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Abstract In this paper we study topological structural stability for a family of nonlinear
semigroups 7 (-) on Banach space X; depending on the parameter /. Our results shows the
robustness of the internal dynamics and characterization of global attractors for projected
Banach spaces, generalizing previous results for small perturbations of partial differen-
tial equations. We apply the results to an abstract semilinear equation with Dumbbell type
domains and to an abstract evolution problem discretized by the finite element method.
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1 Introduction

One of the main concepts in the modern theory of infinite-dimensional dynamical systems
is the global attractor. Indeed, dissipative dynamical systems and the study of attracting
compact invariant sets have shown very helpful to obtain essential information for a huge
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range of models of PDEs (see [9,20,26,33,37,41,45]). One of the main properties of the
global attractor is that it is robust under perturbation of the terms in the equations. Robustness
can be understood at the level of sets (upper semicontinuity [29,31], and lower semicontinuity,
[19,30,43]), but also on the internal dynamics in the attractors (topological [1,18,26] and
structural stability [32,38]). In recent years this kind of results have been generalized for
non-autonomous perturbations [11,12,18].

We will say that a dynamically gradient system (in the sense of Definition 11) is
topologically structurally stable if the system remains the same after a small perturbation
of terms in the equations, measured as the robustness of Morse decomposition or the exis-
tence of Lyapunov functions associated to the global attractors. Note that, in the literature
(see, for instance, [32,38]), structuctural stability is associated to the robustness of Morse
sets and connections among them, so that we get an homeomorphism on the structure of
attractors under perturbation as observed, for example, in Morse—Smale systems [14, 15].

In the autonomous framework, i.e. for nonlinear semigroups acting on a fixed Banach
space X, the topological structural stability has been proved, for instance, in [17] or [1,18],
where the authors are able to prove the robustness of the characterization of attractors for
some evolution PDEs under singular [6] or regular [1] perturbations of the terms in the
equations.

On the other hand, the study of the (upper and lower) continuity of the attractors for PDEs
in dumbbell domains has been widely studied in [3-5]. Consider the evolution equation of
parabolic type of the form

uf (x,t) — Au(x, t) +u(x,t) = f(W(x,1)), x €8, t>0,

qu(x,t (I.1)
7”8()6 ) _0, xecog..
n

where 2. ¢ RN, N > 2, is a bounded smooth domain, € € (0, 1] is a parameter, % is
the outside normal derivative and f : R — R is twice continuously differentiable function
which is bounded and has bounded derivatives up to the second order. The domain £2 is a
dumbbell type domain consisting of two disconnected domains, that we denote by £2, joined
by a thin channel, R, which degenerates to a line segment as the parameters € approaches
zero, see Fig. 1. Under standard dissipative assumption on the nonlinearity f of the type,

i sup £
im sup

Is|>40c0 S

<0,

Eq. (1.1) has an attractor A, C H'(£2,), fore € (0, 1].

Passing to the limit as € — 0, the limit “domain” will consist of the domain £2 and a line
in between. We denote by Py and P; the points where the line segment touches £2, see Fig.
2.

Fig.1 Dumbbell domain Q
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Fig. 2 Limit domain

The limiting equation is
wi(x, 1) — Aw(x, t) + w(x, 1) = f(w(x, 1)), xe€82,t>0,
ow(x, )
— =0, xe€08,

0
U,(s,nt) — Lu(s,t) +v(s,t) = f(v(s, 1)), s € Ro,
v(0) = w(Py), v(l) = w(Pr),

(1.2)

where w is a function in §2 and v lives in the line segment Ry. Moreover, L is a differential
operator which depends on the geometry of the channel R, more exactly, on the way the
channel R, collapses to the segment line Ry. More specifically, Lv = é(g vy )y Where g will

be defined in Sect. 4. Again, this system has an attractor Ag in H'(£2) x H'(Rg) =: H'(£20).

Note that both Eqgs. (1.1) and (1.2) are posed in different space domains, which produces
a drastic change in the nature of equations. Indeed, since (1.1) is in £2, and (1.2) is defined
in 2 U Ry, we need to deal with solutions in these two different sets. This leads to the
comparison of semigroups {7¢(¢) : t > O}ec(0,1.{70(¢) : t > 0} and associated attractors
A¢, Ap on different Banach spaces H L@, H! (£20). Moreover, since the study of structural
stability of dynamical systems requires a deep understanding of the geometrical description
of the attractors and its behaviour under perturbation, we need to generalize the existing
theoretical results in the literature on topological structural stability (see [1,18]) for fixed
Banach spaces to the case of Banach spaces depending on parameters.

We also present another example given by discretization of an abstract Cauchy problem
using the finite element method. Consider the abstract evolution problem in the Hilbert space
X as

{d+Au:FWLt>Q AP)

u() = ul e x1/2,

where the operator A : D(A) C X — X is given by Au = —Lu foru € D(A), L is the
operator in (4.9) and F : X!'/2 — X is the Nemitskii’s operator associated to f. Under
certain conditions on the function f, the problem (AP) has an attractor A in X /2.

In order to discretize problem (AP), we introduce the space X ;l/ 2 (see Assumption 1 and
(4.19)) which has finite dimension. So that the problem (AP) can be approximated by

2 (APy)

up 4 Apup = Fp(up)
up(0) = ul) € X,/

where Ay, : X}I/2 — X}I/2 is given by (4.24), F, := Py F : X;l/z — X;l/2, forall & € (0, 1]

and P, : X - X ;1,/ % is the projection operator (see (4.22)). Problem (AP},) has an attractor
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Ap in X }11/ 2forall h € (0, 1]. Again, we deal with the comparison of semigroups {7} (¢) :
t > 0}pe,1],{T () : t > 0} and associated attractors Aj;, A on different Banach spaces
X ;l/ 2, X1/2. We will show that under certain conditions the topological structural stability of
semigroups also holds in this case.

Thus, in this paper we show sufficient conditions for a dynamical system to be topological
structurally stable on projected Banach spaces, which is then well suited to apply for our
parabolic equations in dumbbell domains and an abstract evolution problem discretized via
the finite element method. The difficulties to deal with changing Banach spaces depending
on a parameter lead to introduce generalizations of all concepts and results already known in
the previous literature. Section 2 introduce several concepts and results on the existence and
characterization of attractors for dynamically gradient systems, as the important definition
of &-convergence on a family of paramatrized Banach spaces. In Sect. 3 we prove the
main result of this paper (see Theorem 8) on the topological structural stability on projected
Banach spaces, which is then used in Sect. 4 to prove the robustness of the characterization
and internal dynamics for the attractors of (1.1) and (1.2) and also for the attractors of (AP)
and (APp).

2 Basic Concepts and Results

We introduce the necessary basic notions and results on attractors and &?-convergence on
Banach spaces.

2.1 Theory of Global Attractors

Firstly we recall the definition of a global attractor for a nonlinear semigroup {7'(¢) : t > 0}
(see [9,20,26,37,41,45]).

Let X be a metric space with metricd : X x X — R, where R* = [0, c0), and denote
by %' (X) the set of continuous maps from X into X. Given a subset A of X and € > 0, the
e-neighborhood of A is the set O(A) := {x € X : d(x,a) < € forsome a € A}.

Now, we introduce the notion of semigroup in the metric space X.

Definition 1 A family {7'(z) : t > 0} C € (X) is a semigroup in X if

(i) T(0) = Ix, Ix is the identity map in X.
(i) T(t+s)=T(@)T(s),forallt,s >0 and
(iii) (t,x) — T(t)x € X is continuous from R x X into X.

For simplicity, we will refer to “ T (-)” rather than “the semigroup {7'(¢) : t > 0}”. A solution
of T'(-) corresponding to the initial condition x(0) = xq is the mapping ¢ +— T (¢)xo from
R* into X.

We begin with the necessary definitions to define the global attractor for the semigroup.
Definition 2 A set A C X is invariant under 7'(-) if T(t)A = A for all ¢t > 0.

Remark 1 Let (A;);c; be a family of invariants subsets of X under 7'(-), then the union
U,er. Ay, is invariant under T'(-). In fact, for any r > 0, T'(¢) (UkeL AA) = U TH A,
and, by the assumption, T (t)A, = A, forallL € Landt > 0.

The notion of invariant set is intimately related to that of global solution.
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Definition 3 A global solution for 7'(-) is a continuous function £ : R — X with the
property that T (¢)€(s) = &(t + s) forall s € R and forall t € RT. We say that& : R — X
is a global solution through x € X if it is a global solution with £(0) = x. The orbit of a
global solution is

y© = JtEw).

teR

The concepts of invariant set and global solution are connected by the following result.

Proposition 1 A subset A of X is invariant under T (-) if and only if it consists of a union of
orbits of global solutions.

Proof See Lemma 1.4 in [18]. ]

Next, we will introduce the notions of attraction and absorption. For that we recall the
definition of Hausdorff semidistance.

Definition 4 Given A and B nonempty subset of X, we define the Hausdorff semidistance
from A to B as

distx(A, B) := supdx(a, B) = sup gngd(a, b).

acA acAbE

Remark 2 The Hausdorff semidistance fulfills the triangle inequality.
Note that, disty (A, B) = 0 implies only that A € B, where D denotes the closure of D
in X; we only have distx (A, B) = 0 implying A C B provided that B is closed.

Definition 5 Given two subsets A, B of X we say that A attracts B under T(-) if
disty (T (t)B, A) 2% 0 and we say that A absorbs B under 7' (-) if there is atp > 0

such that T(t)B C A forallt > tp.

Definition 6 7 (-) is asymptotically compact if, for any sequence {t}xew in [0, c0) with
t kiio oo and bounded sequence {xy }xcIv in X, the sequence {7 (#;)xx }rew has a convergent
subsequence in X.

With this we are in a position to define global attractors.

Definition 7 A subset A of X is a global attractor for 7'(-) if it is compact, invariant under
T () and for every bounded subset B of X we have that A attracts B under 7 (-).

This definition in fact yields the minimal compact set that attracts each bounded subset of
X and the maximal closed and bounded invariant set (see [18,26]). The global attractor for
the semigroup is unique (see [20,41,45]).

Next, as a consequence of Proposition 1, the global attractor can be characterized as the
union of the orbits of all globally defined bounded solutions.

Theorem 1 If T () has a global attractor A, then

A ={y € X : there is a bounded global solution & : R — X with £(0) = y}.
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2.2 Dynamically Gradient Semigroups

In this section we recall the notions of a dynamically gradient semigroup for a global attractor
(see [17,18]). We first define the concept of isolated invariant sets.

Definition 8 We say that . = {&, &, ---, &,} is a family of isolated invariant sets (for
T (+)) if there exists a § > 0 such that

Os(Ei)NOs(Ej) =0, 1=<i<j=<n,
and Z; is the maximal invariant subset (with respect to 7'(-)) of Os(&;).

Definition 9 Let 7'(-) be a semigroup and let ¥ = {&, &>, ..., &,} be a family of isolated
invariant sets. A homoclinic structure in .# is a non-empty subset {&y,, &y,, ..., &, } of &
(where k < n), together with a set of global solutions {§; : R — X : 1 < j < k} such that

t_l)ir_noodistx(éj(t), E¢;) =0 and tlirgodistx(éj(t), ) =0,
where Zy,, 1= Zy, and, if k = 1, the orbit y (§1) is not contained in Zy,.
Definition 10 The unstable set of an invariant (under 7'(-)) set & is defined by
W"(Z) :={x € X : thereis a global solution & : R — X
such that £(0) = x and lim,_, _ distx(£(z), &) = 0}.
Given § > 0, the local unstable set of & associated to § is the set
W) = (x € W(E) : distx(£(1), E) < 8,V 1 <0}, 2.1
We are now ready to define dynamically gradient semigroups (see [18, Sect. 5.1]).

Definition 11 A semigroup 7'(-) with a global attractor A is dynamically gradient with
respect to the family . = {&, &5, - - - , &,} of isolated invariant bounded sets, or dynami-
cally .-gradient, if it satisfies the following two properties:

(G1) Given a global solution £ : R — X in A, there exist i, j € {1, 2, ..., n} such that
lim distx(§(t), Z;) =0and lim distx(&(t), ;) = 0.
t—>—00 —00
(G2) The collection .# does not contains homoclinic structures.

Next, we introduce a class of semigroup which will be important to explain the purpose
of the results in this paper.

Definition 12 We say that a semigroup 7 (-) with a global attractor A and a family of isolated
invariant bounded sets . = {&1, &>, ..., &,} is a gradient semigroup with respect to .,
or an .¥-gradient semigroup, if there is a continuous function V : X — IR such that

(i) The real function [0, 00) > t —> V(T (¢)x) € R is non-increasing for each x € X;
(i) V is constant in each Z; foreachi =1, ..., n; and
n
@iii) V(T (t)x) = V(x) forallt > 0 if and only if x € U ;.
i=1
A function V with these properties is called a generalized Lyapunov function for 7'(-)
with respect to ., or an .’-Lyapunov function for 7 (-).
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The following result characterizes a gradient semigroup in terms of its dynamical prop-
erties: backwards and forwards convergence to isolated invariant sets and the absence of
homoclinic structures.

Theorem 2 Let T () be a semigroup with a global attractor A, and let .7 be a finite collection
of isolated invariant bounded sets. Then T (-) is .”-gradient if and only if it is dynamically
-gradient.

Proof See Theorem 1.1 in [1] or Theorem 5.5 in [18]. m]

As an immediate consequence of this theorem we obtain the following characterization
of the attractor.

Corollary 3 Let T (-) be a gradient semigroup with respect to ¥ = {E1, &>, ..., 8y} a
family of bounded isolated invariant sets. If T (-) has a global attractor A, then

n
A= Jw ). 2.2)
J=1
Proof We first note that, given y € A and using Theorem 1, it follows that there is a bounded

global solution £ : R — X with £(0) = y. Also, from Theorem 2, there exists a & € .¥ so
thatt lim distx(£(t), E) =0, then §(r) € W¥(&). Hence, A C U7=1 WH(&;).
——00

Conversely, given x € W*(Zy), for some &y € . where £ € {1, ..., n}, we have there is
a global solution £ : R — X for 7'(-) with £(0) = x and t_l)ir_noo distx(£(t), Z¢) = 0. Since

Zy is a bounded set, then {£(¢) : t < —t} is bounded set for some T € RT. From Theorem
2, we know also that the set {£(¢) : t > 1(} is bounded for some 7y € R*. Thus, we see from
Theorem 1 that x € A. O

2.3 Perturbation of Global Attractors

A perturbation of the semigroup 7 (-) on aspace X produces a variation in its global attractor .4
contained in X, which is a very natural fact in real phenomena. Perturbation of the semigroup
is reflected in dependence on a parameter i € (0, 1], thatis, 73 (-), and similarly for the global
attractor Aj. The study of the behavior of this effect is given in two parts:

(a) The continuity of global attractors: This fact is given by the combination of

(al) Upper semicontinuity of global attractors under perturbation (see [27,29,31,43]),
i.e., when it holds that

distx(Ap, A) > 0ash — 0 and

(a2) Lower semicontinuity of global attractors under perturbation (see [19,30,41,43]),
written as

distx (A, Ay) — 0ash — 0.

(b) Topological structural stability (see [17,18]): We call topological structural stability if
dynamically gradient semigroups (see [18, Definition 5.4] or (G1) and (G2) at Definition
11) are kept under perturbation. This means that the internal dynamics in global attractor
is robust under perturbation.

The next section is devoted to introduce the concept of discrete convergence, used for
comparing problems on different Banach spaces.
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2.4 &-convergence

Z-convergence, also called discrete convergence, was proposed by Stummel (see [44,46—
48]), and it is specially well-suited for the analysis of comparison of solutions for
discretization of PDEs under, for instance, finite element methods. In the present section
we recall some fundamental notions and results concerning to the &7-convergence of ele-
ments and operators. In the papers [3-5,19,46-49] a general scheme was studied that allows
to analyze convergence properties of numerical discretizations along with some applications
to the continuity of attractors for some evolution PDEs. We now collect some results that are
necessary for the development of the paper.

Let {Xp}nefo,1) be a family of Banach spaces and &2 = {Py},¢(0,1) a family with Py, :
Xo — Xp suchthat P, € £(Xo, Xp) = {T, : Xo = X, : Ty is a bounded linear operator},
for h e (0, 1], with the following property:

h—0
| Pruollx, —> lluollxy, Y uo € Xo. (2.3)

Usually, in applications, the X, are finite dimensional; but in the abstract theory this
assumption is not necessary.

Definition 13 A family {u}nc(0,1) with u, € X, Z-converges to ug € Xy if

lun — Ppuollx, — 0 as h — 0.

We write this as u, —> uo.
Similarly, the &-convergence of sequences is defined as: A sequence {uj,},cNn With

up, € Xp,,such that i, = 0, Z-converges to ug € Xo if

n?

lun, — Pryuollx,, — 0 as n— oo.

Lemmad Let P, € £(Xo, Xp) be satisfying (2.3) for all h € (0, 1], then there exist a
constant 1 < M < oo and hg € (0, 1] such that

sup  1Pullexo,x,) < M.
hel0,hg]

Proof Let F, = {ugp € Xo : 3h € (0, 1]s.t. | Pyuollx, < n,¥Y h € [0,h]} C Xo. Then,
U2 Fy C Xo. We observe that F), is closed set because P, € £ (Xo, X;). From (2.3), we
know that, given ¢ > 0 and ug € Xy, there exists an h1 € (0, 1] such that

[ Pruolx, < [l Pauollx, — lluollxe| + lluollxy < &+ lluolixy, vV €[0, ] (24)

So that, || Pyuollx, < lluollx, < n1, for some n; € IN and for all » € [0, h;]. Hence,
o.¢]

Xo = U F,. Using the Baire Theorem, there is an nyp € IN such that int F,,, # #. Given

n=1
uy € Xo and r > 0 such that Bx,(uo,7) C Fy,. From this, there exists an 4 such that

| Pruollx, < no,forallh € [0, ho]. Thus, taking u = ug+rz forz € Bx,(0, 1), follows that
u € Bx,(uo, r). Hence, there is an h3 € (0, 1] such that || P,ul|x, < no, forall & € [0, h3].
Then,

rl Przllx, < | Paullx, + Il Pruollx, < 2no.

Therefore, there exists an kg = min{h,, h3} € (0, 1] such that
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2ng
| Prll2 (xo, %) < - = M,

forall i € [0, ho]. O
Let us present some properties of &?-convergence that follow immediately.
Proposition 2 The &7-convergence has the following properties:

. @ @
i) If up, — ug and up, — vy, then ug = vo.
.. 2 2 7
i) Ifup — ugandv, — vo, thenaup+pBvy, — aug+pPvo, wherea, B € IK = C or R.
z h—0
iii) If up —> wo, then ||upllx, —> lluollx,-
. 4 . . h—0
iv) up —> 0 ifand only if |upl x, —> O.
v) Given ug € Xy, then Pyug —> uo.
. h—0 P
vi) Ifug € Xo, u™y C Xo such that ||u™ — ugl||x, —> 0, then Pou™ = uj.

Assume that {Y},}¢[0,1] is a family of Banach spaces and 2 = {Q}xe(0,1] @ sequence of
bounded linear operators Qj : Yo — Y, with the following property:

h—0
I Qnvolly, —> llvolly, ¥ vo € Yo. 2.5)

Definition 14 A family {A;}xe(0,1] of operators A, : X, — Y, & 2-converges to an
operator Ay : Xo — Ypash — 0if
2 7
Apup —> Aguog whenever u, —> ug.
We write Ay, % Agash — 0.

The following result is very useful to show &2 2-convergence of linear operators.

Proposition 3 Let Ay € L(Xy, Yy), forall h € (0,1], Ay € Z(Xo, Yo), the bounded
linear operators Py : Xo — Xy and Qp : Yo — Yy, satisfying (2.3) and (2.5), respectively.
The following statements are equivalent:

(i) An 22 Agash — 0.

.. h—0 .

(ii) Foranyug € Xo, |Ap Prug— QrAouolly, 2 0 andlim supy, o lAnll.2 x;,.v,) < 0.

h—0 . .
(iii) For any v € E, |[AyPyv — QprAovlly, 2 0 where E is dense in Xo and
lim sup,_,o 1AL ll.2 (x,,v,) < 00

Proof See Theorem 2.2.8 in [46] or Lema 4.1 in [49]. ]

Denote by % (X, Y1) the set of uniformly Lipschitz continuous maps from Xj into Yy,
for h € [0, 1]. In the following result observe that the operators are simply continuous.

Corollary 5 Let Ay, € % (Xp, Yp), for h € (0, 1], the bounded linear operators Py, : Xog —
X and Qy : Yo — Yy, satisfying (2.3) and (2.5), respectively. Ay, y—{ Agash — Oifand
only if | A Pautg — QpAouolly, =3 0, for all ug € Xo.
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Proof The first implication is straightforward from Definition 14, since Pjug ﬁ) ug for all

2 2
ug € Xo. Thus, Ay Phug —> Aouo, for all ug € Xo. Conversely, let u, — ug ash — 0.
Since A, € % (Xn, Y»n), then there is a positive constant o, which is independent of %, such
that

h—0
NApup — OnAouolly, < cllup — Prugllx, + I1Ar Pruo — QnAouolly, — 0.
29
Therefore, A, — Ay. O

2.5 Continuity of Attractors Under Z’-convergence

Now, we define the continuity of global attractors in the sense of &?-convergence.

Definition 15 Let A, C Xj, where X}, is a Banach space, for all 2 € [0, 1].

(i) We say that the family of sets {45 }re(0,1] is &?-upper semicontinuous at 1 = 0 if

. . h—0
distx, (Ap, PyAg) := sup inf |uj, — Pulx, —> 0. (2.6)
upeA, U€A0

(ii) We say that the family of sets {A;}re (0,17 is Z?-lower semicontinuous at i = 0 if

. . h—0
distx, (Pp Ao, Ap) := sup inf |lup — Pyulx, =2o. 2.7)
uc Ay Uh€An
(ii) We say that the family of sets {Az}ne(0,1] 1S &?-continuous at 1 = 0 if it is Z2-upper
semicontinuous and &?-lower semicontinuous at 2 = 0.

Remark 6 The &7-upper and &-lower semicontinuity of sets have the following characteri-
zations (see [18,19]):

(1) If for each sequence iy — 0 and {x;}xewv With x; € Ay, there exists a subsequence
{h, }iew such that {x, };en is &?-convergent to some limit u( belonging to Ay, then
{An}ne,1] 1s Z-upper semicontinuous at 1 = 0.

(2-a) If Ap is compact and for any ug € Ag and hy — O there is a subsequence {Ay, };ew
and a sequence {u;};eNy With u; € Ahk, , which &-converges to uq, then {Az}re(.1]
is Z-lower semicontinuous at 2 = 0.

(2-b) If {An}ne,1] is Z-lower semicontinuous at & = 0, given ug € Ap and hy — 0, there
is a subsequence {/y, };cv and a sequence {u; };en Withu; € Ahk’ , which &-converges
to uyp.

Proof Just for completeness, let us proof item (2-b).
Indeed, since {Aj}re(0,1] 1S Z7-lower semicontinuous at 4 = O we have, in particular, that

lim disty, (Pn, Ao, An,) =0.
k—00 k
Then, given ug € Ag we get
lim dth (Puuo, Ap,) = 0.
k— 00

From that, we may take a subsequence {/, };cv such that

1
dxhk[ (Pry,u0, Any,) < 7
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and by definition of dx (-, -) we can take a sequence {u;};cv with u; € Ahk] which satisfies

1
dth, (Ppy, uo, up) < 7

and the proof is complete. O

3 Topological Structural Stability of Global Attractors

In this section we develop the theory of topological structural stability for different Banach
spaces parameterized by & € (0, 1], say Xj, which dimension may be finite (to apply for
discretizations of PDEs) or infinite. With this we generalize the theory of topological structural
stability (see [1,18]) given on a fixed Banach space.

We begin with a definition that is a generalization of the concept of collectively asymptot-
ically compact (see [1, Definition 4.2] or [18, Definition 3.16]) for variable Banach spaces.

Again for simplicity, we will refer to {7},(-)}xe[0,1] rather than the family of nonlinear
semigroups {7}, (t) : t > O}peo,1].

Definition 16 Let {7}, (-)}sc[0,1) be a family of semigroups in the Banach space X, for all
h € [0, 1]. We say that {7, (-)}re(0,1] is &?-collectively asymptotically compact at 7 = O if,

. . k .
for any sequence {/}rew in (0, 1] with Ay =3 0, uniformly bounded sequence {x}reN
. . . k
with x; € Xy, , sequence {f}kew in (0, 00) with #; % o the sequence {Th, (t) Xk keN
has a #-convergent subsequence to some element in Xg.

Remark 7 In case X, = Xo and P, = Ix,, forall h € (0, 11, {T},(-)}nefo,1] is collectively
asymptotically compact at 7 = 0 (see Definition 3.16 in [18]).

Definition 17 Let {7}, (-)}nc[0,1] be a family of nonlinear semigroups in X, for 4 € [0, 1].
We say that T, (+) ‘% To(-) uniformly in compact subsets of R+ x X if for each 7 > 0,

we have

lim sup [|7(1)up — PpTo(t)uollx, =0
h—=0tef0,7]

whenever

lim [lup, — Pruollx, =0.
h—0

We are now ready to state the following theorem on the behavior of global attractors under
perturbation, which also implies perturbation of space. This result also shows the continuity
of global attractors in the sense of &?-convergence.

Theorem 8 (Topological structural stability) Let {7}, (-)} [0, 1] be a family of nonlinear semi-
groups &-collectively asymptotically compact at h = 0 on a Banach space X, for h € [0, 1]
and that Ty (+) 2% To(+) uniformly on compact subsets of R x Xo. Suppose that

(a) for each h € [0, 1], the semigroup Ty(-) has a global attractor Ap, with sup,po 1

SUPy,eA, ”xh”Xh < 00;
(b) there is a p € N such that for any h € [0, 1], the semigroup Ty (-) has a disjoint

family of isolated invariant bounded sets %, = {&, Eop, ..., Epn) that behave
P-continuously at h = 0, that is, for eachi = 1,2, ..., p, we have
dl'StXh(Eiyh, PhEi,O) + diStX;, (PhE,',(), Ein) =0 as h— 0 3.1)

@ Springer



698 J Dyn Diff Equat (2018) 30:687-718

(c) To(-) is a gradient semigroup with respect to Sy = {E1,0, 2,0, ..., Ep,0};
(d) the family of local unstable manifold of E; j, behaves &-continuously at h = 0, that is,
there exists a p > 0 such that

distx, (W,""(Ein), PaWy " (Ei0)) + distx, (PaWy" (Zi0). W, (Ein)) = 0

ash — 0; and

(e) There existsady > O suchthat, forallh € [0, 1land j =1, ---, p, &; j, is the maximal
invariant set for the semigroup Tj,(-) inside Os,(PyE o). Besides, 8¢ is such that the
8o-neighborhoods of the P, E o’s are disjoints.

Then,

1. the family {Ap}neo,1) is &-upper semicontinuous at h = 0 whenever (a) holds;

2. the family {Ap}he,1] is &-lower semicontinuous at h = 0 whenever (a), (b), (c) and
(d) hold; and

3. there exist an hg € (0, 1] such that, for al h € [0, hol, {Th()}re,1] is a gradient
semigroup with respect to S, = {E1p, E2p, ..., Ep p} whenever (a), (b), (c) and (e)
hold. Consequently,

P
A= JwW“@Ein. ¥helo, h

i=1

Remark 9 1Tt is important to note that hypothesis (e) does not follow from hypothesis (b)
along with the &2 &?-convergence of the nonlinear semigroups, since hypothesis (e) assumes
that the §p must be uniform forevery 2 € [0, 1]and j =1, ..., p.

To be more precise, although for every & € [0, 1] and j = 1,---, p, & is an isolated
invariant set, which means that for every 4 € [0, 1] there exists , > 0 such that Z; 5
is the maximal invariant set for 7j,(-) in Os, (&} ), and there exists hg > 0 such that
Ejn C Os5y(PrZj ) forall h € [0, ho] (due to hypothesis (b)), without (e) we do not get
that 5 ; is the maximal invariant set for 7j (-) inside Os, (P Z,0). Since the neighborhood
Os,, (&j,n), for h small, might be lower than Os, (P, & 0), so we could not say nothing about
an arbitrary invariant set Ej, for T, () which is inside the difference O3, (P Z,0) \ Os;, (£, 5)-
By (e), we can conclude that E;, C Z; ;.

The following lemma is crucial for the development of the proof for our main result. It
shows the existence of a &2-convergent subsequence of global solutions for semigroups in
variable Banach spaces to a global solution for a semigroup on a fixed Banach space.

Lemma 10 Let (T, (-)}ne(0,1] be a family of semigroups &-collectively asymptotically com-
pact at h = 0 on the Banach spaces X, for h € [0, 1], such that Ty (-) % To(+) uniformly
on compact subsets of Rt x Xj.

Given {hi}rew in (0, 1] with hy kiof 0 and a sequence {Ji}reN with Ji := [—tx, 00)

, . .. . k—o00

for some increasing sequence of positive numbers {ty}xeIN With ty —> 00. Suppose that
{Xk}ken is a uniformly bounded sequence with xi € Xp,.

Defining for each natural number k, & : Jx — Xp, by &(t) = Ty, (t +ti)xk, YVt € Jg,
there is a subsequence of (§x)keN that &-converges to &y uniformly on compact sets of R,
Sfor some global solution & : R — X of To(:).

@ Springer



J Dyn Diff Equat (2018) 30:687-718 699

Proof Since the family {7}, (-)}re(0,17 is &?-collectively asymptotically compact, let INg be
an infinite subset of IN such that the sequence {7}, (#x)xk }ren, &-converges to zp € X, that
N 0 0
is. lim || Ty (10)xk = Phy2ollx;,, = 0. Define £V RY - Xo by £ (1) = To(0)z0.

kelNg

Using the above argument, consider IN| an infinite subset of INy such that #; > 1 for
all k € INy and the sequence {7}, (fx — D)xx}keN, &?-converges to z1 € Xo. Define Eél) :
[~1,0] — Xq by &" (1) = To(t + Dz1.

We note that if a sequence &?-converges then all its subsequences &7-converge to the same
limit. Now,

Igs" ©) — &7 O)lIxo = lim [Py, To(Dz1 — Pr2ollx,,
k—o00

kelNy

=< Jim W Zh (DT, (8 — Dxic = Po To(D)z1 1 xs,
kelNy

+ lim (|7, (t)xk — Przollx,, = 0.
k— 00
kelNy

thus £$"(0) = £\2(0).

Analogously, let IN, be an infinite subset of IN; such that #; > 2 for all k € IN; and the
subsequence {Tj, (fx — 2)xk ke, &?-converges to z2 € X.

Define £ : [<2, —1] = Xo by &7 (1) = To(t + 2)z2.

As before, we obtain

2 1
I1E2(=1) — €7 (=Dl x,
< tim [|Th (DT (6 = Dk — Po, To(D22l1x,,
k—o00
kelNy
+ lim |7y, (tx — Dxx — Pyzillx,, =0,
Ko

then £ (1) = g (= 1).

Repeating the same argument, we obtain a decreasing sequence of infinite subsets of IN,
thatis, N D INg D IN; D --- D IN, D ---, so that for each n € {0, 1, 2, ...}, there exist
Zn € Xo and #; > n for all k € IN,, such that the sequence {7}, (tx — n)xi }keN, <7-converges
to z,.

Define £ : [—n, 1 — n] — Xo by & (1) = To(t + n)z,, and

IES (1 —n) — V(1 =)k, = lim | PuTo (1) — Phza-il,

< lim [Ty, (DT (tx — n)xx — P To(Dznl x),,
k—00

kelNp
+ Iim || Ty, (tx —n + Dxg — Pthn—IHth =0
k—00
kelN,_1
Thus,
N1 —m)=£"DA—n), Ynel. 32)
Finally put & : R — X by
)
& (1), 1=0
&) =11, (3.3)
& (), te[-n,1—-n],nelN.
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We note that &) : R — X is well defined by (3.2).
Now, we claim that & : R — X is a global solution for Tp(+).
In fact, given ¢, s > 0 along with the definition of &y, we have

To(t)éo(s) = To(t)To(s)zo = To(t + s)zo = o(t +5),

since t +s > 0.
We see that Ty(n)z, = zo due to

1To(m)zn — 20llxo = lim I P4 To(m)zn — Pazollx,
< lim [Ty, (n) Ty (tx — n)xi — P To(n)znllx),,
k—00
kelNy
+ lim [Ty, (0)xk — Przollx,, = 0.
k—00

kelN, _1

If s < 0, we choose n € IN such that s € [—n, 1 — n], therefore &y(s) = To(s + n)zy,.
Fort + s > 0, we have

To®)&o(s) = To(®)To(s +n)zn = Tot + 5)To(n)zn = To( + 5)z0 = ot + 5).
Fors +t <0, thereisam € INsuchthatm <nands +1t € [-m, 1 —m]. Thus

To()éo(s) = To()To(s +n)z, = To(lt + s +m] + [n — m)z,
= To(t +5 +m)To(n — m)z,
= Tolt +5 +m)zm =& +5) = &t +5),

for Top(n — m)z,, = z». Then, & : R — X is global solution for Ty (-).

On the other hand, define the set IN* so that its n-th element is the n-th element of IN,;, in
increasing order of the natural numbers; note that IN* is an infinite set.

Moreover, considering the restriction {&; }xcv+, it follows that {& }ren= iS a subsequence
of {&x}xew that &-converges to &y uniformly on compact sets of R.

In fact, let a, b € R be such that 0 < a < b. It follows from T, (-) 9—“7; To(-) uniformly
on compact subsets of R x X that
lim sup (1§ (1) — Pr§o(®)llx,,

k=00 teq,b]

= lim sup [T (t + 1)xk — P To(Dz0l x,,
kkgl\%o rela,b)

= lim sup [T, (1)Th (1) Xk — P To()z0llx,, = 0.

k—o00
kelNy t€la,b]

For any fixedn € IN, k € IN,, and ¢ € [—n, 1 — n], we obtain

Jim - sup - ([§(5) = Pugo(®)llx,,

— X0 te[—n,1-n]

= lim  sup  ||T, (r + )Xk — P To(t + n)zallx;,
kk?l\ao te[—n,1—n]

= lim  sup || Tp (t + )T (tk — m)xx — Pu To(t + n)zallx,, = 0.
k_)?’o te[—n,1—n]
Finally, the general case follows from the fact that every compact set K C R is contained in
a finite union of intervals of the kind considered above, and so the proof is complete. O
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3.1 Proof of Theorem 8

(1) We will use the part (1) of Remark 6. For that, we take sequences hy — 0 and {xi }xeN
with x; € Ap, . Then, for each k there is a bounded global solution & : R — X}, for T, (-)
with & (0) = x.

By Lemma 10, we get a subsequence (&x,)ieN of (§x)kenv and a bounded (this by the
hypothesis (a)) global solution & : IR — X for Tp(-) such that (§,);ew &?-converges to &y
uniformly on compact sets of RR.

In particular, &, (0) = x, &-converges to £y(0) =: x¢ and being x( a point of Ap, we get
the Z7-upper semicontinuity at 4 = 0 of the family of attractors {.Aj }x¢[0.1]-

(2) By part (2-a) of Remark 6, since A is compact, to show this result we just need to
see that, given ug € A and hy — O there is a subsequence {Ay, };cv and a sequence {u;};eN
with u; € Ahkl , which Z-converges to u.

Indeed, since ug € Ap there exists a £ € {1,2,...,p} such that ug € Wy (E¢0).
That is why there is a global solution &y : R — Xj for Tp(-) with &(0) = ug and
lim;—, —oodx, (§0(#), E¢,0) = 0.

Now, let p > 0 such that, by hypothesis (d), the family of local unstable set of =; j
behaves &-continuously at & = 0 and take #p < 0 such that dx, (§0(?), E¢,0) < p for every
t < 1o, then is easy to see that &(19) € Wy (&¢,0).

Being (WZ’p(EM))hqo,u Z-lower semicontinuous at 7 = 0, by part (2-b) of Remark
6, there exists subsequence {/y, };cn and a sequence {y;};en with y; € W}’l’k’lp(Ee’ hyy ), which
Z-converges to &y (tp).

Finally, by T5(-) y—%a To(-) uniformly on compact subsets of R™ x X follows that
Ahk] > Thk, (—t0)y1 &-converges to To(—19)&o(to) = £0(0) = ugp, as we wish.

(3) First, by Theorem 2 it suffices to show that 7}, (-) is dynamically .#},-gradient.

We begin by proving that (G 1) is stable under perturbation, that is, there is an 41 € (0, 1]
such that T3 () satisfies (G 1) with respect to .7, for all & € [0, h1].

In fact, we remark that by assumption (e¢) we may take § € (0, do) and, for this, if
h e (0,1],&, : R — X} is a global solution for 7} (-) that lies in .A;, and there exists
to € R satisfying

dx, n(), PpEj0) <8 forall ¢ € [t,00), for some & € H. 3.4

Then, if w,(&,) indicates the omega limite set of the solution &, with respect to the
semigroup Tj(-), we get that w, (§,) C Os(PrEj,0) C Os(PrE} 0) and, by the hypothesis
(e), we must have wy, (§,) C &, what clearly means that

lim distx, (§,(t), Zj5) = 0. (3.5)
—00

Let us now show that there exists 41 € (0, 1] such that the condition give in (3.4) is valid
for every h € [0, hq].
Indeed, arguing by contradiction we suppose there are sequence (hx)ren in (0, 1] with

hy ki);) 0 and, for each natural k, a global solution & : R — Xy, for T}, (-) that lies in Ay,
such that

p
supdxhk & (), U Pp Ejo| >4, forallk € Nand 1 € R. 3.6)
=19 .

j=l
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We can use Lemma 10 to suppose the existence of a subsequence (which we relabel) such
that & (1) &7-converges to & O1) uniformly for # on compacts of R, where & O©. R - X
is a global solution for Tp(-) that lies in A, this for the hyphotesis (a).

Since Ty (-) is dynamically .”)-gradient, it follows that there is an isolated invariant &, ¢ €
0 such that lim,_, o dx, EOD @), Zjy,0) = 0. Thus, by Lemma 4, we obtain, for every real
t,

dx,,, (D), P Fig,0) < 16(0) = Pr £ P 0l + dx,,, (Pu & @), Py, Eig 0)
—_ k—
< &) — PugQ@lx,, + Mdx, ). Eiy0) = 0.

Then, given r € IN (with } < §) there exist k, € IN and ¢, € R such that

dx,, G (1), Pry Big,0) < % whenever k > k,. (3.7
Also, from (3.6) it follows the existence of # > #, such that
dx,, (&, (1), Phy, Eig0) <8 forall € [tr,1;)
and
dxy,, (&, (1)), Phy, Eig.0) = 8.

We can see that 7/ — #, — oo as r — oo. In fact, for otherwise, we may assume that
t—t "Z%° 7, for some 7 > 0. Then, by (3.7) and &, () = Tj,, (¢, — t;)&, (t,), we get the
existence of a point in =, o distanced § > 0 to 5, o, but this is a contradiction.

Use Lemma 10 again to take a subsequence such that Er(l)(z) Z-converges to S(l)(t)
uniformly for # on compact sets of R, where Er(l) (t) := &, (t+1)) forallt € [—(1 — 1), 00)
andeM R — Xpa global solution for Tp(-) that lies in .Ap. We see that

dxy &V (0), Fig0) = lim d, (P& (1), Pr&iy0)
h—0
< lim [Py, £V 0) — £V 0)x,,
+ lim dy,, (60, Py, Sio0) <5, (3.8)
for all # < 0, and the property (G1) of Tp(-) implies that
Jim dy, (€7 (1), Big.0) = 0.

Since Ty(-) satisfies (G1) and (G2),

we must have that lim;_, oo dx, (“g‘(l) (), Ziy,0) = 0, for some isolated invariant set &;, o €
S with iy # io, because if it was iy = i, since dy, (£ (0), Ziy.0) = 8, £ would be an
homoclinic solution, what cannot be.

Now, from the fact that 5,(1) (t) P-converges to & M) uniformly for # on compact sets of
R, it follows that (analogously as in (3.1)) for each m € IN (with % < §) there are r, € IN
and t,, € R such that

1
dth (Sr(l)(tm), Py, Ei,70> < — whenever r > ry,.
r m
Again, by (3.6) we have there is a ,, > f,, so that

dthr (Er(,,l,)(t)’ Py, Ei1,0> <8 forall 1 € [tw,1),)
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and

'm

dxy,, ( D!, P, Eil,o) =3

Similar to what we did in the previous case, we obtain that 7/, — ,, — 00 asm — oo and
there exists a global solution & @ R — X for Ty(-) such that 5,512) () &-converges to £@ ()
uniformly for f on compact sets of R, where “;‘,5,2) (t) ==&, (t+1),) forallt € [—(t), —t), 00).
Following the argument in (3.8), we must have dy, (€ (¢), &;,0) < & forall t < 0, and
along with the property (G 1) of Ty(-) implies that lim,—, _o dx, (€® (1), &i,.0) = 0.

Again, since Tp(-) satisfies (G1) follows that lim;_, o0 dx, (§ D), Ei,0) = 0, for some
isolated invariant set &, o € . Since Tp(+) also satisfies (G2), it must be that iy ¢ {io, i1},
for otherwise there would be a homoclinic structure for 7y (-) associated to .%.

Then we can repeat the previous argument, which should stop after a finite number of
steps, as the set .%) is finite and, as we saw in the last step will be forced to find a homoclinic
structure in the attractor .Ag which is a contradiction. Then our initial assumption (3.4) is
true.

One can prove that there is an i, € (0, k1] along with the counterpart of (3.5) ast — —oo
by a similar argument.

Finally, we will prove that there is an iy € (0, h2] such that Tj,(-) satisfies (G2) for all
h € [0, ho]. To show this, we again argue by contradiction. Suppose there exists a sequence
hi — 0 for which there exist (.#])kel of sets with . 1= {&¢, 1., Ets hir - -+ > Etpii} C
< » and a sequence of global solutions {& ; : R — X}, : 1 < j < m}ic such that & ; is
a global solution for Ty, (-) that lie in Ay, , satisfying

t—llrlloo dth (sk,j(t)v E(j,hk) =0 and tllfgo dth (Sk,j(t)v Eﬁ(/+1),hk) = 07

where Ez(m+l)»hk =By ny-
With this, we get forall # € R,

=l - . — —_ k—o00
dx,, (&k,j (1), Py Ee;0) < dx,, Gk, j (1), E¢; ) +distx, (B ns Py Ee;0) —> 0.

Changing to a subsequence if necessary, we can assume that for each k € IN and every

j=1,2,...,m — 1 there is a real t,ij'H) such that

dx,, (Sk.j(t/i]-‘r ), Py, dzj,o) <z

(j+1)y > l‘]gj-H)

and note that for all k and j, we see that there is also 7, such that

— +1 j+1
dy, (&j(0). Py By, 0) < 6. forall € (1) (D)

and
i+1 -
dxy, <§k,j (tIEH )/) , Py, dz,,o) =34.

Because, otherwise, we should have dxhk Gk, j (@), Py, Egj,o) < § < §pforallt € Rtherefore,
by maximality of Z; 5, in Og, (Pp, Elj,o) given by the hypothesis (e), we get & ;(t) € E[j’hk
for all real ¢, what is in contradiction to the fact that (5’,(’)/(611\1 with (& ; 'R — X, 1 1 <
Jj < m}rew define an homoclinic structure.

In this way, we have created all necessary conditions for using the same argument we have
used to conclude the stability of (G 1) and thus the theorem is proved. O
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Remark 3 The Fundamental Theorem of Dynamical Systems [39] states that every dynamical
system on a compact metric space (in our case, the one defined on a global attractor) has
a geometrical structure described by a (finite or countable) number of sets {&;}ic; with
an intrinsic recurrent dynamics and gradient-like dynamics outside them. In other words,
the global attractor can be always described by a (finite or countable) number of invariants
and connections between them. Thus, our theory would include the case of periodic orbits,
homoclinic structures joining a set of equilibria, or even invariants inside the attractor with a
chaotic behaviour. In applications, the problem with all of this kind of invariant structures is
how to prove their robustness under perturbation. Hyperbolicity of equilibria has been show
to be robust under autonomous and non-autonomous perturbation (see [16,33]) and normally
hyperbolic periodic orbits are stable under autonomous perturbation (see, for example, [28]).
But even in this last case the proof of the persistence of associated stable and unstable
manifolds (needed for any result on, for instance, lower semicontinuity of attractors), is
something, although expected, to be done in full development. In this work we will apply our
main results to the case where the attractor is made of a finite set of hyperbolic equilibria, for
which a perturbation leads to some projected spaces (see Sect. 4). Application of our results
to more general attractors, as the ones described in [39] or [21] in finite dimensions, or as in
[40,42] for infinite dimensional dynamical systems, would be very welcome, but out of the
aims of the present paper.

4 Applications

In this section we study the application of our abstract results to parabolic equations in
dumbbell domains and an abstract PDE with discretization by the finite element method.

4.1 Parabolic Equations in Dumbbell Domains

We consider the evolution equation of parabolic (see [3-5]) type of the form

us(x,t) — Au(x,t) +u(x,t) = f(u(x, 1)), x €8, t>0,

e @.1)
el =0, x €982,

where 2. ¢ RY, N > 2, is a bounded smooth domain, ¢ € (0, 1] is a parameter, (;in is
the outside normal derivative and f : R — R is twice continuously differentiable function
which is bounded and has bounded derivatives up to the second order.

The domain £2, is a dumbbell type domain (see Fig. 1) consisting of two disconnected
domains, that we denote by £2, joined by a thin channel, R.. Under standard dissipative
assumption on the nonlinearity f of the type,

i 1)
im sup

|s|>400 S

<0,

Eq. (4.1) has an attractor A, C HY(£2,), fore € (0, 1].
On the other hand, the limit domain consist of the domain §2 and a line in between. We
denote by Py and P the points where the line segment touches £2, see Fig. 2.
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The limiting equation is

wi(x, 1) — Aw(x, t) + wx, 1) = f(wx, 1)), xe€82,t>0,
) — 0, xeds,

ve(s,t) — Lu(s,t) +v(s, t) = f(v(s, 1)), s € Ro,

v(0) = w(Po), v(l) = w(Py),

4.2)

where w is a function that lives in £2 and v lives in the line segment Ry. Moreover, L is a
differential operator depending on the way the channel R, collapses to the segment line Ry,
ie., Lv = %(gvx)x where g will be defined below. Again, this system has an attractor 4 in

H'(£2) x HY(Ry) =: HY(£2).

Definition 18 A dumbbell domain £2, consists of a fixed domain £2 attached to a thin handle
R that approaches a line segment as the parameter € approaches zero; that is, 2. = 2 N R..
More precisely, let RY, with N > 2, Let 2 c RN, N > 2, be a fixed open bounded and
smooth domain such that there is an / > 0 satisfying

2n{@s,x): s+ X < 12} ={(s.x"): sPH P <P s < 0},
o) =D+ WP <P ={6 ) =D+ X <2 s > 1),
2n{@.x):0<s <1, x| <1} =0,

with {(0,x) : [x'| <1} U {(1,x"): x| <1} C 052. We are using the standard notation
RN 5 x = (s,x"), withs € R, x' = (x2, ..., xn5) € RV"L.

The channel that we consider will be defined as R, = {(s, ex’) : (s, x’) € Ry} and Ry is
a smooth domain givenby R} = {(s,x") : 0 <s <1, x' € I'Y} and for all s € [0, 1], I}
is diffeomorphic to the unit ball in RN-!. That is, we assume that for each s € [0, 1], there
exists a C! dipheomorphism L : B(0, 1) — I'{. Moreover, if we define

L:(0,1)x B(0,1) - Ry
(s,2) = (s, Ls(2)) 4.3)

then L is a C! dipheomorphism.

The function [0, 1] > s +— g(s) := [I}| € R, where |I]| denotes the (N — 1)-
dimensional Lebesgue measure of the set I'}. From the smoothness of R, we may assume
that g is a smooth function defined in [0, 1]. In particular, there exist dy, d; > O such that
do < g(s) < d; foralls € [0, 1]. Moreover, fixede > 0, g(s) = EI’NIFjI,foralls e [0, 1]
and the channel R, collapses to the line segment Ry = {(s5,0) : 0 <s < 1}.

Remark 11 A very important class of channels will be those whose transversal sections I’
are disks centered at the origin of radius r(s), that is

Ri={(s,x), x| <r(5),0 <5 < 1}.

For this channel, g(s) = wn_1r(s)N ~1 where wy_ is the Lebesgue measure of the unit ball
in RV,

The dumbbell domain will be the domain 2, = 2 U R, for € € (0, 1]. Observe that
we did not specify any connectedness property for §2. Therefore we can have the situation
described in Fig. 1 or, for instance, as in Fig. 3. Now, we define appropriate spaces UZ, for
1 < p<ooande € [0, 1] as follows, U := LP(£2,), for € € (0, 1] with norm

1-N
I lyp =11 lleeey +€ 7 11 llieere
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Fig. 3 Dumbbell domain with a
connected £2 .

]

and U] = L?(2) & LP(Ry) with norm
I, vlige = lwlrr@) + vl

where Lg (0, 1) is the space L?(0, 1) with the norm

! 5
||U||Lé’(0,1) = </ g(S)Iv(S)I"dS> .
© 0

We will also consider the spaces H! = H'($2) ® H'(R.) with the norm

1N
-l =1 la@ €2 1 llaery

and H} = H'(2) ® H'(Ro).

Since both Egs. (4.1) and (4.2) are posed in different space domains, the first one in £2¢
and the second one in £2 U Ry, we need to devise a tool to compare functions defined in these
two different sets. A tool given in [2,3] is to define the extension operator E : U(f - Ul
as follows

w(x), x € 82,

Ec(w,v)(x) := [v(s), x =(s,y) € Re.

With this, problem (4.1) can be written as a semilinear abstract equation of form

{u§ + Acu€ = F.(uf), t>0

u€(0) = uf € UL “44)

for family of spaces U?, where A, : D(A;) ¢ UY — U?, fore € (0, 1]. Also, problem
(4.2) can also be written as

{u,—i—AOu:Fo(u), t>0 45)

u(0) = ug € U§

in space U}, where Ay : D(Ag) C UJ — U} The nonlinearity F, : Ue — U, is the
Nemitskii operator generated by f, that is Fe (u€)(x) = f(u€(x)).

Proposition 4 ([3]) Fore € (0, 1], E¢ : Ué’ — U is a bounded linear operator and

IEe(w, v)llyr = I(w, v)llyp forall (w,v) € Ug -
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We also define the projection operator M, : UZ — U[ givenby Mc (1) = (we, ve) with
We(X) = Ye(x), x € 2 and ve(s) = TSP, s € (0, 1), where

Tes Ye(x) =

o / Ye(s, Wy, TP =1{y: (s €Re).

Proposition 5 ([3]) For € € (0,11, Mc € 2(UL, U}) and || Mc(w, Dlgwrun = 1
Moreover, M¢ o E. = IUO”-

We can see that the family of linear operators E : Ué7 — UY satisty the property

| Ecullyp e lullyp.  forallu e ug, (4.6)
by using of Proposition 4.

Definition 19 We say that a sequence {uc}ec(o,1), e € U, E-converges to ug € UJ if

e—0 . . E
lue — Ecullypr — 0. We write this as ue —> uy.

With all of this, the continuity of attractors for (4.1) and (4.2) has been studied in [3-5].
On the other hand, by the theory in [2], the authors obtained (see [2, Theorem 8.4]) a general
result on the rate of convergence of local unstable manifolds and attractors. These results
apply to our dumbbell domain model, as shown in the next theorem.

Theorem 12 Let T, (-) the solution operator associated to (4.1) and (4.2) and A¢ be its
global attractor, € € [0, 1]. Then, there are g > 0, L > 0, 8 >0,y € (0,1) and C > 0
such that

(a)

ON
ITeue = ETyOMevelLran = CeP't™ (llue = vellyy +€ 7 ).

B

ITe(tue — EcTo())Mevellyp < CeP't™7 (||ue —vellyp +e?)

foreachp > N,0 € (1/2,2p/(N + 2p)), forall t > 0.

(b) If all equilibrium points & = {ui’o, e, u:’o} of (4.2) are hyperbolic (hence there
are only a finitely many of them), the semigroup {Te(t) : t > 0} has a set of
exactly n equilibria, & = {ui’g, o ul ), all of them hyperbollc for p > N,

. . N
lub€ — Eéuﬁgolll‘p(gg) < Ce7 and |uk€ — Ecul® lyr < Cel’ 1<i<n
(c) Thereis a p > 0 such that, ifWS(u* ) = W'(u ﬁf) N BL (Q‘)(u* ) (or W;‘(ui’é) =
. p .
W N Bgf W), there is a Cg > 0 such that

distt" (29 (W"( ’f) EGW”< ’0)) T dist" @0 (E W"( ’°> W"( “)) < Cper .
(ordist¥ (wy (i), Ewy (ui®)) +dist? (Ecwy (i), W (wh€)) < Coe? ),

where dist* (A, B) := SUp,c infpep la — bl x is the Hausdorff semi-distance between
the subsets A and B of the Banach space X.

We now present the main result of this section.
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Theorem 13 Under the same conditions of Theorem 12. Suppose that Ty(-) is a gradient

nonlinear semigroup in Uop with respect to &y = {uy ..., u:'o}, then there is an €y > 0
such that the family {T¢ () }ee(0,1] of nonlinear semigroups in U? is gradient with respect to
Ec = {ul’e, . uy€), forall € € [0, €o]. Consequently,

n
Ac = U Wu(uf,f), Ve el0, el
i=1

Proof We need to prove the hypotheses of Theorem 8.

E E-convergence of T (-) to To(-) on compact subsets of RT x Uop , follows directly from
the item (a) of Theorem 12 by writing v = Ecuo, where u. E-converges to ug.

Now, let us prove the E-collectively asymptotically compactness at € = 0. We know that
the nonlinear semigroup Ty () : U(f — Ué’ is compact for t > 0 (see [4, p. 198]), so that for
every bounded sequence in Uop , say {uk}kE]N in By with By C Uop bounded, it follows that
there are a subsequence of {Tj (t)uk}ke]N (denoted by the same) and some ud e Uop such that
| To(H)uk — MO||UOP — 0as k — o0. From item (a) of Theorem 12 and [5, Remark 4.5], that
is, B < 0, we obtain

o
ITe(ve — Ecu®llyp < CeP't™7er + | EcTo()Meve — Ecu®| yp
o
< CP'rVer + || To(t) Meve — uyp.

Thus, given sequences €, — 0, #x — oo ask — oo and {v, Jrew in B¢, a bounded subset of
U!;, the compact asymptotic E-collectivity at € = 0 follows by taking uf = M, v, along
with Proposition 5.

The existence of global attractor A C U? for T.(-), € € [0, 1], was shown in [4,5]. In
general, the attractors A lie in more regular spaces. In particular, they lie in U2°, € € [0, 1].
With this, the condition (a) of Theorem 8 holds.

Clearly, item (b) of Theorem 8§ is valid due to item (b) of Theorem 12 (for more details
see [3]).

From item (c¢) of Theorem 12 follows condition (d) of Theorem 8.

To see hypothesis (e) of Theorem 8§ observe that, by Theorem 12, all of the equilibrium
points & = {ul€, ..., u<}, for the semigroup 7, () in U? are hyperbolic, and by estimate
||ui’€ — Eeufk’OHUEp < Ce%, 1 <i < n, we can see that u'f is the maximal invariant set in
Os, (Eeufk’o) for 6o > 0 small enough. Because in this neighborhood ub€ is the only global
solution for T, (-), if D, is an invariant set for T¢(-) inside Oy, (Eeufk’o), it is an union of
global solutions & : R — UZf for Tc(-) (by using Proposition 1), therefore each one of

these solutions & must be equal to 1€, consequently D, = {u’“} and (e) is satisfied. Thus,
conditions of Theorem 8 are satisfied, then the result follows. O

4.2 Discretization by the Finite Element Method

In this section we consider the application of Theorem 8 to certain approximation schemes via
finite element for abstract semilinear parabolic problems (see [10,19,24,25,35]). Consider
the boundary value problem (BVP)

ur=Lu+ f(u), t>0, x €2
u=0, t>0, x€0S2, 4.7
u(x,0) = u®(x).
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Here 2 Cc R", n > 2, is a bounded smooth domain, u° € HOl (£2), L is a second order
elliptic operator

Le= 2, aaxi (“”(x) ) Zb (x) — (c(x) + Mu, (4.8)
—~

with smooth coefficients a;;, b, ¢ and a dissipative nonlinearity f. The parameter A will be
specified below. We assume that L is a uniformly strongly elliptic operator, that is, there is a
constant ¥ > 0, such that

Z aij(x)&E] > 0 (ng>, VxeR, E=(&,....&) €R". (4.9)

i,j=1

As usual, problem (4.7) can be written as an abstract evolution equation in the Hilbert space
X = L*(£2) given by

(AP)

i+ Au= F(u), t >0,
u©) =u® e X2,

where the operator A : D(A) C X — X is given by Au = —Lu forallu € D(A) =
H*(2)NH_ (£22) and Nemitskii’s operator F : X'/2 — X associated to f, thatis, F (u(t))x =
S (u(t, x)). We know that A is a sectorial operator in X, then —A generates an analytic and
compact Co-semigroup {e~4’ : ¢ > 0}. Assume that A is chosen such that the spectrum of
A is located to the right of the imaginary axis with Re o (A) > 0. Then, we can define the
fractional powers A% of A and the corresponding fractional power spaces X% := D(A%)
endowed with the graph norm, « € [0, 00). It is well know that X! = D(A), X0 — L2(£2)
and X2 = H}(£2).
Define u* a equlhbrium point of (AP) if u* € D(A) such that u™* is a solution of

Au* = F(u™). (4.10)

Denote by £ the set of solutions of (4.10).
We assume that f : R - RisaC 2(R) function and

If/ () <A+ s|”™h, ©)

foralls € Rwhere 1l <y < %ifn >3andy > 1ifn =2.

Under this growth condition the problem (AP) is locally well posed in X'/2 and F is
locally Lipschitz continuous and Frechet differentiable (see [8,23,36]). Following the ideas
in [23,36], one can show that

[F() — F)lx = C(R)[[lu—vlx12, (4.11)

and
I F'(u) = F' (W)l ¢ x12.x) < C(R)|[u — vllx12 4.12)

forany u, v € Bg :={z € X'/2 1 |lzlly12 < R).
If in addition we assume that

o sup 40
im sup

lul—o00 U

=0 D)
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then, all solutions of (AP) are globally defined (see [20]). In this case we have, for each
u® e x172 4 globally defined solution t +— u(t, uO) e XY2 ¢ > 0, which defines the
compact nonlinear semigroup {7 (¢) : t > 0} where T(Ou® = u(r, u%), t > 0.

Under the above hypotheses (see [7,20]) the nonlinear semigroup {7 (¢) : ¢+ > 0} associated
to (AP) has a global attractor A in X'/2 and the attractor A satisfies

sup ”M”LOO(_Q) < Q. (413)
ue A
This bound enables us to cut off the nonlinearity f in such a way that it becomes bounded
with bounded derivatives up to second order. Now, as the operator A is sectorial, it can be
associated with a sesquilinear form o (-, -) : X!/2 x X!'/2 — C such that

o(u,v) = (Au,v)x, u e D(A), veX'? (4.14)
lo(u, v)| < ctllullyi2llvllx2, w,ve X2 (4.15)
Reo(u,u) > eallully, ue X2, (4.16)

where the constants ¢y, ¢ = /2 are positive. Also, there are constants 0; € (0, 7/2) and
M, > 0 such that
S0, ={z€C: 61 <|arg(z)| <m,z#0} Cp(A) and 4.17)
-1 M,
lz—A) llezx < IR VzeSog- (4.18)
With the following hypotheses (see [24, Assumption 3.1]) we can now make the discretization
to problem (AP):

Assumption 1 Let £ C R” be a polyhedral domain with n > 2 which has {7 h}he(O.l] a
quasi-uniform family of subdivisions with positive constant p. Let (K, P, ) be a reference
element of class CP, satisfying K is star-shaped with respect to some ball, P; € P C
W2®(K) and N € (C(K))'.

From this assumption, we obtain that the space
X,? = {T":veCc@),v],, =01 c X' nC(®), (4.19)

has finite dimension, where Z" is the interpolation operator. Moreover, there exists positive
constants C and C (see [13, Theorems 4.4.20 and 4.5.11]) such that

lv—T"v|x + hllv — "] x12 < Ch*|[v]lx1, Yv e X' and (4.20)
lonlixiz < Ch M nll o). Y on € X2 @21)

We define the orthogonal projection P, : X — X ,11/ 2 by
(Puit dn)x = (. dn)x. ¥ n € X,/ (4.22)

The operator P, is bounded (uniformly in /) with respect to the X-norm and the X !/2-norm
(see [24, Lemmata 2 and 5]).

Lemma 14 [f (4.15) and (4.16) hold, then there is a positive constant C such that
1Pyv — vlixs < Ch* > |vllxi(g), Y v e X ands =0, 1/2. (4.23)

Proof See [24, Lemma 3]. ]
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Definition 20 We say that a sequence {u}re(0,1], Un € X}II/Z, P-converges to u € X if
h—0 . . z
llup — Pru|lx 225 0. We write this as up —> u.
. . L 172 1/2
In this framework, the finite element approximation Aj, : X'~ — X'~ of the operator A
is given by

1/2
(Andn. Yn)x = o (@n. Wi dn. ¥n € X, (4.24)
Thatis, the operator Ay, is associated with the sesquilinear form oy, (-, -) which is the restriction

ofo(,)toX }IL/ 2x X }l/ 2 Then the problem (AP) can be discretized in the following form

' (APy)

up + Apup = Fy(up)
up(0) = ul) € X,/

where Fj, .= P, F : X;l/z — X}l/z, for all & € (0, 1] (for instance, see [25, §5]).

LetAy, : D(Ap) C X ,ll/ LN R(Ap) C X ,i/ % be the approximation operator of the operator

A in the space X,/* for h € (0, 1], defined by (4.24).
The family of equilibrium points {u}},e(0,1] of the discrete problem (APy) is given for

/2

up € Xil; satisfying

Apufy = Fp(u}), Y h € (0, 1]. (4.25)

As before, denote by &, the set of solutions of (4.25) in X }11/ 2,

We denote Nj, = dim(X;ll/z) < 00. We can see that Ker(A;) = {0} by using (4.16).
Then, from Rank-Nullity Theorem (see [34, p. 17]), we have that D(Ay) = X}I/2 = R(Ap).
Hence Ay, : X}]/2 — X;l/2 is a linear bijection.

Theorem 15 The linear operator Ay, is sectorial in X,ll/z, forall h € (0, 1].

Proof From the construction of space X }1!/ 2, the sesquilinear form o satisfies (4.15) and (4.16)
for elements in X ,i/ 2. Thus, by [50, Theorem 2.1] the result follows.

On the other hand, we need other orthogonal projection P, : X'/2 — X ]]1/ 2, which

/2

associates each function v € X!/2 with a function }N’hv e X }ll , so that the difference

% s perpendicular with respect to the X'/2-inner

product. For this reason, we introduce a Ritz or elliptic projection operator P, : X'/2 — X }11/ 2

with respect to X'/2-inner product given by

Pyv — v on the finite element space X }ll

o (Buu, dp) = o (u, dp), ¥ ¢y € X,/ (4.26)

The operator Py is bounded (uniformly in %) with respect to the X'/2-norm (see [24,
Lemma 4]).

Theorem 16 If Assumption 1 holds, then there exists a constant C > 0 such that

lu = Phullx < Chllullxi2, ueX'?, 4.27)

lu — Pyullx12 < Chllullyi, ue X', (4.28)

lu — Phullx < Ch*|lullxr, ueX'. (4.29)

Proof See [24, Theorem 4]. ]
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Definition 21 We say that a sequence {up}re(0,17, Un € X,ll/z, F}’-converges tou € XV if
~ h—0 . . 7
lep — Prullxi/2 225 0. We write this as up —> u.
With relation to the resolvent operators of A and Ay, the following result holds.

Theorem 17 Under Assumption 1, there exist a positive constant C and an acute angle 6,
such that for any f € X and z € Sp,9, we have

lz—A) " f =@ =AD" Pufllxie < ChIflx, (4.30)
Iz = A7 f = (=AD" Pufllx < CR?|I flIx, (4.31)
Iz — A f— (=AD" ' Pufllx < ChlzI™' 2l flix, (4.32)

where (z — A)~! and (z — Ap)~" are the resolvent operators of A and Ay, respectively.
Proof See [24, Theorem 1]. O

Lemma 18 (Discrete local solution) Under the growing hypothesis (C), there exists a con-
stant ho > 0 such that the problem (AP},) has a local solution in X,ll/z, forall h € (0, hg].

Proof We know that Reo (A) > 0, by using [22, Corollary 4.7] and [3, Theorem 4.10(1)]

there exists an 4y > 0 such that Reo (A;) > 0 for all & € (0, hg]. For other hand, for each
h 172,

up, vp € By ={wy € X;'" ¢ lwallx12 < R}, we have

| Fn(un) — Fpn(up)llx = 1 Pn(F(up) — F(op))llx < C(R)lup — vpllxi2,

where we have used (4.11). Therefore, using [20, Theorem 2.1.1] the result follows. m]

Lemma 19 Ler u, = uy(t, 142) € X;l/z be a local solution of the problem (APy) with
ug S X;l/z andt € [0, t9) and h € [0, ho] (t¢ and hq are given by Lemma 18). Suppose that
(D) holds, so that for any € > 0, there exists a positive constant m := m(g) independent of
h such that for every s € R,

sf(s) <es>+m. (4.33)

Then,

sup fun (¢, uf) (@) < Comax { max{lluflx, mI21), 1}, (4.34)
t€[0,70)

where Co = Co(n, m, |$2], ||u2 L (2)) is a positive constant independent of h.

Proof Multiplying the equation (APy,) by u,zlk_l, k =1,2,..., and integrating over 2, we
obtain

iy ) = (~Anun,uf )+ (PaF ), uf ) 435
<uh,uh « nitns Wy )+ (Ph (up), uy, " (4.35)
Now, using (4.22), we get
1d 2ok 2k—1 2k—1
275/9”” dx = (L =)+ (Fan.uy ) (4.36)

In the same way as in [23, Lemma 5] or [20, Lemma 9.3.1], we show

sup un(t, uf)ll i) = Comax | sup st uldlx. 1}, @37)
te[0,79) te0,70)
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where Co = Co(n, m, |2, ||u2 |z (52)) is a positive constant. Similarly as we did above, we
multiply the equation (APy) by uj and integrating over £2, we get

sup lup(t, uf)llx < max{|luj|lx, m|2|}, (4.38)

1€[0,70)
by using the estimates (4.9) and (4.33). Therefore, the inequality (4.34) follows using (4.37)
and (4.38). m]

Theorem 20 (Discrete global solution) Assume that (C) and (D) holds, then the solution
up = up(t, u%) IS X}ll/2 of problem (APy) with u2 IS X}ll/2 is globally defined for h € [0, ho].
Furthermore, given R > 0, there are positive constants K oo and K1 such that

lim sup [lup (¢, u) || 12 (2) < Koo (4.39)
—0o0
and
timsup lup (7, u) |12y < K1 (4.40)
—o0

forall h € [0, ho].

Proof Using Lemma 19, we obtain that u;, € L*°(£2), for ¢ € [0, tp) (where t > 0 comes
from Lemma 18). Hence, there is a positive constant C = C(||uy||1oc(2)) > 0 such that

IFunllx < |22 sup | =: CllunllL=2))- (4.41)

{yeR:|y|=llunllpoo (o)}
From Lemma 18, we know that u, is a local solution of (AP;) in X }l/ 2 which satisfy
t
Th(ul) = e 1yl + f e~ U9 By (T (s)ud)ds, V1> (0, 1) (4.42)
0
Since Ay, is sectorial and Reo(Ay) > B > 0 for h € [0, ho] (by using [3, Theorem

4.10(1)] and [22, Corollary 4.7]).
With all of this, we obtain

le=* " vllx < Ce P |vllx, YveX, hel0,hol. (4.43)
Now, using (4.16), (4.43) and [33, Theorem 1.3.4], we get

d

1 1
e v)%,, < —Reo(e 4y, e ) < — ‘<Ahe‘A”’v, e_A”v>
() 2
1
—A —Apt -1 _-2 2
< :IlAhe Mollx e vllx < Cr e P v)%,
2

for all v € X. From this, it follows that there exists a constant C > 0 independent of & such
that .
le™ 4 vy < Ct= 2 Plullx, YveX, hel0,hol (4.44)

From (4.44) and (4.22), we have
t
lun (e, uDllx12 < lle™ " uf) |l 12 + / lle 48— By (up (s, ud)) |l x1/2ds
0
t
< Ce Pl + Cllunll g f (i — 5)" e B9y
0

= Clluyllxi12 + CCUlunl=@2) B~ *V/m = c(lulllix12).  (4.45)
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Using the property (4.22), we obtain
I Frumlix = 1P F@p)llx < I1F@n)llx < gUlunllxiz)- (4.46)

Thus, by [20, Theorem 3.1.1] we get that the solution uy, (¢, u2) is globally defined. Thanks
to inequality (4.37), we have

sup [lup (¢, uf) || Lo (2) < Comax{1, sup [lup(r, uj) | x}- (4.47)
t>0 t>0

On the other hand, from inequality (33) in [23, Lemma 5] and [20, Lemma 1.2.4], we get

1/2

lim sup |Jup (¢, M?,)Hx < (mg,|82|)"/=, for some gy > 0.

—00

Hence, we obtain
lim sup lus (1, ud) || L (2) < Comax{1, (me,|21)"/?} = Koo,
1—00
which proves (4.39).

Lastly, using (4.42) fort > ty > 0 where 1y is large enough such that ||uj, (s, u%) L) <
K~ + nfors > ty and n > 0 along with (4.44), we obtain

t
lun (e, uDllx12 < lle™ up(to, ui) i + / lle= =M Py F (uy (s, ud)) || y12ds
]
t
< C(t —10)" 2 PO 1wy (19, ud) Il x + / lle™ A F (up (s, uf)) |l x1/2ds
0]
t
< €t —10)" e PNy, (9, )l 1(2) + CC(K o) / (t —5)" 2 PU=9)gs,
0]
Therefore,
- OO —_
lim sup [Ju(t, u®) | x12 < CC(KOO)/ r 126 Prar = CC(Koo)/mp~ % =: K.
t—00 0

[m}

As a consequence of Theorem 20, we can define the family of nonlinear semigroups
{Th(6) = 1 = O}neo.ng]» With Ty () € C(X,/%), given by Ty(t)u® = up (¢, u?) for all > 0.
From [20, Remark 3.1.1] it follows that {7}, (¢) : ¢t > 0} is a Cp-semigroup in X,l/z for all
h € (0, ho]. Due to [20, Theorem 3.1.1], {7},(¢) : t > 0} is a compact operator, for all
h € (0, hpl.

From Theorem 20 and following the ideas in the proof of [20, Theorem 4.1.1], we have

Corollary 21 Under the hypothesis of Theorem 20, we have that there exists an hy > 0 such
that the family of nonlinear semigroup {Ty(t) : t > 0}(0,ho] is point dissipative in X,i/z.

The following result shows the existence of attractor for (AP}, ) for & sufficiently small.

Theorem 22 Under the hypothesis of Theorem 20, there exists a positive constant hg such
that the nonlinear semigroup Ty, () associated to (APy,) has an global attractor Ay, in X,i/z,

forall h € (0, hgl.
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Proof From Lemma 18 we have that [20, Assumption 2.1.1] is satisfied. We also know that,
forallt > 0, Tj,(-) is a compact operator in Xé/z, forall i € (0, ho]. The family {A;1 Yhe(.1]
consists of compact linear operators since all of them have finite rank. Thus, Aj has a compact
resolvent in X }11/ 2, Finally, using Corollary 21 and [20, Corollary 1.1.6] we have the result. O

As a consequence of Lemma 19, we have

Theorem 23 Let f : R — Rbea C 2(R) -function satisfying (C) and (D), then there exist
positive constants Ko and hg such that

sup  sup [vnllr=(2) < Ko. (4.48)
he(0,ho] vi€Ay,
Proof Suppose that for any r > 0, there is £ > 1 such that for # small enough we have
that B/'(0) C Vfi = {vn € X;/> ¢ lus()| < €Ro.Y x € 2} with € = Co and Ry :=
max{1, max{r, (m50|52|)1/2}}. Now, from inequalities (4.47), (33) in [23, Lemma 5], [20,
Lemma 1.2.4] and Theorem 20, for each i € (0, ho], we get

sup llup (¢, up) () < Comax {1 max{uflx. (mey 1272} < eRo,

for all u2 € Bf’ ) C VKhRO. Hence, uy, (¢, ug) € VlhRO. Furthermore, using (4.45) we have that
llup(t, M2)||X1/2 < c(ug), for all u2 € VZ’RO. Also, for all u2 € Vig,, the assumptions on f
imply (4.46). The requirements (A2) for ug IS VZ”R0 in [20, Section 3.1.1] hold. Thus, from
[20, Corollary 3.1.2] and [20, Theorem 4.2.1] and the uniqueness of the attractor on Vtho’ it
follows that A;, C VZ’RO. Therefore, the result follows assuming Ko := £ Ry. ]

The existence of attractors and stationary points for approximation schemes has been well
studied in [19] and [10]. We now present the main result of this section.

Theorem 24 Suppose that T (-) is a gradient nonlinear semigroup in X '\/> with respectto € =
{uf, ..., u;;} (all hyperbolic points), then there is an hg > 0 such that the family {Tj, (-)}rhe[o,1]

of nonlinear semigroups in X}II/2 is gradient with respect to &, = {uj, |, ..., uj p}, for all
h € [0, ho). Consequently,

p
A= JWe@s,). ¥ helo,h)
i=1
Moreover, if the family of local unstable manifold of uj, ; € &, behaves P-continuously at
h =0, that is, there exists a p > 0 such that
distyi (W,ﬁ"/’(u’,;,i), Py W””’(u?‘)) Fdistyip (ﬁ,, WP (U, W,f"’(u;,.)) =00,
then the family {Ap}ne,1] is P-continuous at h = 0.

Proof Following the ideas of Theorem 13, we will prove hypotheses of Theorem 8.

First, let us show that 7}, (-) is a semigroup gradient, for 2 enough small.

Theorem 17 shows the &7-convergence with uniform convergence of resolvents. On the
other hand, due that (z — A)~! is compact for some z, then the inequality (4.31) yields (where
. (+) is measure of noncompactness)

w((z — Ap) " tup) < plz — A up) + Jim |z — A7 up — @ — A upllx =0
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and therefore the resolvents converge compactly as 7 — 0. Then A.. # . Now, suppose

2
that u, —> u, then

| Fp(up) — PoF()llx < I|F(up) — F )l x
< | F(up) — F(Pyw)llx + | F(Pyu) — F ()| x
< CR)(|lup — ﬁhullxu/z + IIﬁhu —ullx12) > 0ash — 0,

where we have (4.11) and (4.28). Hence, Fj, (uj) Z) F(u).

With the above results, we can see that the conditions [A1] in [19] holds. Consequently,
Ty (-) is P-collectively asymptotically compactness at & = 0 and & Z-convergence of T}, (-)
to T'(-) on compact subsets of R x X2 by using of Theorems 4.3 and 4.7 in [19].

The hypothesis (a) of Theorem 8 follows directly of Theorems 22 and 23.

By other hand, using [22, Theorem 2.9] where P, = Ry, we have the hypothesis (b) of
Theorem 8.

To show the hypothesis (e) of Theorem 8 observe that, by [22, Theorem 2.9], all the

/2

equilibrium points &, = {u}, |, ..., uj p}, for the semigroup 75 (-) in X ;l are hyperbolic

and there is 7 > 0 such that [lu} ; — ﬁhulf‘llxu/z <, 1 <i < p. Arguing as was done in

Theorem 13, we have that uZ’i is the maximal invariant set in Oy, (f’hul’.‘) for ng € (0, n).
Therefore, the conditions of the Theorem 8, item (3), are satisfied, then the result follows.
Finally, from Theorem 8, items (1) and (2), we obtain that the family {Ap}ne(,17 is

Z-continuous at i = 0. m]

Remark 25 We can see that,if b; = Oforall j = 1, ..., n, in the operator L given by (4.8),
then the semigroup 7 (-) is gradient (see [26, p. 78] and [33, p. 124]). Therefore, the results
of Theorem 24 are valid.
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