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In this paper, we propose the use of the 7° chart with the mixed sampling strategy (MS) to monitor the mean vector of
bivariate processes with observations that fit to a first-order vector autoregressive model. With the MS, rational sub-
groups of size n are taken from the process and the selected units are regrouped to form the mixed samples. The units
of the mixed samples are units selected from the last two rational subgroups. The aim of the proposed sampling strategy
is to reduce the negative effect of the autocorrelation on the performance of the 7° chart. When the two variables are
autocorrelated, the MS always enhances the 7% chart performance, however, the mixed samples are not recommended for
bivariate processes with only one autocorrelated variable which is rarely affected by the assignable cause.

Keywords: T* control chart; autocorrelation; mixed samples; sampling strategies

1. Introduction

The observations from multivariate processes are in general cross-correlated and, depending on the production rate, they
are also autocorrelated (Pan and Jarrett 2007, 2011). The monitoring of multivariate process with autocorrelated vari-
ables is a growing area of research (Kalgonda and Kulkarni 2004; Niaki and Davoodi 2009; Hwarng and Wang 2010;
Kim, Jitpitaklert, and Sukchotrat 2010; Huang, Bisgaard, and Xu 2013; Huang, Xu, and Bisgaard 2013; Leoni et al.
2015; Leoni, Costa, and Machado 2015).

Previous studies with single variables have suggested the adoption of innovative sampling strategies to counteract
the negative effect of the autocorrelation on the performance of the X chart. Costa and Castagliola (2011) considered a
sampling strategy where the samples are formed by collecting one item from the production line and then skipping one,
two or more items before selecting the next one. They showed that the undesired effect of the autocorrelation might be
reduced by building up the samples with the non-neighbouring items according to the time they were produced. The
effect of the autocorrelation is minimised by just skipping two items, in the case of moderate autocorrelation, or three,
in the case of high autocorrelation. Alternatively, Franco et al. (2013) introduced the mixed sampling strategy (MS)
where the samples are composed with units selected from the last two rational subgroups. A numerical analysis shows
that the mixed sampling outperforms the skip sampling strategy for high levels of autocorrelation. Recently, Franco
et al. (2014) investigated the economic-statistical design of the X chart with the skip sampling strategy. In the presence
of the autocorrelation, the sampling strategy based on the rational subgroup concept never outperforms the skip sam-
pling strategies. The choice between the skip sampling strategy and the MS is guided by the autocorrelation level. When
the autocorrelation is low, the skip sampling strategy is more economically convenient than the MS. Conversely, when
the autocorrelation is high, the MS is the best option. In all these studies, the observations of the quality characteristic X
are described by a first-order autoregressive model AR (1) and the process mean was assumed to switch between two
values, the target one and the off-target value resulting of the assignable cause occurrence.

In other studies with single variables, the AR (1) model has been used to describe a natural movement of the pro-
cess mean (Reynolds, Arnold, and Baik 1996; Lu and Reynolds 1999, 2001; Lin and Chou 2008; Zou, Wang, and
Tsung 2008; Lin 2009; Costa and Machado 2011; Franco, Costa, and Machado 2012). When the process mean wanders
neither the skip nor the mixed sampling strategies reduce the effect of the autocorrelation on the X chart’s performance.

In this paper, we consider the use of the T2 chart to control the mean vector of bivariate processes with observations
that are modelled by a first-order autoregressive model — VAR (1). To reduce the negative effect of the autocorrelation
on the performance of the 72 chart, we propose the use of the MS. The next Section brings the VAR (1) model and the
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cross-covariance matrix of the sample mean vector when the sample items are collected according to the rational
subgroup concept. In Section 3, we obtain the cross-covariance matrix of the mixed sample mean vector. Section 4
brings the statistical properties of the T?control chart and, in Section 5, we investigate the effect of the autocorrelation
and the cross-correlation on the performance of the T2chart. Section 6 brings an example, and in Section 7 are the con-
cluding remarks.

2. The VAR (1) model and the cross-covariance matrix

The multivariate autoregressive model for cross-correlated and serially correlated data has been adopted in studies deal-
ing with control charts (Mastrangelo and Forrest 2002; Biller and Nelson 2003; Kalgonda and Kulkarni 2004; Arkat,
Niaki, and Abbasi 2007; Jarrett and Pan 2007; Issam and Mohamed 2008; Niaki and Davoodi 2009; Kim, Jitpitaklert,
and Sukchotrat 2010; Hwarng and Wang 2010):

—p=0X, 1 —p) e M
where X, ~N,(pn, I') is the (p x 1) vector of observations at time # (p is the number of variables), p is the mean vector,
& is an independent multivariate normal random vector with a mean vector of zeros and covariance matrix X, and @ is

a (p x p) matrix of autocorrelation parameters. According to Kalgonda and Kulkarni (2004), the cross-covariance matrix
of X, has the following property: I' = ®I'®’ + X,. After some algebra, we obtain:

Vecl = (zf(l)@)(l)) Vec):e 2)

where ® is the Kronecker product and Vec is the operator that transforms a matrix into a vector by stacking its
columns.
To study the effects of the autocorrelation and cross-correlation on the performance of the 72 chart, we considered

the bivariate case (p = 2) with:
a c
® = (d b) (3)
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where p is the correlation of X and Y.
when ® = diag(a, b), follows from (2) and (4):
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Leoni, Machado, and Costa (2014) obtained the cross-covariance matrix I'y of the sample mean vector X when the
sample items are collected according to the rational subgroup concept:

n—1 . n—1 .
1+%Z(n—j)aj+% (n—j)b
= =

n—1 )
1 —|—%2}(n —j)
J:

F)’( < CX textgxy> _

é’XY é,Y (6)

n—1

l1+ Z(n—J)aJ+ En—J)U

|2

1+3 Z (n—j)b!
where 7 is the size of the samples.
The general cross-covariance matrix I'y is a function of @, n and X.

(S W) HE S B kB )) o

It is well known that the autocorrelation has a negative impact on the performance of the X chart; Leoni, Machado,
and Costa (2014) proved that the autocorrelations also reduce the ability of the T2 chart to signal.
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3. The mixed samples and the corresponding cross-covariance matrix

When the MS is in use, the samples are composed with units selected from the last two rational subgroups. To illustrate,
Figure 1 shows two rational subgroups (n =5) and the mixed sample. The mixed sample i is composed with units of
the current rational subgroup i (the first, third and the fifth ones according to the instant they were selected from the
production line) and with units of the previous rational subgroup i — 1 (the second and fourth ones). The remaining
units of the current rational subgroup, that is, the second and fourth units, are saved to compose the next mixed sample
i+ 1 and so on.

The mean vector of the mixed sample 7 is given by:

— I’le 1 ne n, 1 no
M, =—- Xty t—— ) Xix ®
n ne 1= n n, =
\___V___./
Y, z

where Xj, is the l-esime observation vector of the k-esime rational subgroup; Y, is the mean vector obtained with the
even units of the (i — 1)-esime rational subgroup, and Z; is the mean vectors obtained with the odd units of the i-esime
rational subgroup. When # is even, n, = n, = n/2, and when » is odd, n, = (n — 1)/2 and n, = (n + 1) /2.

As the samples are taken from the process according to the rational subgroup concept, Y;; and Z; are independent,
consequently, the cross-covariance matrix I'j; of the mixed sample mean vector M reduces to:

G G (n)2 (n)2
I'ss=|( °X =(—) Is+(—) T, 9
M ( CXY C%{ n Y + n 7 ( )
where I'y and I'; are, respectively, the cross-covariance matrix of the mean vector of the samples with the even and
with the odd units of the rational subgroups. According to the VAR (1) model:
}} (10
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To illustrate the computation of the cross-covariance matrix Iy, let be n=5, @ :( ) and

and

0 05
1 05 . .
Ye = (0 5 1 ) According to expressions (8), (10) and (11):

1: 22:1 112t+5 32;1 i20—1
——— ——

Yo Z

O e—@< x.
%> OO0 |@
O @@ e
%> OO0 @

O @—@< X

rational subgroup mixed sample rational subgroup

(-1) U} @

Figure 1. The mixed sample.
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1
ry—; [(cp + DT (D + D) +(1+ D) E (1 + D*) + DD + %,
ro— <0.5989 0.3441)

0.3441 0.8333

and

1
[y =5 (1@ + )L (14+ 0+ @) + (@ 4+ O)Z (@ + ©) + (14 0% (1+ 07) +OZ0 + =

o — 0.4122 0.2451
Z 102451 0.6111

Finally, with expression (9):

I-

2\? 3\’
s (5) o (5)

e — 0.2442 0.1433
M ™ 10.1433  0.3533

The inverse of the cross-covariance matrix I'y; is used to compute the 72 values.

4. The statistical properties of the 72 chart

The Hotelling 7% chart is used to monitor the mean vector of multivariate processes (Hotelling 1947). With the MS, the
T* statistic for bivariate processes, with the in-control mean vector p, = (Hox, ,uOY) , Is given by:

2 _ (\F iV
T = (M—py) Iy (M—p) (12)
When the matrices ® and X, are known, the 7° statistic follows a chi-squared distribution with p =2 degrees of free-
dom (xf,). After the assignable cause occurrence, the mean vector changes to p; = (ux. :ulY)/ and the distribution of
the T2 statistic changes to a non-central chi-squared distribution (,{%p A)) with non-centrality parameter X%p‘ ) where 9 is

()'eX

Machado (2012). The type I error of the 72 chart is given by:

i
the standardised mean vector shift & = (dx,dy)’ = (M , @) , see Wu and Makis (2008) and Franco, Costa, and
ey

x=1 —Pr(X§<UCL) (13)

where UCL is the upper control limit of the chart. The UCL of the chart is chosen to be the (1 — a)th quantile of the
chi-squared distribution to achieve a desired in-control average run length (ARL) of 1/a (Champ, Jones-Farmer, and
Rigdon 2005).

As the assignable cause always occurs between rational subgroups, i.e. i — 1 and i, it follows that Y;_; ~ N» [uo; 1"?]
and Z; ~N;[p,; I'z], consequently, the type II error of the mixed sample i is:

B, = Pr(xfpm <UCL) (14)
where 2, = 8T 56 with & = 7 (Jx, dy)'. The type II error of the subsequent mixed samples i + 1, i +2 ... is:
B, = Pr(xﬁm) <UCL> (15)

where 1, = 6/1“58 with & = (dx, dy)".
According to Franco et al. (2013), the out of control ARL and the non-central moment of order 2 of the run length
(SDRL) is given by:
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Table 1. The ARL values for the 7° control chart; n = 3.

a 03 0.5 0.7 0.9 03 0
b 0.3 0.5 0.7 0.9 0.9 0.5
c 0 0 0 0 0 0
d 0 0

p o o  SID MS STD MS STD MS  STD MS STD MS STD  MS

03 0 0 37040 37040 3704 3704 3704 3704 3704 3704 3704 3704 3704 3704
0 05 1271 9.6 171.0 1243 2314 1779 31557 281.64 31846 286.05 1729 126.8
0 1 26.7 17.1 472 261 916 51.6 2113 15157 217.42 15826 483  27.0
0 15 7.4 5.1 14.7 78 356 169 12693 7468 13321 7982  15.1 8.0
05 0 1271 96.6 171.0 1243 2314 1779 31557 281.64 13334 10245 842 853
05 05 947 68.6 1357 924 1981 1425 29729 25551 13421 10135 792  68.9
05 1 28.7 18.5 503 281 962 549 2164 15697 11455 787 387  24.8
05 15 8.6 5.8 17.1 89 403 194 13645 8226 8601 5193 154 8.6
10 26.7 17.1 472 261 916 51.6 2113 15157 29.13  18.82 133  14.1
1 05 287 18.5 503 281 962 549 2164 15697 3051  19.69 149 152
1 1 16.0 103 301 159 643 335 17653 117.18 2949 1849 121 103
1 15 6.9 48 13.7 73 335 159 12255 7128 264 15.76 77 57
15 0 74 5.1 14.7 78 356 169 12693  74.68 8.2 5.58 35 43
15 05 8.6 5.8 17.1 89 403 194 13645  82.26 8.59 5.81 4.0 47
15 1 6.9 48 13.7 73 335 159 12255  71.28 8.63 578 3.8 43
15 15 43 33 8.5 48 220 102 9454 509 8.32 5.49 32 3.4

06 0 0 3704 3704 3704 3704 3704 3704 3704 3704 3704 3704 3704 3704
0 05 933 674 1341  91.0 1965 1409 29634 2542 31344 27917 1441 1027
0 15.6 10.0 295 156 632 328 17489 11565 20691 147.95 337  18.9
0 15 42 33 8.3 47 215 99 9315  49.94 12254 7197 9.7 5.6
05 0 933 674 1341  91.0 1965 1409 29634 2542 12267 9348 627  65.7
05 05 1142 853 1574 111.6 219.0 1643 309.08 27219 13663 10522 898  82.5
05 1 29.9 19.3 521 292 988 567 21911 159.87 126.12 8938 482 293
05 15 73 5.0 14.5 76 350 167 12581  73.81 9863  60.92  17.1 8.7
10 15.6 10.0 295 156 632 328 17489 11565 2503 1625 8.5 9.7
1 05 299 19.3 521 292 988 567 21911 159.87 2877 1889 134 152
| | 22.1 14.1 40.0 217 805  44.0 19821 138.15 3048  19.66 147  13.4
1 1.5 8.6 58 16.9 89 400 193 13586 8179 2955 1818 105 7.4
15 0 42 33 8.3 47 215 99 9315  49.94 6.89 4.87 24 32
15 05 73 5.0 14.5 76 350 167 12581  73.81 773 5.4 3.2 42
15 1 8.6 58 16.9 89 400 193 13586  81.79 8.36 575 3.9 47
15 15 6.0 43 12.0 64 297 139 1141 64.89 8.64 5.82 3.9 4.1

09 0 0 3704 3704 3704 3704 3704 3704 3704 3704 3704 3704 3704 3704
0 05 204 13.0 373 201 763 412 1929  132.88 30253 264.82 741  53.0
0 23 2.2 43 29 114 55 6074 2943 18585 12849 109 73
0 15 1.1 1.4 1.4 1.6 3.1 22 2036 881 1027 58.25 29 2.6
05 0 20.4 13.0 373 201 763 412 1929 13288 102.82  77.4 235 298
05 05 1314 1005 1756 1287 2354 1824 317.6  284.64 13082 10275 833 913
05 1 12.0 7.8 232 121 520 261 1575 99.98 13433  98.44 528 274
05 15 1.9 2.0 34 25 9.0 45 5142 2414 11033 6944 118 58
10 23 2.2 43 29 114 55 6074 2943 1839 122 2.6 4.0
105 120 7.8 232 121 520 261 1575 9998 236 15.95 6.1 9.7
1 28.4 183 498 278 955 543 21558  156.1 2813 1891  13.0 157
1 1.5 57 4.1 11.4 62 286 133 11129  62.81 3043  19.61 136 8.9
15 0 1.1 1.4 1.4 1.6 3.1 22 2036 8.81 4.92 3.81 1.1 1.9
15 05 1.9 2.0 34 25 9.0 45 5142 2414 5.93 4.46 1.5 26
15 1 57 4.1 11.4 62 286 133 11129  62.81 6.96 5.11 2.3 3.9
15 15 8.0 5.4 15.8 83 377 181 1313 78.13 7.87 5.61 35 47
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Table 2. The ARL values for the 7° control chart; n = 3.

a 03 0.1 0.7 02 03
b 0.3 0.1 0.7 02 0.3
¢ 0.1 03 02 0.7 03
d 0.1 03 0.2 0.7 03
P ox dy STD MS STD MS STD MS STD MS STD MS
03 0 0 3704 3704 3704 370.4 3704 3704 3704 370.4 3704  370.4
0 05 1218 95.6 76.34 88.99 2163  169.5 4912 11491 1058 96.9
0 1 247 16.8 11.37 15.05 783 46.8 6.04 22.8 19.3 17.2
0 1.5 6.8 5.0 3.05 4.55 28.6 15.0 1.8 6.74 52 5.1
05 0 121.8 95.6 76.34 8899 2163  169.5 4912 11491 1058 96.9
05 05 1094 749  109.43 7486 2848 2355 2848 23545 1512 1004
05 1 33.0 20.1 2551 19.46  150.0 97.6 41.16 72.6 43.0 27.2
05 15 9.4 6.1 5.72 579 56.7 30.3 553 16.79 10.4 75
1 0 247 16.8 11.37 15.05 783 46.8 6.04 2.8 19.3 17.2
| 0.5 33.0 20.1 25.51 19.46  150.0 97.6 41.16 72.6 43.0 27.2
| 20.5 11.6 20.46 11.62 1562 958  156.19 95.78 37.0 18.2
1 1.5 8.6 53 7.54 5.24 85.4 45.0 30.09 36.77 14.4 7.7
15 0 6.8 5.0 3.05 4.55 28.6 15.0 1.8 6.74 52 5.1
15 05 9.4 6.1 5.72 579 56.7 30.3 5.53 16.79 10.4 75
15 1 8.6 53 7.54 5.24 85.4 45.0 30.09 36.77 14.4 7.7
15 15 55 3.7 551 3.67 78.0 38.2 77.97 38.21 10.9 5.4
06 0 0 3704 3704 3704 370.4 3704 3704 3704 370.4 3704 3704
0 0.5 85.0 65.1 44.42 5881 1648  119.1 23.13 69.53 65.8 62.6
0 13.5 9.6 53 8.36 438 243 255 10.47 9.1 9.1
0 1.5 36 3.2 1.65 2.87 13.4 7.2 1.13 338 25 3.0
05 0 85.0 65.1 44.42 5881 1648  119.1 23.13 69.53 65.8 62.6
05 05 1301 923 130.05 9234 2982 2539 29821  253.94 1732 1203
0.5 322 20.3 21.02 1922 1267 80.8 20.91 51.54 354 25.1
05 15 72 5.1 3.63 471 358 18.7 245 8.92 6.4 5.6
1 0 13.5 9.6 53 8.36 438 243 255 10.47 9.1 9.1
| 0.5 322 20.3 21.02 1922 1267 80.8 20.91 51.54 354 25.1
| 1 27.8 15.9 27.82 1594 1781 1154  178.13  115.36 48.4 247
| 1.5 10.3 6.3 8.01 6.15 82.1 445 17.32 31.65 15.0 8.8
15 0 36 32 1.65 2.87 13.4 7.2 1.13 338 25 3.0
15 05 72 5.1 3.63 471 358 18.7 245 8.92 6.4 5.6
15 1 10.3 6.3 8.01 6.15 82.1 445 17.32 31.65 15.0 8.8
15 15 78 48 777 4.79 95.9 49.8 95.91 49.76 15.2 73
09 0 0 3704 3704 3704 370.4 3704 3704 3704 370.4 3704 3704
0 0.5 16.6 12.0 5.97 10.31 46.3 26.1 2.57 10.95 10.2 10.7
0 1.9 2.1 111 1.98 56 35 1 2.03 1.4 2.0
0 15 1.0 13 1 1.25 1.7 1.8 1 1.28 1.0 13
05 0 16.6 12.0 5.97 10.31 46.3 26.1 2.57 10.95 10.2 10.7
05 05 1478 1082  147.84 10819 3080  268.0 30798 26799 1912  137.7
05 1 10.9 7.6 4.68 6.82 41.1 22.4 2.52 9.96 8.1 7.7
05 15 1.7 2.0 1.09 1.84 53 3.4 1 2 1.3 1.9
1 0 1.9 2.1 111 1.98 56 35 1 2.03 1.4 2.0
1 0.5 10.9 7.6 4.68 6.82 41.1 224 2.52 9.96 8.1 7.7
| 35.4 20.6 35.39 2059 1961  132.6 19608  132.57 59.6 31.4
| 1.5 58 42 3.19 3.97 33.0 16.9 2.42 8.38 56 4.8
15 0 1.0 13 1 1.25 1.7 1.8 1 1.28 1.0 13
15 05 1.7 2.0 1.09 1.84 53 3.4 1 2 1.3 1.9
1.5 5.8 4.2 3.19 3.97 33.0 16.9 2.42 8.38 56 4.8
15 15 10.3 6.1 10.32 6.09  112.1 61.0  112.09 61.01 19.9 95
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Table 3. The SDRL values for the 7° control chart; n = 3.

a 03 0.5 0.7 0.9 0.3
b 03 0.5 0.7 0.9 0.9
c 0 0 0 0 0
d 0

p o o STD  MS STD MS STD MS STD  MS STD  MS STD  MS

03 0 0 36990 36990 3699 3699 3699 3699 3699 3699 3699 3699 3699 369.9
0 05 1266 956 1705 1234 2309 177.1 31507 281 317.96 28542 1724 1259
0 1 26.2 159 467 250 91.1 505 2108 15072 21692 15742 478 259
0 15 6.9 3.9 14.2 65 351 157 12643  73.67 13271 7882 146 68
05 0 1266 956 1705 1234 2309 177.1 31507 281 132.84 1015 83.7 843
05 05 942 675 1352 914 197.6 1417 29678 25484 13371 1004 787 679
05 1 282 17.3 498 270 957 538 2159 15612 11405 777 382 236
05 15 8.1 46 16.5 77 398 183 13595 8127 8551 5087 149 74
10 26.2 159 467 250 911 505 2108 15072  28.63  17.65 128 129
1 05 282 17.3 498 270 957 538 2159 15612 30 1852 144 140
11 15.5 9.1 296 148 638 323 17603 11626 2898 1732 115 9.1
1 15 6.4 3.6 132 60 330 147 12204 7026 259 14.58 71 45
15 0 6.9 3.9 14.2 65 351 157 12643  73.67 768 434 30 3.1
15 05 8.1 46 16.5 77 398 183 13595 8127 807 457 34 35
15 1 6.4 3.6 132 60 330 147 12204 7026 8.11 454 33 3.0
15 15 3.7 2.1 80 3.6 215 89 9404 4983 78 425 27 21

06 0 0 3699 3699 3699 3699 3699 3699 3699 3699 3699 3699 3699 369.9
0 05 928 664  133.6  90.0 1960 1400 29584 25352 31295 27853 1436 101.8
0o 1 15.1 8.8 289 144 627 316 17439 11473 20641 147.09 332 177
0 15 3.6 2.0 78 35 210 87 9264 4887 12204  70.95 92 44
05 0 92.8 664  133.6  90.0 1960 1400 29584 25352 122.17 9251 622  64.7
05 05 1137 843 1569 1107 2185 1635 30858 27153 136.13 10428 893  81.5
05 1 294 18.1 516 281 983 556 21861 159.03 12562 884 477  28.1
05 1.5 6.8 38 140 64 345 155 12531 728 98.13 5988 166 75
10 15.1 8.8 289 144 627 316 17439 11473 2452  15.06 8.0 8.5
1 05 294 18.1 516 281 983 556 21861 159.03 2827 1772 129 140
1 215 129 395 205 800 429 1977 13727 2998 1849 142 122
1 15 8.0 45 164 7.6 395 181 13536 8079  29.05 17 100 62
15 0 3.6 2.0 7.8 35 210 87 9264 4887 637  3.63 18 20
15 05 6.8 38 140 64 345 155 12531 728 722 416 26 3.0
15 1 8.0 45 164 76 395 181 13536 8079  7.84 451 33 3.5
15 15 5.5 31 11.5 52 292 127 11359  63.85 813 458 34 29

09 0 0 3699 3699 3699 3699 3699 3699 3699 3699 3699 3699 3699 369.9
0 05 199 11.8 368 190 758 401 1924 13199 30203 264.16  73.6 519
0o 1 1.7 1.0 3.7 17 109 42 6023 2829 18535 12759 104 6.1
0 15 03 0.5 0.8 06 25 1.0 1986 759 1022 572 24 1.4
05 0 19.9 11.8 368 190 758 401 1924 13199 10232 764 230 287
05 05 1309 99.6  175.1 1278 2349 181.6 317.1 28401 13032 1018 828 903
05 1 11.5 66 227 109 515 249 157 99.03 133.83 9748 523 262
05 1.5 1.3 0.8 2.9 13 8.5 33 5091 2299 10983 6842 113 45
10 1.7 1.0 3.7 17 109 42 6023 2829 1789 11 20 27
1 05 115 66 227 109 515 249 157 99.03  23.1 1477 56 8.5
11 279 17.1 493 266 950 533 21508 15525 2762 1774 125 145
1 15 52 2.9 109 49 280 121 11079 6177 2992 1844  13.1 7.6
15 0 03 0.5 0.8 06 25 10 198 759 439 257 04 07
15 05 1.3 0.8 2.9 13 8.5 33 5091 2299 541 322 09 1.4
15 1 52 29 109 49 280 121 11079  61.77 644 386 17 27
15 15 7.4 42 15.3 71 372 169 1308 77.13 736 437 29 35
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Table 4. The SDRL values for the 7° control chart; n = 3.

a 03 0.1 0.7 02 03
b 0.3 0.1 0.7 02 0.3
¢ 0.1 03 02 0.7 03
d 0.1 03 0.2 0.7 03
P ox oy STD MS STD MS STD MS STD MS STD MS
03 0 0 3699  369.9  369.9 369.9 3699  369.9  369.9 369.9 3699  369.9
0 05 1213 94.6 75.84 88.02 2158  168.7 4862 11399 1053 95.9
0 1 242 15.6 10.86 13.86 77.8 457 552 21.64 18.8 16.0
0 15 6.3 38 25 331 28.1 13.8 12 5.51 4.7 3.9
05 0 1213 94.6 75.84 88.02 2158  168.7 4862 11399 1053 95.9
05 05 1089 739 108.93 73.85 2843 2347 2843 23474 150.7 99.4
05 1 325 18.9 25 1829  149.5 96.6 40.66 71.59 4.5 26.0
05 15 8.9 4.9 52 4.56 56.2 292 5 15.61 9.9 6.3
1 0 242 15.6 10.86 13.86 77.8 457 552 21.64 18.8 16.0
| 0.5 325 18.9 25 1829  149.5 96.6 40.66 71.59 4.5 26.0
| 20.0 10.4 19.96 1042 1557 948  155.69 94.82 36.5 17.0
| 1.5 8.1 4.1 7.02 4 84.8 44.0 29.59 35.66 13.9 6.5
15 0 6.3 38 25 331 28.1 13.8 12 551 47 39
15 05 8.9 4.9 52 4.56 56.2 292 5 15.61 9.9 6.3
15 1 8.1 4.1 7.02 4 84.8 44.0 29.59 35.66 13.9 6.5
15 15 5.0 2.4 4.99 243 775 37.1 77.47 37.11 10.4 42
06 0 0 3699  369.9  369.9 369.9 369.9 3699  369.9 369.9 369.9  369.9
0 0.5 84.5 64.0 43.92 5776 1643 1182 22.62 68.51 65.3 61.5
0 12.9 8.3 478 7.13 433 23.1 1.98 9.26 8.6 78
0 15 3.0 1.9 1.03 1.64 12.9 6.0 0.38 2.14 1.9 1.8
05 0 84.5 64.0 43.92 5776 1643 1182 22.62 68.51 65.3 61.5
05 05 1296 914  129.55 9137 2977 2533 2977 25326 1727 1194
0.5 317 19.1 20.52 18.05 1262 79.8 20.4 50.47 349 24.0
05 15 6.7 39 3.09 3.46 353 17.5 1.89 7.7 5.8 4.4
1 0 12.9 8.3 478 7.13 433 23.1 1.98 9.26 8.6 78
| 0.5 317 19.1 20.52 18.05 1262 79.8 20.4 50.47 34.9 24.0
| 273 14.8 27.32 1475 1776 1144 177.63  114.43 479 235
| 15 9.7 5.1 75 491 81.6 43.4 16.81 30.52 14.5 76
15 0 3.0 1.9 1.03 1.64 12.9 6.0 0.38 2.14 1.9 1.8
15 05 6.7 39 3.09 3.46 353 17.5 1.89 77 58 4.4
15 1 9.7 5.1 75 491 81.6 43.4 16.81 30.52 14.5 76
15 15 73 36 7.26 3.55 95.4 487 95.41 48.68 14.7 6.1
09 0 0 3699  369.9  369.9 369.9 3699 3699  369.9 369.9 369.9 369.9
0 0.5 16.0 10.8 5.45 9.09 45.8 25.0 2.01 9.74 9.6 95
0 13 1.0 0.35 0.82 5.1 23 0.06 0.87 0.7 0.9
0 1.5 02 0.5 0.01 0.44 1.1 0.7 0 0.45 0.1 0.4
05 0 16.0 10.8 5.45 9.09 458 25.0 2.01 9.74 9.6 95
05 05 1473 1073 14734 10725 3075 2673 30749 26734  190.7 1369
05 1 10.4 6.4 4.15 5.59 40.6 212 1.96 8.75 76 6.5
05 15 1.1 0.8 0.31 0.72 48 2.1 0.06 0.84 0.6 0.8
| 0 13 1.0 0.35 0.82 5.1 23 0.06 0.87 0.7 0.9
| 0.5 10.4 6.4 4.15 5.59 40.6 212 1.96 8.75 76 6.5
| 349 19.4 34.89 1942 1956 1317 19558  131.68 59.1 303
| 1.5 53 3.0 2.64 273 325 15.7 1.85 7.16 5.1 36
15 0 0.2 0.5 0.01 0.44 1.1 0.7 0 0.45 0.1 0.4
15 05 1.1 0.8 0.31 0.72 48 2.1 0.06 0.84 0.6 0.8
1.5 53 3.0 2.64 2.73 325 15.7 1.85 7.16 5.1 3.6
15 15 9.8 4.9 9.81 485 1116 600  111.58 59.97 19.4 8.2
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a 03 0.5 0.7 0.9 03 0
b 03 0.5 0.7 0.9 0.9 0.5
¢ 0 0 0 0 0 0
d 0 0

p o 9 STD  MS STD  MS STD  MS STD  MS STD  MS STD  MS

03 0 0 37040 3704 3704 3704 3704 3704 3704 3704 3704 3704 3704 3704
0 05 8802 5947 137.69 8828 21175 14926 312.11 271.46 31494 276.04 138.95  90.29
0 1 1423 854 3093 1492 746 3654 20422 1372 20998 1435 3146 15.44
0 15 378 298 879 457 2679 1126 11989 6424 1256 6873 897  4.71
05 0 88.02 5947 137.69 8828 21175 149.26 312.11 27146 93.05 63.75 46.84  48.13
05 05 6137 3929 10425 6175 177.01 115.03 29292 24347 9567 647 462 3937
05 1 1544 922 3322 1611 7875 39.09 20941 1425  84.63 5248 2256 13.5
05 1.5 439 329 1025 517 306 1297 12926 71.19 6608 36.18 887  4.95
10 1423 854 3093 1492 746 3654 20422 1372 1558 935 568 658
1 05 1544 922 3322 1611 7875 39.09 209.41 1425 1645 983 6.5 7.16
11 822 526 1883 897 5066 22.89 169.13 1039 163 954 558 527
1 15 353 28 818 432 2515 1055 11559 61.15 1518 859  3.86  3.36
15 0 378 298 879 457 2679 1126 11989 6424 414 317 172 253
15 05 439 329 1025 517 306 1297 12926 7119 433 327 188 27
15 1 353 286 818 432 2515 1055 11559 61.15 44 329 187 256
15 15 229 224 504 308 161 6.82 8832 4288 434 322 17 224

06 0 0 3704 37040 3704 3704 3704 3704 3704 3704 3704 3704 3704 3704
0 05 6028 385 10279 60.67 17537 11351 291.92 242.07 308.79 267.84 109.17  69.71
0 1 801 515 1839 876 497 2238 16749 10245 197.65 13239 2038  10.56
0 15 224 221 492 303 1571  6.66 8697 42.03 11357 6091 549 347
05 0 6028 385 10279  60.67 17537 113.51 291.92 24207 8252 563  31.54  34.82
05 05 77.17 51.04 12453 7748 198.67 13589 30529 26127 9533  66.04 51.84 4826
05 1 1612 9.61 345 1679 8102 4052 212.17 14537 93.07 59.94 297  16.51
05 15 372 295 863 451 2637 1108 11879 63.45 7724 4356 1027  5.12
10 801 515 1839 876 497 2238 16749 10245 1284 796  3.52  4.66
1 05 1612 961 345 1679 81.02 4052 212.17 14537 1487 918 549 699
11 1156 7.06 2571 1228 6474  30.69 19095 124.09 1621 981 65 6.6
1 15 435 327 1015 513 3036 12.86 12868 70.75 1647 959 524 417
15 0 224 221 492 3.03 1571  6.66 8697 4203 342 285 129 2.1
15 05 372 295 863 451 2637 11.08 11879 6345 379  3.05 155 248
15 1 435 327 1015 513 3036 12.86 12868 7075 4.1 3.2 1.8 2.69
15 15 3.1 264 7.1 380 2216 927 10732 5536 431 328 1.9 2.54

09 0 0 3704 3704 3704 3704 3704 3704 3704 3704 3704 3704 3704 3704
0 05 1063 655 2385 1136 61.06 2859 1856 11898 29486 25048 4294  31.44
0 1 141 176 262 216 816  3.88 5594 2425 17238 11147 508 423
0 15 1.01 119 114 143 228 193 1829 723 91.02 4739 1.6 2.01
05 0 1063 655 2385 1136 61.06 2859 1856 11898 6357 4353 832 13.73
05 05 91.81 6247 142.16 92.05 21603 153.78 31426 27471 8575 6132 39.58 5231
0.5 6.1 416 142 687 4027 1756 150.12 87.65 96.41 6514 3518  16.22
05 15 126 1.65 216 198 647 331 4713 1979 8728 50.87 7.2  3.68
10 141 176 262 216 816 388 5594 2425 865 587 125 237
105 61 416 142 6.87 4027 1756 150.12 87.65 1112 741 214 439
11 1524 911 3284 1591 7807 38.67 20858 141.64 13.65 888 459 727
1 15 296 257 677 376 2122 888 10459 5349 1566 976 647  5.01
15 0 101 119 114 143 228 193 1829 723 239 237 1 1.52
15 05 126  1.65 216 198 647 331 4713 1979 278 2.6 1.03 183
15 1 296 257 677 376 2122 888 10459 5349 32 284 116 23
15 15 405 312 944 484 285  12.02 1242 674 363 3.06 1.5 2.69
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Table 6. The ARL values for the 7° control chart; n = 5.

a 0.3 0.1 0.7 02 03
b 03 0.1 0.7 02 03
¢ 0.1 03 02 0.7 03
d 0.1 03 0.2 0.7 03
P o oy STD MS STD MS STD MS STD MS STD MS
03 0 0 370.4 370.4 370.4 370.4 370.4 370.4 370.4 370.4 370.4 370.4
0 0.5 83.08 58.53 36.03 49.82 20174  144.03 18.06 68.84 63.83 57.1
0 | 12.98 8.36 4.1 6.86 66.96 34.17 2.04 10.38 8.7 8.1
0 1.5 3.46 2.94 1.4 2.59 23.17 10.44 1.06 3.42 2.4 2.88
05 0 83.08 58.53 36.03 49.82 20174  144.03 18.06 68.84 63.83 57.1
05 05 73.01 43.46 73.01 4346 2538 191.73 2538 191.73  108.06 61.78
05 1 17.91 9.99 11.62 941  121.82 68.46 1537 4034 22.68 13.39
05 1.5 4.73 3.4 2.41 3.15 43.43 19.69 1.94 7.79 4.74 3.91
1 0 12.98 8.36 4.1 6.86 66.96 34.17 2.04 10.38 8.7 8.1
| 0.5 17.91 9.99 11.62 941  121.82 68.46 1537 4034  22.68 13.39
| 10.62 5.86 10.62 586  114.98 60.34  114.98 60.34 20.02 8.97
| 15 435 3.06 3.57 3.01 59.1 26.48 11.53 18.91 6.99 4.05
15 0 3.46 2.94 1.4 2.59 23.17 10.44 1.06 3.42 2.4 2.88
15 05 4.73 3.4 2.41 3.15 43.43 19.69 1.94 7.79 4.74 3.91
15 1 435 3.06 3.57 3.01 59.1 26.48 11.53 18.91 6.99 4.05
15 15 2.86 2.37 2.86 237 4921 20.66 4921 20.66 539 3.08
06 0 0 370.4 370.4 370.4 370.4 370.4 370.4 370.4 370.4 370.4 370.4
0 0.5 53.49 36.82 17.85 2961  151.49 97.59 7.39 36.55 35.14 33.29
0 6.78 4.92 2.02 4 37.1 17.45 1.19 4.88 3.98 4.46
0 1.5 1.96 2.16 1.06 1.96 10.93 5.26 1 2.15 1.38 2.06
05 0 53.49 36.82 17.85 2961  151.49 97.59 7.39 36.55 35.14 33.29
05 05 90.37 56.06 90.37 56.06  270.65 212.89 27065  212.89 1286 715
0.5 17.41 10.11 8.7 911  105.27 57.87 6.81 26.29 17.68 122
05 15 3.65 2.97 1.61 2.68 2821 12.6 1.18 431 2.91 3.09
| 0 6.78 4.92 2.02 4 37.1 17.45 1.19 4.88 3.98 4.46
1 0.5 17.41 10.11 8.7 911 10527 57.87 6.81 26.29 17.68 122
1 1 14.85 7.92 14.85 792 13591 7585 13591 75.85 27.26 12.28
1 15 517 3.48 3.59 3.36 59.63 27.39 5.84 15.61 7.14 45
15 0 1.96 2.16 1.06 1.96 10.93 5.26 1 2.15 1.38 2.06
15 05 3.65 2.97 1.61 2.68 2821 12.6 1.18 431 2.91 3.09
15 1 5.17 3.48 3.59 3.36 59.63 27.39 5.84 15.61 7.14 45
15 15 3.95 2.84 3.95 2.84 63.05 27.83 63.05 27.83 7.59 3.89
09 0 0 370.4 370.4 370.4 370.4 370.4 370.4 370.4 370.4 370.4 370.4
0 0.5 47.39 6.07 2.18 471 40.13 19.24 1.19 5.07 4.39 5.11
0 576 1.71 1 1.57 4.67 2.88 1 1.61 1.04 1.62
0 1.5 1.74 1.16 1 1.08 1.51 1.68 1 1.1 1 1.1
05 0 42.95 6.07 2.18 471 40.13 19.24 1.19 5.07 4.39 511
05 05 92.86 68.19  106.14 68.19 28326  229.61 28326  229.61 14635 92.09
05 1 17.65 4.07 1.87 3.45 34.06 15.72 1.19 47 3.59 3.91
05 15 3.47 1.62 1 1.5 432 274 1 1.6 1.03 1.56
| 0 5.08 1.71 1 1.57 4.67 2.88 1 1.61 1.04 1.62
1 0.5 14.78 4.07 1.87 3.45 34.06 15.72 1.19 47 3.59 391
| 15.52 10.25 19.42 1025 15385 90.26  153.85 90.26 3471 15.92
| 1.5 551 2.61 1.49 2.41 254 11.18 1.17 411 2.61 278
15 0 1.6 1.16 1 1.08 1.51 1.68 1 1.1 1 1.1
15 05 2.93 1.62 1 1.5 432 2.74 1 1.6 1.03 1.56
1.5 4.73 2.61 1.49 2.41 25.4 11.18 1.17 4.11 2.61 2.78
15 15 4.13 3.39 521 3.39 76.17 35.23 7617 3523 10.08 4.84
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Table 7. The SDRL values for the 7° control chart; n = 5.

a 03 0.5 0.7 0.9 03 0
b 03 0.5 0.7 0.9 0.9 0.5
¢ 0 0 0 0 0 0
d 0 0

p o 9 STD  MS STD  MS STD  MS STD  MS STD  MS STD  MS

03 0 0 36990 3699 3699 3699 3699 3699 369.9 369.9 3699 3699 3699  369.9
0 05 8752 5836 137.19 8724 21125 14836 311.62 270.79 31443 27537 13845 8925
0 1372 724 3042 13.65 7409 3536 20372 13626 20948 142.58 3096  14.18
0 15 324 165 828 325 2629 998 11939  63.14 1251  67.64 846 339
05 0 8752 5836 137.19 8724 21125 14836 311.62 27079 9255  62.65 4634 4698
05 05 6087 3812 10375 60.65 17651 11405 29242 24274 9517  63.6 457 382
05 1 1493 793 3272 1486 7824  37.92 20891 14158 8413 5134  22.06 1223
05 15 38 196 974 385 301 117 12876  70.11 6558 35 835  3.63
10 13.72 724 3042  13.65 7409 3536 20372 13626 1507 806 515 527
1 05 1493 793 3272 1486 7824 3792 20891 14158 1594 854 598 585
1 771 394 1832 767 50.16 21.66 168.63 1029 158 825 505  3.95
1 15 299 153 767 3 2464 926 11509 60.04 1467 729 332 2.03
15 0 324 165 828 325 2629 998 11939 63.14 3.6l 18 112 121
15 05 38 196 974 385 30.1 117 12876 7011 38 194 129 137
1.5 299 153 767 3 2464 926 11509 6004 387 196 128 124
15 15 172 093 452 175 1559 551 8782 4172 381 189  1.09 094

06 0 0 3699 36990 3699 3699 3699 3699 369.9 369.9 3699 3699 3699  369.9
0 05 5978 3733 10229 59.56 17487 11253 29142 24134 3083 267.16 108.67  68.63
0 75 383 1788 747 492 2115 16699 10145 197.15 13145 1987 928
0 15 167 091 439 171 1521 536 8647 4087 113.07 5981 497  2.14
05 0 5978 3733 10229 5956 174.87 112.53 29142 24134 8202 5518  31.04  33.64
05 05 7667 4991 12403 7641 198.17 13495 30479 260.58 9483 6495 5134  47.12
0.5 1561 832 34 1554  80.52 3935 211.67 14445 9257 5883  29.19  15.26
05 15 318 1.62 812 318 2586 979 11829 6234 7674 42.4 975 38
10 75 383 1788 747 492 2115 16699 10145 1233 666 298 333
1 05 1561 832 34 1554 8052 3935 211.67 14445 1436 789 497 568
11 11.05 575 2521 11 6424 2949 19045 123.13 157 852 598 529
1 15 38 194 964 381 2985 11.59 12818 69.67 1596 83 472 285
15 0 167 091 439 171 1521 536 8647 4087 288 152 062 082
15 05 318 162 812 318 2586 979 11829 6234 325 172 092  1.16
15 1 38 194 964 381 2985 1159 12818 69.67 356 187 12 1.37
15 15 255 132 659 256 21,65 798 10682 5424 378 195 131 1.22

09 0 0 3699 3699 3699 3699 3699 3699 369.9 3699 3699 3699 3699  369.9
0 05 1012 524 2334 1007 6055 2738 1851  118.01 29435 24977 4244 3024
0 076 058 206 087  7.64 256 5543 23.03 171.87 11049 455 29
0 15 008 039 04 0.5 1.7 068 1778 592 9052 4625 098  0.74
05 0 1012 524 2334 1007 6055 2738 1851 11801  63.07 4237 7.8 1246
05 05 9131 6137 141.66 91.02 21553 15288 313.76 27404 8525 6021  39.08 51.17
05 1 558 283 13.69 556 3976 1631 149.62  86.61 9591 6405 3468  14.96
05 15 057 054 158 072 595 198 4662 1855 8677 4973 66 2.35
10 076 058 206 087 764 256 5543 2303 813 456 056  1.05
1 05 558 283 13.69 556 3976 1631 149.62 8661 1061  6.11 156 3.07
1 1473 781 3234 1466 7757 375 20808 14072 13.14 759 406 = 5.96
115 241 125 625 243 2071 758 10409 5237 1515 847 595  3.69
15 0 008 039 04 0.5 1.7 068 1778 592 18 106 004 052
15 05 057 054 158 072 595 198 4662 1855 222 128 017 062
15 1 2.41 125 625 243 2071 758 10409 5237 265 151 043 099
15 15 351 179 893 352 28 1075 123.69 6631  3.09 173 086 136
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Table 8. The SDRL values for the 72 control chart; n = 5.

a 0.3 0.1 0.7 02 0.3
b 0.3 0.1 0.7 02 03
¢ 0.1 03 02 0.7 03
d 0.1 03 0.2 0.7 03
P o oy STD MS STD MS STD MS STD MS STD MS
03 0 0 369.9 369.9 369.9 369.9 369.9 369.9 369.9 369.9 369.9 369.9
0 0.5 82.58 57.41 3552 48.68 20124  143.12 17.56 67.75 63.33 55.98
0 | 12.47 7.07 3.56 5.55 66.45 32.98 1.46 9.1 8.18 6.8
0 1.5 2.91 1.61 0.75 127 22.66 9.15 0.25 2.09 1.83 1.55
05 0 82.58 57.41 3552 48.68 20124  143.12 17.56 67.75 63.33 55.98
05 05 7251 423 7251 423 253.3 190.9 253.3 190.9 107.56 60.67
05 1 17.4 8.7 11.11 812 12132 67.37 14.86 39.17 22.17 12.12
05 1.5 42 2.08 1.84 1.82 42.93 18.44 1.35 6.49 421 2.58
1 0 12.47 7.07 3.56 5.55 66.45 32.98 1.46 9.1 8.18 6.8
| 0.5 17.4 8.7 11.11 812 12132 67.37 14.86 39.17 22.17 12.12
| 10.11 455 10.11 455 11448 5923 114.48 59.23 19.52 7.68
| 1.5 3.81 1.73 3.03 1.68 58.6 25.07 11.01 17.66 6.48 273
15 0 2.91 1.61 0.75 127 22.66 9.15 0.25 2.09 1.83 1.55
15 05 42 2.08 1.84 1.82 42.93 18.44 1.35 6.49 421 2.58
15 1 381 1.73 3.03 1.68 58.6 2527 11.01 17.66 6.48 273
15 15 231 1.06 231 106  48.71 19.42 48.71 19.42 4.86 1.76
06 0 0 369.9 369.9 369.9 369.9 369.9 369.9 369.9 369.9 369.9 369.9
0 0.5 52.98 35.64 17.34 28.4 150.99 96.57 6.88 3537 34.64 32.1
0 6.26 3.6 1.43 2.68 36.59 16.2 0.48 3.56 3.44 3.13
0 15 1.38 0.87 0.25 0.7 10.41 3.94 0.03 0.86 0.72 0.78
05 0 52.98 35.64 17.34 28.4 150.99 96.57 6.88 3537 34.64 32.1
05 05 89.87 54.94 89.87 5494  270.16 2121 270.16  212.1 128.09 76.44
0.5 16.9 8.82 8.19 781 104.77 56.75 6.29 25.07 17.17 10.92
05 15 3.11 1.64 0.99 1.36 2771 11.32 0.46 2.98 2.35 1.76
1 0 6.26 3.6 1.43 2.68 36.59 16.2 0.48 3.56 3.44 3.13
1 0.5 16.9 8.82 8.19 781 104.77 56.75 6.29 25.07 17.17 10.92
| 1 14.34 6.62 14.34 6.62  135.41 7478 135.41 74.78 26.75 11.01
1 1.5 4.64 2.15 3.05 2.03 59.13 26.18 532 14.35 6.62 3.17
15 0 1.38 0.87 0.25 0.7 10.41 3.94 0.03 0.86 0.72 0.78
15 05 311 1.64 0.99 136 2771 11.32 0.46 2.98 235 1.76
15 1 4.64 2.15 3.05 2.03 59.13 26.18 532 14.35 6.62 3.17
15 15 3.41 1.51 3.41 1.51 62.54  26.62 62.54 26.62 7.08 2.56
09 0 0 369.9 369.9 369.9 369.9 369.9 369.9 369.9 369.9 369.9 369.9
0 0.5 46.89 475 1.6 3.39 39.63 18 0.48 3.75 3.86 3.79
0 5.24 0.56 0.03 0.53 4.14 1.55 0 0.53 0.21 0.54
0 1.5 1.14 0.37 0 0.27 0.88 0.55 0 03 0 031
05 0 42.44 475 1.6 3.39 39.63 18 0.48 375 3.86 3.79
05 05 92.36 67.1 105.64 67.1 282.76 22886 28276  228.86 14585 91.05
05 1 17.14 2.74 1.27 2.12 33.55 14.47 0.47 337 3.05 2.58
05 15 2.93 0.54 0.03 0.51 3.79 1.41 0 0.53 0.19 0.52
| 0 4.55 0.56 0.03 0.53 4.14 1.55 0 0.53 0.21 0.54
1 0.5 1427 2.74 1.27 2.12 33.55 14.47 0.47 3.37 3.05 2.58
1 15.01 8.96 18.91 896  153.35 8923 15335 89.23 3421 14.67
| 1.5 4.98 1.29 0.86 1.1 24.89 9.9 0.45 278 2.04 1.45
15 0 0.98 0.37 0 0.27 0.88 0.55 0 03 0 031
15 05 2.38 0.54 0.03 0.51 3.79 1.41 0 0.53 0.19 0.52
1.5 42 1.29 0.86 1.1 24.89 9.9 0.45 2.78 2.04 1.45
15 15 3.59 2.06 4.69 2.06 75.67 34.05 75.67 34.05 9.57 3.52
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Table 9. The in-control ARL, n=15.

. ARL
The values of the estimated R
parameters a b p=03 p=0.9
a = 0.80a E = 0.80b 0.56 0.56 40.33 39.92
a=0.90a b =0.90b 0.63 0.63 96.67 96.80
a=a b = 0.80b 0.70 0.56 81.03 56.24
a=a b =0.90b 0.70 0.63 162.33 128.35
a=a b =0.95b 0.70 0.665 244.39 220.52
a=a b=5b 0.70 0.70 370.22 370.30
a=a b =1.05b 0.70 0.735 552.11 476.80
a=a b =1.10b 0.70 0.77 769.55 457.92
a=1.05a b =0.95b 0.735 0.665 322.48 229.41
a=1.10a b =1.10b 0.77 0.77 3470.27 2693.80
a=1.30a b =0.70b 091 0.49 69.26 50.46
Table 10. Preliminary sample.
Observation X Y
1 988.47 986.72
2 989.63 987.28
3 986.40 990.88
4 989.77 991.93
5 987.81 990.12
496 990.87 989.81
497 989.72 990.68
498 991.76 990.93
499 991.05 990.00
500 992.41 991.35
ARL = L +1 (16)
(1-5)
1 _
SDRL — Bi(1+ By — By) (17)
(1=55)

5. The effect of the autocorrelation and cross-correlation on the performance of the 72 control chart

In this Section, we investigate the influence of the autocorrelation parameters (a, b, ¢, d), the cross-correlation (p) and
the mean shifts (Jy, dy) on the statistical performance of the Hotelling 72 control chart. The MS is compared with the
standard sampling strategy (STD), where the sample units are selected according to the rational subgroup concept. We
assume that @ remains unchanged when the process shifts to an out-of-control condition. The in-control ARL is equal
to 370.4 and the size of the samples is equal to 3 and 5.

Tables 1-8 present the ARL and SDRL values of the T? charts with the MS and with the STD. The SDRL is
slightly lower than ARL. The ARL values of the best strategy are in bold. In these Tables, the cross-correlation (p) are
stratified in low (0.3), medium (0.6) and high (0.9) levels. Tables 1-4 consider the cases in which » =3 and Tables 5-8
consider the cases in which n = 5.

In general, the use of the MS reduces the negative effect of the autocorrelations on the 7 chart’s performance. For
example, Table 1 shows that when the observations are medially autocorrelated (a=5=0.5; p=0.3)
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Table 11. Mixed sample.

ith sample Sample observations M T?
X 989.28 990.07 989.29 992.22 993.1
Y 990.08 989.06 989.22 991.35 991.3
1 X 990.31 989.09 989.87 990.53 989.03 990.3 0.18
Y 989.8 990.14 990.35 991.67 990 990.112
2 X 989.39 991.14 991.98 990.81 992.19 990.636 1.02
Y 987.84 991.79 992.21 991.02 990.88 990.548
3 X 989.76 987.82 987.78 989.46 991.31 990.16 0.73
Y 989.97 988.85 988.22 991.07 991.87 990.574
4 X 989.53 988.42 988.96 987.28 990.75 989.304 1.67
Y 990.23 988.8 989.35 987.77 991.71 990.242
5 X 988.03 989.45 988.33 988.64 989.69 988.35 541
Y 989.34 986.5 989.44 989.69 990.67 989.204
6 X 988.3 988.83 991.28 989.69 988.97 989.328 7.67
Y 988.53 988.98 990.3 985.87 985.58 988.12
7 X 988.33 990.83 989.79 990.22 989.62 989.252 6.24
Y 989.4 991.03 989.55 990.39 987.69 988.298
8 X 989.66 990.88 989.86 991.31 990.75 990.264 1.18
Y 988.24 988.1 987.86 989.91 989.86 989.476
9 X 988.84 991.19 991.89 991.34 989.81 990.546 1.1
Y 990.28 991.09 991.7 990.37 988.89 989.776
10 X 986.13 989.13 992.89 991.2 990.16 990.342 2.17
Y 989.1 989.91 993.24 994.49 991.19 990.998
11 X 991.32 991.25 989.97 990.46 990.74 990.472 7.15
Y 992.22 991.25 991.24 991.79 991.1 991.792
12 X 988.2 989.37 990.43 990.08 988.61 989.79 0.15
Y 988.03 989.31 990.35 987.88 988.95 990.074
13 X 990.63 988.04 987.14 989.74 991.49 989.742 0.62
Y 988.3 990.54 990.41 990.37 991.42 989.464
14 X 989.96 986.73 988.32 989.29 989.76 989.164 6.78
Y 993.1 989.99 989.58 988.65 991.91 991.1
15 X 989.87 989.25 992.14 991.41 989.65 989.536 0.48
Y 989.97 990.98 990.07 991.08 991.11 989.958
“! ol
o ]
~— =l o
=1
o |
@ —
L
—
_—
o~
&
1 | | | I I I
2 4 6 8 10 12 14

sample size n=5

Figure 2. The 7% chart with mixed sample.
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Table 12. The ARL for the 7° chart with the STD and with MS strategies.

STD MS
01 0> ARL ARL reduction (%)
0 0.5 142.35 103.91 27.00
1 0 38.84 21.98 43.41
0.5 1 42.62 25.49 40.19
0.5 0 155.09 112.32 27.58
0 1 32.93 19.32 41.33
0.5 0.5 133.16 94.34 29.15
1 1 29.06 16.54 43.08

andd = (0.5,1.0), the 7> chart with the STD requires, on average, 50.3 samples to signal; the ARL reduces to 28.1
(around 44% lower) with the MS.

When the autocorrelated variable is not affected by the assignable cause and the observations of the other variable
are independent, that is, (@ =0, 6> 0, 6,>0, J,=0) or (a>0, b=0, J,=0, 6, > 0) the MS reduces the ability of the
T° chart to detect the specified shift. These are the cases where 8, > f and f, is slightly lower or even equal to f3, being
B the type II error of the standard 7* chart. For example, if (@ =0, b= 0.5; p = 0.3) andd = (1.0,0)’, the 7> chart with
the STD requires, on average, 5.7 samples to signal, see Table 5. With the MS, the ARL increases to 6.6.

In many applications, the magnitudes of the mean shifts are difficult to be predicted. Based on this fact, the MS is
only recommended for bivariate processes with two autocorrelated variables.

With regard to the autocorrelation parameters, it is worth noting that the 7% control chart with the MS has a more
robust statistical performance than STD. In other word, fixing dy, dy, p, andn, the 7% control chart with the MS is less
sensitive to the negative effect of the autocorrelation. For instance, fixing oy = 1.0,y = 0.5,p = 0.6,n = 5 and vary-
ing a and b as in Table 5, the range of the ARLs values is equal to 30.9 (=40.5 — 9.6) for the MS, and is equal to 64.9
(=81.0 — 16.1) for the STD. This robustness can lead quality practitioners to use the MS when there is some uncertainty
with regard to the autocorrelation level.

In an additional study of robustness, it was investigated the a and b misestimation effect on the in-control ARL.
According to Table 9, when a and/or b are underestimated, the risk of false alarms increase, and an opposite effect is
observed when a and/or b are overestimated. Similar comments are also valid for other p values. Based on that, the MS
should be considered with care if the phase (I) data are not enough to obtain precise estimates of the model’s parame-
ters.

The SPC literature has innumerous examples of autocorrelated processes; in almost all of them, not to say all of
them, the variables observations at time (i) are correlated, however, the observation of one variable at time (¢) is inde-
pendent of the other variable observation at time (i — 1). Because of that the study of robustness was done with
c=d=0.

6. An example application

With the process in control, a preliminary investigation proved that the bivariate data from a two-valve filling milk
machine fit to a VAR (1) model with @ = 0.36, b =0.32 and p = 0.42 (see Table 10). The database was also used to
estimate I' and X,.. Leoni, Costa, and Machado (2015) describe in details how to estimate I" and X,.

The quality engineer has decided to use the 72 chart with mixed samples of size five to control the filling process,
being 990 mL the specified quantity inside the filled container. Based on the specifications, the in-control means vector
0.5074 0.2044
0.2044 0.4646
tor p, and the inverse of I'y; are used to compute the monitoring statistic (see expression 12). Table 11 presents the
bivariate data of 16 samples, the mean of the mixed samples and the values of the monitoring statistic. Figure 2 brings
the mixed 7° chart with the Ti2 values from Table 11.

Table 12 was built considering a = 0.36, b =0.32, p = 0.42 in order to present the ARL reduction when the MS is
used to control the filling process rather than the STD. According to Table 12, the overall ARLs’ reduction is around
36% due to the MS.

1o = (990,990)". According to expression (9), the cross-covariance matrix I'y = ( ) The means vec-
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7. Conclusion

This paper considered the T? chart with the MS to monitor bivariate processes with autocorrelated variables. With the
MS, the T? statistic depends on the cross-covariance matrix of the mixed sample mean vector. Numerical comparisons
between standard and mixed sampling strategies showed that the mixed one is highly recommended to control the mean
vector of bivariate processes with two autocorrelated variables. If the observations of one variable are autocorrelation
free, the MS should be used with care; depending on the mean vector shift, the mixed strategy reduces the speed with
which the chart signals. EWMA, CUSUM or synthetic schemes can be used with the MS to enhance the ability of the
T2 chart in signalling changes in the mean vector of multivariate processes with autocorrelated variables.

Based on recent studies with univariate processes and wandering means, the MS is not recommended to control
wandering mean vectors.
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