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1 Introduction

Heat equations with singular potentials have attracted the interest of many authors since the
work of Baras and Goldstein [8] in the 80’s. In a smooth domain 2 C R”, they studied the
Cauchy problem for the linear heat equation

—Au—Vxu=0,xe Qandt > 0, (1.1)
with homogeneous Dirichlet boundary condition and singular potential
A
Ve = 3, (1.2)
|x]
and obtained a threshold value A, = % with n > 3 for existence of positive L2-

solutions. The potential in Eq. 1.2 is called inverse square (Hardy) potential and is an
example of potential arising from negative power laws. This class of potentials appears in a
number of physical phenomena (see e.g. [15, 16, 22, 30, 32, 35] and references therein) and
can be classified according to the number of singularities (poles), degree of the singularity
(order of the poles), dependence on directions (anisotropy), and decay at infinity. One of the
most difficult cases is the one of anisotropic critical potentials, namely

~

Vix) = Z (';}Cﬁ) (13)

where v;(z) € BC(S"™ 1), x' € Q, 1 € NU {oo}, and the parameter o is the order of the
poles {x’ }le. Here BC stands for bounded continuous functions and §*~! is the (n — 1)-
sphere. The potential is called isotropic (resp. anisotropic) when the v;’s are independent
(resp. dependent) of the directions = = l|,that is, they are constant. In the case / = 1 (resp.

[ > 1), V is said to be monopolar (resp. multipolar). The criticality means that o is equal
to order of the PDE inside the domain or of the boundary condition, according to the type
of problem considered. The critical case introduces further difficulties in the mathematical
analysis of the problem because Vu cannot be handled as a lower order term (see [15]).
Examples of potentials (1.3) are

l

l . .
)\i — ).t
Vx)= Z m and V(x) = Z % (1.4)

— xilo+l ’
i=1 i=1 |

where x = (x|, x}, ..., x}) and d' € R" are constant vectors. In the theory of Schrodinger
operators, the potentials in Eq. 1.4 are called multipolar Hardy potentials and multiple
dipole-type potentials, respectively (see [15] and [16]).

In this paper, we consider a nonlinear counterpart for Eq. 1.1 in the half-space with
critical singular boundary potential, which reads as

oy = Au in2, t >0 (1.5)

Ou = h(w) +VEHu indQ, t>0 (1.6)

u(x,0) = wup(x), in <, (1.7)

where Q = R’i, n > 3 and 9, = —0y, stands for the normal derivative on BRi. For the

nonlinear term, we assume that the function # : R — R satisfies #(0) = 0 and

h@ = h(®)| < nla = bl (lal”~ + b1, (1.8
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On the Heat Equation with Singular Potential on the Boundary 591

where p > 1 and the constant 7 is independent of a, b € R. A classical example of &
satisfying these conditions is h(u) = £ lulP~u.

Our goal is to develop a global-in-time well-posedness theory for Eqgs. 1.5-1.7, under
smallness conditions on certain weak norms of ug, V, which allows to consider criti-
cal potentials on the boundary with infinite many poles. For that matter, we employ the
framework of weak-L” spaces (i.e., L(”°-spaces) and take V & L(”_l*oo)(BR’}r) and
ug € L#(P=1.00) (R%). Since L?(dR’}) contains only trivial homogeneous functions, a
motivation naturally appears for considering weak-L? spaces. In fact, due to Chebyshev’s
inequality, we have the continuous inclusion L?(9R%) C LP-°9)(3R") and then L~
can be regarded as a natural extension of L” which contains homogeneous functions (and
their x/-translations) of degree ¢ = —(n — 1)/p. The critical case for Eqs. 1.5-1.7 with
potential (1.3) corresponds to 0 = 1 (so, p = n — 1) and we have that

! 1
1
/ /
||V||L<nfl,oo)(3R'jr) = E sup |Ui(x )| H|x/—x’| B A <C E sup |Ui(x) s
i=1 xlesn—Z L l’c’o)(dR'jr) i—1 x/esn—z
(1.9)
where
c= H |x’|—1H < 0. (1.10)
L=1,o9) (3R% )

Of special interest is when the set {x’ }le C dR’ and so V has a number / of singularities
on the boundary which can be infinite provided that the infinite sum in Eq. 1.9 is finite.
We address Eqgs. 1.5-1.7 by means of the following equivalent integral formulation

t
u(x, 1) :/ G(x,y,t)uo(y)dy-l-/ / Gx,y' t =) [h(u) + Vul (v, )dy'ds
R o Jorn

(1.11)
where G(x, y, t) is the heat fundamental solution in R’} given by
R 2 —
Gx,y,t)=@Ant) 2 |e & He & , x,yeRY, t >0, (1.12)
with y* = (y', —y,) and y’ = (y1,---, yu—1) € OR’.. Here solutions for Eq. 1.11 are

looked forin BC((0, 00); X, ;) where X, , is a suitable Banach space that can be identified
with L% (R%) x L(q’oo)(aRi). The norm in X, , provides a L(2-°°)_information for
u|3R1 without assuming any positive regularity condition on u. Notice that this space is
specially useful in order to treat singular boundary terms like Eq. 1.3 with x € dR,. L"-
versions of X, ; (i.e. L (2) x L (9%2)) were employed in [36] and [20] in order to study
weak solutions for an elliptic and parabolic PDE in bounded domains €2, respectively. Let
us observe that H |x’ |_] | = oo forall 1 < r; < oo (compare with Eq. 1.10) which

L2 (3R)
prevents the use of the spaces of [20, 36] for our purposes.

Furthermore, we investigate qualitative properties of solutions like positivity, symme-
tries (e.g. invariance around the axis Ox,) and self-similarity, under certain conditions on
ug, V, h(-). For the latter, the indexes of X, , are chosen so that their norms are invariant by
the scaling of Eqs. 1.5-1.6 u(x, 1) — Aﬁu(kx, 221) (see Section 3), namely p = n(p—1)
andg = —1)(p—1).

To be more precise, in Theorem 3.1 we prove that Eq. 1.11 is globally well-posed in X, ,
with the above indexes p, g and smallness conditions on the initial data ug and the potential
norm || V|| LO-1.00) (gR™ ) - After, assuming that i(-), V and uo are homogeneous functions of
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592 M. F. de Almeida et al.

=g
Theorem 3.3. Invariance under rotations around the axis O_)xn and positivity of solutions are
analyzed in Theorem 3.4.

Hardy and Kato inequalities are tools often used for handling (1.1) (V in the PDE) and
Egs. 1.5-1.6 (V on the boundary) with critical potentials, respectively. They read as

degree p, —1 and — respectively, we obtain the existence of self-similar solutions in

(n—2)2/ u? 2

T ™ = Vo & G (R 113
4 Rr |X|2 X = “ ”‘“LZ(]R") [ 0 ( ) ( )
e 2 -

T Jopn @ = Vil Vo € CRD, (1.14)
r(25%)? Jorr Ix| L2(R") o (R

respectively, where I" stands for the gamma function. Our approach in the space X, ; does
not require Eq. 1.13 nor Eq. 1.14. For that, we prove estimates in weak-L? spaces for some
boundary operators linked to Eq. 1.11. In view of Eq. 1.3, these estimates need to be time-
independent and thereby we cannot use time-weighted norms ala kato (see [28] for this type
of norm), making things more difficult-to-treating. This situation leads us to prove estimates
that can be seen as extensions of Yamazaki’s estimates [43] to boundary operators (see
Lemma 4.3). The paper [43] dealt with the heat and Stokes operators inside a half-space,
among other smooth domains 2. Also, we need to show Lemmas 4.1 and 4.2 that seem to
have some interest of its own. It is worthy to comment that weak-L? spaces are examples of
shift-invariant Banach spaces of local measure in which global-in-time well-posedness the-
ory of small solutions has been successfully developed for Navier-Stokes equations (see [31]
for a review) and, more generally, for parabolic problems with nonlinearities (and possibly
other terms) defined inside the domain (see [29]).

The paper of Baras-Goldstein [8] has motivated many works concerning linear and non-
linear heat equations with singular potentials. For Eq. 1.1, we refer the reader to [11, 24,
42] (see also their references) for results on existence, non-existence, decay and self-similar
asymptotic behavior of solutions. Versions of Eq. 1.1 with nonlinearities +u” and + |Vu|?
have been studied in [2-4, 12, 27, 33, 38] where the reader can found results on exis-
tence, non-existence, Fujita exponent, self-similarity, bifurcations, and blow-up. Linear and
nonlinear elliptic versions of Eq. 1.1 are also considered in the literature (see e.g. [12, 15—
19, 40]); as well as the parabolic case, the key tool used in the analysis is Hardy type
inequalities, except by [18] and [19]. In these last two references, the authors employed a
contraction argument in a sum of weighted spaces and in a space based on Fourier transform,
respectively.

In a bounded domain €2 and half-space R"} , the nonlinear problem (1.5)—(1.7) with V =
0 has been studied by several authors over the past two decades; see, e.g., [5, 6, 23, 26,
37, 39] and their references. In these works, the reader can find many types of existence
and asymptotic behavior results in the framework of L”-spaces. For V € L% (3€2) and Q
a bounded smooth domain, results on well-posedness and attractors can be found in [7].
The authors of [13] considered Eqs. 1.5-1.7 with h(#) = 0 (linear case) and showed L?”-
estimates of solutions, still for V € L*°(92) (see also [14] for the elliptic case). In [25], the
authors studied the linear case of Eqs. 1.5-1.7 in a half-space and considered the singular
critical potential V (x") = |;‘—,| For ug € Co(R’}) (compactly supported data), they obtained
a threshold value for existence of positive solutions by using Kato inequality (1.14). This
result can be seen as a boundary version of those of Baras and Goldstein [8].

Let us now highlight some points of the present paper. Our results provide a global-
in-time well-posedness theory for Eqgs. 1.5-1.7 in a space that is larger than LP”-spaces
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and seems to be new in the study of parabolic problems with nonlinear boundary condi-
tions. Also, the functional setting allows us to consider critical potentials on the boundary
with infinite many poles which are not covered by previous results dealing with boundary
potentials. As pointed out above, another difference is that our approach relies on boundary
estimates on weak-L? spaces instead of using Hardy and Kato inequalities. Since the small-
ness condition on u( is with respect to the weak norm of such spaces, some initial data with
large L? and H®-norms can be considered. The data ug also can have infinite poles. Results
on self-similarity and axial-symmetry are obtained due to the choice of the indexes of X, 4
and the symmetry features of the linear operators arising in the integral formulation (1.11).

The plan of this paper is the following. In the next section we summarize some basic
definitions and properties on Lorentz spaces. In Section 3 we define suitable time-functional
spaces and state our results which are proved in Section 4. The proofs are organized in five
subsections. In the first one we obtain the needed linear estimates. Section 4.2 is devoted
to nonlinear estimates linked to the integral formulation (1.11). In Section 4.3, with these
estimates in hands, we prove our well-posedness result (Theorem 3.1) by means of a con-
traction argument. The results on self-similarity and symmetry of solutions are proved in
Sections 4.4 and 4.5, respectively.

2 Preliminaries

In this section we fix some notations and summarize basic properties about Lorentz spaces
that will be used throughout the paper. For further details, we refer the reader to [9, 10].

For a point x € R, we write x = (x’, x,) where x’ = (x1, x2, ..., x,—1) € R* 1 and
xp > 0. The Lebesgue measure in a measurable 2 C R” will be denoted by either |- | or dx.
In the case Q = R’} , one can express dx = dx’dx, where dx’ stands for Lebesgue measure
on dR = R"~!. Given a subset Q@ C R”, the distribution function and rearrangement of a
measurable function f : 2 — R is defined respectively by

Li(s)=H{xeQ:|f(x)]> s} and (@) =inf{s > 0: Ly(s) <t},t>0.
The Lorentz space LP") = L@P(Q) = L@P(Q,| - |) consists of all measurable

functions f in 2 for which

1

|:f000 (t%[f*(t)])r %]r <00, 0<p<oo,1<r<oo
||f||z(p<r)(Q) = (21)

1
supt? [f*(2)] < oo, 0<p<o0,r=o00.
t>0

We have that LP () = LP-P)(Q) and L% is also called weak-L? or Marcinkiewicz
space. The quantity (2.1) is not a norm in L") however it is a complete quasi-norm.
Considering

1 t
£ = - f F*(5)ds,
tJo

we can endow L(P") with the quantity || - ||, ».» obtained from Eq. 2.1 with f** in place
of f*. For 1 < p < oo, we have that || - [If, ) < I -l = %II “ Iy, Which
implies that || - ||’(kp7r) and || - ||(p,r) induce the same topology on L") Moreover, the pair
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594 M. F. de Almeida et al.

(Len | - l.».») is a Banach space. From now on, for 1 < p < oo we consider L)
endowed with || - || ;.n, except when explicitly mentioned.
If, for A > 0, AQ = {Ax : x € Q} is the dilation of the domain €2, then

||f()"x)||L(l’vr)(Q) =17 ”f(x)”L(F-T)(Q)v 2.2)

provided that €2 is invariant by dilations, i.e., 2 = AQ.
Forl <¢q; < p < gy < oowith 1 < p < 00, the continuous inclusions hold true

L®D « pwa) - P - a2 ~ [P0

The dual space of L®P1) is L&) for 1 < p,r < oo. In particular, the dual of L®D ig
LP') for 1 < p < 0.

Holder’s inequality works well in Lorentz spaces (see [34]). Precisely, if 1 <
p1,p2, p3 <oocand1 <ry,rp,r3 <cowithl/p3s =1/p1+1/prand 1/r3 < 1/r1+1/r2,
then

||fg||L(p3.r3) =< C||f||L(P|,"|) ”g”L(pz.fz) s (23)

where C > 0 is a constant independent of f, g.
Finally we recall an interpolation property of Lorentz spaces. For 0 < p; < p2 <
oo, 0 < 6 < 1, - 16 4 0 4pd 1 < ry,r,r < 00, we have that (see

pi P2
[10, Theorems 5.3.1, 5.3.2])

(L(P]srl)’ L(Pz,rz)) — L(PJ’), 2.4)
o,r

where (X, Y)g, stands for the real interpolation space between X and Y constructed via

the Ky ;-method. It is well known that (-, -)g , is an exact interpolation functor of exponent

0 on the categories of quasi-normed and normed spaces. When 0 < p; < 1, the property

(2.4) should be considered with LP1-"1) endowed with the complete quasi-norm ||- ”:(1’111)

instead of [|-|| ; (py.rp -

3 Functional Setting and Results

Before starting our results, we define suitable function spaces where Eq. 1.11 will be han-

dled. If the potential V is a homogeneous function of degree —1, thatis, V(y) = AV (Ay) for
1

all y € 0R", then uy (x, 1) = Ar~Tu(dx, A2t) verifies Egs. 1.5-1.6, for each fixed A > 0,

provided that u(x, ) is also a solution. It follows that Egs. 1.5-1.6 has the following scaling

1
u(x, 1) = u, (x, 1) = ATu(hx, A1), » > 0. (3.1)

Making t — 0% in Eq. 3.1, one obtains

1

uo(x) — uor(x,0) = Ar=Tug(Ax), (3.2)

which gives a scaling for the initial data.
Since the potential V and initial data ug are singular, we need to treat Eq. 1.11 in a
suitable space of functions without any positive regularity conditions and time decaying.
For that matter, let A be the set of measurable functions f : R’} — R such that f |]Rgr

and f |3R¢ are measurable with respect to Lebesgue o-algebra on R’ and R = oR,
respectively. Consider the equivalence relation in A: f ~ g if and only if f = g a.e. in
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R’ and florr = glore a.e.in oR’ . Given 1 < p,q < oo, we set X, ; as the space of all
f € A/ ~ such that

”f”/\.’p,q = ”f”L(P-OO)(]RD + ||f|6RZr”L(f/v00>(aR1) < 00.

The pair (X, 4, | - lx,,) is a Banach space and can be isometrically identified with
LPoO)(RY) x L@ @RY). For p = n(p — 1) and ¢ = (n — 1)(p — 1), we have from
Eq. 2.2 that

1 1 n 1 n

e R -l
|AP=T f()\x)”X,,,q = Ar-TA n-D ||f||L<p,oc)(R1)+)\p_l A @=DG=D ||f|d]R'j_ ||L(q.oo)(aR1) = ||f||XM,

and then X, ; is invariant by scaling Eq. 3.2.
We shall look for solutions in the Banach space E = BC((0, o0); X, ;) endowed with
the norm

lullg = sup luC. 0l x,,, (3.3)

t>0

which is invariant by scaling Eq. 3.1.
3.1 Existence and Self-Similarity
In what follows, we state our well-posedness result.

Theorem 3.1 Letn > 3, p > 1 with % <n—1,p=n(p—1)andg =(n—1)(p—1).
Let h : R — R verify Eq. 1.8 and h(0) = 0. Suppose that V € L"~1-°)(3R") and
ug € LIPO(RM).

(A) (Existence and uniqueness) There exist €, §1, 62 > 0 such that if |V ”L(n—l.oo)(aRl) <

i and ||u0||L(p,oo)(Rb < i then the integral equation (1.11) has a unique global

solution u € BC((0, 00); X, ) satisfying sup;_ g ||lu(-, Nx,, < lz%y where y =
LIVl w100 et ). Moreover, u(-, 1) = uq in S'(R%) ast — 07,
(B) (Continuous dependence) The solution obtained in item (A) depends continuously on

the initial data ug and potential V.

Remark 3.2

(A) The integral solution u(-,t) € X, ,, for each t > 0, even requiring only uy €
L(P:%0) (RZ). Itis a kind of “parabolic regularizing effect” in the sense that solutions
verifies a property for # > 0 that is not necessarily verified by initial data. Here, it
comes essentially from the fact that u(x,t) = fR'i G(x,y,up(y)dy has a trace

well-defined on OR’, and u;[sr € L(“’“)(aRﬁ), for each t > 0, even if the data
ug does not have a trace. Moreover, the estimate (4.4) provides a control on the trace
just using the norm of ug in L®:°°) (RY).

(B)  The time-continuity of the solution u(:, t) € X}, 4 att > 0 comes naturally from the
uniform continuity of the kernel G(x, y, t) (1.12) on @ X @ x [§, 00), for each
fixed § > 0.

(C) A standard argument shows that solutions of Eq. 1.11 obtained in Theorem 3.1
verifies Eqs. 1.5-1.7 in the sense of distributions.
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596 M. F. de Almeida et al.

Since the spaces in which we look for solutions are invariant by scaling Eq. 3.1, it is
natural to ask about existence of self-similar solutions. This issue is considered in the next
theorem.

Theorem 3.3 Let u be the global solution obtained in Theorem 3.1 corresponding to the
triple (ug, V, h(-)). If ug, V and h(-) are homogeneous functions of degree —ﬁ, —1 and
p, respectively, then u is a self-similar solution, i.e.,

1

ulx,t) =uy(x,t) := rr-Tu(ix, kzt), forall A > 0.
3.2 Symmetries and Positivity

In this subsection, we are concerned with symmetry and positivity of solutions. It is easy
to see that the fundamental solution (1.12) is positive and invariant by the set O, of
all rotations around the axis O_)xH Because of that, it is natural to wonder whether solu-
tions obtained in Theorem 3.1 present positivity and symmetry properties, under certain
conditions on the data and potential.

For that matter, let A be a subset of O, . We recall that a function f is symmetric under
the action of A when f(x) = f(T(x)) forany T € A.If f(x) = — f(T(x)) forall T € A,
then f is said to be antisymmetric under A.

Theorem 3.4 Under the hypotheses of Theorem 3.1. Let U C R!} be a positive-measure set
and A a subset of Ok,,.

(A) Let h(a) = 0 (resp. < 0) whena > 0 (resp. < 0). If ugp > 0 (resp. < 0) a.e. in R",
up > 0 (resp. < 0)inU, and V > 0 in OR'., then u is positive (resp. negative) in
RY x (0, 00).

(B) Let h(a) = —h(—a), for all a € R, and let V be symmetric under the action of

‘A|3Ri' Forallt > 0, the solution u(-, t) is symmetric (resp. antisymmetric), when ug
is symmetric (resp. antisymmetric) under A.

Remark 3.5 (Special cases of symmetries) Let h(a) = —h(—a), foralla € R.

(i) Consider A = O,, and let V be radially symmetric on R"~!. We obtain from item
(B) that if u is invariant under rotations around the axis 5)?” then u(-, t) does so, for
allt > 0. N

(i) Let A = {Ty,} where Ty, is the reflection with respect to Ox,, i.e., Ty, ((x', x,)) =
(—=x', x,) for all x = (x’, x,,) and x,, > 0. A function f is said to be Ox,-even (resp.
_O—x_)n—odd) when f is symmetric (resp. antisymmetric) under {7, }. If V (x) is an even
function then the solution u (-, t) is O—)x,,-even (resp. O—)xn-odd), forall t > 0, provided
that ug is Txn—even (resp. Oxp-odd).

Remark 3.6 Combining Theorems 3.3 and 3.4, we can obtain solutions that are both self-

similar and invariant by rotations around Ox,. For instance, in the case h(a) = £ |a|” La,
just take

1
Vx') = xlx']~" and ug(x) = 6 (%) x| 7T
X

where 6(z) € BC(R) and « is a constant.
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4 Proofs

This section is devoted to the proofs of the results. We start by estimating in Lorentz spaces
some linear operators appearing in the integral formulation (1.11).

4.1 Linear Estimates

Let flo = f(x',0) stand for the restriction of f to oRY = R"~!, We also denote by
{E(t)};>0 the heat semigroup in the half-space, namely

S0 = [ G ynfody @1

where G (x, y, t) is the fundamental solution given in Eq. 1.12. For § > Oand 1 < ¢q; <
g < 00, let us recall the well-known L9-estimate for the heat semigroup {e’ A},Zo on R”:

5 i _ny_ 48
[(=A)Ze fllpa@n < Ct 2<q‘ ‘”) 2 fll Lo ey, 4.2)

where C > 0 is a constant independent of f and ¢, and (—Ax)% stands for the Riesz

potential. For0 < § < nand 1 < ¢q; < g2 < oo such that% <q1 < 5 and ”;21 = ;—] —

)

we have the Sobolev trace-type inequality in L? (see [1, Theorem 2])
s
I flollmomyy < C | -ants], o

The next lemma provide a boundary estimate for Eq. 4.1 in the setting of Lorentz spaces.

(4.3)

Lemmad.l Letl <d) <dp < o0and 1 < r < oo. Then there exists a constant C > 0
such that

_(n_n-1
IE@ ol o o, < Ct (-5, Fllpan gy 4.4
forall f € L““(R™) and t > 0.

Proof Consider the extension from R’} to R”

= f& xn), xp>0
f(X) - { f(-x,7 _xn)v Xp = 0.
Now notice that ~ _
EDf@) =2 f(x) =@ n0* Hx)
where
g(x. 1) = (dmt) /2= W1 /4 4.5)
is the heat kernel on the whole space R”. Therefore, ¢'2 f(x) is an extension from R to
R" of E(¢) f(x) and _
LE@) f1lo = e fllo. (4.6)
Let0 <8 < 1,5 </ < §anddy > r be such that "1 = § — 4. It follows from Egs. 4.6
and 4.3 that

A

P ~
IE®) flloll Lz ey = Cl(—=A)2e™ fll i gy

_l<1_£)_§ -
e D)3 il

IA

_1(n _n-1
Ct 2\ d; dy

IA

||f||L¢l| ®)"
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598 M. F. de Almeida et al.

Now a real interpolation argument leads us

Y B el §
||[E(t)f]|o||L(d2_r>(aR1) <Ct <2d1 2d2)||f||L(dl4,)(Rn+).

Let us define the integral operators
Q1(<p)(x,t)=/ G(x, Y, Dp(y)dy' and Gr(p)(y'. 1) :f Gx,y' Do(x)dx
aRM R

where G(x, y, 1) is defined in Eq. 1.12. Notice that the functions G (x, y’, t) and G| (¢) (x, 1)
are also well-defined for x = (x’, x,,) € R”". Recall the pointwise estimate for the heat
kernel (4.5) on R”

Cs

——5 =0, 4.7
t+xH2"2

(AT g(x. 1) <

forallx e R" and r > 0.

Lemmad4.2 Letl <d| <dy <ooand 1 <r < oo. Then, there exists C > 0 such that

(sl _n-1 1
IIQl(lﬂ)(x/,O, t)||L(tlzvr)(3Rl_$_’dx/) < Ct (2‘1] 2 2)||¢||L(‘ll")(8R’j_,dx’) 4.8)

1

(o=l n 41
Ct (2d1 2dy 2) “l/,”L(dl’r)(aRi,dX/) (49)

IA

”gl (1//)()6, t) ”L((lz‘r)(Rﬁr,dx)

forall ¢ € LI QR™Y).

Proof Let0 < 8§ < 1, % <1l < % and % = 7 — 4. Firstly, notice that the trace-type
inequality (4.3) yields

3 /
1G1 (@) &, 0. D) La gy < CI(=D2)2G1 (@) (X' X, D] 1 ey - (4.10)

Next we employ Minkowski’s inequality for integrals and the pointwise estimate (4.7) to
obtain

s * 5 !
”(_Ax)fgl((ﬂ)(x,vxn»t)HLI(R,dx,,) = (/ |(_Ax)7gl((p)(x/sxnvt)lldxn)

1
o) Iy !
C/ ’ / ley)I rd |y
IRY —00 (t+\x’7y’|2+x3)2 2

1
7
d dx,
= 20/ el / | 4
aRY 0 (t+|x’fy’|2 +x%)2 2

n_ 8.1
= ch oGO+ =y 2 T ay @.11)
aR",

(242 L (248 L)a—
cr (a0 [y (B 00y @)
OR"

IA

IA

@ Springer



On the Heat Equation with Singular Potential on the Boundary 599

where Eq. 4.12 is obtained from Eq. 4.11 by using that (a + b) % < a=*p=*1-9) when
0<6 <landk > 0. Letd; <landy = (n—l)(%—%).LetO < 6 < 1besuch

that (n — 1) —y = (n +5— %) (1 — ). It follows that } = i — X+ > 0, and Sobolev
embedding theorem gives us

1 /
_— dy' <C ) (aRn ) 4.13
fm T O | Cleliaam “.13)
OR™)
Fubini’s theorem, Eqs. 4.12 and 4.13 imply that
s s
1A EG @ 3 Dl = 120G @ G 30 Ol it | s 40
(243 _1)p 1 ,
< o (3+83) | oy )iy
omy ¥ =Yl ’ LI (R, dx")
—_(n é,qi 9
< Ct (2+2 '/) ||(/’||Lr11(3]1§1)~ (4.14)

It follows from Eqs. 4.14 and 4.10 that

n 8 1
2t~

||Q1(§0)(x/,0,t)||Ldz(aR1 §Ct7<2

because of the equality

n+5 1 9_n—1 y 1 45 1
272 )" T T2 T2 2\ I
2d, 24y 2

Now the estimate (4.8) follows from Eq. 4.15 and real interpolation. The proof of Eq. 4.9 is
similar and is left to the reader. O

n

0 nel _n—l_1
)”‘pHLdl(a]Ri):CtZd2 A 2”¢”Ldl(3R’}r)’ 4.15)

In the next lemma we obtain refined boundary estimates on the Lorentz space L% that
. ! . . .
is the pre-dual one of L(¢->_ These can be seen as extensions of Yamazaki’s estimates (see
[43]) to the operators G| and G,.

Lemmad4.3 Let 1 < d; < dr < oo. There exists a constant C > 0 such that

A

00 (n—1_n-1\_1
/0 (5 -%) GG 0, Dl i greydt < CllY @ gre, — (4.16)

A

O (n=1_ n\_1
/ t(z‘ll 2(12) 2”gl(‘p)(',t)”L(dzJ)(R'jr)dt = C”lb”L(dl'”(aR’jr) 4.17)
0

A

o (n_n-1)_y
/ t<2"1 ) 1G2(@) C, Dl L@y n e ydt < Cllgll L@ gy (4.18)
0

forall y € LY-D@R") and ¢ € LD(R™).

Proof We start with Eq. 4.18. Let 1 < p; < d; < pa < d> be such that dil — ﬁ < —% and
- % < 2. Noting that G2 (¢) (¥, 1) = [E()¢](y’, 0), Lemma 4.1 yields

(- _n=l
1G2(0) (-, t)”L(dz.l)(gRi) <Ct (2pk 2d2)||(p||L(pk’l)(Ri)’ fork =1, 2. 4.19)
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600 M. F. de Almeida et al.

For ¢ € LP1-)(R") N LP2:2)(R" ), we define the following sub-linear operator

o _n=1_
F@@O) =112 Ga(@)C, Dl s -

Since 1 < pi < da, it follows from Eq. 4.19 that

o n )y
Flp)®) < Ct(”‘ ZPk) “(p”L(Pk'l)(Ri)'

2di 2px
with 0 < 51 < 1 < 7. Therefore,

Let L = 1—(L—L) and take 0 < 0 < 1 suchthat & = -0 4 & Then 10 4 & —

*

IA

|

”f((p)(t)”L(Skm)(o’oo) ) ”(p”L(pk‘l)(Ri)

LKk (0,00

A

= C”ﬁ””]‘(l’kvl)(Ri),

and so F : L(Pk’l)(R’i) — LGk (0, 00) is a bounded sublinear operator, for k = 1, 2.
Taking
myg = ”]:(90)”L(l’k*1>(Ri)aL(“k’°°)(O,oo)’
and recalling the interpolation properties
L@ — (L(Pl:l)’ L(pz,l))(9 | and L' = (L(Slvoo)’ L(Szyoo))e 1
we obtain
||-7:(<P)||Ll(o,oo) =< Cm}_emg “‘/)”L("N)(R’jr) < C||<P||L(d1<l)(R1),

which is exactly Eq. 4.18.
In order to show Eq. 4.16, now we define

n

n=1_n—1_1
F@)@ =173 TG, 0, D o

and obtain by means of Eq. 4.8 that
n=l_n=1_1
F@H®) < €M e -

I _q_(n=1 _n=t1 1 _1=0, 6 1-6 , 6 _
Letg—l (2d1 2pk)and0<0<lbesuchthaltd1 = +p2.Then 5 +S2 =1,

and one can obtain Eq. 4.16 by proceeding similarly to proof of Eq. 4.18. The proof of
Eq. 4.17 follows analogously by considering

n 1

n—1
f(lﬁ)(f) =t 2 2 ”gl (W)(, ‘s t)“L(dz’l)(]R'jr)
and using Eq. 4.9 instead of Eq. 4.8. The details are left to the reader. O

4.2 Nonlinear Estimates

This section is devoted to estimate the operators

1
Nw)(x,t) = / / G(x,y,t —s)hu(y,s)dy'ds (4.20)
o Jor:

t
Tw)(x,t) = / / G,y ., t =)V u(y, s)dy'ds. (4.21)
0 Jort
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On the Heat Equation with Singular Potential on the Boundary 601

For that matter, we define (for each fixed ¢ > 0)

G(x,y,s),if 0<s <t
kt(x7 yl,s) =
0, otherwise

and consider H the boundary parabolic integral operator
oo
U= [ [ key-0rosdyas
o Jort
For a suitable function ¢ defined in either & = R’} or Q = 9RR}, let us denote

H), 9)a = fQ ). D).

Using Tonelli’s theorem, we have that
o0
o= [ [T ke lroiela)dasiewlds
R% JO IR

=// |f(y’,S)|<f kz(xyy',t—S)Iw(X)IdX)dy’dS
0o Jor R

=/0 (1F Gl GalleD (ot = 8)grn ds (4.22)
and

‘ (Hf. eorn

< f / £ )| Guleh (. 0.1 — s)dy'ds
o Jorn

= /o (LfCo91 GileD 0,1 = $))re ds, (4.23)

because the kernel of G (¢)(-,0,¢ — s) and Go (@) (-, t — s) is k; (x, ¥/, t — ).

Lemma 4.4 Letn > 3, % <p<oo,andg =m—1(p—1), p=n(p—1). There

exists a constant C > 0 such that

sup [|'H SOl ey gny < Csu Ol 4.4
sUp IH () - Oll ey < CSBIFC Ot (4.24)
sup || H .t oo apny < Csu -t 4 o , 4.05
sup IH () - Ollasrasy < €SB IS G0Nt (4.25)
00 .7 (%.00) n
Jorall f € L=((0,00); L'»"" (dRY)).
Proof Estimate (4.22) and Holder inequality (2.3) yields
o0
(Hf ore| < C/O ||f("S)”L(%“’)(am)HQZ(WD("t_S)”L(/To-”(am)ds
o0
< CSp IO g [ IG200DCt =9
(4.26)
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602 M. F. de Almeida et al.

Next, notice that (%)/ = # > p’ and

1(n n—1 1 1 0

-] -1==(1-—4+—— ) =-1=

2\pr &y 2 p—1 p—1
In view of Eq. 4.26, we can use duality and estimate (4.18) with d; = p’ and dy = qqu to
obtain

K = IHOCDlem@y = s |HOD, oy
|\fﬂ”1_(p/,1)(R1):1
o]

< CsupllfCDl 4o, sup </ 1G2(leD ot = (o, ds)

>0 L% >(B]R+) ”‘pHL("'~‘)<R1>:l 0 L7 l)(aR'},)
< CsupllfCON (2o, sup lell ;.o e

>0 L7 (9RY) W”L(l’/»”(n&’jr): RY)
< , 4.27)

C su ot 9 o
P LS G 0

for a.e. t > 0. The estimate (4.24) follows by taking the essential supremum over (0, co)
in both sides of Eq. 4.27.
Now we deal with Eq. 4.25 which is the boundary part of the norm ||-|| Xy We have that

! I
(%)>qand
1 ({n-1 1 I n-17p 1 1_0
2\ e &) 2 2 \qg ¢/ 2

Proceeding similarly to proof of Eq. 4.27, but using Eq. 4.16 instead of Eq. 4.18, we obtain

L(t) = [H(C, Z)”L(q.oo)(amr)
o0
< su 8 . g L 0,t—s g ds
< e L7510 =
L@’ @R" )
o
< . . _
< CPIFC O 5 o /0 I1G1gD 6 01 =9 o o s
S Csup I fCDI (4o ., sup lell L a@.v@rn
(=0 L7 0RY) ”‘/’”uq’.lnam'p:‘ (ORL)
= CSW DN d (4.28)
for a.e. t € (0, 00), which is equivalent to Eq. 4.25. O
4.3 Proof of Theorem 3.1
Part (A) Let us write Eq. 1.11 as
u=E@®uo+N @)+ Twu)
where the operators A" and T are defined in Eqs. 4.20 and 4.21, respectively.
Recall the heat estimate (see e.g. [41, Lemma 3.4])
_Q(L_L)
||E(f)u0||Ldz(Rgr) <Ct 2% 9| ugll Lq (R™)> (4.29)

@ Springer



On the Heat Equation with Singular Potential on the Boundary 603

for 1 < d; < dp < oco. By using interpolation, Eq. 4.29 leads us to

VE ol sy < €1 2B gl a0 e - (4.30)
forl <d| <dy < 0.
We consider the Banach space E = BC((0, 00); &), ;) endowed with the norm (3.3).
Estimate (4.30) and Lemma 4.1 yield

I E@uolle

sup 1 E(@®)uoll 7o, o) (R ) + Sup lE@®)uoll ;@ ) (IR™)
t>0

IA

€ (1ol 0ty + N0l e )
S2lluoll Lircorrry < & (4.31)

provided that [Jugl| ;. RY) = 8 . In what follows, we estimate the operators T and N

in order to employ a contraction argument in E. Since g = = —|— , property (1.8) and
Holder’s inequality (2.3) yield

1A () = h@) | g amry < 1l =l Q™" + 017D Lasmoo o)

IA

Cllu = vl ) 1 g ey + 100 i ) (432)

Using Lemma 4.4 and Eq. 4.32, we obtain

sup [N () = N )l = sup [ HBw) —h@)llx,,

t>0 t>0
Csup ||h(u) — h(U)”L(q/p,oo)(aRg_)
t>0

IA

IA

1 —1
Kllu—vle(uly  +Ilvl% ).
Also, noting that g = ﬁ + é, we have that

17 —TllEe

sup [H(V(u —v)l«,,

t>0

IA

Csup |[V(u— )@ ) (R
t>0

| V||L(n71,oc)(3Rﬁr) sup |lu(-, 1) — v(-, t)||L(q,oo)(aR1)
t>0

IA

IA

yllu—vllgwith0 <y <1,

provided that y = §|| V”L(n—l,oc)(aRrJtr). Now consider

D(u) = E(ug +N ) + T (u) (4.33)
and the closed ball B, = {u € X}, 4 ; lulx,, < %} where ¢ > 0 is chosen in such a way
that

20eP~1K
—_— 1. 4.34
(1_y)p_1+y < (4.34)
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604 M. F. de Almeida et al.

For all u, v € B, we obtain that

A

@) — @Wllg < IIN@) =Nl +ITw@ —TWlEe

lu —vlle (K 2+ Kloll2™ +y) (4.35)

2°gP—1
= KW +y ) llu—vlx,,-

Noting that ®(0) = E(¢)uo, the estimates (4.31) and (4.35) yield

IA

Pwlle = |E@uolle + |Pw) — PO)|E

<
< e+ (Klulg +y lullg)

2PgP 2¢e 2¢e
<e+ (K p+7/

A

< ,
(I—=y) I—y L—vy

for all u € B, because of Eq. 4.34. Then the map ® : B, — B, is a contraction and Banach
fixed point theorem assures that there is a unique solution u € B, for Eq. 1.11.

The weak convergence to the initial data as t — 0T follows from standard arguments
and is left to the reader (see e.g. [21, Lemma 3.8], [29, Lemmas 3.3 and 4.8]).

Part (B) Let u,ii € B be two solutions obtained in item (A) corresponding to pairs
(V,up) and (V, i), respectively. We have that

A

IE@ o — o)l £ + IN () = N @& + 1T ) = T@)lle
82lluo — fioll oo ey + K llu = all e (el + il

HIHIV = V)i + V(u — D]llg

lu —ulle

IA

IA

21K
(- y)ﬂ*l)
+81 (1V = Vllo-so0 1l + 1V ll o100 0 — il )

Salluo — dioll oo ey + llu — il (

2er=lK
(1 =yt

" 281¢
+y ) llu—ule+
I—y

IV = Vi1,

IA

82 llup — ﬁOHL(V-oo)(RD + (

which gives the desired continuity because of Eq. 4.34.
4.4 Proof of Theorem 3.3

From the fixed point argument in the proof of Theorem 3.1, the solution u is the limit in the
space E of the Picard sequence

uy = E@M®ug, ups1 =up +N @) +T ), keN, (4.36)

where A and 7 are defined in Eqs. 4.20 and 4.21, respectively. Since ug € L"(°~1:%) (R7%)

and V € L0129 (R"~1) we can take ug and V as homogeneous functions of degree — ﬁ

and —1, respectively. Using the kernel property

G(x,y,1) = A"G(hx, Ay, A%1) (4.37)
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and homogeneity of g, we have that

ui(Ax, Azt) = / G(ix,y, Azt)uo(y)dy

R

/ MG (Ax, Ay, A2Dug(Ay)dy
R

n
+

1 1
)fﬁ/ G(x,y, Duo(y)dy = 1 P Tui(x, 1),
Rn

n
and then u is invariant by Eq. 3.1. Recalling that f(Aa) = A” f(a) and assuming that

1

up(x, 1) = ug . (x, 1) == A Tug(hx, A%t), fork € N,

we obtain

A2t
N@up)(0x, A21) /O /W G(rx, ¥y, 32t — )h(ur(y', 5))dy'ds
+

1

t 1
= k"‘1+2/ / GOux, Ay, A2t = s)h(A =T AP Tur(ry’, A2s))dy'ds
0 Jorn

o+l ! —n r, - / /
=A MG (x, Yt —)A Th(u (Y, s)dy'ds
0 Jore

1
= 277 TN (ug) (x, 1)
1
and, similarly, 7 (ux) (Ax, A2t) = A~ 77T (ux) (x, t). It follows that

3P et G, 320 = g (v, 1) + N () + T () = g (6. 1)

and then, by induction, uy is invariant by Eq. 3.1 for all k € N.
Since the norm || - ||g is invariant by Eq. 3.1 and u; — u in E, it is easy to see that u is
also invariant by Eq. 3.1, that is, it is self-similar.

4.5 Proof of Theorem 3.4

Part (A) Letug > O ae. in RY, and &/ C R} be a positive measure set with uo > 0in /.
It follows from Eq. 1.12 that

ui(x,t) 2/ G(x,y, Hug(y)dy > 0 inR” x (0, 00).
Rll

+

By using that V is nonnegative in R"~!and h(a) > 0 whena > 0, one can see that N (u) +
T (u) is nonnegative in M % (0, oo) provided that ”|3Ri > 0. Then, an induction argument
applied to the sequence (4.36) shows that u; > 0 in @ x (0, 00), for all kK € N. Since the
convergence in the space E implies convergence in L+ (R%) and in L<q’°°>(aR1) for
each ¢t > 0, we have that (up to a subsequence) uy(-,t) — u(-,t) a.e. in (R", dx) and a.e.
in (0R", dx”) for each r > 0. It follows that u is a nonnegative function because pointwise
convergence preserves nonnegativity. Since uy > 0, thenu = u;+N (w)+T (u) > u;+0 >
0in @ X (0, 00), as desired. The proof of the statement concerning negativity is left to the
reader.
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606 M. F. de Almeida et al.

Part (B) We only will prove the antisymmetric part of the statement, because the
symmetric one is analogous. Given a T € G, we have

ur(T(x),1) = /R" G(T(x), y, uo(y)dy

il
1 [ _irw—? _IT@—y*?
= —— e e w uo(y)dy
R% (4mt)2 L
1 [ _ra-r—toni? _ T o2
= — e T +e a uo(y)dy
R% (4mt)2 L
1 N e =T~ op*?
2/ — e 7 +e” T }uo(y)dy
R% (4me)2 L

= /Rn G(x, T~N(y), Hu(y)dy.

+

Making the change of variable z = T-(y) and using that u( is antisymmetric under G, we
obtain

u(T(x), 1) = / G(x, z, Huo(T (2))dz = —/n G(x,z,Dug(z)dz = —ui(x,1).

RY RY.

A similar argument shows that
t
o= [ [ Goyir=s00'ndys
0 Jor"

is antisymmetric when 6(-, t)| IR is also, for each ¢ > 0. As V is symmetric and h(a) =
—h(—a), it follows that

0(x,t) =h@(, 1)+ Vu(,1)

is antisymmetric whenever u(-, t) does so. Therefore, by means of an induction argument,
one can prove that each element u (-, t) of the sequence (4.36) is antisymmetric. Recall
from Part (A) that (up a subsequence) ug (-, t) — u(-, t) a.e.in (R” , dx) and in (OR", dx’),
for each r > 0. Since this convergence preserves antisymmetry, it follows that u (-, ) is also
antisymmetric, for each ¢ > 0.
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