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Abstract—This letter presents an unambiguous distance-based
mixed-integer quadratic programming (UDB-MIQP) model to
solve economic dispatch problems with disjoint operating zones.
By considering the distances among the prohibited zones, the
unnecessary variables will be eliminated and, consequently, a
significant decrease, both in terms of variables and constraints,
is obtained. The results show that the UDB model compared to
existing MIQP models in the literature can achieve the global
optimal solution with a significantly reduced problem complexity,
both in terms of variables and constraints. In addition, the results
indicate the superiority of the method in computational time
reduction.

Index Terms—Distance based method, economic dispatch,
mixed integer quadratic programming (MIQP), prohibited oper-
ating zone.

I. INTRODUCTION

HE economic dispatch (ED) problem is considered the
kernel of a power system, and its history dates back to the
early 1920s [1]. In the literature, various mathematical models
and optimization techniques such as classical, heuristic-based,
and hybrid methods have been used to solve this problem [2].
First, a mixed integer quadratic programming (MIQP) model
to solve ED problems with prohibited operating zones (POZ)
was presented in [3]. To achieve this model for each unit with &
— 1 POZs, 2 * k output variables were assigned, & continuous
variable for the feasible zones and & binary variable to jump
over POZs. Recently, a big-M based MIQP (M-MIQP) has been
presented to address this drawback [4]. In this model, only &
— 1 artificial binary variables via a binary coding are used. The
M-MIQP model is simpler than the MIQP model and results in a
decrease in constraints as well. However, two drawbacks of this
model are: 1) defining a proper M for each system; a very large
M yields serious numerical difficulties in a computer, and 2)
complex binary codification. In this letter to address the afore-
mentioned drawbacks, an unambiguous distance-based MIQP
(UDB-MIQP) model, which has been adapted to the nature of
commercial MIQP solvers to facilitate their pre-processing and
probing techniques, is presented.

The mathematical formulation of the ED problem with POZs

and ramp rate limits is as follows:
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where ¢ and k& denote the indexes of each generating unit and its
operating zones, respectively; z; is the total number of operating
(feasible) zones; ng is the total number of units; F; denotes the
fuel cost of unit ¢ in quadratic form, ¢ = 1,...,n4; a;, b;, and
¢; are the cost coefficients of unit z; P; is the power generation
of unit ¢; P; and P; are the lower and upper generation limits
of unit i, and Pp is the total demand; PV is the initial output
power; and RD; and RU; are the ramp-down rate and ramp-up
rate limits of unit 4, respectively.

II. UNDISGUISED DISTANCE-BASED METHOD

By modifying the POZ constraints (1d)—(2a), problem (1) be-
comes a distance-based MIQP problem:

z;—1
P+ updi + Z Uik ik + Uiz diz; < Py < P+ uinda
k=2
Zif].
+ Z Uik ik + Uiz, diz, (2a)
k=2
Zq
Sugp <1, i=1,...,n, (2b)
k=1

where d;;, and d;, are the distances between the lower and upper
limits of the first operating zone and the other operating zones
of unit 7, respectively; u;, is a decision-making binary variable
that selects the appropriate d;, and d;z to jump over POZs.

In the proposed methodology, instead of a commonly used
set of equality constraints that forces the units to operate in only
one feasible zone, a set of inequality constraints (2b) is used.
Replacing a set of equality constraints with the set of inequality
constraints (2b) results in fewer variables and reduces the com-
plexity of the model because an equality constraint is considered
a hard constraint. From Fig. 1, (2a), and the fact that a unit can
only generate in one feasible zone at a time, (2b), it is clear that
if the generation lies in the first feasible zone, all of the binary
variables must be zero.

The main contribution of this letter is the proposal of a
UDB-MIQP model that is adaptable with pre-solving and
solving steps of all MIQP problems' solver. This adaptability
results in a reduction of model complexity by eliminating
unnecessary variables and constraints. The pre-solve step aims
to reduce the size of the problem and improves the formulation
via pre-processing and probing techniques, which rely mainly
on the model's simplicity. During pre-processing, the identifi-
cation of infeasibility, identification of redundancy, improving
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Fig. 1. Distances of operating zones' lower limits and upper limits from the
first operating zone's lower limit and upper limit, respectively.

TABLE I
COMPARISON OF MIQP [3], M-MIQP [4], AND UDB-MIQP METHODS

System 15-Unit 40-Unit
Methods | MIQP M-MIQP UDB-MIQP| MIQP M-MIQP UDB-MIQP
# of Vars. 45 26 26 182 86 68
# of Ctrs. 69 60 13 273 194 51
# of PE-POZ 0 0 0 0 0 18
Cost ($) |32506.1432506.14 32506.14 [100767.68 100767.68 100767.68
Time (s, tick)] (0.25, -) (0.03, -) (0.007,0.43)[ (0.186,-) (0.08,-) (0.009, 1.03)
PE-time(tick)]  ---- ---- 0.17 - - 0.68
ACT (p.u.) | 20.80 321 1.00 15.48 6.25 1.00

the bounds, and rounding (for MIP) is considered while in
probing, fixing the variables, improving the coefficients and the
logical implications are taken into account. In [3], a compli-
cated formulation for POZs has been used where the doubling
of variables increases the difficulties in pre-processing and, on
the other hand, two extra equality constraints make the fixing
(probing) process more difficult. In M-MIQP, a complicated
codification for binary variables has been used via an extra set
of equality constraints that results in difficulties in pre-pro-
cessing and probing techniques. The proposed UDB-MIQP
model addresses the aforementioned difficulties in which it is
not necessary to define an extra set of equality constraints, to
use a complex codification, and even to find a proper auxiliary
big M. In the proposed model, the distances determine how far
the output power of a unit can go and, in this regard, the ramp
rate may act as a catalyst that helps to eliminate the unnecessary
binary variables and several related constraints. For example,
in a unit with three POZs in Fig. 1, if P? = P;; and RU; is less
than d,;, then based on P; < min(P;, P? + RU;,), the P; must
be in the first operating zone and, consequently, the two other
binary variables will be eliminated.

III. CASE STUDIES AND RESULTS

To verify and demonstrate the effectiveness of the
UDB-MIQP method, two commonly used test cases of a 15-unit
system [5] and 40-unit system [3] and a 2000-unit system as
a large-scale system are conducted. To model the proposed
method, a modeling language for mathematical programming
(AMPL) is applied [6], while a commercial solver of CPLEX
is used to solve this problem via a 2.67-GHz computer with
3 GB of RAM.

Table I presents the number of variables (Vars), number of
constraints (Ctrs), number of pre-eliminated POZs (PE-POZ),
total CPU time, pre-elimination time (PE-time), and adjusted
CPU time (ACT) [7]. It is worth mentioning that “tick™ is inde-
pendent from the processor speed and PC-clock and completely
depends on the model's complexity. This may help in future
studies. Because the other two studies did not report ticks, we
use ACT to compare the times in a more efficient manner.

The optimal solution of the 15-unit system is the same as
those reported in the literature [3], [4], [8]. Although the number
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of variables for the proposed UDB-MIQP model is the same as
[4], this model has 56 (or 93%) and 47 (or 78%) fewer con-
straints than the MIQP [3] and M-MIQP [4] models, respec-
tively. The ACT shows that to obtain the same optimal solution,
the UDB-MIQP model needs 0.048 (1/20.8) and 0.31 (1/3.21)
of the time reported in [3] and [4], respectively.

The results of the 40-unit test system reveal that even with a
significant elimination of variables and constraints as a result of
using the UDB-MIQP model, the optimal solution is at hand,
which shows a great advance. For instance, the UDB-MIQP
model has 114 (or 68%) and 18 (or 21%) fewer variables than
the MIQP [3] and M-MIQP [4] models, respectively. In this
case, 18 pre-eliminated binary variables when considering the
demands and ramp-rate limits are: u; = 0 (for 10, 28, and 29,
which are units with one POZ), us = 0 (for 7, 24, 25, 26, and
27, which are units with two POZs), and 13 = us = 0 (for
13, 14, 15, 16, and 17, which are units with three POZs). The
number of constraints for the UDB-MIQP model indicates 222
(or 81%) and 143 (or 74%) fewer constraints than the MIQP [3]
and M-MIQP [4] models, respectively. The ACT for this system
shows that to obtain the same optimal solution, the UDB-MIQP
model needs only 0.16 (1/6.25) and 0.064 (1/15.48) of the time
reported in [3] and [4], respectively.

Moreover, to show the effectiveness of the proposed model to
solve large-scale systems, a 2000-unit test system, which con-
tains fifty, 40-unit test systems, is considered. This system is
considered under normal loading (50 * 7000 = 350000 MW)
and critical loading (449 800 MW) conditions. The optimal so-
lutions for normal and critical conditions are $5 038 384.36 and
$7 596 996.80, respectively. The execution times are 0.16 s (134
tick) and 2.06 s (418 tick), respectively.

IV. CONCLUSIONS

In this letter, a novel distance-based MIQP model (UDB-
MIQP) to solve the economic dispatch problems with disjoint
operating zones is proposed. The UDB-MIQP model is a useful
model for commercial solvers; during the pre-solve step of these
solvers, this model gives them the capability of eliminating un-
necessary artificial binary variables and several constraints. The
results show that with the UDB-MIQP model, the complexity of
the problem has been reduced significantly and also the rapidity
of the model verifies its superiority over the existing models
in the literature [3], [4], [8]. Additionally, the results verify the
usefulness and effectiveness of the UDB-MIQP model to solve
problems in large-scale systems.
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