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A zero-Hopf equilibrium is an isolated equilibrium point whose eigenvalues are
dwi # 0 and 0. In general for a such equilibrium there is no theory for knowing
when it bifurcates some small-amplitude limit cycles moving the parameters of the
system. Here we study the zero-Hopf bifurcation using the averaging theory. We
apply this theory to a Chua system depending on 6 parameters, but the way followed
for studying the zero-Hopf bifurcation can be applied to any other differential system
in dimension 3 or higher.

In this paper first we show that there are three 4-parameter families of Chua
systems exhibiting a zero-Hopf equilibrium. After, by using the averaging theory,
we provide sufficient conditions for the bifurcation of limit cycles from these families
of zero-Hopf equilibria. From one family we can prove that 1 limit cycle bifurcates,
and from the other two families we can prove that 1, 2 or 3 limit cycles bifurcate
simultaneously.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction and statement of the main results

The Chua system is a classical model for electronic circuit and one of the most simplest models presenting

chaos. It was presented by Chua, Komuro and Matsumoto [1] in 1986 and exhibits a rich range of dynamical

behavior. There are several different models of Chua’s systems see for instance [2-6].

The Chua circuit considered in [1] is a relaxation oscillator with a cubic nonlinear characteristic. It can

be thought as a circuit comprising a harmonic oscillator for which the operation is based on a field-effect

transistor, coupled to a relaxation oscillator composed of a tunnel diode. The Chua system can be described
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by the following equations

dz

i a(z — br — agr? — a12?),

dy

A 1
b_ . )
d

dfi = —b1x+y+b2z.

Note that it depends on six parameters a, a1, as, b, by and bs.

In [7] the authors analyze the existence of local and global analytic first integrals in the Chua system.
In [8] the authors use techniques of Differential Geometry in order to obtain an analytical expression of
the slow manifold equation of Chua system. In [9] was studied the dynamics at infinity of the Chua system
for the particular case where b; and by are both one. Besides, we can find some aspects about the Hopf
bifurcation in [10,11]. In this paper, by using averaging theory, we study the limit cycles that can bifurcate
from zero-Hopf equilibrium points of the Chua system (1). We note that at these points for our system (1)
we can apply neither the classical Hopf bifurcation theory which needs that the real eigenvalue be non-zero,
nor the standard theory developed up to now for some special cases of zero-Hopf equilibrium points as the
ones analyzed in the papers [12-15]. A possible approach for studying the zero-Hopf equilibrium is to pass
to normal form, but this needs some work. Here we shall show how to study zero-Hopf bifurcations directly
without needing to pass to normal form. Other authors also have studied the zero-Hopf bifurcation in other
Chua systems different from the Chua system here analyzed, see for instance the articles [11,10,16] where
y =z —y — z, among other differences with the system (1).

The Chua system (1) can have at most three equilibria, namely: the origin and the two equilibria

P <—a2 + \/Cl% — 4a1b a2b1 + b“/a% — 4Cl1b 0)
:l:: 7_ )

2a1 2aq 2a1 ’

if a3 —4a1b > 0 and a1 # 0. When a3 — 4a1b = 0 and ajas # 0 the system has only two equilibria, the origin
and the equilibrium

Otherwise the origin is the unique equilibrium of the system.

As far as we know, the study of existence or non-existence of zero-Hopf equilibria and zero-Hopf bifurcation
in the Chua system has not been considered in the literature. In this paper we have this objective. The method
used here for studying the zero-Hopf bifurcation can be applied to any differential system in R3.

A zero-Hopf equilibrium is an equilibrium point of a 3-dimensional autonomous differential system which
has a zero eigenvalue and a pair of purely imaginary eigenvalues. In general the zero-Hopf bifurcation is a
2-parameter unfolding of a 3-dimensional autonomous differential system with a zero-Hopf equilibrium. The
unfolding has an isolated equilibrium with a zero eigenvalue and a pair of purely imaginary eigenvalues if the
two parameters take zero values and the unfolding has different dynamics in a small neighborhood of this
isolated equilibrium as the two parameters vary in a small neighborhood of the origin. To read more about
zero-Hopf bifurcation, see Guckenheimer, Han, Holmes, Kuznetsov, Marsden and Scheurle in [17,14,18-20].
Moreover, complex phenomena can occur at an isolated zero-Hopf equilibrium, as bifurcation of complicated
invariant sets of the unfolding and a local birth of “chaos”, as can be seen in the work of Baldoméa and Seara,
Broer and Vegter, Champneys and Kirk, Scheurle and Marsden in [21-24,20].

In the next proposition we characterize the Hopf equilibria of the Chua system.
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Proposition 1. There are three 4-parameter families of Chua systems having a zero-Hopf equilibrium point,
one for the equilibrium point located at the origin and the other two for each one of the equilibria p+ when
they exist. Namely,

(a) b="0s =0 and aby + 1 > 0 for the origin; and
(b) b= a3/(4ay), bo =0, ab; +1 >0, a3 — 4a1b > 0 and a1 # 0 for p+.

The next result gives sufficient conditions for the bifurcation of a limit cycle from the origin when it is a
zero-Hopf equilibrium.

Theorem 2. Let
2

+ gﬂla €ﬂ2> .

_ _ _ w
(a,a1,a2,b,b1,b2) = <a0 + eag, @1 + ey, as + eas, €y,

If apgas #0, |w| #0,1 and
I' = (@ofo(1 — w?) + fow?) (o fow?(1 — w?) + Bow™) > 0,

then for € > 0 sufficiently small the Chua system has a zero-Hopf bifurcation at the equilibrium point located
at the origin of coordinates, and a limit cycle appears at this equilibrium when € = 0. Moreover, this limit
cycle has the same kind of stability or instability than an equilibrium point of a planar differential system
with eigenvalues

o & /(B (3 = 27) + S — 1))

2w8 (w2 — 1) @)

The following result provides sufficient conditions for the bifurcation of a limit cycle from the equilibrium
p_ when it is zero-Hopf equilibrium.

Theorem 3. Consider the vector (a, a1, a2,b,by,b2) given by

— 2
a=ap+eag+e¢ f(),

— 2
a) =a; +eay +¢€ 517

2
as = eag + €€,

2
b = & —+ 5240, (3)
4a1
w2 -1
by = P +5ﬂl +52C17
bg = EZCQ.

If Gyw # 0 and @1(y < 0 then, for € > 0 sufficiently small the Chua system has a zero-Hopf bifurcation at
the equilibrium point located at p_ and three limit cycles can bifurcate from this equilibrium when € = 0.
Moreover, examples of systems where 1, 2 or 3limit cycles bifurcate simultaneously are given.

Proposition 1 and Theorems 2 and 3 are proved in Section 3. In particular, both theorems are proved
using the averaging method. This method will be briefly summarized in the next section. We note that
Theorem 2 is proved using averaging theory of first order, but the proof of Theorem 3 needs averaging of
second order.

Also the stability or instability of the bifurcated limit cycles in Theorem 3 can be studied, but the
expressions of the eigenvalues which provide such stability or instability are huge and we do not give them
here.
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Remark 1. For the equilibrium point p; we have analogous results to the ones of Theorem 3 for p_. For
this reason, we omit the statement of the result for the equilibrium p, and its proof. This fact is not due to
any symmetry of the Chua system, it is only due to the fact that doing the corresponding computations for
the equilibrium point p; we obtain the same results than in the equilibrium p_.

2. Limit cycles via averaging theory

The averaging method is a classical tool in nonlinear analysis and dynamical systems. The procedure of
averaging can be found already in the work of Lagrange [25] and Laplace [26] who provided an intuitive
justification of the method. After them, Poincaré considered the determination of periodic solutions by series
expansion with respect to a small parameter, but until around 1930 we see the start of precise statements and
proofs in averaging theory. After this time many new results in the theory of averaging have been obtained.
The main contribution in direction to the formalization of the method started with Appleton and van der
Pol [27] and Fatou [28], and later with the work of Bogoliubov and Krylov [29] and Bogoliubov [30].

Now we present the basic results on the averaging theory of first and second order. The averaging of first
order for studying periodic orbits can be found in [31], see Theorems 11.5 and 11.6. It can be summarized
as follows.

Theorem 4. We consider the following two initial value problems
@ =cf(t,x) +e%g(t,x,e),  x(0) = o, (4)

and

g=ef'ly),  y(0) =10 ()

where z,y,x9 € {2 an open subset of R™, t € [0,00), ¢ € (0,e0], f and g are periodic of period T in the
variable t, and f°(y) is the averaged function of f(t,x) with respect to t, i.e.,

T
P =7 [ e (©
Suppose:

(i) f, its Jacobian %, its Hessian %, g and its Jacobian % are defined, continuous and bounded by a
constant independent on e in [0,00) X 2 and ¢ € (0,&¢];
(ii) T is a constant independent of &; and
(iii) y(¢t) belongs to £2 on the interval of time [0,1/c]. Then the following statements hold.
(a) On the time scale 1/ we have that x(t) — y(t) = O(e), as e — 0.
(b) If p is a singular point of the averaged system (5) such that the determinant of the Jacobian matrix
0
o @
0y ly=p
is mot zero, then there exists a limit cycle ¢(t,e) of period T for system (4) which is close to p and
such that ¢(0,e) — p as e — 0.
(¢) The stability or instability of the limit cycle ¢(t,e) is given by the stability or instability of the
singular point p of the averaged system (5). In fact, the singular point p has the stability behavior
of the Poincaré map associated to the limit cycle ¢(t,€).

The next result presents the second order averaging method of a periodic differential system. For a proof
see Theorem 3.5.1 of Sanders and Verhulst in [31], see also [32].
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Theorem 5. We consider the following two initial value problems
& =cf(t,x) +eg(t,x) + Rt x6),  2(0) = o (8)

and

g=ef() +(f) +9°),  y(0) =0, (9)

with f,g:[0,00) x 2 = R™, R:[0,00) x 2 x (0,e9] — R™, 2 an open subset of R™, f,g and R periodic of
period T in the variable t,

of 1

ftz) = %y (t,xz), where y'(t,z) = /Ot f(s,x)ds.

Of course, fO, f19 and g° denote the averaged functions of f, f' and g, respectively, defined as in (6).
Suppose:

(i) Of/0x is Lipschitz in x, g and R are Lipschitz in x and all these functions are continuous on their
domain of definition;
(ii) |R(t,x, )| is bounded by a constant uniformly in [0,L/e) x 2 x (0,&0];
(iiif) T is a constant independent of ; and
(iv) y(t) belongs to 2 on the interval of time [0,1/¢]. Then the following statements hold.
(a) In the time scale 1/e we have that x(t) = y(t) + eyt (t,y(t)) + O(?).
(b) If f°(y) =0 and p is a singular point of averaged system (9) such that
A+ 4°)(y)
% y=p
is not zero, then there exists a limit cycle ¢(t,e) of period T for system (8) which is close to p and
such that ¢(0,e) — p as e — 0.
(c) The stability or instability of the limit cycle ¢(t,e) is given by the stability or instability of the
singular point p of the averaged system (9). In fact, the singular point p has the stability behavior
of the Poincaré map associated to the limit cycle ¢(t,¢).

3. Proofs
In this section we give the proofs of the results presented in Section 1.

Proof of Proposition 1. The characteristic polynomial of the linear part of the Chua system at the origin is
p(\) = =A% + (by — ab)A? + (b2ab — aby — 1)\ — ab.
Imposing that p(A) = —A(A? + w?), we obtain b = by = 0 and b; = (w? — 1)/a. So statement (a) follows.
The characteristic polynomial of the linear part of the Chua system at p_ is given by

(1= baA + M) 241X + a(a3 + agv/a3 — 4a1b — 4arb)] + 2a1b1a)

p(\) = 2,

The proposition follows imposing that p(\) = —A(A? + w?), and that the equilibrium point p_ exists. [0

Proof of Theorem 2. If we consider
2

+ 8/817 5/82>

_ _ _ w
(a,al,ag,b, bl,bg) = (ao + EQ, A1 + EQ1, 02 + 5042,5/80,
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with € > 0 a sufficiently small parameter, then the Chua system becomes
& = (Ao + eap)(efox + 2 — (G + )z — (a1 + caq)z?),
Yy = —z, (10>
2
w?—1
- (551 + ) T +y + efaz.

ag + eap

z

By the rescaling of variables (x,y, z) = (¢X,eY,eZ), system (10) becomes

X = (@ +cap)(efoX + Z — e(@y + caz) X? — €X(@1 4 1) X?),
Y =-2 (11)
. w?—1
Z =—\ebi+—— | X+Y +e0:22.
ap + Qg

Now we shall write the linear part at the origin of (11) into its real Jordan normal form

0 —w O
w 0 0], (12)
0O 0 O

when ¢ = 0. For doing that we do the linear change of variables (X,Y,Z) — (u, v, w) given by

_ao(w + wv)
==
LY (13)
w?  w
Z = u.

In these new variables, system (11) is written as follows

—(ap(1 — w?) +@261)(w + wv) + GouBew? 2 ad(w? — 1)(w + wv)

U= —vw+e

aow? agw? ’
) (w? — 1) (—uaow* + @ (w + wv) (Bow? + @gaz(w + wov)))
V= uw—¢€ —
1 aou)5
- 523(w2 — 1) (w + wv)(apBow* + To(w + wv)(@aaow? + Goasw? + Taay (w + wv))), (14)
. —uaow* + @3 (w + wv)(Bow? + agaa(w + wv))
W= —¢
aow?
_ o(w+ wv)(aofow? + @ (w + wv) (@aow® + @asw?))
W '

Writing the differential system (14) in cylindrical coordinates (r,0,w) by u = rcosf, v = rsinf and
w = w we have

dr . (Tﬁg cos? 6 _ Gop(w? — 1) sin O(w + rwsin 0) (@pasw + Bow?

do w WS
+agazrw sin 6 9 + @gf1 — aow?) + rw(dofr —2ap(w? — 1)) sin 6
. Tao@arwsin ) cosf(w(ao aoﬁj aow?) + rw(apfy ozo(wi )) sin ) L 0@, (15)
wb apw3 aow3
dw 57”060004 cos ) — ag(w + rw sinf) (@p@ow + Bow? + pazrw sin ) +0(?),
do aowd

Now we apply the first order averaging theory as described in Theorem 4 of Section 2. In order to do this,

we note that (15) satisfies all the assumptions of Theorem 4, where we identify t = 6, T = 2m, x = (r,w)7,
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F0,r,w) = (F1(0,r,w), F5(0,r,w)) and f(r,w) = (fi(r,w), fo(r,w)). In short system (15) is the normal
form of system (1) in order to apply the averaging theory.

By calculating f; and fo, we get

1 27
filryw) = — Fi(0,r,w)do
27T 0
_ r(fowt — 2a3aw(w? — 1) — @ofyw? (w? — 1))
o 2w5 ’
1 27
fa(r,w) = o ; Fy(0,7,w)do
B 760(211)50(,02 + 5062(211)2 + r2w2))
o 2w5 ’

There is only one solution (r*,w*) for fi(r,w) = fa(r,w) = 0 satisfying r* > 0 and this solution is

r
2agas(w? — 1)2’
* _ EoﬁowQ(l — w2) + 52w4
2a3as(w? — 1) ’

since @paz # 0, |w| # 1 and I" > 0. We recall that I" is defined in the statement of Theorem 2.
We note that the Jacobian (7) at (r*,w*) takes the value

fw! — @ A3 (w? — 1)

2w8(w? — 1)
and the eigenvalues of the Jacobian matrix
0 L @ T
- /ap(w? —
A(f1, f2) _ V2w?
9(r, w) (ryw)=(r*,w*) _i i L
w3\ 2(w?2—-1)3 w(l —w?)

are the ones given in (2).

In short, from Theorem 4 we conclude the proof once we show that periodic solutions corresponding
to (r*,w*) provide a periodic solution bifurcating from the origin of coordinates of the differential system
(10) when € = 0. Theorem 4 guarantees for e > 0 sufficiently small the existence of a periodic solution
corresponding to the point (r*,w*) of the form (r(,¢),w(6,¢)) such that (r(0,¢),w(0,e)) — (r*,w*) when
e — 0. So system (14) has a periodic solution

(u(8,e) =r(0,e) cosB,v(0,e) =r(0,e)sin b, w(b,e)) (16)

for e > 0 sufficiently small. Consequently, from relation (16) through the linear change of variables (13)
system (11) has a periodic solution (X (0),Y (0), Z(0)). Finally, for ¢ > 0 sufficiently small system (10) has
a periodic solution (z(0),y(#),z(8)) = (¢X(0),eY (0),eZ(0)) which tends to the origin of coordinates when
¢ — 0. Thus, it is a periodic solution starting at the zero-Hopf equilibrium point located at the origin of
coordinates when € = 0. This completes the proof of theorem. [

Since the proof of Theorem 3 is very similar to that of Theorem 2, we will omit some steps in order to
avoid some long expressions.
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Proof of Theorem 3. Suppose that we have the conditions given in (3) on the parameters of Chua system
(1). Then, by a translation of the equilibrium point p_ at the origin of coordinates, and a rescaling of
variables given by (z,y,z) = (¢X,eY,eZ) the Chua system becomes

X = A1 X + (a9 + ape + €26 Z + Ay X% + A3 X3,
Y = -2,
7 = AX +Y +6%7,

A = 82(1/25?)(60)(—45%&) — QU] aE/ —61<0 + 2a1+/ —61<0(Ol2 + Efz) + 2610&08(—251C0 + ao/ —61C0)),
Ay = £*(1/2ay) (a0 (3aren/—a1Co + @1 (g + 64/ —a1Co + ££2)) + @rape(ag + 64/ —a1(p)),
Az = eX(@ ape + ao(ay + aye)),

Ay = (W — D@ — ade® — aie(ap + e€o + apape? (ap + 2¢&p))] + ng(ﬂl +elh).

The linear part of (17) at p_ in the real Jordan normal form when e = 0 is given by (12), and doing also
the linear change of variables (X,Y, Z) — (u,v,w) given by (13) we write the linear part of system (17) in
its real Jordan normal form when € = 0, we obtain the system

i = —wv + e(Byv + Bow) + £2Gu,

271 271
6a0(<ij )u+€w

iJ:wu+ Bg,

agw aopw (18)
2
PN
ao ap
where
B, — _ag(B1+ G) —ag(ag + &) (W — 1) —eag(w® — 1)
! E%w 7
B, — @y (B + 1) —ao(ap + e&) (W — 1) +ead(w® — 1)
2 — 7(2)&12 )
By — €ou — @3 (w + wv)(2(—2a1 (o + aav/aCo)w? — oay (az +6w?(w + wv)v/a (o) + 2azar(w + wv)?)
2a, w5 2a,ws '

If we write system (18) in cylindrical coordinates (7,6, w) defined by u = rcosf, v = rsinf and w = w,
after we take as new independent variable the angle 6, and we apply to the system dr/df and dw/df that
we obtain the second order averaging method described in Theorem 5, we get that the function f = (f1, f2)
is identically zero, and that the function g = (g1, ¢g2) is

T ao(w? — 1)(4a@gaw(as + 6y/—a1(p)w?
91(T,w)z<4C2+ o )(4ao 1,(62 v—a1¢o)
w a1w
N 4(2a1 (o — az/—a1(o)w* — 3agat(dw? + 3r’w?))
awb ’
ga2(r,w) = 22027 (4w(261C0 — agy/—a1()wt — 2azaw(2w? + 3r2w?)
1
+ 0T (a2 + 61/—a1Co)w? (2w? + r2w2)) :
In order to find solutions (r*,w*) of ¢ = 0 we compute a Grébner basis {by(r,w),k = 1,...,20}
in the variables 7 and w for the set of polynomials {g,(r,w),gy(r,w)} where g, = 4(a;w”/mr)g; and

Gy = (2a1w” /agm)ge and then we will look for roots of by and by. It is a known fact that the solutions
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of a Grébuer basis of {g; (r,w),g,(r,w)} are the solutions of g; = 0 and g, = 0, consequently solutions of
g1 = 0 and g3 = 0 as well. For more information about Grobner basis see [33,34].

The Grobner basis for the polynomials {g, (r, w), go(r, w)} in the variables r and w is formed by twenty
polynomials. We only use two polynomials of this basis, namely,

G1(r,w) = 30(w? — Dagasw® — 15(w? — 1)w?a@?ag (ag + 61/—a1(0)w
+ 2a0a w* (—6a) Cow? + To(ad — 42a; o
+ 15a2v/—a1Co(w? — 1)) w + 200 (@1 (az 4 6+/—a1oCow?)
+ o (81 2o — a3/ —a1(p — 12(—a1(0)y/ —a1lo(w® — 1))

and

Go(r,w) = Goa1w? (6@ w — asw? — 6w?\/—a1(o)r?* + 2w(2azarw?

—anlw(az + 64/ —61&))&)2 + 2(—251(0 + a2/ —a1<0)w )

Since G1(r,w) = G1(w) is a polynomial of degree 3 in the variable w, it is clear that we can have at most
three real solutions for w depending on the parameters of the zero-Hopf family. Replacing these three values
of w in the second polynomial Gy we have six solutions for r of the form +r} for i = 1,2, 3, because Ga(r, w)
is of the form P;(w)r? + P»(w). However, since r must be positive, we have at most three good solutions
for G; = 0 and G5 = 0. Consequently, we have at most three good solutions for g = (¢g1,92) = 0 and then,
by Theorem 5 and using the same arguments that in the proof of Theorem 2 when we go back through the
changes of coordinates, we can have at most three limit cycles bifurcating from the equilibrium point p_.

Moreover, if we consider ag = —6+/—a;1 (o, then the relations (g;(r,w), g2(r,w)) = (0,0) provide three
solutions given by

() = 2w [8apCp(l —w?) — 4a0C0 (1 —w?)+2¢0w?
ToWE) = V15 asap (w2 —1) 7 aof 5ag(w? — 1)

and

0 oy _ (2w [4aoG(l —w?)+C
(7" , W )_ (\/g Egal(uﬂ—l) a0>

as long as the expressions in the square roots are positives. This shows that three limit cycles can bifurcate
simultaneous from the equilibrium p_. In a similar way we can produce examples with one, or two limit
cycles bifurcating from p_. This completes the proof of the theorem. [
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