-2 particles. The FP
family is just one of them, see table 1 in the introduction. So we have generalized [12] for the
second and the third family of table 1. It turns out that the final fourth-order massive spin-2
model is the same one obtained in [12] in D = 3 + 1 and in [14] in D-dimensions. Here, we
have shown that this is a consequence of the ubiquity of the traceless spin connection dual
formulation (28). The free parameters of the three independent rank-2 families appearing in
table 1 disappear in the dual Q-model (28). From this point of view, it is tempting to think of
the Q-model, which has no free parameter, as a more fundamental description of massive
spin-2 particles than the usual description in terms of a rank-2 tensor.

To the best of our knowledge, the Q2-model has first been found in [17] and it is probably
the most compact way of writing down an action for a free massive ‘spin-2’ particle in
arbitrary dimensions. In the last section, we have worked out the FP conditions and analyzed
its massless limit in arbitrary dimensions. We have also deduced dual maps between corre-
lation functions in the Q2-model and in the corresponding rank-2 families. The work done here
can also be understood as an independent proof of duality between the three families of
nonsymmetric rank-2 tensors since they are all dual to the same Q-model.

The model £, rp, the second family in table 1, possesses Weyl symmetry in the m = 0.
As we have shown, this makes more natural the appearance of a traceless spin connection.

We note that we could have added further terms including the Levi—Civita tensor, like
fﬂ”Pﬁwapﬂ 0%, to our first-order frame-like theories in D = 3 4 1 but we do not expect new
dual OQ-models.

Finally, since at linearized level there is no difference between Lorentz and space-time
indices, the ‘spin-connection’ could also be interpreted as the torsion tensor. So (28) would be
a pure (traceless) torsion description of massive spin-2 particles.

Acknowledgments

The work of D D is supported by CNPq (307278,/2013-1) and FAPESP (2013/00653-4).

Appendix A.

Here, we derive general formulas for Gaussian integrals over a mixed symmetry tensor wj,,,.
Let us start from the general expression

Lor=k wim +r wagww”ﬁ” + s ww + 2 wang“ﬂ”. (71
where F,,,, is arbitrary except for F,,,, = —F,,,. In order to Gaussian integrate over w,,,,, we

introduce a tensor 7,,,, = —1,,,, which must be determined as a function of F,,,,, such that the
Lagrangian £ r can be written as
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‘C;LJF =k (Waﬂf*/ + Tnﬂy)z +r (wnzﬂw + Taf}'y)(uﬁﬂa + TA/‘SQ)
+sm+ﬂf—Rmﬁﬂm+§wm—ﬂm+§mWW—wwﬂ
(72)
Comparing the linear terms on w,g, in (71) and (72), we must have

Foby — | 7By % (TW“ _ Tﬂva) + %(n(vﬁT’Y _ anﬂ). (73)

After the shift w,g, — &3, — Togy in (72) , the field &,3, decouples and the Gaussian
integral over w,,,, and leaves us with the last term of (72). Using (73) we have
EFF == _Ful/pnu//r (74)

All we need to know is how T,,,, depends on F,,,,. From the trace of (73) we have
1
F7’:5[2k+r+(D—1)s]TW’. (75)

Since, in general, n*"F,,, = F, = 0, we assume henceforth

2k+r+ D —-1)s=0. (76)
From (75) back in (73) we have

an/?w = Fryﬂq + S (),’\/Fﬂ _ nnﬂFw, =k T{y;’)’“/ + L (T'wﬂa _ Tﬁ“/a).
kit oD TED 2

(77
Taking into account all cyclic combinations of (77) we build up a linear system of three

equations from which a matrix inversion allows us to obtain (7%, 779 T5) in terms of
(G, GBe, GH), In particular,

o 1 " bor
ady = —(k Yy [Qk — NG — r G 4y GP1), (78)
we have assumed:

k—-—r2k+r)y=0. (79)
From (78) back in Lrr we finally obtain the result of the Gaussian integral over w,, in (71),
ie.,

1 5 -

4s(r—k) P2
Rk+r+s—-D1 ")

(80)
If we take F,,, as general as the one given in (9) we have, after several rearrangements, a
Lagrangian density of the type given in (4) where:

alL = 2Qab — ¢k — r) — 2r[a® + b* + 2c(a — b)] + R(a + b)? + Vi2 + Wt

(81)
a, L=4Qk—r)(ac—ab—bc)+4r@+b>+c2—ab—-bc+ac)
—2Ra@a—c)a+b)+2Vut+uW+1Z (82)
a;L=-2Qk—r)b*>+2ac)—2r[a*>+ c?—2ba+ )]
+Rc—a) +Vul+uZz (83)
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biL=dZ+ W) —R(®b + ¢)? — V d?, (84)
byL=2dt+uwV+(d—1t—uZ+W)—2R(b + c)?, (85)
_Pitp 40+ )P, _n—nm
b= r+2k° T2
:i[(b—c+2a)2_(b—c—a)2], 86)
3 r+2k r—k
and we have defined
L= —k(@r+2k), 87)
_ 4s(r—k) , (88)
2k+r+s(D—-1)
V=0 - DRMD - 1) + 4k — r], (89)
W=8(@+b)k —r)+2({D — 1)(a+ bR, (90)
Z=2(c — a)d4k — r) + (D — DR]. 91)

Appendix B.
Let us define the master action:
_ 1 _ — 2_ R 1 = VLY %
L[, @] = S0, 0,07 + ’”TQJW Qe 30 @ = D) 0, @ — ),
(92)

After the shift &, — @, + Q/wn it is clear that £y;[€), @] has the same particle content of
(28), since 07w, 0,w""" has no particle content as we have proved in subsection 4.3. On the
other hand, we can write

2 o fr—
Lyl @) = 2., T = D, 0000 %avqm oo, (93)
m2 o reR e o =afy mZ JE
=7 Qo O + My F0 — -, 2 (94)
where
e = Lo, 95)
m
Foor = %(aﬁaw — g%, (96)

In order to integrate over ), 3y We use the general result (80) with (k, r, s) = (0, m? /2, 0) and
obtain the fourth-order model

1 2
LO = (0",)* + EE(’““’)D gl) — mTE#,,E””. 97



Class. Quantum Grav. 33 (2016) 075013 D Dalmazi

In D=2+ 1 we can always write without loss of generality @, = 6,,05]1‘31,
hg, = h,s follows from the traceless condition n*'@,,, = 0. In this case £* becomes the
linearized version of the NMG of [8] with g, = 7, + hy,. In D = 3 4 1 the theory L@ g
the linearized 4D NMG suggested in [12]. While in arbitrary D-dimensions we have the
linearized D-dimensional NMG of [14, 18]. As explained in [14], £L® corresponds to the

usual massive FP model with the replacement ¢, — 0°%,,,/m directly at action level.

where

Appendix C.

Let us require that £, .(m = 0), see (7), be invariant, up to total derivatives, under the vector
transformations:

b €as = D (98)
65 Wapy = A an(ad£7 - a‘/gs) + B(naga”,’ - mwaﬂ)a : 5 + C(nuﬁljg-y - %7 Dg[ﬁ) (99)

In the transformations (99) the constants A, B, C are so far arbitrary. Requiring 0: £, . = 0 at
m = 0 gives rise to several equations. Two of them can be written as

Al@+b)=0; A(a—c)=0. (100)

From (5) we have p_ = (p; + p,)/2 = 1/2, back in (86) we see that b + ¢ = 0, therefore
from the difference of the equations (100) it follows that A = 0. Now, the cancelation of all
terms of the type wd*¢ in &L, at m = 0 can be used to fix a , B and C as follows:
_ 2(d + 1) . = _ 2u

2k4+r+sD—-1)" 2k+r+sD -1

(101)

a=c;

The cancelation of the remaining terms and the above formulas lead to our final conditions:

d+Dd+t+uy=0; ulb+c+tD—-1]=0,
@+0b+c+tD—1D]=0; ulb—uD—1)]=0,
d+ Db —uD-1)]1=0 (102)

We have three cases:

1.d+t=0; u=20
2.d+t=0;, b=MD-Du; b+c=(D - ).
3.d+t=—-u;, b=MD—-Du; c=D— 1)d.

In what follows, we find r and k from the two formulas (86) with (p_, p ) = (1/2, 0), see
(5), and plug them back in (81)—(85). If we use the case I conditions d 4+ t = 0 = u, we
exactly reproduce the family £, in the last row of table 1 after formula (5). It is necessary to
assume that b + ¢ = (D — 1)d.

On the other hand, in case II it turns out that q¢; = b-3

Tap-1"
table 1 we should have S = aq; + a, + a3 = D/[2(D — 1)], however this is only true
ifu=0.

At last, in case III we obtain S = a; + a, + a3 = D/[2(D — 1)] but (a,, a3) differ from
(1/2, 1/4), see (5), by terms proportional to u. So once again we must have u = 0. This
completes the proof of (12).

From the second row of
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