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Abstract The present paper studies the effects of the radi-
ation pressure in the trajectories of a spacecraft in transfers
between the collinear Lagrange points of a double asteroid
system. The system considered is this paper is formed by
the double asteroid 1996FG3 and the maneuvers are always
assumed to be bi-impulsive. In a system formed by aster-
oids, the solar radiation pressure has a significant influence
in the transfers paths. This occurs because the gravitational
forces in these systems are smaller if compared with systems
formed by larger bodies. Solutions with lower and higher
fuel consumption can be found by adding the solar radiation
pressure. The radiation pressure was not used as a control
but its effects over the transfers were measured. For a small
system of primaries such as an asteroid system, it is very im-
portant to take into account this force to make sure that the
spacecraft will reach the desired point.

Keywords Astrodynamics · Double asteroids · Lagrange
points · Solar radiation pressure · Orbital transfers

1 Introduction

In recent years, the interest in asteroids and comets has
increased and several missions have been proposed for
these bodies, such as NEAR Shoemaker (Prockter et al.
2002), Dawn (Rayman et al. 2006), Hayabusa (Kawaguchi
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et al. 2006), Rosetta (Glassmeier et al. 2007), Aster mission
(Sukhanov et al. 2010), Hayabusa 2 (Tsuda et al. 2013b)
and MarcoPolo-R (Michel et al. 2014). Because those bod-
ies have high eccentricities, they have periapsis near the Sun
and apoapsis more distant, so the influence of the solar radi-
ation pressure on the probes of these missions may become
relevant. In addition, with the wide range of asteroid-Sun
distances covered during an orbital period, the dynamics be-
come more complex.

In two of the missions mentioned above, Aster and
MarcoPolo-R, the proposed target is a system of asteroids,
which allows these missions to study various bodies in a sin-
gle mission. In order to extend the duration of the mission
and to reduce the fuel consumed, it is important to study the
behavior of the probe during the orbital maneuvers in the
asteroids systems.

Previous works considered the problem of orbital ma-
neuvers between the equilibrium Lagrange points of the
Sun-Earth system (Broucke 1979), the Earth-Moon system
(Prado 1996; Oliveira et al. 2016) and Sun-Earth-Moon sys-
tem (Cabette and Prado 2008). In a recent work (Yang et al.
2015), the problem of orbit transfers connecting equilibrium
points of irregular-shaped asteroids were studied. It was con-
sidered only the gravity of the asteroid in their dynamics.
The perturbations from the gravity of the Sun and the planets
were considered very small compared with the mass-point
gravitational forces of the asteroids. It was not considered
the case when the asteroid is very close to a planet.

This work will study the same problem of orbit transfers
between the equilibrium Lagrange points mentioned before.
The system considered here is a double asteroid. Beyond
the effects of the gravity that were used in previous publica-
tions, in this work the effects of the solar radiation pressure
on such transfers is taken into account. The objective is to
demonstrate that the solar radiation pressure must be con-
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sidered when performing maneuvers under the conditions
mentioned above, otherwise the spacecraft will not reach the
desired points.

It is also suggested that, by changing the area/mass ratio
of the spacecraft and the distance to the Sun, it is possible to
observe the importance and the influence of this effect over
the trajectories. The present paper shows the results for sim-
ulations of orbital transfers between the collinear Lagrange
points of the double asteroid 1996FG3 (Wolters et al. 2011;
Scheirich et al. 2015), which is the target of the MarcoPolo-
R mission.

2 Mathematical model

In this work, the planar circular restricted three-body prob-
lem is combined with the forces coming from the solar ra-
diation pressure to find different orbital trajectories neces-
sary to move the spacecraft between the collinear Lagrange
points of the asteroid system 1996FG3. The primaries M1

(the main asteroid) and M2 (the smaller asteroid) orbit the
common center of mass of the system in a circular Keplerian
orbit, and the third body M3 (the spacecraft), considered to
have a negligible mass, orbits the main bodies. The motion
of M3 does not affect the motion of the main bodies M1 and
M2, but it is affected by them (Szebehely 1967).

The equations of motion can be written in a system of
non-dimensional units, also known as a canonical system of
units. In this system:

1. The gravitational constant (G) is one.
2. The unit of distance is assumed as the distance between

the two primaries (the semi-major axis of their orbits).
3. The unit of time considered, 2π , is defined as the period

of the motion of the two primaries.
4. The mass of the primaries are given by the mass ratio.

The primary M2 has a given mass of μ = M2/(M1 +M2),
and the primary M1 has a given mass of (1−μ). It makes
the total mass one.

5. The angular velocity of the motion of the primaries is
considered one.

Table 1 shows the values for these parameters for the sys-
tem considered in this paper, which is the binary asteroid
1996FG3, where M1 is the main asteroid (Alpha) and M2 is
the smaller one (Beta).

Table 1 Canonical system of units for the binary asteroid 1996FG3
(Wolters et al. 2011; Scheirich et al. 2015)

Unit of distance 2.8 km

Unit of time 6.00 × 104 s

Unit of velocity 2.93 × 10−4 km/s

The equations of motion of M3, which is represented
in the rotating coordinate system, are given by Szebehely
(1967):

ẍ − 2ẏ = ∂Ω

∂x
+ asrp,x, (1a)

ÿ + 2ẋ = ∂Ω

∂y
+ asrp,y, (1b)

where Ω is the pseudo-potential given by

Ω = 1

2

(
x2 + y2) + 1 − μ

r1
+ μ

r2
, (2)

where

r2
1 = (x + μ)2 + y2, (3a)

r2
2 = (x − 1 + μ)2 + y2, (3b)

and asrp,x and asrp,y are the components of the solar radia-
tion pressure that is now added as a perturbation. The mag-
nitude of the acceleration due to the solar radiation pressure
is given by Vallado (2001):

�asrp = −Cr

Ps

c

As

mr2
r̂ (4)

where:

• the negative sign indicates that the radiation force points
to the opposite direction of the Sun;

• Cr is the reflectivity coefficient of the surface, which may
vary from 0 to 2;

• Ps is the solar constant, equals to 1353 W/m2 at one A.U.
(Astronomical Unit, which is the Sun-Earth distance);

• c is the speed of light;
• As is the area of the spacecraft illuminated by the Sun;
• m is the mass of the spacecraft;
• r is the distance Sun-spacecraft;
• the unit vector r̂ represents the direction of the accelera-

tion, which is assumed to be the Sun-spacecraft line.

Numerical integration is used to solve this problem be-
cause the (1a) and (1b) have no analytical solutions. The
solution of this problem is obtained using the TPBVP (Two
Point Boundary Value Problem) which is solved using gra-
dient methods and numerical integrations (Press et al. 1989).

To solve the TPBVP, in this work, the following steps are
used as in Prado (1996):

1. The initial state is given by the initial velocity �vi and the
initial prescribed position �ri .

2. The equations of motion are integrated from the initial
time τ0 = 0 until the final time τf .

3. The final position �rf is checked. It is calculated from
the numerical integration with the final time and the pre-
scribed final position with the time of flight. If there is
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a difference less than a specified tolerance, the solution
is found and this process stops. Otherwise the process
returns to step 1 and an increment in the initial guessed
velocity �vi and in the guessed final time are made.

The standard gradient method is used to find the incre-
ment in the guessed variables, as it is in Press et al. (1989).
Minor modifications were made in the routines available in
this reference.

3 Conditions for the proposed transfers

The maneuvers are treated as bi-impulsive, and starts with
the application of the first impulse at the initial position of
the spacecraft, the initial Lagrange point, and ends with the
application of the second impulse in the final position of the
spacecraft, the final Lagrange point.

Figure 1 shows how the transfers are simulated. Consid-
ering that the spacecraft is positioned on a Langrange point
of the double asteroid system (M1 and M2), it will be re-
quired that the spacecraft changes its orbit during the mis-
sion, such that it may study and collect information about
the bodies of this system. It may be also possible that the
spacecraft can collect solar material when the mission ap-
proaches the closest point of its orbit around the Sun, at the
perihelion.

An example for a transfer from the Lagrange point L1 to
Lagrangre point L3 is shown in Fig. 1. In this example, the
spacecraft is situated at point L1 and must reach point L3. In
this way, an impulsive maneuver is applied at point L1, giv-
ing the spacecraft the necessary variation of velocity �v1

to start the transfer orbit 1, directed to point L3. When the
spacecraft reaches point L3, another impulsive maneuver is
applied, giving the spacecraft the necessary variation of ve-
locity �v1

′, in order to put the spacecraft in the desired final
orbit, the Lagrange point L3. In our scenario, it is assumed
that the spacecraft needs to return to L1. Thus, by applying
a variation of velocity �v at point L3, and a variation of ve-
locity �v2

′, at the end point L1, the spacecraft will realize
the transfer orbit 2, returning to the Lagrange point L1.

Another key point that is considered in the simulations
made here is the initial position of the Sun at the beginning
of the maneuvers. In order to measure and verify the effects
of the solar radiation pressure, it is simulated five different
cases. In the first case the solar radiation pressure is not con-
sidered. The next cases consider the Sun in four different
positions with respect to the asteroid system when the ma-
neuvers are followed. It is assumed that the Sun is situated
at 0 degree, 90 degrees, 180 degrees and 270 degrees with
respect to the asteroid system. These locations are shown in
Fig. 2.

In Fig. 2, M1 represents the larger asteroid (Alpha), M2

the smaller one (Beta) and M3 the spacecraft. The five La-
grange points of this system are also represented.

Fig. 1 Bi-impulsive transfers between the Lagrange points L1 and L3

Fig. 2 Location of the Sun with respect to the primaries

The next constraint considered in the simulations is
the area/mass ratio. Three values of area/mass are used:
0.02 m2/kg, 0.1 m2/kg and 0.5 m2/kg. This wide range
of values are considered to verify the effects of the solar
radiation pressure over many types of missions. A mission
with a simple spacecraft and no or small solar panels has a
small area/mass ratio, but when it is considered a mission
with a larger panel, for example to study and catch particles
from the solar wind, the area/mass ratio increases.

The Japanese mission Hayabusa (Kawaguchi et al. 2006),
from the Japanese Space Agency (JAXA), was launched in
2003 to collect a surface sample of material from the small
asteroid Itokawa (1998 SF36) and returned with samples to
the Earth for analysis in 2010. This spacecraft had a box-
shaped main body and two solar panel wings with a to-
tal array area of 12 m2. The launched mass was 510 kg,
which gives an area/mass ratio of 0.023 m2/kg. A new mis-
sion, Hayabusa 2 (Tsuda et al. 2013b), was designed to ren-
dezvous with asteroid Ryugu (1999 JU3) and return a sam-
ple. It was launched in 2014 and the sample will be returned
to the Earth in late 2020. This mission is similar in design to
the first Hayabusa mission, it has the same 12 m2 solar panel
wings, however it is 90 kg heavier and has increased redun-
dancy and more scientific instruments for proximity obser-
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vation of 1999 JU3. The launch mass was 600 kg, which
gives an area/mass ratio of 0.02 m2/kg.

In addition to the two Hayabusa missions, the Japanese
space agency has sent, in 2010, the IKAROS (Tsuda et al.
2013a) probe to Venus and tested, for the first time, the con-
cept of solar sail in an interplanetary mission. The solar sail
of IKAROS was a huge square which sides of 14 meters
and 20 meters in a diagonal line, after deployed. Therefore,
with a panel measuring 14 meters × 14 meters, totaling
196 m2 of area, and a mass of approximately 310 kg, it had
an area/mass ratio of approximately 0.63 m2/kg.

One approach for a mission that would go closer to the
Sun is that it could carry a solar sail and collect material
from the Sun and, when it returns to the Earth, this material
could be recovered and studied. The Genesis mission (Lo
et al. 1998) was launched in 2001 and returned to Earth in
2004 with material collected from the solar wind. The Gen-
esis spacecraft reached a Halo orbit around the Sun-Earth
Lagrange point L1, which is about 0.989 A.U. from the Sun.
The asteroid system 1996FG3 has an elliptical orbit, which
has its periapsis at 0.685 A.U. from the Sun. In this way,
a spacecraft that has this asteroid system as a target will
reach a distance much closer to the Sun than the distance
reached by the Genesis mission. Thus, such mission could
study the asteroid system and also collect material from the
solar wind more efficiently.

The asteroid 1996FG3 has an elliptical orbit, so, in order
to verify the influence of the solar radiation pressure on the
spacecraft during the transfers between both asteroids, two
points of the orbit of the asteroid are considered for the sim-
ulations, the closest and the furthest approach to the Sun.
The periapsis (0.685 A.U.) and the apoapsis (1.423 A.U.),
were chosen to verify how influent the solar radiation pres-
sure is in its maximum and minimum values.

4 Results

As mentioned above, the purpose of this work is to study
orbital transfers around the binary asteroid 1996FG3. Thus,
some simulations of orbital transfers between the collinear
Lagrange points of this system have been done. As a result,
it is shown the plots with the variation of velocity �v against
time and the variation of velocity �v against the initial flight
path angle (fpa), as done in Prado (1996). The definition
of this angle is such that the zero is in the “X” axis point-
ing to the positive direction and it increases in the counter-
clockwise sense. This definition is shown Fig. 3.

It is also presented, in Tables 4 to 9, the values that indi-
cate the minimums found for �v, the fpa and the respective
transfer times for the four different initial position of the
Sun. It is also included one more case, which is when the
solar radiation pressure is neglected. This is done to clearly
show the effects of the solar radiation pressure.

Fig. 3 Flight path angle (fpa).

The results are organized in figures and tables. Figures
present the time and initial flight path angle required to per-
form the maneuver and its correspondent variation of veloc-
ity �v, as well as some of the trajectories. The variation of
velocity required by the maneuvers gives a number more di-
rectly related to the fuel consumption, but it requires hypoth-
esis related to the velocity of the spacecraft at the end points
of the transfer in the initial and the final orbits. On the other
hand, the tables show the minimum �v, the fpa and the cor-
respondent times for each transfer considered at periapsis.
The plots of the �v against time and �v against initial flight
path angle are in the rotating frame. The values of area/mass
considered vary from 0.02 m2/kg to 0.5 m2/kg.

Figure 4 shows the required �v to move the probe from
the Lagrange point L1 to L3, when the asteroid is at its peri-
apsis and the solar radiation pressure is not considered. Fig-
ure 4a plots the �v as a function of time and Fig. 4b plots
the �v as a function of the fpa. Figure 4c shows the trajec-
tories for the minimum and maximum variation of velocity.
Note that the trajectory for the minimum �v is direct, pass-
ing very close to Alpha what requires low values of �v1 and
�v2 resulting in a lower final �v. However, the trajectory
for the maximum �v makes a complete revolution before
reaching L3 what requires high values of �v1 and �v2 re-
sulting in a higher final �v.

To verify the influence of the solar radiation pressure over
the transfers it is used the maneuver with the minimum �v,
the flight path angle of 174.113 degrees and the time transfer
of 0.258 days. Four cases of the initial position of the Sun
with respect to the asteroid are considered.

Figure 5 shows the trajectories from L1 to L3 for the
three cases of area/mass: 0.02, 0.1 and 0.5 m2/kg. It is pos-
sible to verify that the spacecraft does not reach the final
Lagrange point L3, due to the solar radiation pressure. The
final position reached by the probe depends of the initial po-
sition of the Sun. This figure clearly shows the expected
effects of the solar radiation pressure. When the maneu-
ver is calculated based in a dynamics without solar radia-
tion pressure, Lagrange point L3 is reached exactly, based
in the numerical accuracy defined. In this case, the accel-
eration of the spacecraft is 1.05 × 10−12 m/s2. When in-
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Fig. 4 Transfers from L1 to L3 with the asteroid at periapsis and excluding the solar radiation pressure

cluding the solar radiation pressure with the Sun at 0 de-
grees there is an extra force in the direction of the motion of
the probe. The probe is accelerated and it passes by the La-
grange point L3. For an area/mass of 0.02 m2/kg this accel-
eration is 2.25 × 10−5 m/s2, for an area/mass of 0.1 m2/kg
this acceleration is 2.33 × 10−5 m/s2 and for an area/mass
of 0.5 m2/kg this acceleration is 2.75 × 10−5 m/s2. These
new values of acceleration are greater than the one without
solar radiation pressure. Of course the magnitude of devi-
ation depends on the area/mass ratio. For larger values the
deviation is larger, as shown in the sequence a, b, c of Fig. 5.
When the Sun is at 90 degrees, there is an extra force point-
ing to the negative direction of the vertical axis. The probe
is shifted to the bottom of the plot, also the negative direc-
tion of the vertical axis, proportional to the area/mass ratio.
It is noted that this shift is large enough to cause a collision
between the spacecraft and Alpha (Fig. 5c). In the situation
where the Sun is at 180 degrees, the solar radiation pressure

points in the direction opposite to the motion of the probe,
so it is decelerated and does not reach the Lagrange point
L3. These deviations are proportional to the area/mass ra-
tio. When the Sun is at 270 degrees, there is an extra force
pointing to the positive direction of the vertical axis and the
probe is shifted to the top of the plot, also the positive di-
rection of the vertical axis. The shifts are also proportional
to the area/mass ratio. It is also noted the occurrence of a
collision with Alpha. Therefore, Fig. 5 shows very well the
importance of considering the solar radiation pressure in the
dynamical model.

Table 2 shows the minimum distances from L3 reached
by the probe according to the initial position of the Sun.
Table 2 shows in detail the effects of the solar radiation
pressure in the error at the final point of the maneuver.
If the probe has an area/mass = 0.02 m2/kg, the mini-
mum distance between the probe and the Lagrange point
goes from 26.79 meters to 132.72 meters, depending on
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Fig. 5 Trajectories from L1 to L3 with the asteroid at periapsis of its orbit

Table 2 Minimum distances
from L3

A/m = 0.02 m2/kg A/m = 0.1 m2/kg A/m = 0.5 m2/kg

d(c.u.) d(m) d(c.u.) d(m) d(c.u.) d(m)

Excluding SRP 0.000 0.01 0.000 0.01 0.000 0.01

Sun at 0◦ 0.010 26.79 0.006 16.72 0.141 394.79

Sun at 90◦ 0.034 95.75 0.161 451.56 0.623 1744.21

Sun at 180◦ 0.047 132.72 0.241 674.94 0.539 1509.44

Sun at 270◦ 0.015 41.22 0.105 294.54 0.677 1894.89

the initial position of the Sun. As expected, the minimum
error occurs when the Sun is initially at 0 degrees, with
the probe being accelerated. The maximum error occurs
when the Sun is initially at 180 degrees, with the probe
being decelerated and the effect on the deviation of the
trajectory is very large. Those values increases very much
with the area/mass ratio, reaching levels of 674.94 meters
for an area/mass = 0.1 m2/kg and 1894.89 meters for an
area/mass = 0.5 m2/kg. It is also noted that, for this high-
est value of the area/mass ratio, the errors are stronger when
the Sun is initially at the positions 90 and 270 degrees. The
trajectories shown in Fig. 5 identify the reason. With a such
large solar radiation pressure, this force deviates too much

the trajectories during the transfer, sending the probe away
from L3.

The next transfer considers the way back, L3 to L1. Fig-
ure 6 shows the required �v to move the probe from the
Lagrange point L3 to L1 when the asteroid is at periapsis
and the solar radiation pressure is not considered. The mini-
mum �v found is 2.519 canonical units, at the transfer time
of 0.258 days. These are the same values found for the L1

to L3 transfer, but the flight path angle of 71.815 degrees is
different, since the direction of motion is opposite.

Figure 7 shows the plot of the trajectories from L3 to L1

for the three cases of area/mass: 0.02, 0.1 and 0.5 m2/kg.
The �v1 considered for these simulations are the minimum
ones, and the total time used for the transfers is 0.258 days,
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Fig. 6 Transfer from L3 to L1 with the asteroid at periapsis and excluding the solar radiation pressure

Table 3 Minimum distances
from L1

A/m = 0.02 m2/kg A/m = 0.1 m2/kg A/m = 0.5 m2/kg

d(c.u.) d(m) d(c.u.) d(m) d(c.u.) d(m)

Excluding SRP 0.000 0.01 0.000 0.01 0.000 0.01

Sun at 0◦ 0.020 55.40 0.093 261.27 0.456 1275.53

Sun at 90◦ 0.056 158.11 0.313 872.89 1.320 3696.92

Sun at 180◦ 0.010 28.15 0.034 94.59 0.095 265.18

Sun at 270◦ 0.052 146.41 0.240 673.21 0.608 1701.10

the same for L1 to L3. For all these five cases, the initial
flight path angle is the same, 71.815 degrees. Figure 7 has
the same physical explanations made for Fig. 5, just the di-
rection of motion is different. The probe now moves from
the left to the right of the plots, so the acceleration of the
probe occurs when the Sun is at 180 degrees and the decel-
eration occurs when the Sun is at 0 degree. The same types
of shifts and occurrence of collisions with Alpha occur.

As found previously, it is possible to verify that the space-
craft does not reach the final Lagrange point L1, due to the
solar radiation pressure. The final position reached by the
probe depends on the initial position of the Sun. Table 3
shows the minimum distances from L1 reached by the probe
according to the initial position of the Sun. Table 3 has a
very similar interpretation of Table 2. The only difference is
the inversion of the minimum errors. The Sun, initially lo-
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Fig. 7 Trajectories from L3 to L1 with the asteroid at periapsis of its orbit

cated in 180 degrees, now accelerated the probe and has the
minimum errors for the lower values of the area/mass ra-
tio. The maximum errors are located when the Sun is at the
initial position of 0 degree, so decelerating the probe. For
the highest value of the area/mass, the smallest errors occur
when the Sun is at the positions 90 and 270 degrees, as oc-
curred also in Table 2, but there is an inversion, and the case
of 90 degrees now has larger errors.

As a conclusion, the solar radiation pressure must be
considered in the dynamics for the transfers, otherwise the
spacecraft will not reach the desired Lagrange point in the
end of the transfer. The next simulations show the real values
of �v required to achieve the desired final Lagrange point.

Figures 8 and 9 show in details the behavior of the veloc-
ity increment as a function of time and the flight path angle.
It is possible to find the best transfers for every value of the
area/mass ratio and initial position of the Sun. The discon-
tinuities of the lines indicate points where there is a change
of family of transfers. One family ended due to a collision
with Alpha and the algorithm then needs to find a different
family of transfers, with very different initial parameters.

Figure 8 shows the results for transfers when the aster-
oid is in the periapsis of its orbit around the Sun. It shows

how �v changes due to the area/mass ratio. As could be ex-
pected, the higher it turns, more changes in the plots of �v

are made.
Table 4 shows a comparison of �vmin, fpa and transfer

time for all five cases for the initial position of the Sun. Ta-
ble 4 shows a different view of this problem. It identifies
the best maneuver to be made under the solar radiation pres-
sure effects. In other words, it shows how to use the solar
radiation pressure in favor of minimizing the fuel consumed
required by the maneuver. The first line of this table shows
the basic results, which are the ones valid for the situation
with no solar radiation pressure. It is shown that the mini-
mum magnitude of the impulse to be applied depends on the
initial position of the Sun. Those magnitudes can be smaller
than the one valid for the case without the solar radiation
pressure, so helping to make the maneuver with less fuel;
or higher, making the maneuver to be more expensive. It
means that the choice of the time to perform the maneuver,
so the initial position of the Sun, makes a difference in the
fuel consumption of the maneuver. Those differences are of
the order of plus 0.025 in the worst case and minus 0.023 in
the best case, for an area/mass ratio of 0.02 m2. Those num-
bers are much higher for the other values of area/mass ratio,
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Fig. 8 Transfers from L1 to L3 with the asteroid at periapsis of its orbit

reaching savings of 0.926 (about 37%) for an area/mass ra-
tio of 0.1 m2 and 0.645 (about 26%) for an area/mass ratio
of 0.5 m2.

On the other side, if a wrong choice is made for the time
to start the transfer, the extra variations of velocity required
are of the order of 0.116 (about 5%) for an area/mass ra-
tio of 0.1 m2 and 0.464 (about 18%) for an area/mass ratio
of 0.5 m2. It means differences between the best and the

worst cases of 0.051 (about 2%) for an area/mass ratio of
0.02 m2; 1.042 (about 42%) for an area/mass ratio of 0.1 m2

and 1.109 (about 44%) for an area/mass ratio of 0.5 m2.
Another important point shown in this table is related to
the flight path angle at departure. They are similar for the
area/mass = 0.02 m2, but there are larger differences for the
other higher values. For area/mass ratio = 0.1 m2, the values
for the minimum increment of velocity are very different,
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Fig. 9 Transfers from L3 to L1 with the asteroid at periapsis of its orbit

going from 90.894 degrees to 330.159 degrees, compared to
the value of 174.113 degrees for the maneuver without solar
radiation pressure. It means that, even in situations where the
velocity increment is not much different, as in the case with
the Sun initially at 180 degrees, with only 0.084 difference,
the flight path angle moves from 174.113 degrees to 330.159
degrees. So, it is very important to take into account this
force in the model. The same is true for the time of flight,

showing also larger variations for the minimum points. The
reason for those large variations is the existence of several
families of transfer orbits. They have similar values for all
the three variables, velocity increment, flight path angle and
transfer time. The border lines of those families have trajec-
tories passing close to Alpha, and ending in collisions with
the main asteroid. The presence of the solar radiation pres-
sure makes shifts in those trajectories, changing the initial
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Table 4 1996FG3 at periapsis, L1 to L3

A/m = 0.02 m2/kg A/m = 0.1 m2/kg A/m = 0.5 m2/kg

�vmin fpa time �vmin fpa time �vmin fpa time

Excluding SRP 2.519 174.113 0.258 2.519 174.113 0.258 2.519 174.113 0.258

Sun at 0◦ 2.500 173.570 0.263 2.410 169.386 0.287 2.110 103.483 0.454

Sun at 90◦ 2.493 173.229 0.267 1.593 90.894 0.692 1.874 140.527 0.399

Sun at 180◦ 2.537 174.555 0.254 2.435 330.159 0.858 2.866 178.082 0.212

Sun at 270◦ 2.544 175.032 0.254 2.635 178.107 0.237 2.983 187.447 0.196

The units are: �vmin (c.u.), fpa (degrees) and time (days)

Table 5 1996FG3 at periapsis, L3 to L1

A/m = 0.02 m2/kg A/m = 0.1 m2/kg A/m = 0.5 m2/kg

�vmin fpa time �vmin fpa time �vmin fpa time

Excluding SRP 2.519 71.815 0.258 2.519 71.815 0.258 2.519 71.815 0.258

Sun at 0◦ 2.500 71.407 0.263 2.412 70.472 0.288 2.112 13.746 0.454

Sun at 90◦ 2.544 71.751 0.254 2.636 68.668 0.238 2.985 60.363 0.192

Sun at 180◦ 2.537 71.806 0.254 1.326 200.982 0.800 2.704 265.280 0.692

Sun at 270◦ 2.493 75.602 0.267 2.307 289.410 0.896 1.873 346.036 0.400

Table 6 1996FG3 at periapsis, L1 to L2

A/m = 0.02 m2/kg A/m = 0.1 m2/kg A/m = 0.5 m2/kg

�vmin fpa time �vmin fpa time �vmin fpa time

Excluding SRP 2.019 89.937 0.142 2.019 89.937 0.142 2.019 89.937 0.142

Sun at 0◦ 2.013 89.548 0.142 1.988 90.381 0.150 1.753 114.310 0.733

Sun at 90◦ 2.019 88.750 0.138 2.020 89.203 0.138 2.024 89.961 0.133

Sun at 180◦ 2.025 89.016 0.138 2.048 87.687 0.129 2.144 85.703 0.108

Sun at 270◦ 2.019 89.822 0.142 2.018 89.353 0.142 1.990 120.228 0.708

conditions of the border lines. It means that some new fam-
ilies may appear due to those shifts, while some others may
disappear due to collisions. This mechanism explains the ap-
pearance of new families with lower values of velocity incre-
ment. Figures 5 and 7 show this point, with trajectories that
does not collide with Alpha when the solar radiation pres-
sure is not considered, but that collides with Alpha after the
inclusion of this force.

Figure 9 shows the results for transfers from L3 to L1

when the asteroid is in the periapsis of its orbit around the
Sun. It is possible to observe, again, that the effects of the so-
lar radiation pressure makes big changes over the transfers.
As the area/mass ratio increases, more changes in �v can
be observed. Depending on the initial position of the Sun,
the values of �v decrease or increase. Table 5 shows a com-
parison of �vmin, fpa and transfer time for all four cases of
the initial position of the Sun and the situation with no solar
radiation pressure. Table 5 has exactly the same physical in-

terpretations of the large variations of the parameters of the
minimum increment of velocities.

Tables 6 to 9 show a comparison of �vmin, fpa and trans-
fer time for transfer involving all the others collinear La-
grange points transfers. A detailed analysis is not made be-
cause the phenomenon involved is very similar to the case
L1–L3 shown in details before. This is the reason why only
the tables are shown and the equivalent figures are omitted.
Table 6 shows transfers from L1 to L2. Those two points
have the body Beta in the middle, which is smaller than
Alpha. It is the reason why there are fewer collisions with
Beta, and there are not many alternations of transfer fami-
lies. The most noted point occurs for an area/mass ratio of
0.5 m2/kg with the Sun located initially at 0 and 270 de-
grees. The case of 0 degree is particularly interesting, with
larger savings in increment of velocity. This is due to the
appearance of a family that ended in collisions when the so-
lar radiation pressure is not considered. Table 7 shows the
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Table 7 1996FG3 at periapsis, L2 to L1

A/m = 0.02 m2/kg A/m = 0.1 m2/kg A/m = 0.5 m2/kg

�vmin fpa time �vmin fpa time �vmin fpa time

Excluding SRP 2.204 155.651 0.167 2.204 155.651 0.167 2.204 155.651 0.167

Sun at 0◦ 2.204 155.238 0.167 2.204 155.238 0.167 2.217 123.026 0.288

Sun at 90◦ 2.205 155.693 0.163 2.205 155.693 0.163 2.245 148.599 0.142

Sun at 180◦ 2.110 326.143 1.000 2.110 326.143 1.000 2.215 165.261 0.142

Sun at 270◦ 2.202 156.375 0.167 2.202 156.375 0.167 2.089 278.733 0.183

Table 8 1996FG3 at periapsis, L2 to L3

A/m = 0.02 m2/kg A/m = 0.1 m2/kg A/m = 0.5 m2/kg

�vmin fpa time �vmin fpa time �vmin fpa time

Excluding SRP 2.193 319.008 0.912 2.193 319.008 0.912 2.193 319.008 0.912

Sun at 0◦ 2.176 317.989 0.983 2.274 320.212 0.829 2.442 113.372 0.771

Sun at 90◦ 2.172 320.174 0.883 2.117 322.706 0.812 2.024 321.448 0.654

Sun at 180◦ 2.215 319.110 0.879 2.310 316.636 0.800 2.672 302.516 0.675

Sun at 270◦ 2.220 317.265 0.950 2.366 315.560 0.862 2.890 316.339 0.742

Table 9 1996FG3 at periapsis, L3 to L2

A/m = 0.02 m2/kg A/m = 0.1 m2/kg A/m = 0.5 m2/kg

�vmin fpa time �vmin fpa time �vmin fpa time

Excluding SRP 2.193 277.601 0.912 2.193 277.601 0.912 2.193 277.601 0.912

Sun at 0◦ 2.177 295.062 0.983 2.043 37.173 0.517 2.269 14.461 0.496

Sun at 90◦ 2.220 263.116 0.946 2.365 181.091 0.862 2.720 65.400 0.250

Sun at 180◦ 2.215 273.443 0.875 2.308 271.443 0.800 2.668 265.838 0.671

Sun at 270◦ 2.172 283.621 0.887 2.083 85.605 0.421 1.968 350.776 0.433

opposite transfer, from L2 to L1. The more interesting varia-
tion occurs when the Sun is located initially in 180 degrees,
for the cases with area/mass of 0.02 and 0.1 m2/kg. A new
family with much longer transfer times and smaller velocity
increments appear. Tables 8 and 9 consider transfers from
L2 to L3 and vice-versa. Alpha is again in the middle of the
transfers, so the alternations of families are back and fam-
ilies with lower increment of velocities appear again. The
magnitudes of the modifications are smaller, because L2 is
far away from Alpha, compared to L1, and it reduces the
frequency of collisions.

5 Conclusion

Transfers between the Lagrange points in a system of aster-
oids considering the effects of the solar radiation pressure
were studied. It was found that the solar radiation pressure
changes the trajectories performed by the spacecraft, modi-
fying the energy required for the transfers.

The results show that the solar radiation pressure has
strong effects in the dynamics. The differences in the varia-
tion of velocity between the many situations are larger and
there are several cases where the solar radiation pressure de-
creases or increases the variation of velocity required for the
transfer. The effects of the distance Sun-asteroid and the ini-
tial position of the Sun show the importance in considering
the effects of the solar radiation pressure.

It is also an indication that the spacecraft would not reach
the target, if the solar radiation pressure is not considered
in the dynamics. This happens because, when considering
smaller bodies like asteroids, the importance of the solar
radiation pressure increases, and the locations and values
of the best transfers are different. As shown in a previous
work, Oliveira et al. (2016), the effects of the solar radi-
ation pressure on transfers realized in the Sun-Earth sys-
tem has a minimal effect. This indicates that, the force due
to solar radiation pressure has a great effect in systems of
small bodies, when compared to systems of larger bod-
ies.
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Thus, it is possible to choose the right moment to perform
the maneuver, such that the magnitudes of the impulses to be
applied can be minimized. It is also shown an alternation of
families to solve the transfer problem, because the solar ra-
diation pressure influences the occurrence of collisions with
the asteroids, which is the reason that ends the transfer orbit
families. Therefore, the solar radiation pressure can be used
also to reduce the magnitude of the increment of velocities
required, reaching savings above 40% in some cases.
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