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A Mixed-Integer Linear Programming Model for
the Electric Vehicle Charging Coordination Problem

in Unbalanced Electrical Distribution Systems
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Abstract—This paper presents a novel mixed-integer linear
programming (MILP) model for the electric vehicle charging
coordination (EVCC) problem in unbalanced electrical distribu-
tion systems (EDSs). Linearization techniques are applied over a
mixed-integer nonlinear programming model to obtain the pro-
posed MILP formulation based on current injections. The
expressions used to represent the steady-state operation of the
EDS take into account a three-phase representation of the cir-
cuits, as well as the imbalance of the loads, leading to a more
realistic model. Additionally, the proposed formulation considers
the presence of distributed generators and operational constraints
such as voltage and current magnitude limits. The optimal solu-
tion for the mathematical model was found using commercial
MILP solvers. The proposed formulation was tested in a distri-
bution system used in the specialized literature. The results show
the efficiency and the robustness of the methodology, and also
demonstrate that the model can be used in the solution of the
EVCC problem in EDSs.

Index Terms—Electric vehicles charging coordination (EVCC),
mixed integer linear programming (MILP), unbalanced electrical
distribution systems (EDSs).

NOMENCLATURE

Sets

F Sets of phases {A,B,C}.
L Sets of circuits.
N Sets of nodes.
T Sets of time intervals.

Constants

αG
n,t Energy cost at node n in time period t.

β Electric vehicle (EV) energy curtailment cost.
�t Duration of the time interval t.
δmn Discretization step for the current of circuit mn.
κn Parameter that indicates if there is a priority EV at

node n.
λ Number of blocks of the square current piecewise

linearization.
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θ Vector of reference phase angles.
θ1 Maximum negative deviation of the phase angle

around the reference angle for each phase.
θ2 Maximum positive deviation of the phase angle

around the reference angle for each phase.
ρt Parameter used to encourage the charging of a

priority EV as soon as possible.
σmn,λ Slope of the λth block of the piecewise linearization

for the current of circuit mn.
Bmn,f Shunt susceptance of circuit mn for phase f .

E
EV
n Energy capacity of EV at node n.

ESoC
n Initial charge state of EV at node n.

Imn Maximum current flow magnitude of circuit mn.
PD

n,f ,t Active power demand at node n for phase f in time
interval t.

P
EV
n Maximum power consumption of EV at node n.

pfn Minimum power factor for the operation of dis-
tributed generator (DG) at node n.

P
G
n Maximum active power of DG at node n.

QD
n,f ,t Reactive power demand at node n for phase f in

time interval t.
Q

G
n Maximum reactive power of DG at node n.

QG
n

Minimum reactive power of DG at node n.
Rmn,f ,h Resistance of circuit mn between phases f and h.
S Substation node.
tarr
n Estimated arrival time for EV at node n.

tdep
n Estimated departure time for EV at node n.

V Maximum voltage magnitude limit.
V Minimum voltage magnitude limit.
V re∗

n,f ,t Real part of the estimated voltage at node n for
phase f in time interval t.

V im∗
n,f ,t Imaginary part of the estimated voltage at node n

for phase f in time interval t.
Xmn,f ,h Reactance of circuit mn between phases f and h.

Variables

δmn,f ,t,λ Value of the λth block of the piecewise linearization
for the current of circuit mn for phase f in time
interval t.

EEV
n Energy of EV at node n at the end of the time

period.
ESH

n Energy curtailment of EV at node n at the end of
the time period.
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IDim
n,f ,t Imaginary part of the current demanded by a con-

ventional load at node n for phase f in time
interval t.

IDre
n,f ,t Real part of the current demanded by a conventional

load at node n for phase f in time interval t.
IEVim
n,f ,t Imaginary part of the current demanded by the EV

at node n for phase f in time interval t.
IEVre
n,f ,t Real part of the current demanded by the EV at

node n for phase f in time interval t.
IGim
n,f ,t Imaginary part of the current generated at node n

for phase f in time interval t.
IGre
n,f ,t Real part of the current generated at node n for

phase f in time interval t.
Iim
mn,f ,t Imaginary part of the current in circuit mn for phase

f in time interval t.
Iim+
mn,f ,t Positive component of the current’s imaginary part

in circuit mn for phase f in time interval t.
Iim−
mn,f ,t Negative component of the current’s imaginary part

in circuit mn for phase f in time interval t.
Ire
mn,f ,t Real part of the current in circuit mn for phase f in

time interval t.
Ire+
mn,f ,t Positive component of the current’s real part in

circuit mn for phase f in time interval t.
Ire−
mn,f ,t Negative component of the current’s real part in

circuit mn for phase f in time interval t.
Isqr
mn,f ,t Square of the current in circuit mn for phase f in

time interval t.
PEV

n,t Active power consumption of EV at node n in time
interval t.

PG
n,t Active power generated at node n in time interval t.

QG
n,t Reactive power generated at node n in time

interval t.
V re

n,f ,t Real part of the voltage at node n for phase f in
time interval t.

V im
n,f ,t Imaginary part of the voltage at node n for phase f

in time interval t.
yn,t Binary variable associated to the charging state of

the EV at node n in time interval t.

I. INTRODUCTION

THE USE of EVs will increase over the coming years,
with the aim of reducing the green-house gas emissions

and taking advantage of renewable power sources [1], [2]. EVs
have batteries that allow them to store the energy needed for
transportation. Those batteries can be charged in the electrical
distribution system (EDS). Uncoordinated charging can cause
several problems in the EDS, such as overloads, voltage limits
violations, and excessive increase in power losses [3], [4]. For
this reason, coordination is necessary to adequately charge the
EVs, while maintaining the quality operation of the EDS. By
taking advantage of the communication infrastructure of forth-
coming smart grids, the EDS operator can control the charging
of each vehicle according to a set schedule coordination for
all of the EVs in the system [5].

The EV charging coordination (EVCC) problem deals with
finding an optimal charging schedule for the EVs’ batteries, in

order to achieve economical operation of the EDS, while sat-
isfying operational constraints. Optimal charging scheduling
must maximize the energy charged to the batteries and mini-
mize power losses. Several works have addressed the charging
coordination problem of EVs in EDSs [3]–[6]. A mixed-
integer linear programming (MILP) formulation that used
detailed information on battery charging profiles was proposed
in [6]; the objective of that model was to optimize charg-
ing costs, but the impact of the EVs on the grid was not
considered.

A real-time smart load management algorithm was applied
to the optimal charging of EVs in [7]. This method aimed at
improving the reliability and security of the EDS by minimiz-
ing voltage deviation, overload, and power losses compared
to a noncoordinated recharging scheme for the EVs. It was
assumed that there was a two-way communication infrastruc-
ture between the system operation center and the recharging
points, which made it possible to control the EV recharging
process. The algorithm divided the time period into intervals,
allowing users to establish priorities in the selection of the
charging intervals; in each step of the algorithm a sensitiv-
ity index was used to identify the more appropriate EV to be
recharged with the objective of causing less of an increase in
power losses.

In [8], a linear programming formulation for the opti-
mal charging of EVs was proposed; the mathematical model
was formulated considering network sensitivities, rather than
including the network equations themselves. An agent-based
transportation micro-simulation was used in [9] to provide
detailed temporal and spatial information about the behavior
EVs exhibit to guarantee secure system operation. An anal-
ysis of the EV integration with the power system was made
in [10]. This paper demonstrated that EVs that are able to
transfer power to the grid, known as vehicle-to-grid (V2G),
can provide power regulation, allowing the system operator
to use the energy stored in the EVs’ batteries. In effect,
it is possible to reduce the power reserve needed from
conventional energy resources by using aggregated energy
of the EVs.

If a communication infrastructure exists, the EV recharg-
ing rate can be controlled and the power regulation, as
an ancillary service, can be accomplished by changing the
recharging rate of each EV around an established operation
point [11]. Using an aggregation scheme, it is possible to
combine the capacities of multiple EVs, in order to partic-
ipate in a power reserve market. In [12], a mathematical
optimization model was developed with the aim of maxi-
mizing the revenue obtained by employing the contributions
of power reserve for frequency control. An aggregator con-
trolled the power direction (consumption or supplying) of
V2G, in order to provide that regulation service. In that
work, optimal charging algorithms were proposed to define
the optimal operation point of the EVs, with the objective of
maximizing the payments associated with the power regulation
service.

A framework for optimizing both the charging and the
power management of an EV based in dynamic program-
ming was presented in [13]. Both issues were optimized
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simultaneously, in order to avoid any loss of optimality that
may have resulted from solving them separately. A decision
model to implement direct load control over the battery charg-
ing process was developed in [14]. The energy supplied to the
EVs was maximized, while global energy costs were mini-
mized. That model was a MILP formulation that considered
three types of energy management decisions: 1) grid-to-
vehicle charges; 2) V2G discharges; and 3) vehicle-to-vehicle
energy exchanges. However, the formulation does not take into
account the network equations to evaluate the EDSs state of
operation.

The flexible charging capability of EVs was considered
in [15] in order to propose a novel pool market mecha-
nism aimed at including demand side integration in electric-
ity markets. A framework employing neural networks was
used to predict the energy consumption of an EV over a
route [16]. The findings confirmed that being able to estimate
the EVs energy requirements for a given route is neces-
sary for developing an efficient charge control strategy. The
real-time energy management algorithm considering EVs and
photovoltaic systems, proposed in [17], employed a fuzzy
controller to manage the uncertain variables involved in the
energy exchange process. A decentralized approach to EV
charge management was proposed in [18]. In that work,
EV charging was requested and approved for limited time
periods.

A novel MILP model for the EVCC problem in unbal-
anced EDSs is proposed in this paper. Linearization tech-
niques, such as the piecewise and linear approximations of
nonlinear functions, are applied to a mixed-integer nonlin-
ear programming (MINLP) model to obtain the proposed
MILP formulation. Current injections, along with a three-
phase representation of the circuits are used to represent the
steady-state operation of an unbalanced EDS. In the proposed
formulation, the power of DGs and operational constraints
are also taken into account. The optimal solution of the
model is found by using commercial MILP solvers that, can
guarantee the optimal solution for MILP models. The pro-
posed model was tested in a 394-node distribution system.
The results show the efficiency and the robustness of the
methodology.

The main contributions of this paper are as follows:
1) a new set of equations that represents the steady state

operation of an unbalanced EDS considering the pres-
ence of DGs;

2) a MINLP model for the EVCC problem that takes into
account the imbalance of the EDS;

3) a MILP formulation for the EVCC problem that can be
solved using commercial solvers.

II. EVCC PROBLEM

The EVCC problem is to determine an EV battery charg-
ing schedule so that the EDS operates with optimal cost and
satisfies operational constraints. In this paper, the following
are assumed.

1) The EV batteries must be charged in a given period of
time, which is divided into several time intervals.

2) The energy required by each battery is known at the
beginning of the time period.

3) The EVs have communication devices that allow the
EDS operator to control the charging state of the batter-
ies. That control can be carried out in each time interval
of the time period.

Operational constraints, such as voltage magnitude limits,
power generation limits, and maximum circuit currents must
be satisfied. The optimal charging schedule defines the charg-
ing state of each EV battery in each time interval. The charging
state of an EV battery can be represented by a binary vari-
able yn,t that has a value of 1 if the battery is charging at its
maximum power P

EV
n and a value of 0 if the battery is not

charging.
The estimated arrival and departure times for the EVs

are considered using parameters tarr
n and tdep

n , respectively.
These parameters, as well as the initial charge state of an
EV (ESoC

n ), can be obtained using estimation techniques
applied to EVs, such as those in [19]–[21]. The mathemat-
ical model considers these parameters, allowing the EV to
be charged only during the time interval between arrival and
departure.

The model proposed in this paper takes into account
charging priorities selected by the users. These priority con-
siderations allows the users to charge their EVs as quickly as
possible, even if the energy cost is larger. This option offers
the users flexibility, because it guarantees that the EV will be
available as soon as possible.

III. MINLP MODEL FOR THE EVCC PROBLEM

The EVCC problem can be modeled as a MINLP problem
using (1)–(21). The EDS is modeled as an unbalanced system,
in which the conventional loads and the circuits are considered
using a three-phase representation. Additionally, the active and
reactive power injections of DGs are taken into account and
the loads are modeled as a constant power type. It is assumed
that the recharging period lasts from 18:00 to 08:00 h. This
time period is divided into several time intervals (set T);
the time interval that begins at time t is associated with
the element t of the set T and has a time duration
equal to �t.

The proposed optimization model aims to minimize the
energy cost of EV charging, which usually implies charging
during the final hours of the time period (due to the lower cost
of energy at that time). However, with the objective of adding
flexibility to the EV charging process, the charging of some
EVs can be prioritized if requested by their owners. Priority
EVs will be charged as quickly as possible, despite the fact
that the energy cost is usually higher in the first hours of the
time period

min
∑

f ∈F

∑

t∈T

αG
S,t�t

(
V re

S,f ,tI
Gre
S,f ,t + V im

S,f ,tI
Gim
S,f ,t

)

+
∑

n∈N

∑

t∈T

αG
n,t�tP

G
n,t +

∑

n∈N

βESH
n −

∑

n∈N

∑

t∈T

κnρtP
EV
n,t (1)
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subject to

IGre
m,f ,t +

∑

km∈L

Ire
km,f ,t −

∑

mn∈L

Ire
mn,t

−
(

∑

km∈L

Bkm,f +
∑

mn∈L

Bmn,f

)
V im

m,f ,t

2
= IDre

m,f ,t + IEVre
m,f ,t

∀m ∈ N, f ∈ F, t ∈ T (2)

IGim
m,f ,t +

∑

km∈L

Iim
km,f ,t −

∑

mn∈L

Iim
mn,t

−
(

∑

km∈L

Bkm,f +
∑

mn∈L

Bmn,f

)
V re

m,f ,t

2
= IDim

m,f ,t + IEVim
m,f ,t

∀m ∈ N, f ∈ F, t ∈ T (3)

PD
n,f ,t = V re

n,f ,tI
Dre
n,f ,t +V im

n,f ,tI
Dim
n,f ,t ∀n ∈ N, f ∈ F, t ∈ T (4)

QD
n,f ,t =−V re

n,f ,tI
Dim
n,f ,t +V im

n,f ,tI
Dre
n,f ,t,∀n ∈ N, f ∈ F, t ∈ T (5)

V re
m,f ,t − V re

n,f ,t =
∑

h∈F

(
Rmn,f ,hIre

mn,h,t − Xmn,f ,hIim
mn,h,t

)

∀mn ∈ L, f ∈ F, t ∈ T (6)

V im
m,f ,t − V im

n,f ,t =
∑

h∈F

(
Xmn,f ,hIre

mn,h,t + Rmn,f ,hIim
mn,h,t

)

∀mn ∈ L, f ∈ F, t ∈ T (7)

0 ≤ PG
n,t ≤ P

G
n ∀n ∈ N, t ∈ T (8)

QG
n

≤ QG
n,t ≤ Q

G
n ∀n ∈ N, t ∈ T (9)

∣∣∣QG
n,t

∣∣∣ ≤ PG
n,t tan(arccos( pfn)) ∀n ∈ N, t ∈ T (10)

PG
n,t

3
= V re

n,f ,tI
Gre
n,f ,t +V im

n,f ,tI
Gim
n,f ,t ∀n ∈ N, f ∈ F, t ∈ T (11)

QG
n,t

3
=−V re

n,f ,tI
Gim
n,f ,t +V im

n,f ,tI
Gre
n,f ,t,∀n ∈ N, f ∈ F, t ∈ T (12)

V2 ≤ V re
n,f ,t

2 + V im
n,f ,t

2 ≤ V
2 ∀n ∈ N, f ∈ F, t ∈ T (13)

0 ≤ Ire
mn,f ,t

2 + Iim
mn,f ,t

2 ≤ Imn
2 ∀mn ∈ L, f ∈ F, t ∈ T (14)

EEV
n =

∑

t∈T

�tP
EV
n,t ∀n ∈ N (15)

E
EV
n = EEV

n + ESoC
n + ESH

n ∀n ∈ N (16)

PEV
n,t = P

EV
n yn,t ∀n ∈ N, t ∈ T (17)

PEV
n,t

3
=V re

n,f ,tI
EVre
n,f ,t +V im

n,f ,tI
EVim
n,f ,t ,∀n ∈ N, f ∈ F, t ∈ T (18)

0 = −V re
n,f ,tI

EVim
n,f ,t + V im

n,f ,tI
EVre
n,f ,t ,∀n ∈ N, f ∈ F, t ∈ T (19)

yn,t = 0 ∀n ∈ N, t ∈ T:tarr
n < t ∨ t > tdep

n (20)

yn,t ∈ {0, 1} ∀n ∈ N, t ∈ T. (21)

The objective of the EVCC problem is to minimize the
cost of the energy provided by the substation and the DGs,
as shown in the first two terms of (1). The third term con-
sidered in the objective function represents the EVs energy
curtailment if the EVs cannot be charged completely, while
the fourth term is added to encourage the charging of priority
EVs during the initial hours of the time period. The parameter
ρt in the fourth term of the objective function is defined as
2ˆ[6+24H(t−18)−t], in which H(t) is the Heaviside step func-
tion. This parameter is a decreasing function of the time period
that encourages the charging of a priority EV (EV with κn = 1)

as soon as possible. The state of the EV charging at bus n in
time interval t is determined by the binary decision variable
yn,t. If yn,t is 1, then the EV is charging in that time period,
and if yn,t is zero, then the EV is not charging.

Constraints (2) and (3) represent the balance of the
real and imaginary parts of the circuit currents, respec-
tively. The currents demanded by the loads are determined
by (4) and (5). Constraints (6) and (7) represent the application
of Kirchoff’s voltage law (KVL) for each independent loop in
the EDS (formed by each circuit). So, (2) and (3) ensure com-
pliance with Kirchoff’s current law, while (6) and (7) ensure
KVL compliance. The operation limits of the DGs are rep-
resented by (8)–(10), while (11) and (12) correspond to the
definition of the active and reactive power of the DGs.

Constraints (13) and (14) represent the limits of the voltage
magnitude and the current capacity of each circuit, respec-
tively. The energy charged in the EV is represented by (15),
while (16) establishes the energy balance between the EVs
energy capacity, the energy charged, the initial energy state,
and the energy curtailment. The power demanded by the EV
depends on the charging state, associated with the binary
variable yn,t, as shown in (17). The active and reactive pow-
ers demanded by the EVs are defined by (18) and (19).
Equation (20) allows the EV to be charged only during the
time interval between arrival and departure defined by parame-
ters tarr

n and tdep
n . Finally, the binary nature of the EVs charging

state variables is represented by (21).
Note that (2)–(14) represent the steady-state operation of

an unbalanced EDS considering the presence of DGs and it
can be used to formulate mathematical models for other EDS
optimization problems.

IV. LINEARIZATION OF THE MINLP MODEL FOR THE

EVCC PROBLEM

Note that the active and reactive powers related to the
loads in (4) and (5), the DGs in (11) and (12), and the EVs
in (18) and (19), as well as the limits for voltage magnitude
in (13) and current magnitude in (14), are nonlinear expres-
sions. In this section, these equations will be linearized, in
order to obtain a MILP for the EVCC problem.

A. Linearization of the Load Currents

The load currents must satisfy (4) and (5). Another way
to write the relationship between power, voltage and current
for the loads is shown in (22) and (23), in which g and h
are nonlinear functions of the real and imaginary parts of the
voltage.

IDre
n,f ,t = g

(
PD

n,f ,t, QD
n,f ,t, V re

n,f ,t, V im
n,f ,t

)

= PD
n,f ,tV

re
n,f ,t+QD

n,f ,tV
im
n,f ,t

V re
n,f ,t

2 + V im
n,f ,t

2
,∀n ∈ N, f ∈ F, t ∈ T (22)

IDim
n,f ,t = h

(
PD

n,f ,t, QD
n,f ,t, V re

n,f ,t, V im
n,f ,t

)

= PD
n,f ,tV

im
n,f ,t−QD

n,f ,tV
re
n,f ,t

V re
n,f ,t

2 + V im
n,f ,t

2
,∀n ∈ N, f ∈ F, t ∈ T. (23)
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Fig. 1. Constraints for voltage limits (phase A).

As the voltage magnitude in an EDS has a relatively small
and limited range of variation, (22) and (23) can be linearized
around an estimated operation point (V re∗

n,f ,t, V im∗
n,f ,t), as shown

in (24) and (25).

IDre
n,f ,t = g∗+ ∂g

∂V re

∣∣∣∣
∗(

V re
n,f ,t−V re∗

n,f ,t

)
+ ∂g

∂V im

∣∣∣∣
∗(

V im
n,f ,t−V im∗

n,f ,t

)

∀n ∈ N, f ∈ F, t ∈ T (24)

IDim
n,f ,t = h∗+ ∂h

∂V re

∣∣∣∣
∗(

V re
n,f ,t−V re∗

n,f ,t

)
+ ∂h

∂V im

∣∣∣∣
∗(

V im
n,f ,t−V im∗

n,f ,t

)

∀n ∈ N, f ∈ F, t ∈ T. (25)

So, linear equations (24) and (25) can be used to approx-
imate the nonlinear expressions defined by (4) and (5). The
error of the linear approximation is determined by the qual-
ity of the estimated operation point, which can be obtained
using historical data, the knowledge of the EDS operator, or
the previous state of the EDS.

B. Linearization of the Active and Reactive Powers of DGs
and EVs

The active and reactive powers of the DGs represented
by (11) and (12) and the active and reactive powers of the EVs
modeled by (18) and (19) are approximated using an estimated
operation point (V re∗

n,f ,t, V im∗
n,f ,t) as shown in (26)–(29).

PG
n,t

3
= V re∗

n,f ,tI
Gre
n,f ,t +V im∗

n,f ,tI
Gim
n,f ,t ∀n ∈ N, f ∈ F, t ∈ T (26)

QG
n,t

3
= −V re∗

n,f ,tI
Gim
n,f ,t +V im∗

n,f ,tI
Gre
n,f ,t,∀n ∈ N, f ∈ F, t ∈ T (27)

PEV
n,t

3
= V re∗

n,f ,tI
EVre
n,f ,t +V im∗

n,f ,tI
EVim
n,f ,t ,∀n ∈ N, f ∈ F, t ∈ T (28)

0 = −V re∗
n,f ,tI

EVim
n,f ,t + V im∗

n,f ,tI
EVre
n,f ,t ,∀n ∈ N, f ∈ F, t ∈ T. (29)

C. Linearization of the Voltage Limits

Due to the fact that the phase angle variation around the
reference voltage for each phase in the EDS is small, the
voltage limits for phase A, defined by (13), can be repre-
sented using linear constraints (30)–(34), according to Fig. 1.
Constraints (30)–(34) are related with lines L1–L5, respec-
tively, and limit the voltage magnitudes between [V, V] and the
phase angles between [θf −θ1, θf +θ2]. The vector of reference
phase angles θ is [0◦,+120◦,−120◦] for phases A, B, and C;
θ1 and θ2 are the maximum negative and the maximum posi-
tive deviation of the phase angle around the reference for each

Fig. 2. Modeling the piecewise linear (Ire
mn,f ,t)

2 function.

phase. The voltage limits for phases B and C are linearized
by using similar constraints.

V im
n,f ,t ≤ sin(θf +θ2)−sin(θf −θ1)

cos(θf +θ2)−cos(θf −θ1)

[
V re

n,f ,t−V cos(θf + θ2)
]

+V sin(θf + θ2) ∀n ∈ N, f = A, t ∈ T (30)

V im
n,f ,t ≤ sin(θf +θ2)−sin θf

cos(θf +θ2)−cos θf

[
V re

n,f ,t−V cos θf

]
+ V sin θf

∀n ∈ N, f = A, t ∈ T (31)

V im
n,f ,t ≥ sin(θf −θ1)−sin θf

cos(θf −θ1)−cos θf

[
V re

n,f ,t−V cos θf

]
+ V sin θf

∀n ∈ N, f = A, t ∈ T (32)

V im
n,f ,t ≤ V re

n,f ,t tan(θf +θ2) ∀n ∈ N, f = A, t ∈ T (33)

V im
n,f ,t ≥ V re

n,f ,t tan(θf −θ1) ∀n ∈ N, f = A, t ∈ T. (34)

D. Linearization of the Current Limit Constraint

The current limit constraint, represented by (14), is lin-
earized using (35)–(42), as is shown in [23] (see Fig. 2).
In (35), the terms

∑λ
λ=1 σmn,λδ

re
mn,f ,t,λ and

∑λ
λ=1 σmn,λδ

im
mn,f ,t,λ

are the linear approximations of (Ire
mn,f ,t)

2 and (Iim
mn,f ,t)

2,
respectively, where σmn,λ and δmn are constant parameters, as
defined by (43) and (44).

Isqr
mn,f ,t =

λ∑

λ=1

σmn,λδ
re
mn,f ,t,λ +

λ∑

λ=1

σmn,λδ
im
mn,f ,t,λ

∀mn ∈ L, f ∈ F, t ∈ T (35)

Ire
mn,f ,t = Ire+

mn,f ,t − Ire−
mn,f ,t ∀mn ∈ L, f ∈ F, t ∈ T (36)

Iim
mn,f ,t = Iim+

mn,f ,t − Iim−
mn,f ,t ∀mn ∈ L, f ∈ F, t ∈ T (37)

Ire+
mn,f ,t+Ire−

mn,f ,t =
λ∑

λ=1

δre
mn,f ,t,λ, ∀mn ∈ L, f ∈ F, t ∈ T (38)

Iim+
mn,f ,t+Iim−

mn,f ,t =
λ∑

λ=1

δim
mn,f ,t,λ, ∀mn ∈ L, f ∈ F, t ∈ T (39)
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0 ≤ δre
mn,f ,t,λ ≤ δmn,∀mn ∈ L, f ∈ F, t ∈ T, λ=1 . . . λ (40)

0 ≤ δim
mn,f ,t,λ ≤ δmn,∀mn ∈ L, f ∈ F, t ∈ T, λ=1 . . . λ (41)

Ire+
mn,f ,t, Ire−

mn,f ,t, Iim+
mn,f ,t, Iim−

mn,f ,t ≥ 0

∀mn ∈ L, f ∈ F, t ∈ T (42)

σmn,λ = (2λ − 1)δmn ∀mn ∈ L, λ=1 . . . λ (43)

δmn = Imn

λ
∀mn ∈ L. (44)

V. MIXED-INTEGER LP MODEL FOR THE EVCC PROBLEM

The EVCC problem is modeled as a MILP problem as
follows:

min (1)

subject to: (2)–(3), (6)–(10), (15)–(17), (21), and (24)–(44)

0 ≤ Isqr
mn,f ,t ≤ I

2
mn ∀mn ∈ L, f ∈ F, t ∈ T. (45)

The proposed MILP model is more robust than a MINLP
model, and the application of classical optimization techniques
can guarantee to find the optimal solution to the problem.

The quality of the linear approximations can be adjusted by
using a suitable estimated operation point and by increasing
the number λ of discretization blocks used in the square cur-
rent linearization. The estimated operation point used in the
linearized equations was obtained by solving a linear relax-
ation of the MILP model in which the binary nature of the
decision variables was temporarily disregarded. The solution
of that relaxed model (a linear programming problem) defined
the estimated operation point.

VI. TESTS AND RESULTS

The proposed model was tested in a 394-nodes distribution
system with 34 nodes at a medium voltage level (13.8 kV) and
360 nodes at a low voltage level (220 V). The distribution
system at the medium voltage level was based on the data
in [22]. The maximum and minimum voltage magnitude limits
were 1.00 and 0.90 p.u., respectively. The voltage magnitude at
the substation was fixed at 1p.u. The energy capacity of the EV
batteries was 50 kWh with a maximum power of 10 kW (these
values were based on information provided in [24]). It must
be clarified that the parameter En, which represents the energy
capacity of the EV at node n, is the energy that can actually
be stored in the battery, rather than its nominal capacity.

The parameter λ was set at 10, while Imn was 200
A for all feeders. The time period considered went
from 18:00 to 08:00 h, and the time intervals had a dura-
tion of 1 h. The parameters θ1 and θ2 were 3◦ and 1◦, while β

was 10 U.S.$/kWh. The hourly energy cost and load variation
percentage is shown in Table I.

The distribution system considered a three-phase model with
secondary networks connected through medium voltage level
nodes, as shown in Fig. 3. The topology of the secondary
networks is represented in Fig. 4. The medium voltage node
where the transformer for each secondary network was con-
nected, is represented as “xx” in Fig. 4. The test system had
18 secondary networks connected at nodes 4, 9, 11, 13, 14, 17,

Fig. 3. Topology of the medium voltage level network.

Fig. 4. Topology of the secondary networks.

18, 20, 22, 24–26, and 28–33. The total conventional demand
of the system is 597.5, 630.8, and 566.8 kVA, connected in
phases A, B, and C, respectively. So, phases A, B, and C are
charged with 33.3%, 35.1%, and 31.6% of the total demand,
respectively.

The model was implemented in A Mathematical
Programming Language [25] and solved with CPLEX [26]
using a computer with an Intel i7 4770 processor. The time
limit for the solution process was 600 s.

A. Tests Considering Balance in the Connection of the EVs
to the EDS

Tests were carried out considering two EV penetration per-
centages in the system, named as EV15% and EV40%. In
the case of EV15%, there were EVs at nodes xx2, xx15, and
xx17, while in the case of EV40%, there were EVs at the
secondary network nodes xx2, xx6, xx8, xx10, xx15, xx17,
xx18, and xx20 (nodes in bold indicate priority EVs). The EV
penetration percentage corresponded to the ratio of low volt-
age nodes with the presence of EVs, considering one vehicle
per bus. Additional tests were performed considering the pres-
ence of +DG, without the priority option (+w/oP) and without
the voltage limit constraint (+w/oVL). For these cases, it is
assumed that the EVs are connected uniformly in the phases
of the EDS.

In the cases marked with +DG, the EDS had two DGs con-
nected at nodes 10 and 22, with energy costs αG

n,t equal to 0.04
U.S.$/kWh, maximum active power of 500 kW, and minimum
and maximum reactive power equal to −200 and 200 kVAr.
The minimum power factor for the operation of the DGs
was 0.90.
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TABLE I
ENERGY COST AND LOAD VARIATION FOR THE TEST SYSTEM

TABLE II
SUMMARY OF THE TEST CASES

Table II shows a summary of the results from the test cases.
For all of the tests, the resultant EV charging schedule had
no energy curtailment, which means that all of the EVs were
completely charged by the end of the time period. Most of
the cases were solved within the time limit, except the cases
EV40% and EV40%+w/oP, in which the solution process fin-
ished with gap values of 0.01% and 0.16%, respectively (a low
gap value guarantees that the solution is very close to the opti-
mal solution). When those cases were solved without a time
limit, it was verified that the solution found was actually the
optimal solution for each case, which shows the efficiency of
the proposed method.

In order to evaluate the precision of the proposed MILP
model, the objective function of the optimal charging schedule
for each case was calculated using a conventional ac load flow.
The percentage error of the energy cost calculated by the MILP
model is shown in parentheses in Table II. The low percentage
of errors indicates that the linearizations carried out to obtain
the MILP model are suitable.

The generated power of the substation and the DGs for each
test case are shown in Figs. 5–12. The power related to the
charging of priority EVs is shown in red, while the power
related to the other EVs is shown in blue.

The best objective functions were obtained in the cases +DG
and +w/oVL because the optimization model had the flexi-
bility to operate using the power of the DGs or to permit
voltages below the minimum limits. In those cases, the pri-
ority benefit may be higher due to the fast charging of the
priority EVs. Additionally, the best charging schedule was
obtained in the cases +DG because the DGs made it pos-
sible to operate with low energy costs and energy losses

Fig. 5. Generated power for the case EV15%.

Fig. 6. Generated power for the case EV15%+DG.

Fig. 7. Generated power for the case EV15%+w/oVL.

Fig. 8. Generated power for the case EV15%+w/oP.

were reduced. By contrast, the cases in which the priority
option was not considered (+w/oP) had worse objective func-
tions because there was no priority benefit to encourage quick
charging of the priority EVs. However, the cases +w/oP had
lower energy costs, as the optimization model could schedule
the charging process in the time intervals with lower energy
costs.

The minimum voltage is shown in Figs. 13 and 14 for
the test cases with EV penetration percentages of 15% and
40%, respectively. The operation of the system without EVs
was labeled as “EDS w/o EV.” For all cases, the minimum
voltage was at phase B. For all cases considering the volt-
age constraints, the voltage was above its minimum limit,
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Fig. 9. Generated power for the case EV40%.

Fig. 10. Generated power for the case EV40%+DG.

Fig. 11. Generated power for the case EV40%+w/oVL.

Fig. 12. Generated power for the case EV40%+w/oP.

except between the hours 18:00 and 19:00, in which the
voltage was slightly below the minimum limit. But, since
the voltage was very close to the minimum limit, those val-
ues could be accepted; the exceptions were solutions of the
MILP model due to the linear approximations made in the
voltage constraints, as shown in Fig. 1; as the phase angle
variation was low, that linear approximation had a low level
of error.

For cases without the voltage limit, the minimum voltage
was below its limit, making it possible to obtain a better value
for the objective function.

Fig. 13. Voltage profile for the cases with 15% EV penetration.

Fig. 14. Voltage profile for the cases with 40% EV penetration.

B. Tests Considering Imbalance in the Connection of the
EVs to the EDS

The previous tests considered an ideal case in which the
EVs were connected uniformly to the EDS. In this subsection,
additional tests considering an imbalance in the connection of
the EVs to the system (+imb) are presented. These tests were
carried out for the case EV40% in order to illustrate the effects
of the unbalanced connection of the EVs. In these tests, 34.7%
of the EVs were connected to phase A, 38.9% were connected
to phase B, and 26.4% were connected to phase C. A special
test named +DG* was carried out considering the DG energy
cost αG

n,t as equal to 0.025 U.S.$/kWh in order to study the
effect of the DG energy cost variation on the charging of EVs.

Table III shows a summary of the results from the test cases.
For all of the tests, the resultant EV charging schedule had no
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TABLE III
SUMMARY OF THE TEST CASES CONSIDERING IMBALANCE ON THE EVS

Fig. 15. Generated power for the case EV40%+imb.

Fig. 16. Generated power for the case EV40%+imb+DG.

Fig. 17. Generated power for the case EV40%+imb+DG*.

energy curtailment. It can be noted that due to the imbalance
of the EVs on the system The generated power of the sub-
station and the DGs for these unbalanced cases are shown
in Figs. 15–19. The priority benefit for the case EV40%+imb
was larger than the one for the case EV40%, which means
that some priority vehicles were charged more quickly (those
in phases different from the more loaded phase B). However,

Fig. 18. Generated power for the case EV40%+imb+w/oVL.

Fig. 19. Generated power for the case EV40%+imb+w/oP.

TABLE IV
MINIMUM VOLTAGE FOR THE UNBALANCED EV40% CASES (P.U.)

the energy cost was increased because nonpriority vehicles
were charged before 3:00 h at a higher energy cost.

The minimum voltage is shown in Table IV and Fig. 20.
In Table IV, the phase with the minimum voltage is shown
between parentheses; for these cases, the minimum voltage did
not always occur at phase B. As shown in Tables III and IV,
the solution for the unbalanced cases presented greater energy
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Fig. 20. Voltage profile for the cases with 40% unbalanced EV penetration.

costs and lower minimum voltages than for the ideal balanced
cases.

In the case EV40%+imb+DG*, the DGs generated power
at full capacity for almost the entire time period because their
energy cost was lower than that of the substation. Moreover,
analyzing Figs. 16 and 17 for the cases EV40%+imb+DG and
EV40%+imb+DG*, it can be concluded that if the energy cost
of the DGs is lower than that of the substation, then the charg-
ing of the EVs can be changed to take advantage of that lower
cost, leading to a cheaper EV charging cost.

The case EV40%+imb+w/oVL can be considered as a “non-
smart” charging schedule in terms of the EDS operation
because the EVs were charged disregarding the voltage lim-
its, which led to a violation of the operational constraints.
Furthermore, if all EVs have priority, the charging will be
carried out during the first hours of the time period, caus-
ing the worst operational conditions for the EDS. Therefore,
a coordinated charging schedule for the EVs is necessary to
guarantee the suitable operation of the EDS.

VII. CONCLUSION

A novel MILP model for the EVCC problem in EDS was
presented. The proposed formulation can be used to obtain the
optimal charging schedule for the charging of EV batteries,
in order to achieve more economical operation of the EDS,
while satisfying operational constraints. The employed three-
phase representation of the EDS, based on current injections,
makes it possible to adequately consider the imbalance of real
distribution systems.

The MILP formulation was obtained after applying lin-
earization techniques to a mixed integer nonlinear model. The
low level of errors found in the test shows that the approxi-
mations are suitable and lead to a MILP model, which can be
solved efficiently.

The application of a priority scheme allows users to choose
between charging the batteries as quickly as possible or charg-
ing them with a minimum energy cost. The results show that

the proposed method is efficient and can be used in the solution
of the EVCC problem in EDSs.

Results showed that unbalanced EVs lead to a deterioration
of the voltage profile and an increase in the energy cost. For
this reason, the imbalance of the EVs in the EDS must be
considered in the charging coordination problem.

The energy capacity used in the tests is greater than the
average daily use of EVs and therefore the impact of EVs
on the EDS may be overestimated. This value for the bat-
tery capacity of an EV was chosen in order to evaluate the
worst case scenario and to demonstrate that the proposed
method is able to find a feasible and optimal solution for
this case.
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