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Abstract A new state estimation method for electrical power distribution systems
using the Distflow formulation and the Weighted Least Square method to determine
the steady-state operating point is presented. In order to reduce the number ofmeasure-
ments needed for state estimation analysis, a special set of state variables is defined.
The proposedmethodology is shown to be able to successfully determine the operating
conditions of a electrical power distribution system with high automation levels. The
proposed approach is tested on the IEEE-37 and IEEE-123 bus test system, reduc-
ing the number of state variables up to 60% when compared with conventional state
estimation method.
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List of symbols

ΩL Set of system’s lines
ΩB Set of system’s nodes
ΩM Set of system’s measurements
x̂ State variables of the system
J (x̂) Least squares function
z Measurement vector
r Vector of measurement residuals
h(x̂) Vector with non-linear functions
W Measurement weight matrix
H Measurement Jacobian matrix
G Gain matrix
v Iteration counter
Zi j Impedance of section i j
Ri j Resistance of section i j
Xi j Reactance of section i j
Pi j Active power flow of section i j
Qi j Reactive power flow of section i j
PL
i j Active power loss of section i j

QL
i j Reactive power loss of section i j

V 2
i Square of the voltage module at node i

I 2i j Square of the current module in section i j

PD
i Active power demand at node i

QD
i Reactive power demand at node i

PG
i Active power generation at node i

QG
i Reactive power generation at node i

Q
G
i Maximum value of reactive power generation at node i

QG
i

Minimum value of reactive power generation at node i

V 2
0 Square of the voltage module at substation node

PG
0 Active power generation at substation node

QG
0 Reactive power generation at substation node

tol Tolerance of the iterative state estimator procedure

1 Introduction

The real-timemonitoring and control of electrical power systems (EPS) have an imper-
ative role in power management systems (PMS). In order to evaluate the operating
conditions of the system, PMS perform periodic studies of load flow and state esti-
mation. The results are then used for safety analysis and the execution of corrective
measures, so the system works within established limits.

Over the past decades, real-time analysis was exclusive to electrical power trans-
mission systems (EPTS). Because the recent efforts to upgrade the electrical power
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distribution systems (EPDS), which involves automation and communication tech-
nologies, distributed generation (DG), Phasor Measurement Units (PMUs), among
others actions, there is a need to develop new tools to better understand all the new
information available.

There are several papers in the specialized literature, about conventionalweight least
square (WLS) state estimation in EPTS [1–3], however, those techniques could not
be efficient in EPDS state estimation because there are many different characteristics.
Because the operation of EPDS has reached complexity levels similar to EPTS, greater
interest has been shown in developing new approaches to state estimation adapted to
EPDS in recent years.

Unlike the EPTS, EPDS are larger, more complex and there are many few real-
time measurements available for state estimation analysis. Therefore, in EPDS state
estimation it is necessary to provide load forecasting data, which can be modeled as
pseudomeasurements, to guarantee the network observability [4,5].

On the conventional WLS state estimation, the module and angle for the node
voltages (|Vk | , θk)∀k ∈ ΩB are defined as state variables. Although this method
is the most commonly used among the state estimators, when applied to EPDS its
computational efficiency may be affected due to the high number of unknowns, large
arrays involved in the process and the matrix inversion required to update the state
variables. In addition, there are difficulties in this formulation to model the current
meters [6,7].

There are several works published on state estimation for EPTS in the special-
ized literature, however, almost all of these methods present several limitations when
applied to EPDS, especially the high dependence on pseudo-measurements. Gener-
ally, pseudo-measurements come from load forecasting methods which depend on
smooth or predictable series, which can affect the accuracy of the results because of
the uncertainly levels. So, it is necessary to lower the dependence of this kind of data.

Traditionally, the EPDS state estimation has been solvedmainly by the conventional
nodevoltage state estimator, theBranch-Current StateEstimator and theBranch-Power
State Estimator. A short selection of the most representative methods published on the
specialized literature on the last years is presented.

In Branch-Current State Estimator a special formulation developed for EPDS is

used, where the real and imaginary part of the brach current
(
I rei j , I imi j

)
∀i j ∈ ΩL are

defined as state variables [8–11]. In this state estimator, besides the large number of
unknowns to be estimated, it is not possible to express the system quanties directly
depending on the state variables. It is, therefore, necessary to transform all system
measurements to branch-current magnitude measurements. The former could affect
the quality of the estimated results.

On the Brach-Power Estimator proposed in [12,13], the EPDS is decomposed into
several feeders (single-branch) and the proposed state estimation procedure is per-
formed separately on each feeder. Of course, the former can affect the optimal solution
of the problem. Additionaly, in this approach, the authors assume that all system loads
(pseudomeasurements) are known.

On the work presented on [14] state variables are the power flow on the lines(
Pi j , Qi j

)
and the square module of the branch-currents (I 2i j ). In this approach,
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the magnitudes of the system can be represented in function of the state variables
as well as it is possible to incorporate a number of current meters. Moreover, the
authors point out that although the number of state variables is increased, there is
no need of additional measures to ensure the observability of the network. However,
the success of this state estimator depends on the number of pseudomeasurements
available.

To overcome these difficulties, in this paper a state estimator which defines the
power injections, consumed

(
PD
i , QD

i

)
and injected

(
PG
i , QG

i

)
, as state variables.

The main advantage of the proposed state estimator lies in the fact of using demand
forecasts as unknowns of the problem and not as essential information in order to
estimate the system operating point. Moreover, considering that many of the system
buses have zero power injections, the number of unknowns of the problem can be
reduced considerably. To implement the proposed state estimator it is necessary to use
a load flow model to calculate the system operating point as function of the power
injections, which is one of the main characteristics of the Distflow formulation. This
method is used in several applications inEPDS, such as optimal allocation of capacitors
and DGs, reconfiguration and reduction of losses, among others [15,16]. The Distflow
formulation offers the following advantages when applied in state estimation based
on WLS method:

* Determining the EPDSoperation point through a simplified procedure using power
injections.

* Its formulation facilitates the insertion of DGs in the EPDS analyses.
* It is possible to express directly the measurement functions in terms of a special
network state variable.

* It is possible to reduce the number of state variables necessary to estimate the
network operation point.

* The load forecasting data is used only to start the state variables. Thus, the influence
of the pseudomeasurements on the estimated results can be reduced when the
number of real-time measurements is increased.

In the next sections, a state estimator for EPDS based on an adaptation of the Distflow
sweep formulation andWLSmethods for determining the operating point of the system
is presented.

To validate the methodology, the networks operating point for a given scenario
is calculated using the Distflow method. Subsequently, the results of the power flow
analysis are used to create a measurement set to be used as input information. After,
adding normal random Gaussian errors to the measurement set, the operating point
of the EPDS is calculated using the proposed state estimator. In this way, the vali-
dation process is based on a comparison of the operating points obtained using both
approaches and through the WLS function obtained from the simulations.

2 Distflow method

The Distflowmethod was developed for load flow analysis in radial or weakly meshed
electrical systems. There are two versions of the Distflow method in the specialized
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Fig. 1 Magnitudes downstream of section i j of an EPDS

literature. In the original version, it is necessary to carry out an iterative process that
involves performing a downstream sweep and solving a nonlinear equation system
using Newton’s method to determine the operation point of the system [17]. On the
other hand, a Backward/Forward version of the Distflow method is proposed in [18],
where the magnitudes of the variables in the system are updated by sweeping in both
directions instead of solving the system of nonlinear equations. This sweep version is
simpler and more advantageous because it does not require large matrices or matrix
inversion procedures to solve the system of nonlinear equations.

2.1 Formulation of the distflow method

For simplicity and for the purpose of state estimation, a different formulation of the
Distflow method is used, rather than the ones presented in [17,18]. Thus, the Back-
ward/Forward version of the Distflow method uses a set of equations for each section
i j of the network, which represents the steady-state operation of an EPDS that takes
into account the presence of DGs.

According to Fig. 1, in the backward sweep the variables Pi j , Qi j of section i j may
be determined as follows:

Pi j =
∑
jl∈ΩL

(
Pjl + PL

jl

)
−

∑
mj∈ΩL
m �=i

Pmj + PD
j − PG

j (1)

Qi j =
∑
jl∈ΩL

(
Q jl + QL

jl

)
−

∑
mj∈ΩL
m �=i

Qmj + QD
j − QG

j (2)

Where the power losses in section jl are given by:

PL
jl = R jl

(
P2
jl + Q2

jl

V 2
l

)
(3)

QL
jl = X jl

(
P2
jl + Q2

jl

V 2
l

)
(4)
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On the other hand, in the forward sweep the variable Vj can be calculated as
follows::

V 2
j = V 2

i − 2
(
Ri j Pi j + Xi j Qi j

) + Z2
i j

(
P2
i j + Q2

i j

V 2
i

)
(5)

Therefore, for an EPDSwith n nodes and (n − 1) sections the Distflowmethod uses
3(n − 1) equations to estimate 2(n − 1) power flows and (n − 1) voltage magnitudes,
assuming the substation bus voltage and the power injections are known.

3 Proposed state estimation

In conventional state estimation analysis, theWLSmethod seeks tominimize the effect
of measurement errors on the estimated results. Thus, the state estimator determines
the values of x̂ that minimize the following quadratic function [6]:

minimize J
(
x̂
) = r tWr

subject to : rm = zm − hm(x̂)∀m ∈ ΩM (6)

Where W is a diagonal matrix whose values assigned to each measurement reflect
their accuracy. The quadratic problem shown in (6) can be solved as an unconstrained
minimization problem by an iterative numerical procedure. Thus, to find the vector x̂
that minimizes J (x̂), the first-order optimality conditions will have to be satisfied as
shown below:

∂ J (x̂)

∂ x̂
= HtW (z − h(x̂)) = 0 (7)

The solution of the above equations is achieved by Newton’s iterative method accord-
ing to the following expression:

x̂ (v+1) = x̂ (v) + G−1HtW (z − h(x̂ (v))) (8)

Where the matrix G = HtWH is sparse, symmetric and positive definite for
fully observable networks. In the conventional state estimator, once the values of x̂
are estimated, a second evaluation phase begins with the results obtained through
the processing of significant errors [19,20]. These procedures seek to identify and
correct erroneous measurements such that the results provided by the state estimator
are reliable. Despite their importance, the handling of errors is outside the scope of
the present work.

The proposed state estimator calculates the operating point of the EPDS through the
Backward/Forward version of the Distflow method along with the Newton’s iterative
method used in the conventional WLS state estimation to solve (8). Therefore, to
develop the proposed state estimator, it is necessary to consider the following aspects:
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3.1 Definition of State Variables x̂

According to the equations of the Backward/Forward version of the Distflow method,
for an EPDS with n nodes and (n − 1) sections, there will be 3(n − 1) equations and
5n−4 variables to estimate: 2(n−1) power flows, n voltage magnitudes and 4(n−1)
power injections. Taking into account that the state variables represent the minimum
set of variables necessary to determine the operating point of the system, the following
set of state variables is introduced:

* The slack bus voltage (V 2
0 ).

* The active and reactive power injections (PG
k , QG

k , PD
k , QD

k ) ∀k ∈ ΩB.

The selection of this set of state variables can reduce the number of unknown
variables; in EPDS, there are a large number of nodes with no power injection, known
as zero-injection buses.

3.2 Measurement functions h(x̂)

From the Distflow formulation shown in (1–5), it is possible to develop ameasurement
set for active and reactive power flows injections and for absolute voltage values.
Additionally, through the following expressions, one can incorporate the current values
into the Distflow Backward/Forward sweep:

I 2i j = P2
i j + Q2

i j

V 2
i

(9)

Thus, the main types of measurements provided to the estimator are listed below:

* The substation voltage and the power injections at the substation.
* Voltage, current and power flow at specific system location.
* Power demand provided by load forecasting.
* Voltage and power injection in nodes containing DGs.

These measurements can be estimed in terms of the proposed state variables, once
backward/forward sweep is executed. The number and location of measurements must
ensure the observability of the network.

3.3 Structure of Jacobian matrix

The matrix H for the proposed state estimator presents the following structure:
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PG
m QG

m . . . PG
n QG

n PD
m QD

m . . . PD
n QD

n

H =

Pi j

Qi j

PG
i

QG
i

PD
i

QD
i

I 2i j

V 2
j

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂Pi j
∂PG

m

∂Pi j
∂QG

m
. . .

∂Pi j
∂PG

n

∂Pi j
∂QG

n

∂Pi j
∂PD

m

∂Pi j
∂QD

m
. . .

∂Pi j
∂PD

n

∂Pi j
∂QD

n

∂Pi j
∂V 2

0

∂Qi j

∂PG
m

∂Qi j

∂QG
m

. . .
∂Qi j

∂PG
n

∂Qi j

∂QG
n

∂Qi j

∂PD
m

∂Qi j

∂QD
m

. . .
∂Qi j

∂PD
n

∂Qi j

∂QD
n

∂Qi j

∂V 2
0

∂PG
i

∂PG
m

∂PG
i

∂QG
m

. . .
∂PG

i
∂PG

n

∂PG
i

∂QG
n

∂PG
i

∂PD
m

∂PG
i

∂QD
m

. . .
∂PG

i
∂PD

n

∂PG
i

∂QD
n

∂PG
i

∂V 2
0

∂QG
i

∂PG
m

∂QG
i

∂QG
m

. . .
∂QG

i
∂PG

n

∂QG
i

∂QG
n

∂QG
i

∂PD
m

∂QG
i

∂QD
m

. . .
∂QG

i
∂PD

n

∂QD
i

∂QD
n

∂QG
i

∂V 2
0

∂PD
i

∂PG
m

∂PD
i

∂QG
m

. . .
∂PD

i
∂PG

n

∂PD
i

∂QG
n

∂PD
i

∂PD
m

∂PD
i

∂QD
m

. . .
∂PD

i
∂PD

n

∂PD
i

∂QD
n

∂PD
i

∂V 2
0

∂QD
i

∂PG
m

∂QD
i

∂QG
m

. . .
∂QD

i
∂PG

n

∂QD
i

∂QG
n

∂QD
i

∂PD
m

∂QD
i

∂QD
m

. . .
∂QD

i
∂PD

n

∂QD
i

∂QD
n

∂QD
i

∂V 2
0

∂ I 2i j
∂PG

m

∂ I 2i j
∂QG

m
. . .

∂ I 2i j
∂PG

n

∂ I 2i j
∂QG

n

∂ I 2i j
∂PD

m

∂ I 2i j
∂QD

m
. . .

∂ I 2i j
∂PD

n

∂ I 2i j
∂QD

n

∂ I 2i j
∂V 2

0

∂V 2
j

∂PG
m

∂V 2
j

∂QG
m

. . .
∂V 2

j

∂PG
n

∂V 2
j

∂QG
n

∂V 2
j

∂PD
m

∂V 2
j

∂QD
m

. . .
∂V 2

j

∂PD
n

∂V 2
j

∂QD
n

∂V 2
j

∂V 2
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(10)

Similar to the strategy adopted in [17], the appendix shows that, through a series
of approximations, it is possible to easily obtain a matrix H . These approximations,
although occurring during the iterative process of the algorithm, allow for the quick
and efficient estimation of the operating point of the system.

3.4 Algorithm of the proposed state estimator

To estimate the operating point of the system we propose the following procedure
based on the WLS and Distflow method:

i. Input data System parameter values. Measurement vector z and their weights
W , ∀m ∈ ΩM .

ii. Initial values of x̂ The initial values of the state variables can be defined accord-
ing to the values measured at the substation, such as the substation voltage and
the power demanded by the EPDS. Thus, we assume that V 2

0 = 1 in the slack
bus, PD

i and QD
i is divided proportionally among all nodes in the network and

PG
i = 0 and QG

i = 0 in the PV nodes.
iii. Start of the iterative process Initialize the iteration counter (v = 0) and set the

nodal voltages equals to slack bus voltage. Go to step iv.
iv. Distflow backward sweep For each section i j , calculate P(v)

i j , Q(v)
i j using (1, 2).

Go to step v.

v. Distflow Forward sweep. For each section i j calculate V 2
j
(v)

using (5) and I 2i j
(v)

using (9).
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Table 1 DGs parameters in p.u.
System i PG

i V sch
i QG

i Q
G
i

IEEE-37 735 0.0500 0.9234 − 0.0250 0.0300

740 0.0750 0.9202 − 0.0250 0.0500

IEEE-123 66 0.0500 0.9044 − 0.0250 0.0300

96 0.0900 0.9005 − 0.0500 0.0700

114 0.1000 0.9005 − 0.0500 0.0700

vi. Calculate the measurements residuals The estimated measurements and their
residual vector are computed using rm = zm − hm(x̂ (v)), ∀m ∈ ΩM .

vii. Update x̂ (v) values. The values of x̂ (v) are updated using (8). Set v = v + 1 and
go to step viii.

viii. Stop criteria If
∣∣x̂ (v) − x̂ (v−1)

∣∣ ≤ tol, go to step ix. Otherwise, go back to step
iv.

ix. Output results.

4 Test and result

The proposed state estimator for EPDS was run in the software Matlab and was tested
on IEEE-37 and IEEE-123 test systems on a Dell computer with an Intel Core i7
processor and 4GB of RAM.

During the simulations, the test systems were overloaded with the intent of build-
ing scenarios that contain DGs. Among the main considerations in determining the
operating point of the test system, the following stand out:

* Voltage regulators, transformers, switches and capacitor banks are not taken into
account.

* Load bars are represented by a constant power model.
* The series impedance values of the lines were multiplied by a factor of KL = 10.
* The base voltage is assumed to be 12.66 kV and the base power, 1.0 MW.

In order to create the measurement set, Gaussian errors are inserted in the volt-
age, current and power flow values obtained in the load flow analysis of the Distflow
method. Additionally, some nodal power demands are used as pseudo-measurements.
In both test systems, the weight of the real-time measurements and the pseudo-
measurements are 0.16 and 0.04, respectively.

The proposed state estimator was validated using the information contained in [21].
Thus, taking as reference the values from phases C and A of the IEEE-37 and IEEE-
123 systems, the operating point was calculated using the Distflow method. Table 1
shows the data from the DGs used in the simulations.

The operating point of the system given by these input values is used as a basis to
create the measurement set. However, it is first necessary to identify the number of
zero injection buses that are present in the system to determine the number of state
variables. In Table 2, it is shown that, through the proposed state estimator, it is possible
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1064 H. A. R. Florez et al.

Table 2 Number of state
variables to be estimated

System Conventional Estimator Proposed Estimator

IEEE-37 73 27

IEEE-123 245 83

Table 3 Performance of the
proposed state estimator

System J (x̂) Number of Iterations Execution time (s)

IEEE-37 4.2987 4 0.0564

IEEE-123 7.1611 5 0.0964

Table 4 Maximum estimated erros in p.u.

System x̂ Real value Estimated value |Error |

IEEE-37 PD
701 0.3500 0.3443 0.0057

QD
712 0.0850 0.0895 0.0045

QG
735 0.0199 0.0242 0.0043

QD
701 0.1750 0.1718 0.0032

V 2
799 1.0000 1.0027 0.0027

PG
735 0.0500 0.0478 0.0022

IEEE-123 QD
76 0.0800 0.0739 0.0061

PD
76 0.1050 0.1109 0.0059

PD
48 0.0700 0.0644 0.0056

QD
55 0.0200 0.0243 0.0043

QD
48 0.0500 0.0461 0.0039

QG
66 0.0249 0.0281 0.0032

to reduce the number of unknown variables when compared to the conventional state
estimator.

Considering that the network observability depends on the number, type and
location of the meters, a measurement set composed by several meters distributed
throughout the system was created, which makes the system observable. The perfor-
mance of the proposed algorithm is presented in Table 3, assuming a convergence
criterion of tol = 10−4.

These values show that the proposed algorithm rapidly converges. Furthermore, the
J (x̂) values indicate that the operating point of the systemwas calculated satisfactorily,
according to the hypothesis tests of the conventional state estimator. Table 4 shows
the estimated maximum residues of x̂ for both test systems.

Finally, considering the load flow results as the real operating point of the system,
the power losses, as well as the voltage magnitudes and the power levels generated
at the substation, obtained through the load flow and the proposed state estimator are
compared in the Table 5.
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Table 5 Comparison between
real and estimated operation
point

Real value Estimated value

IEEE-37 IEEE-123 IEEE-37 IEEE-123

PL 0.0455 0.0646 0.0523 0.0598

PG
0 1.0115 1.2446 1.0068 1.2511

QG
0 0.5204 0.7641 0.5177 0.7738

V 2
0 1.0000 1.0000 1.0015 1.0022

From the above results, it can be observed that the estimated results are very close
to the real values obtained by load flow analysis. This confirms that proposed state
estimator is able to obtain satisfactory results when applied to EPDS.

5 Discussion and conclusions

This article presents a novel state estimator that uses theWLS and the Distflow formu-
lation to evaluate the operating point of the system. The main contribution is a reduced
set of state variables.

The proposed methodology was validated by two IEEE test systems. These results
show that through a simplified procedure, the Distflow based state estimator can be
used to estimate successfully the EPDS operation point. Additionally, we show that
because of the special formulation it is possible to reduce the number of state variables
up of 65% on the test systems. Clearly, this condition represents an advantage for gross
errors analyses in EPDS state estimation, because the measurement redundancy levels
are incremented.

This new approach is an important contribution to the field of state estimation for
EPDS because it was able to solve efficiently some limiting factors present in other
state estimator methodologies. Therefore, the proposed methodology proves it could
be a promising tool for future research dealing with automation and control of modern
EPDS.

Future research could include adopting a gross errors analysis according to the
characteristics of the EPDS. Furthermore, an unbalanced, three-phase version of the
state estimator should be developed.

A Structure of Jacobian matrix H

In the same way that the backward sweep formulation shown in (1–2), the power
flows Pi j and Qi j can be calculated as show in Fig. 2:

Pi j =
∑

li∈ΩL

(
Pli − PL

li

)
−

∑
im∈ΩL
m �= j

Pim − PD
i + PG

i (11)
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Fig. 2 Magnitudes upstream of section i j of an EPDS

Qi j =
∑

li∈ΩL

(
Qli − QL

li

)
−

∑
im∈ΩL
m �= j

Qim − QD
i + QG

i (12)

where,

PL
li = Rli

(
P2
li + Q2

li

V 2
l

)
(13)

QL
li = Xli

(
P2
li + Q2

li

V 2
l

)
(14)

Thus, according to the Backward/Forward Distflow formulation, it is possible to
obtain the following terms from H(x̂) directly:

∂Pi j
∂PG

i

= ∂Qi j

∂QG
i

= ∂Pi j
∂PD

j

= ∂Qi j

∂QD
j

= 1 (15)

∂Pi j
∂PG

j

= ∂Qi j

∂QG
j

= ∂Pi j
∂PD

i

= ∂Qi j

∂QD
i

= −1 (16)

∂Pi j
∂QG

i

= ∂Qi j

∂PG
i

= ∂Pi j
∂QG

j

= ∂Qi j

∂PG
j

= 0 (17)

∂Pi j
∂QD

i

= ∂Qi j

∂PD
i

= ∂Pi j
∂QD

j

= ∂Qi j

∂PD
j

= 0 (18)

However, due to the lack of equations that relate themagnitudes to the state variables
of the system, the chain rule is used to determine the elements of H [17].

A.1 Voltage measurements

The elements of H correspondent to the measured voltage V 2
j are calculated as shown

below.

∂V 2
j

∂V 2
0

=
(

∂V 2
j

∂V 2
i

) (
∂V 2

i

∂V 2
(i−1)

)
· · ·

(
∂V 2

(k+1)

∂V 2
0

)
(19)
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∂V 2
j

∂PG
m

=
(

∂V 2
j

∂Pi j

) (
∂Pi j

∂P(i−1)i

)
· · ·

(
∂Pm(m+1)

∂PG
m

)
(20)

∂V 2
j

∂PD
m

=
(

∂V 2
j

∂Pi j

) (
∂Pi j

∂P(i−1)i

)
· · ·

(
∂Pm(m+1)

∂PD
m

)
(21)

∂V 2
j

∂QG
m

=
(

∂V 2
j

∂Qi j

) (
∂Qi j

∂Q(i−1)i

)
· · ·

(
∂Qm(m+1)

∂QG
m

)
(22)

∂V 2
j

∂QD
m

=
(

∂V 2
j

∂Qi j

) (
∂Qi j

∂Q(i−1)i

)
· · ·

(
∂Qm(m+1)

∂QD
m

)
(23)

∂V 2
j

∂PG
n

=
(

∂V 2
j

∂Pi j

) (
∂Pi j

∂Pj ( j+1)

)
· · ·

(
∂P(n−1)n

∂PG
n

)
(24)

∂V 2
j

∂PD
n

=
(

∂V 2
j

∂Pi j

) (
∂Pi j

∂Pj ( j+1)

)
· · ·

(
∂P(n−1)n

∂PD
n

)
(25)

∂V 2
j

∂QG
n

=
(

∂V 2
j

∂Qi j

) (
∂Qi j

∂Q j ( j+1)

)
· · ·

(
∂Q(n−1)n

∂QG
n

)
(26)

∂V 2
j

∂QD
n

=
(

∂V 2
j

∂Qi j

) (
∂Qi j

∂Q j ( j+1)

)
· · ·

(
∂Q(n−1)n

∂QD
n

)
(27)

Therefore, the high computational effort necessary to evaluate the elements of H
for each section of the system is clear. This disadvantage can be mitigated as follows:

* Considering that in per unit Z2
i j � 1, ∀i j ∈ ΩL , we have:

∂V 2
j

∂V 2
i

= 1 + Z2
i j

(
P2
i j + Q2

i j

V 4
i

)
≈ 1 (28)

∂V 2
j

∂Pi j
= −2Ri j + 2Pi j Z

2
i j ≈ −2Ri j (29)

∂V 2
j

∂Qi j
= −2Xi j + 2Qi j Z

2
i j ≈ −2Xi j (30)

* Considering that in per unit the terms: Ri j
Pi j
V 2
i

� 1, Ri j
Pi j
V 2
j

� 1, Xi j
Qi j

V 2
i

� 1 and

Xi j
Qi j

V 2
j

� 1, ∀i j ∈ ΩL , we have:

∂Pi j
∂Pj ( j+1)

= 1 + 2R j ( j+1)

(
Pj ( j+1)

V 2
j+1

)
≈ 1 (31)

∂Pi j
∂P(i−1)i

= 1 − 2R(i−1)i

(
P(i−1)i

V 2
i−1

)
≈ 1 (32)
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∂Qi j

∂Q j ( j+1)
= 1 + 2X j ( j+1)

(
Q j ( j+1)

V 2
j+1

)
≈ 1 (33)

∂Qi j

∂Q(i−1)i
= 1 − 2X(i−1)i

(
Q(i−1)i

V 2
i−1

)
≈ 1 (34)

Thus, the elements of H shown in (19–27) are calculated as follows:

∂V 2
j

∂V 2
0

≈ 1 (35)

∂V 2
j

∂PG
m

= − ∂V 2
i

∂PD
m

≈ 2Ri j (36)

∂V 2
j

∂QG
m

= − ∂V 2
i

∂QD
m

≈ 2Xi j (37)

∂V 2
j

∂PG
n

= − ∂V 2
i

∂PD
n

≈ −2Ri j (38)

∂V 2
j

∂QG
n

= − ∂V 2
i

∂QD
n

≈ −2Xi j (39)

A.2 Power flow measurements

Considering that in per unit the terms Ri j

(
P2
i j+Q2

i j

V 4
i

)
� 1, e Xi j

(
Pi j2+Qi j2

V 4
i

)
� 1,

we have:

∂Pi j
∂V 2

0

= Ri(i−1)

(
∂P2

i(i−1) + Q2
i(i−1)

∂V 4
(i−1)

)
≈ 0 (40)

∂Qi j

∂V 2
0

= Xi(i−1)

(
∂P2

i(i−1) + Q2
i(i−1)

∂V 4
(i−1)

)
≈ 0 (41)

A.3 Power injection measurements

∂PG
i

∂PG
m

= ∂QG
i

∂QG
m

= ∂PD
i

∂PD
m

= ∂QD
i

∂QD
m

=
⎧⎨
⎩
1, i f i = m

0, i f i �= m
(42)

∂PG
i

∂QG
m

= ∂PG
i

∂QD
m

= ∂PG
i

∂V 2
0

= ∂QG
i

∂PG
m

= ∂QG
i

∂PD
m

= ∂QG
i

∂V 2
0

= 0 (43)
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∂PD
i

∂QG
m

= ∂PD
i

∂QD
m

= ∂PD
i

∂V 2
0

= ∂QD
i

∂PG
m

= ∂QD
i

∂PD
m

= ∂QD
i

∂V 2
0

= 0 (44)

A.4 Current measurements

∂ I 2i j
∂PG

m
= − ∂ I 2i j

∂PD
m

≈ 2Pi j
Vj

(45)

∂ I 2i j
∂QG

m
= − ∂ I 2i j

∂QD
m

≈ 2Qi j

Vj
(46)

∂ I 2i j
∂PG

n
= − ∂ I 2i j

∂PD
n

≈ −2Pi j
Vj

(47)

∂ I 2i j
∂QG

n
= − ∂ I 2i j

∂QD
n

≈ −2Qi j

Vj
(48)

∂ I 2i j
∂V 2

0

≈ P2
i j + Q2

i j

V 2
i

(49)
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