Eur. Phys. J. Plus (2017) 132: 438 THE EUROPEAN
DOI 10.1140/epjp/i2017-11696-0 PHYSICAL JOURNAL PLUS

Regular Article

Hamilton-Jacobi analysis of the four-dimensional BF model with
cosmological term

G.B. de Gracia''®, B.M. Pimentel"'", and C.E. Valcarcel?:

! Universidade Estadual Paulista (UNESP), Instituto de Fisica Teérica, Sao Paulo, Brazil
2 CMCC-Universidade Federal do ABC, Santo André, SP, Brazil

Received: 11 July 2017 / Revised: 6 September 2017
Published online: 24 October 2017 — (© Societa Italiana di Fisica / Springer-Verlag 2017

Abstract. In this work we perform the Hamilton-Jacobi constraint analysis of the four-dimensional Back-
ground Field (BF) model with cosmological term. We obtain the complete set of involutive Hamiltonians
that guarantee the integrability of the system and identify the reduced phase-space. From the funda-
mental differential we recover the equations of motion and obtain the generators of the gauge and shift
transformations.

1 Introduction

The importance of the Background Field (BF') theories lies on the fact that they have a close relationship with
gravity [1]. Those theories are topological theories and they do not depend on the space-time metric along with its
correlation functions and, in principle, its quantization would be easier than the one of the Einsten-Hilbert action, for
example. There is plenty of literature related to the application of techniques, such as spin foam quantization to BF
theories as a method to have some insights about the quantum behavior of gravity [2,3].

Lower-dimensional BF models are also good laboratories to analyze lower-dimensional quantum gravity. Those
models have a common feature: all of them propagates zero degrees of freedom. This fact is in accordance with its
gravitational interpretation since gravity in lower dimensions has no degrees of freedom.

In four dimensions, there are two important BF models of gravity: The Plebanski theory [4] and the Freidel-
Starodubtsev model [5]; in both cases they begin with a four-dimensional BF model plus a cosmological term. In the
Plebanski theory an additional field imposing simplicity constraints is introduced. The Freidel-Starodubtsev model is
equivalent to the MacDowell-Mansouri gravity [6]; this is shown by introducing an interaction term which breaks the
original symmetry of the BF model. Recently, it has been shown that a similar construction of the Freidel-Starodubsetv
can be applied for two and three-dimensional gravity [7] with a polynomial BF action. For a recent review on BF
gravity, see [8].

In order to identify the true degrees of freedom and dynamical variables of the BF' models, it is important to
analyze the constraint structure. Usually, this procedure is made with the Hamiltonian Dirac formalism [9-11] (also
see [12-14]). The Hamiltonian analysis of Plebanski theory has been made in [15], the Freidel-Starodubtsev in [16], the
two-dimensions polynomial BF in [17] and the BF with cosmological term in [18]. However, there are other methods
of constraint analysis, as the Hamilton-Jacobi formalism.

The Hamilton-Jacobi formalism presented here follows the approach of Giiler [19], which is an extension of
Caratheodory’s equivalent Lagrangian method in the calculus of variations [20]. This formalism is characterized by
a set of Hamilton-Jacobi differential equations called Hamiltonians. The dynamical evolution of the system is given
in terms of a fundamental differential which depends on the time and other linear independent arbitrary parameters
related to the involutive Hamiltonians [21,22], obtained from the Frobenius’ integrability condition. The canonical
transformations are obtained immediately from this fundamental differential when just the dynamics described by
those arbitrary parameters are considered. Furthermore, the gauge transformations are the subgroup of those trans-
formations that leave the lagrangian invariant. On the other hand, although the Dirac’s approach is a very powerful
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tool to the constraint analysis, it deals with gauge symmetries by the conjecture that they are all generated by the
first class constraints of the theory. Unfortunately, there are some examples that contradict it [23]. Therefore, we claim
again that the Hamilton-Jacobi formalism is a way to illuminate the canonical origin of the gauge structure of the
four-dimensional BF' theory. This approach was used to study several examples of gauge systems, such as topologically
massive theories [24], gravity models [25,26], and the two-dimensional and three-dimensional BF' theories [27,28]. This
formalism was also extended to higher-order Lagrangians and Berezinian systems [29-31].

In this work, we will deal with the constraint analysis of the four-dimensional BF theory with a cosmological term.
This model is a natural extension of the lower-dimensional ones in 1 + 1 [27] and in 2 + 1 [28] dimensions, studied
under the Hamilton-Jacobi formalism. A careful analysis of its constraint structure and symmetry properties is an
excellent laboratory to a future investigation of the gravitational BF models, since it can give us insights about the
implications of adding a symmetry breaking term in its highly symmetric structure. We argue that a Hamilton-Jacobi
analysis can be enriching because it deals with gauge symmetries in a very natural way.

The following section will be devoted to explain the main features of the Hamilton-Jacobi formalism. In sect. 3
we present some general characteristics of the four-dimensional BF model. In sect. 4 we give its constraint analysis
and build the generalized brackets. In sect. 5 we compute its characteristic equations generated by the fundamental
differential and analyze the equivalence with the Lagrangian formalism, as well as obtain the canonical and gauge
transformations, and from them we find generators of those transformations. Finally, in sect. 6 we discuss the results.

2 The Hamilton-Jacobi formalism

In this section we develop the Hamilton-Jacobi formalism for constrained systems, which are defined as the ones whose
Lagrangian do not satisfy the Hessian condition.

Let us consider a physical system S = [dtL, whose Lagrangian has the form L = L(x%, i t), where the Latin
indices run from 1 to n, which is the dimension of the configuration space. The system is called constrained or singular

if it does not satisfy the Hessian condition det W;; # 0 with the matrix W;; given by W;; = %. If the Hessian
condition is satisfied, the transformation that leads the configuration space to the phase-space is invertible. If it is
not, some of the conjugated momenta p; = g f are not invertible on velocities and we are led to equations of the form
&(q,p) = 0, which constrains the phase-space. Now, if we consider k£ non-invertible momenta and m = n — k invertible

momenta, we have

oL
Pz — iz = 07 (1)
where z = 1,..., k. Then, the above equation defines the primary constraints of the theory. By using the definition
H,=— gjﬁ we can rewrite the above equation as
H =p.+H.=0. (2)

These constraints are called Hamiltonians. If we define py = %—f, the Hamilton-Jacobi equation can be written as

The canonical Hamiltonian function Hy = p,2® + p,2* — L with a = 1,...,m, is independent of the non-invertible
velocities 47 if the constraints are implemented. The unified notation is given by

H! =p, + H,, (4)

where o = 0,..., k. The Cauchy’s method [20] is employed to find the characteristic equations related to the above
first-order equations,

OH' OH'
a — (0] (e} a —— (o3 « — a _ « .
dx op. de®, dp O dt®, dS = (p.dx H,dt") (5)

The differentials written above depend on t* = (t°,#* = 2*) independent variables or parameters. The name Hamilto-
nians used for the constraints is now justified, once that H, generates flows parameterized by t* in analogy with the
temporal evolution generated by Hy. From the characteristic equations, one can use the Poisson brackets defined on
the extended phase-space (z%,1%, pq, Pa) to express in a concise form the evolution of any function f = f(xt%, ps, Pa):

df ={f, H,}dt*. (6)

This is the fundamental differential, from where we identify the Hamiltonians as the generators of the dynamical
evolution of the phase-space functions.
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Let us define the operator

Xalfl = SO H ST o = @t ) (7)

where X, [*] can be interpreted as k vectors, whose 2(n + 1) components are {y!, H.}. The fundamental differential
can be expressed in terms of this operator as

df = X, [f]dee. (8)

The Frobenius’ integrability condition (IC) ensures that the system of eq. (8) is integrable. The IC can be expressed
as

[Xo, X5 (2%, p") = Xa[2"] Xp[p"] — Xg[2°]Xa[p*] = —{H,,, Hy} = 0. (9)

The above condition can be generalized to
{Hc/w Hé-}} = CgﬁH:w (10)

where C7 5 are structure coefficients (see [32,33]). Therefore, the IC ensures that the Hamiltonians close an involutive
algebra. In terms of the fundamental differential (6), the IC (10) can be written as

dH,, = {H], Hy}dt’ = C7 ,H,dt° = 0. (11)

The Hamiltonians that satisfy the IC are called involutives. However, not all Hamiltonians from a physical systems
satisfy this condition identically. Therefore, we must define new Hamiltonians.
Let us suppose we have a set of non-involutive Hamiltonians H.. Then,

dH, = {HL, Hy}dt + {H,, H}da". (12)

Once we impose dH; = 0, we can define a matrix with components M;; = {H;, Hy}. If this matrix is invertible, we

can write dz? = —M;Bl{Hé, H{}dt, i.e., there is a dependence between the parameters related to the non-involutive
Hamiltonians. Replacing in the fundamental differential, we have

dF = [{F, H)} — {F,H,}M ' {Hj, Hy}] dt. (13)

Therefore, we can define generalized brackets (GB) as
{AvB}’* = {A’B}_ {A’Hé}(M_1>dE{Hé7B}7 (14)

which redefine the dynamic of the constrained system reducing its phase-space, once dF = {F, H}}*dt. This procedure
is the result of the integrability condition and, as shown in [21], it allows the possibility that the matrix M, is
non-invertible, or that the system has involutive and non-involutive Hamiltonians as well.

The dynamical evolution described by the resulting arbitrary parameters can be understood as canonical transfor-
mations, with the involutive Hamiltonians as generators. To understand this, we need to check that the variation dy! =
5t X, [y!] is generated by g = 1+t*X,,, and also preserves the symplectic structure dz® Adp, +dt* Adp, +dH, Adt®,
with fixed dt°. In order to relate canonical transformations with the gauge ones, we need to restrict the study to fixed
times dt® = 0. Then, the transformation on any variable 4/ is

5y = {’yI,H;}*étz. (15)

The Hamiltonians must be involutives, then { H),, H, }* = CZ, H_. However, the IC ensures that {H,, H,}* = C9, H)+
C,H.. To conciliate these equations we must consider whether C9, = 0 or Hj = 0. The condition C9, = 0 is almost

never satisfied. On the other hand, the condition H} = 0 constrains the phase-space. Under this assumption, we define
the generator of gauge transformations as

Gean = 1! 6t7, (16)

since 0y = {yf, G»"}*. More details on the role of involutive Hamiltonians in the HJ formalism can be found in [22].
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3 The four-dimensional BF model with cosmological term

Let us consider the gauge group SO(1,3) acting on a background field 2-form B and a connection 1-form A of a

four-dimensional manifold M. The generators of the gauge group M;; = —M ;; obey the following algebra:
[Mry, Mir] = n1oMyx —nixMyr +nsxMrr — nsp Mk, (17)
where I,J =0,1,2,3 and n;; = diag(+, —, —, —). We can also define the 2-form strength field as FF = dA + A A A.

The action for the BF model is characterized by tr(B A F'), which is gauge-invariant, due to the properties of
the trace and wedge product. In four dimensions we can also add the expression tr(B A B), called cosmological term,
which also maintains the invariance properties of the BF model. The action of the BF model with cosmological term
is given by

_ B
S—/Mtr(B/\F—QB/\B>, (18)

where [ is a constant parameter.
Once, the B field and connection A acts on the SO(1,3), we can write

1
A=A Myyda, B =SB Myydat Ada", (19)

Furthermore, from the definition of field strength, we obtain
Fl = 0,A —0,A) + AL AKX — AL AR (20)
Instead of using differential forms, we use the components of the B and F' fields, and we obtain

1
S e §/d4xsﬂvaﬁ (BIJHVF(,{é — gB‘{“{BaﬁIJ> s (21)

where ¢#¥*? is the Levi-Civita symbol in M. The Levi-Civita symbol is a totally antisymmetric quantity and, as a
convention, we have €%'?® =1 and, in Minkowski space €g123 = —1.
The equations of motion (EOM) are

0=e? (F1} — BBLY), (22)
0=e"""D,BL, (23)

where D,, is the component of the covariant derivative D§ = df + [A, 0]. For a 2-form 6, the explicit expression for

the covariant derivative is
IJ IJ I pKJ J pKI
Dﬂaaﬁ — 8M0(15+A/LKHO/B 7AMK0045' (24)

The EOM have a direct interpretation: Equation (22) states that the field strength and the background fields are
parallel, while eq. (23) states that the covariant derivative on the B field.

In [34], the relation between the BF model and the Yang-Mills was studied, while in [35], the BF' model with
a cosmological term gives exactly the YM theory for the SU(N) group, showing that the BF model can also be
understood as a first-order action for the YM field.

4 The Hamilton-Jacobi analysis

In order to perform a Hamilton-Jacobi analysis, we foliate the space-time M = R x M3, being M3 the space at constant
time. The Lagrangian density from (21) becomes

L= 5ijkBij(90Af‘] + €ijkAéJDiBjkIJ + EijkB()i[J (ka‘] — ﬁB]I];]) s (25)

where the lowercase Latin indices go from 1, 2, 3 and denote the space coordinates, while the capital Latin indices
represent the internal indices from the SO(1,3) group. Furthermore, 7% = ¢%9% is the three-dimensional Levi-Civita
symbol.

The canonical momenta /7, IT) conjugated to A]7 and B/, respectively, are defined by

oc w 0L
" = BB (26)

s
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From the explicit expression of the Lagrangian, we notice that (25) does not depend on any velocities 5‘0AIILJ , 303[5 .
Therefore they are canonical constraints of the theory. For the other velocities, we have linear expressions that also
represent constraints. Furthermore, the canonical Hamiltonian is given by

Ho = —"* AL DiBjrrs — 7" Boirs (F}y — BBy, (27)

and the canonical variables satisfy the following Poisson brackets:

(AL @), i)} = AR (0 — ), (28)
{BE@). I W) } = o AR (@ — ), (29)

where 0,5 = %(556% — 00,) and A = 1(6%.6] — 6167). The presence of these anti-symmetrised Kronecker deltas
is the result of the antisymmetry of the indices of the gauge group.

According to the HJ formalism, we can define m = 095 where S is the action. This definition allows us to write all
the HJ PDE, or Hamiltonian, as

H =n+H=0, (30)
Apy; =77, =0, (31)
tr =7, — €7 Bjrrs =0, (32)
BY =111 =0. (33)

The first Hamiltonian ' is associated with the time parameter ¢ = 2°. The Hamiltonians A%, are related to the
momenta conjugated to the variable AI{J with corresponding parameters /\l{] . Finally, the Hamiltonians B, related

to the momenta conjugated to the variable B;{i , have corresponding parameters wﬁi These parameters play an
important role in the definition of the fundamental differential

df = /d3y ({f (@), ® ()}t + {f(2), A7 ()} (y) + {f(2), BYS (y) }w,i () (34)

and, consequently, in the canonical structure of the theory.
The Hamiltonians that have vanishing Poisson brackets with themselves and all the remaining ones are called
involutives. Otherwise, we have non-involutive Hamiltonians. From the set of HJ PDE above, we identify that A} ;

and B}, are non-involutive, since

(A @), BiEL () } = —e T nrnss AR (z — y). (35)

With these Hamiltonians we can define generalized bracket. First, let us build the matrix between these constraints,

ii 0 —eik
MI?JI%L(LZ/) = <€ijk 0 ) UIRTIJSA§SL5($ —y). (36)
This matrix has inverse form, given as
_ 1/ 0 —&ijk
O = 5 () es afate ) (37)
ij

Once this inverse exists, we can define the GB. Following eq. (14), we obtain the non-vanishing fundamental GB:

1

{Airs(@). B (1)} = —5emAff 8« —y), (38)
(AL @), 7k, 0)}) = 80K ), (39)
{BY @), 1%, )} = J0188,8% ). (40)

Note that the PB (28) remains unaltered. Furthermore, from (38), we notice that B{j‘] is now proportional to the
canonical momenta of the variables A!/ | in agreement with Hamiltonian (32).
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The GB redefine the dynamics of the system and the fundamental differential (34) now takes the form:

df(x) = /dgy ({F (@), ® ()}dt + {f(2), A7 ()} AN (y) + {f (@), BYS (1)} dwgl (1)) - (41)

At this point we impose the IC for the remaining Hamiltonians: A%, (y) and B% (y). The conditions d.A%,(y) = 0 and
dB% (y) = 0 introduce new Hamiltonians:

C[J = EijkDiBjk[J, (42)

D =R (Ff) - BBji); (43)

note that these constraints can be identified as EOM (22) and (23). Furthermore, the canonical Hamiltonian (27) can
now be written as the linear combination of the Hamiltonians:

Ho = —Al’Cr; — B DY, (44)

The IC are satisfied for the full set of Hamiltonians A% I B%, c!'Y, DU Moreover, they satisfy the following algebra:
{CIJ(x)’ CKL(y)}* — lLeIK _ IKeIL 4 JKeIL _ JLCIK, (45)

(¢(). DEF W)} =0/ DYX <DL + 7KDY — VDI, (1)

and all other brackets between the Hamiltonians strictly zero. We conclude that the Hamiltonians are involutive.
It is important to notice that, due to the Bianchi Identity, we have

DZ/D'L'IJ _ —ﬂCIJ. (47)

Consequently, even if we have a set of involutive constraints, some of them are not completely independent. It is said
that the set is involutive and reducible. This does not spoil integrability, afterall.

5 Characteristic equations

The fundamental differential allows us to define the evolution of any function of the phase-space as a function of time
and local parameters and it is built with the complete set of involutive Hamiltonians. Let us rename them as

HIJ EA?J *))\IJ :>\(I)J,
gy = 895 — ol = i,
Gry=Cry— ¢,
k. — pk 1J
917 =Dr; — Xi"-
We have also introduced the parameters (A7, w,ﬁ‘] NeEN XiJ ) related to each Hamiltonian. Therefore, the fundamental
differential is given by the linear combination

Af(@) = [ @y (7). H W)Y dt + (1) s} DN + 7). My ) dof?
+ {f(2), G,y dxi” + {f(2), G} d¢) (48)

The characteristic equations are the ones that govern the evolution of the canonical variables of the phase-space.
In our case, for the variables Aﬂ" we have

dA!” = (D; A} + BBL]) dt — D;d¢ — By}, (49)
dAL = dx!7, (50)

and, for the BIILZ field, we have

1
dB]/ = iskijskm“ (Al BE] — Ag B —2D% BjY) dt

+— (Bl ("™ = By d¢™!) — (Didxj” — Dydxi’) (51)

1
dBl = §dwi” . (52)
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Notice that the variables A}/ and B!/ only depend on parameters A’/ and w!”, respectively, confirming that they

only act as Lagrange multipliers. This can also be inferred from the form of the canonical Hamiltonian written in
terms of the constraints.

The final form of the fundamental differential is given in terms of independent parameters; we can analyze the
temporal evolution of the canonical variables independently. For the spatial components, we have

Al = D; A} + BB, (53)
1
OBl = iekijgkm" (Al BE] — Agx BET — 2Dt BiY) . (54)

Equation (53) is in agreement with (22), while (54) becomes (Do B/ — 2D; Bj/) = 0, which is equivalent to the
component p = k of (23).

5.1 Generators of canonical and gauge transformations

The canonical transformations of the theory are obtained by setting d¢t = 0 in the characteristic equations. Therefore,
we have

0A[" = —Di6¢ — poxi”, (
SAL = oA, (56
(
(

5B'LIJJ = ( zjK5<KJ - ’LjK(SCKI) - (DZ(SX;J - DJ(SXZIJ) ’
SBLI = %W.

Then, the generator of canonical transformations is the linear combination of the involutive Hamiltonians:

Geon — / APy (Hrs 6N + HE 5wl + G oxE + Gry6¢t) (59)

once

sAL ={Al gy, 6Bl = {Bl) G} (60)

pv>
In order to obtain the gauge transformations, i.e., the set of canonical transformations that leaves the Lagrangian
(quasi-)invariant, we need to compute its variation 6 £ induced by the field’s canonical transformations and then impose
0L = 0. This procedure generates constraints between the local parameters.
From (21), we have the variation of Lagrangian

5L =k [(FjlkJ - ﬂBjIk) 6Boirg + (Fgi! — BBE]) 6Bij1.]
+ €Y% [2Bo;1sD;0A}” + Bijry (DoaAgJ — DAY (61)
By replacing the expressions for 5B” and 5A£J , we will have equations that will relate the four parameters
(A7 W17 (T y

17y, A good approach to solve 6L = 0 is to consider special cases where some parameters are set
to zero. From (55) and (57) we see that educated guesses are choosing §x!” = 0 and §¢!’ = 0 independently.
First, let us set 6¢!7/ = 0. In this case, the equation for the variation §£ = 0 becomes

L 1 1 1
0=¢e* [Fé‘] <25wku + D05XMJ> - BB/ (25wku + Dodxkrs + ﬁDk(”\IJ>} ) (62)
which can be solved for %&uku = —DoOxkrs — %D;ﬁ)\u. The term proportional to Bilj‘] becomes zero as well as the
term proportional to FinJ (up to a boundary term). Let us rename dA;; = —B0x07s. Therefore, we have
IJ _ IJ
0A," = —Box,", (63)
5B, = — (Duoxi” — Duéx)’) (64)

which is a shift translation for the A field. Also notice that this translation only appears due to the cosmological term.
Moreover, since we are dropping boundary terms this transformations leaves the Lagrangian quasi-invariant.
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Now, as a second choice, let us consider 6y/’/ = 0. Replacing it in (61) we obtain

- 1
0=e"* | (Fyr; — BBijrs) (25w,§J + Bl 6Ct — ngKagKf) — ByjryDy (Dod¢" + 6T | (65)
This equation is zero for A/ = —Dy§¢!7 and dwi’ = —2(BE, 6¢57 — B, 6¢%1). This corresponds to the gauge
transformation
§A;) = —D,5¢", (66)
SBl) = — (Bl x6¢" = Byl ¢k (67)

This transformation does not depend on the parameter 3, in contrast with (63). Both, shift and gauge transformations
obtained through the Hamilton-Jacobi formalism are in perfect agreement with the results presented in [36].

6 Final remarks

In this work we have used the Hamilton-Jacobi formalism to analyze the BF model with cosmological term. This
procedure consisted in finding the complete set of Hamiltonians that generates the dynamical evolution of the system.
The integrability condition ensures that these hamiltonians are involutives. However, as we see from eq. (35), there
are Hamiltonians which do not satisfy the IC. These non-involutive Hamiltonians can be eliminated if we define the
generalized brackets which redefines the dynamic of the system, as shown in (38), (39) and (40). Related to each
involutive Hamiltonians we have a independent parameter, one of them being the time.

An interesting feature of the Hamilton-Jacobi formalism is the fact that all the dynamics of the theory is given in
terms of the fundamental differential. Particularly, for the four-dimensional BF model the fundamental differential is
given by (48). Since the local parameters are linearly independent we can study the system’s temporal evolution, from
where we recover the equations of motion, as well as the canonical transformations (whenever we consider dt = 0).
Remember, however, that we have a set of involutive and reducible Hamiltonians. This does not spoil integrability but
it changes the number of degrees of freedom of the theory. After computing the PG, we have 84 canonical variables
(AL, Bl 7§’ 115/7) and 42 involutive Hamiltonians (D7, x!7/, [197). For each involutive Hamiltonian the number
of degrees of freedom will be reduced to 2. Therefore, we have a system with 0 degrees of freedom.

In order to obtain the symmetry transformations we vary the Lagrangian with respect to the fields, substituting
its variations induced by the infinitesimal canonical transformations and set £ = 0. This procedure will generate
relations between the local arbitrary parameters. Therefore, the generator of gauge transformations is equal to the
generator of canonical transformation with dependent parameters. The Hamilton-Jacobi formalism provides a simple
method to find the symmetries from the fundamental differential. The gauge and shift generators are obtained directly
from the inner structure of the theory. This is an important motivation to use the Hamilton-Jacobi approach in the
study of BF theories.

Our plan is to extend this work to the Freidel-Starodubtsev BF model, by adding a symmetry breaking term.
As shown in [37] and [38], the study of the BF theory plus cosmological term give some of the properties of the BF
equivalents theories of gravity.

We would like to thank M.C. Bertin for reading the article and suggestions. GBG was supported by CNPq. BMP was partially
supported by CNPq. CEV was supported by CNPq process 150407/2016-5 and CAPES post-doctoral scholarship.
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