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Abstract 

is work proposes a novel mixed-integer linear programming model to address the medium-term reinforcement planning 
for active distribution networks, taking into account multiple investment options and CO2 emission limits. e investment 
plan jointly includes (i) the replacement of overloaded conductors, (ii) the installation of voltage control equipment such as 
voltage regulators and capacitor banks, and (iii) the installation of distributed energy resources, such as dispatchable and non-
dispatchable renewable generators, and energy storage units. Uncertainties associated with the demand for electricity, energy 
prices at the substation, and non-dispatchable distributed generation are addressed through scenario-based stochastic optimi-
zation. In contrast to conventional planning methods, the proposed approach models the load as voltage-dependent in order 
to achieve substantial reductions in energy consumption. As another outstanding feature, network reconfiguration, which is 
an operational planning alternative that is normally addressed independently, is incorporated within the planning options. e 
objective function of the model is aimed at establishing an investment strategy with minimal total costs, but that satisfies the 
operational restrictions of the network and CO2 emissions cap. A 69-node system was used to test the proposed model and, 
the results show that modeling the load as voltage-dependent and integrating network reconfiguration into the medium-term 
planning actions helps to achieve an effective network that, in addition to being environmentally friendly, has low total plan-
ning costs. Finally, the scalability of the proposed method was evaluated using a real 2313-node system. 

Keywords: Active distribution networks, mixed-integer linear programming, network reconfiguration, renewable distributed 
generation, voltage-dependent loads. 
 

Nomenclature 

Sets: 

Γգ Set of branches, with index 𝑖𝑗 

Γը Set of dispatchable distributed generation types, with index 𝜚 

Γխ Set of conductor types, with index 𝑎 

Γկ  Set of nodes, with index 𝑖 

Γմ  Set of scenarios, with index 𝑠 

Γմմ  Set of substation nodes, with index 𝑖 

Parameters: 

Φք
ջ , Φք

ժ , Φք
ձ  Constant impedance/current/power components of the active load at node 𝑖 

Υք
ջ , Υք

ժ , Υք
ձ  Constant impedance/current/power components of the reactive load at node 𝑖 

𝑆
ձշ

, 𝑆
ոյ

 Apparent power capacity of a photovoltaic/wind turbine unit 

𝑆ք

մմ
 Apparent power capacity of the substation at node 𝑖 

𝑆ᇚ

ը
 Apparent power capacity of the dispatchable distributed generation unit of type 𝜚 

𝑃
զմ

 Nominal active power capacity of an energy storage unit 
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Ω֎ Indicates the block in which scenario 𝑠 belongs for the exchange of energy among scenarios 

𝐼ռ Current capacity of the conductor of type 𝑎 

ℒքօ Length of branch 𝑖𝑗 

𝑉 կ  Nominal voltage of the system 

𝑉ք̃Ӵ֎ Estimate of the voltage magnitude at node 𝑖, scenario 𝑠 

Δ֎
յ  Duration of scenario 𝑠 

𝑉 , 𝑉  Lower/upper voltage limits 

𝑃𝐹ᇚ
ը, 𝑃𝐹ᇚ

ը
 Capacitive/inductive power factor limits of the dispatchable distributed generation unit of type 𝜚 

𝑃𝐹ձշ , 𝑃𝐹
ձշ

 Capacitive/inductive power factor limits of photovoltaic units 

𝑃𝐹ոյ , 𝑃𝐹
ոյ

 Capacitive/inductive power factor limits of wind turbine units 

𝒞֎
զ Energy price for scenario 𝑠 

𝒱ռ̇Ӵռ
խ  Cost to replace the conductor of type 𝑎 ̇by the conductor of type 𝑎 per unit of length 

𝒱դգ, ℐդգ Investment/installation costs of capacitor banks 

𝒱զմ , 𝒞զմ  Investment/operation costs of energy storage units 

𝒱ձշ , 𝒞ձշ  Investment/operation costs of photovoltaic units 

𝒱ոյ , 𝒞ոյ  Investment/operation costs of wind turbine units 

𝒱ռ
շճ  Cost of the voltage regulator of type 𝑎 

𝐾շճ  Regulation of voltage regulators 

𝒱ᇚ
ը, 𝒞ᇚ

ը Investment/operation costs of the dispatchable distributed generation unit of type 𝜚 

ℬդգ Capacitor bank module’s susceptance 

𝑃քӴ֎
ե , 𝑄քӴ֎

ե  Active/reactive power demands at node 𝑖, scenario 𝑠 at nominal voltage 

𝑅ռ, 𝑋ռ, 𝑍ռ Resistance/reactance/impedance of the conductor of type 𝑎 per unit of length 

ℰձշ , ℰոյ , ℰմմ  Rates for CO2 emissions of photovoltaic units/wind turbine units/substations 

ℰᇚ
ը Rate for CO2 emissions of the dispatchable distributed generation unit of type 𝜚 

ℱ֎
ձշ , ℱ֎

ոյ  Generation factor of photovoltaic/wind turbine units in scenario 𝑠 

𝒳զմՈ

, 𝒳զմՉ

 Efficiencies for charging/discharging the energy storage units 

𝒩
շճ

 Limit for the number of voltage regulators in the system 

𝑁ք

դգ
, 𝒩

դգ
 Limits for the number of capacitor bank’s modules installed at node 𝑖/capacitor banks in the system 

𝒲ք

ը
 Binary parameter that indicates whether node 𝑖 is a candidate for the installation of a dispatchable distrib-

uted generation unit 

𝒩
ը

 Limit for the number of dispatchable distributed generation units installed in the system 

𝑁ք

զմ
, 𝒩

զմ
 Limits for the number of energy storage units installed at node 𝑖/in the system 

𝑁ք

ձշ
, 𝒩

ձշ
 Limits for the number of photovoltaic units installed at node 𝑖/in the system 

𝑁ք

ոյ
, 𝒩

ոյ
 Limits for the number of wind turbine units installed at node 𝑖/in the system 

Π Annual rate of interest 

Λ Annual limit for CO2 emissions 

Θ Number of years in the planning horizon 

𝐿𝐹֏ Load factor for year 𝑡 

քօ࣓࣒࣒࣒࣑∆
մ ̂  Length of a block of the total power flows linearizations for branch 𝑖𝑗 

ℳքօӴᇕ
մ ̂  Slope of block 𝜓 of the total power flows linearizations for branch 𝑖𝑗 

Ψ Number of discretization blocks used in the piecewise linearizations 

Continuous Variables: 

𝐼𝐶, 𝑂𝐶  Investment/operation costs 

𝑝քӴ֎
ձշ , 𝑞քӴ֎

ձշ  Active/reactive power injected by photovoltaic units at node 𝑖, scenario 𝑠 

𝑝քӴ֎
մմ , 𝑞քӴ֎

մմ  Active/reactive power injected by the substation at node 𝑖, scenario 𝑠 

𝑝քӴ֎
ոյ , 𝑞քӴ֎

ոյ  Active/reactive power injected by wind turbine units at node 𝑖, scenario 𝑠 
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𝑝քӴᇚӴ֎
ը , 𝑞քӴᇚӴ֎

ը  Active/reactive power injected by the dispatchable distributed generation unit of type 𝜚 at node 𝑖, scenario 𝑠 

𝑝քօӴռӴ֎, 𝑞քօӴռӴ֎ Active/reactive power flows on the conductor of type 𝑎, on branch 𝑖𝑗, scenario 𝑠 

𝑝ք̂օӴ֎, 𝑞ք̂օӴ֎ Total active/reactive power flows on branch 𝑖𝑗, scenario 𝑠 

𝜔քօӴ֎
շ  Variable used to represent the voltage difference across the voltage regulator on branch 𝑖𝑗, scenario 𝑠 

𝜗քօӴ֎ Slack variable for the voltage drop equation on branch 𝑖𝑗, scenario 𝑠 

𝑝ք̂օӴ֎
+ , 𝑝ք̂օӴ֎

−  Nonnegative variables used for the active power flow linearization on branch 𝑖𝑗, scenario 𝑠 

𝑞ք̂օӴ֎
+ , 𝑞ք̂օӴ֎

−  Nonnegative variables used for the reactive power flow linearization on branch 𝑖𝑗, scenario 𝑠 

𝛿քօӴᇕӴ֎
̂ , 𝛿քօӴᇕӴ֎

 ̂  Contribution in the total active/reactive power flows of the linearization block 𝜓, on branch 𝑖𝑗, scenario 𝑠 

𝑓քօ Fictitious flow on branch 𝑖𝑗 for ensuring the connectivity of the network 

𝑔ք Fictitious generation at node 𝑖 for ensuring the connectivity of the network 

𝒾քօӴռӴ֎
մղ  Squared value of the current through conductor of type 𝑎, on branch 𝑖𝑗, scenario 𝑠 

𝒾ք̂օӴ֎

մղ
 Total squared value of the current through branch 𝑖𝑗, scenario 𝑠 

𝑝քӴ֎
զմՈ

, 𝑝քӴ֎
զմՉ

 Active power related to the charge/discharge of the energy storage units at node 𝑖, scenario 𝑠 

𝑞քӴվӴ֎
մթ  Reactive power injected by the capacitor bank module 𝑐, at node 𝑖, scenario 𝑠 

𝑞ք̂Ӵ֎
մթ  Total reactive power injected by the capacitor bank at node 𝑖, scenario 𝑠 

𝑣քӴ֎, 𝑣քӴ֎
մղ Voltage magnitude/its squared value at node 𝑖, scenario 𝑠 

𝑛ք
դգ Integer-valued continuous variable for the number of capacitor banks installed at node 𝑖 

Binary Variables: 

𝑤քӴվ
դգ Indicates the installation of capacitor bank module 𝑐 at node 𝑖 

𝑤ք
ժ  Indicates that a capacitor bank is installed at node 𝑖 

𝑤քӴᇚ
ը  Indicates the installation of the dispatchable distributed generation unit of type 𝜚 at node 𝑖 

𝑤քօӴռ
խ  Indicates the installation of conductor of type 𝑎 on branch 𝑖𝑗 

𝑤քօӴռ
շճ  Indicates the installation of the voltage regulator of type 𝑎 on branch 𝑖𝑗 

𝑤քօ
կճ Indicates the operating status of branch 𝑖𝑗 

Integer Variables: 

𝑛ք
զմ  Indicates the number of energy storage units installed at node 𝑖 

𝑛ք
ձշ  Indicates the number of photovoltaic units installed at node 𝑖 

𝑛ք
ոյ  Indicates the number of wind turbine units installed at node 𝑖 

1. Introduction 

Distribution system planning (DSP) consists of finding the optimal topological, structural, and physical conditions 

necessary to ensure that all requirements for electricity delivery in distribution networks can be met with service quality and 

reliability standards over a planning horizon. us, investment in the network, such as the replacement of overloaded con-

ductors, the installation of voltage regulators (VRs), and capacitor banks (CBs) are made in the medium-term planning, while 

the construction of new feeders and the reinforcement and/or construction of new substations are carried out in long-term 

planning [1]. ere are relevant works in the specialized literature that have focused on making a detailed review of the 

models and methods proposed to address the DSP problem [2], [3], [4]. According to these works, the new strategies to 
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approach the planning of modern distribution systems should aim to overcome new challenges resulting from the deployment 

of renewable technologies encouraged by institutional, social, and environmental policies. 

Distribution companies are currently facing new challenges in developing DSP due to the implementation of energy 

policies aimed at reducing CO2 emissions in the electricity sector [5]. In this context, carbon tax, carbon cap, and trade in 

carbon emissions rights are government measures that have been adopted to regulate the environmental impact of industries. 

e carbon tax is a price-based instrument that defines a fixed tax per tonne of CO2 emitted [6], the carbon cap is a scheme 

that imposes a limit to the amount of emissions allowed [7], and the cap-and-trade carbon emissions is a policy that establishes 

an emissions limit for each emitter and allows a scheme of emissions rights trading for each emitter [8]. us, aiming to avoid 

penalties in the electricity industry, new strategies for DSP must take care not to exceed the CO2 emissions allowed for the 

distribution system. 

On the other hand, economic subsidies have been implemented to promote the use of renewable energy sources 

(RES) to achieve a sustainable distribution network [9]. Under this premise, distributed generation (DG) sources based on 

renewable energy have begun to be massively installed in power distribution systems worldwide to meet the load increase 

with a low environmental impact. e deployment of renewable DG provides a wide variety of economic, environmental, 

and technological benefits, however, the operation of these technologies involves a series of uncertainties that significantly 

hinder DSP [10], [11]. e impact of uncertainty may be partially compensated for with the installation of energy storage 

(ES) units, which increases the manageability of the grid [12]. Besides, the energy prices at the substation and the demand 

for electricity are also sources of uncertainties with a relevant impact on DSP, thus, including these uncertain parameters in 

the optimization method could help to obtain more suitable investment plans. 

Given the importance of reducing CO2 emissions in the electricity industry, modern techniques have emerged for 

DSP, taking into consideration the installation of low-emissions generation technologies and CO2 emissions regulation. ese 

approaches are outlined in [13–22]. 

In [13], a multi-objective particle swarm optimization algorithm is used to solve the problem of sizing and allocating 

CBs, photovoltaic (PV) generators, and wind turbine (WT) generators in the distribution network. CO2 emissions have been 

addressed by minimizing the energy purchased at the substation and energy losses. Uncertainties are addressed by a proba-

bilistic method. A two-stage stochastic programming model for the DSP considering the installation of renewable DG units 

and CBs is proposed in [14]. e proposed model aims at minimizing carbon emissions tax surpluses while maximizing 

incentives for the installation of renewable DG units. Uncertainties are addressed through stochastic scenario-based program-

ming. A mixed-integer linear programming (MILP) model for DSP considering the installation of renewable DG units, CBs, 

and ES units is presented in [15]. CO2 emissions are controlled by a carbon cap policy. e method proposed is based on a 

deterministic approach. In [16], an MILP model based on robust optimization is proposed to perform the DSP considering 

the allocation and sizing of CBs and RESs, the replacement of conductors, and the allocation of VRs. Environmental aspects 



5 
 

are addressed by an energy policy based on a CO2 emissions cap. In [17], a mixed-integer second-order cone programming 

(MISOCP) model is proposed for DSP, considering investment several options such as reinforcement of existing substations, 

replacement of conductors, and allocation and sizing of renewable non-dispatchable and dispatchable DG units. Uncertainties 

are addressed by stochastic optimization based on scenarios. e proposed approach is aimed at reducing CO2 emissions 

through the emissions tax policy. A planning approach similar to the one proposed in [17] is presented in [18]. e main 

difference is that [18] includes the sizing and allocation of ES units. In [19], a mixed-integer second-order cone programming 

(MISOCP) model is proposed to manage the installation of network assets, while a low-emission carbon policy was applied 

to increase the integration of renewable DG sources. e planning strategy includes the installation of ES units, CBs, static 

compensators, and PV and WT generators. Uncertainties are addressed by robust bi-level optimization. Reference [20] pro-

poses a robust optimization model to solve the DSP, taking into account conventional investment options, as well as the 

installation of PV and WT units. e objective function of the proposed model minimizes investment and operation costs, 

besides carbon taxes. Moreover, the demand for electricity is modeled using a voltage-dependent exponential load represen-

tation. However, the installation of ES units, and dispatchable renewable DGs, are not considered. In [21], an MILP model 

is proposed to perform the DSP considering the allocation and sizing of CBs, ES units, and RESs. Environmental aspects are 

addressed by an energy policy based on CO2 emissions trading and uncertainties are addressed by robust optimization. Ref-

erence [22] proposes a multi-objective approach based on stochastic programming to address the DSP problem. e proposed 

method seeks to minimize two competing objectives: planning costs and CO2 emissions. Wind, solar irradiation, and demand 

uncertainties are modeled using representative scenarios in a MILP formulation. Investments in substations, circuits, and DG 

allocation are considered. e multi-objective formulation is solved using off-the-shelf commercial software and the well-

established ε-constraint method. 

Although the deployment of RESs helps to reduce CO2 emissions in distribution systems, energy-saving strategies 

may also contribute to the achievement of this objective. Control of nodal voltage magnitudes enables a reduction in energy 

consumption and active power losses in medium-voltage distribution systems in which loads are predominantly voltage-

dependent [23]. Different distribution systems operation studies have used voltage-dependent load models to explore the 

benefits of this approach. For example, a Volt/VAR control strategy to reduce peak-load and increase energy efficiency in 

distribution systems is proposed in [24], exploring the conservation voltage reduction (CVR) strategy, which consists of 

reducing the voltage levels of the network with the objective of reducing the load. e results show that, by considering the 

load behavior as voltage-dependent, it is possible to obtain several economic and technical benefits, such as a significant 

reduction in energy consumption and active power losses, as well as the maintenance of the power factor within a specified 

range. In [25], the authors address the problem of feeders’ reconfiguration and allocation of CBs using voltage-dependent 

load models. e results show that the investment plan obtained without considering voltage-dependent load behavior can be 
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infeasible when the solution is evaluated in a complete model with voltage-dependent loads. Despite the benefits discovered 

in the works mentioned above, voltage-dependent load models are seldom employed in DSP strategies. 

Network reconfiguration, on the other hand, is a network operation planning alternative available to achieve signif-

icant energy-saving benefits. Network reconfiguration consists of opening and closing switches to modify the network topol-

ogy with the objective of minimizing active power losses, balancing substation loads [26], improving voltage profiles [27], 

among others [28]. Despite the benefits of the network reconfiguration, this operation alternative is not often used in medium-

term DSP studies. 

is work proposes an innovative two-stage stochastic programming model for the medium-term reinforcement 

planning of active distribution networks, taking into account multiple investment alternatives, network reconfiguration, and 

CO2 emissions limit. e advantage of considering multiple alternatives in the DSP problem is that the optimization model 

can evaluate which network assets are most appropriate to be installed in the distribution system. Unlike [13–22], investment 

decisions jointly comprise the replacement of overloaded conductors, the installation of voltage control equipment such as 

CBs and VRs, and the installation of distributed energy resources (DERs), such as dispatchable and non-dispatchable renew-

able generators, and ES units. As an outstanding feature, the proposed model uses a voltage-dependent representation for the 

loads and CBs that is more realistic [23] and allows significant energy savings to be achieved. e operation of the distribution 

system is represented via an ac power flow formulation. Moreover, uncertainties stemming from the demand for electricity, 

non-dispatchable distributed generation, and energy price at the substation are addressed using scenario-based optimization. 

e objective function of the proposed model aims to find the investment strategy with the lowest total cost, complying with 

Table 1: Summary of Literature Review Planning Features 

Ref. 

Investment alternatives 

Voltage 
dependent 
load model 

Environmental 
approach 

Uncertainty 
approach 

Solution 
technique Replacement 

of conductors 

Modification 
of the network 

topology 

CBs VRs DG units ES units 

Size 
Location

Size 
Location

Size 
Location

Size 
Location

[13]            Minimize CO2  
emissions 

Probabilistic method Metaheuristic 

[14]            CO2 emissions tax and 
incentives for RESs 

Stochastic optimization 
based on scenarios 

MILP 

[15]            CO2 emissions cap  MILP 

[16]            CO2 emissions cap Robust optimization MILP 

[17]            CO2 emissions tax 
Stochastic optimization 

based on scenarios 
MISOCP 

[18]            CO2 emissions tax 
Stochastic optimization 

based on scenarios 
MISOCP 

[19]            RESs buy obligation Robust optimization MISOCP 

[20]            CO2 emissions tax Robust optimization MILP 

[21]            CO2 emissions trading Robust optimization MILP 

[22]            
Minimize CO2  

emissions 
Stochastic optimization 

based on scenarios 
MILP 

This  
Work 

           CO2 emissions cap 
Stochastic optimization 

based on scenarios 
MILP 
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the network operating constraints and the CO2 emissions limit. e model for the DSP is a mixed-integer nonlinear program-

ming (MINLP) problem, which is nonconvex and difficult to solve, but it is converted into an MILP problem by using line-

arization methods. 

Table 1 condenses the main differences between this work and the state-of-art [13–22]. Symbols “” and “” re-

spectively specify whether a particular feature is considered or not. erefore, the main contributions of this work are: 

1) from a modeling perspective, a new formulation is presented to determine the optimal investment plan for the DSP, 

improving its effectiveness and reducing the related CO2 emissions. Uncertainty for renewable generation, energy 

prices at the substation, and demand for electricity are modeled. Besides that, the load is represented by using a 

voltage-dependent model, and the network reconfiguration is considered within the network planning options. Mod-

eling the demand as voltage-dependent allows the planning model to modify the network voltage level to reduce the 

load. In addition, by considering network reconfiguration, the planning model is able to identify the topological 

conditions necessary for the optimal supply of electrical power. e combination of these two aspects has not yet 

been considered in the DSP and has a significant impact on the investment and operating costs of the network. 

2) from a methodological perspective, a scenario-based programming framework is proposed to model the uncertainty. 

e resulting deterministic equivalent is formulated as an MINLP problem that is recast to obtain an approximated 

MILP model that is more realistic and can be successfully solved using commercially available software. 

is work contributes to scientific knowledge with two relevant aspects that have not been explored so far to reduce 

CO2 emissions from the network. On the one hand, the importance of using a voltage-dependent load model is presented to 

reduce energy consumption and consequently reduce CO2 emissions from the network. As shown in the review of the state-

of-the-art presented in Table 1, just [15] considers the load as voltage-dependent. However, the mentioned work uses an 

exponential load model, while the proposed method uses a polynomial load model, also known as the ZIP model. e use of 

the ZIP load model demands a linearization that is not trivial (linearization of the square of the voltage magnitude). Moreover, 

[15] does not consider network reconfiguration and energy storage. On the other hand, network reconfiguration has been 

considered as an operation alternative for reducing the losses of the system, balance the loads, and improve the reliability of 

the system. is alternative has not been explored to reduce CO2 emissions from the network. In addition, according to the 

state-of-the-art presented in Table 1, which shows previous works on medium-term planning for distribution systems, none 

of these works has considered the reconfiguration of the network as an alternative. 

e rest of this work is structured as follows. Section 2 explains how the uncertainties are characterized. Section 3 

describes the proposed formulation. Section 4 presents the results obtained for a 69-node test system. Section 5 presents the 

discussion of the results. Finally, relevant conclusions are drawn in Section 6. Supplementary material is provided in the 

electronic companion available in [29]. 
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2. Uncertainty Modeling 

e uncertainties associated with the DSP problem are addressed through scenario-based stochastic optimization 

[30]. e scenarios are built using historical hourly data of the uncertain parameters throughout a year. Four uncertain pa-

rameters are considered in this work: electricity demand, energy price at the substation, solar irradiation, and wind speed. 

Due to the complexity of incorporating the 8,760 historical hourly data for each uncertain parameter into the model, 

the k-means method is used to cluster the data into centroids. e role of the k-means method is to classify the original data 

in a certain number of groups according to the similarity and proximity of the data so that the correlation between the original 

data is guaranteed. e details of the k-means method algorithm are given in [31]. Note that the centroids of the group corre-

spond to the mean values of all the data assigned to the group. In this work, the k-means++ method from MATLAB’s toolbox 

is used to build the operation scenarios. 

Before applying the k-means method, the 8,760 data related to the uncertain parameters are divided into four-time 

blocks according to the seasons of the year (winter, spring, summer, and fall). Each time block is divided into two sub-blocks 

(day/night) according to the solar irradiation. Finally, the k-means method is applied to the information contained in each 

sub-block to be grouped into 𝑘 centroids. As a result, a set of (4 × 2 × 𝑘) scenarios represents the behavior of uncertain 

parameters throughout the year. Figure 1 illustrates the construction process of the set of scenarios. Note that, the set of 

scenarios maintains the correlation between the original historical data. 

Figure 1: Construction of representative scenarios of the uncertain parameters 
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3. Mathematical Formulation of the Problem 

e proposed method is formulated considering the following assumptions: (i) based on how the medium-term DSP 

has usually been developed [15], [16], [20], [21], this work considers a static approach in which all investments in network 

assets are made at the beginning of the planning horizon; (ii) variations in energy prices, electricity demand, wind speed, and 

solar irradiation are modeled by a set of scenarios; (iii) the network operates in a radial topology; (iv) Because the medium-

voltage three-phase distribution system is considered balanced, its single-phase equivalent can be used to represent it. is 

assumption is based on common simplifications found in all methods proposed to address medium-voltage DSP [2], [3], [4]. 

(v) the operation of the distribution system is represented by a linearized AC network model; (vi) the load is modeled as 

voltage-dependent; (vii) it is taken into account the existence of an environmental policy restricting CO2 emissions from the 

network; and (viii) although a centralized planning approach is considered, regardless of DERs ownership, this approach 

offers useful information about the best investment strategy in terms of environmental and economic factors. us, in the 

scenario that the DERs belong to independent agents, this information can be employed to establish effective incentive strat-

egies, which are outside the scope of this article. 

3.1 Objective function 

e proposed model’s objective function, shown in (1), aims to minimize investment costs and the present value of 

expected operating costs over an Θ-year planning horizon. e investment cost 𝐼𝐶 in network assets shown in (2), is com-

posed of seven terms, which represent investments in (i) replacement of overloaded conductors, (ii) VRs, (iii) CBs, where 

the cost ℐդգ is used to emphasize that installing CB units at separate nodes is more expensive than installing CB units at the 

same node, (iv) PV generation units, (v) WT generation units, (vi) dispatchable DG units, and (vii) battery banks. In contrast, 

the operation cost, 𝑂𝐶 , shown in (3), consist of : (i) the cost of the energy supplied by the substation, (ii) the generation cost 

of dispatchable DG units, (iii) the generation cost of PV units, (iv) the generation cost of WT units, and (v) the operating cost 

of ES units. 

minimize 𝐼𝐶 + 𝑂𝐶  (1)

𝐼𝐶 = Θ ঢ় ం ం 𝒱ռ̇Ӵռ
խ ℒքօ𝑤քօӴռ

խ

ռ∈္Էքօ∈္ԭ

+ ం ం 𝒱ռ
շճ𝑤քօӴռ

շճ

ռ∈္Էքօ∈္ԭ

+ ం िℐդգ𝑤ք
ժ + 𝒱դգ𝑛ք

դգी
ք∈္Թ

+ ం 𝒱ձշ 𝑛ք
ձշ +

ք∈္Թ

 

ం 𝒱ոյ 𝑛ք
ոյ

ք∈္Թ

+ ం ం 𝒱ᇚ
ը𝑤քӴᇚ

ը

ᇚ∈္Բք∈္Թ

+ ం 𝒱զմ𝑛ք
զմ

ք∈္Թ

 (2)

𝑂𝐶 = ం
𝐿𝐹֏

(1 + Π)(֏−φ)
ం Δ֎

յ ঢ় ం 𝒞֎
զ𝑝քӴ֎

մմ

ք∈္ԾԾ

+ ం ం 𝒞ᇚ
ը𝑝քӴᇚӴ֎

ը

ᇚ∈္Բք∈္Թ֎∈္Ծ

၀

֏=φ

+ ం 𝒞ձշ 𝑝քӴ֎
ձշ

ք∈္Թ

+ ం 𝒞ոյ 𝑝քӴ֎
ոյ

ք∈္Թ

+ 

ం 𝒞զմ𝑝քӴ֎
զմՉ

ք∈္Թ

 (3)
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3.2 Power flow modeling 

e modeling of the network operation is presented in (4)–(18). 

ం ం 𝑝ֆքӴռӴ֎ − ం ం ॕ𝑝քօӴռӴ֎ + 𝑅ռℒքօ𝒾քօӴռӴ֎
մղ ॖ

ռ∈္Էքօ∈္ԭռ∈္Էֆք∈္ԭ

+ 𝑝քӴ֎
մմ + ం 𝑝քӴᇚӴ֎

ը

ᇚ∈္Բ

+ 𝑝քӴ֎
ձշ + 𝑝քӴ֎

ոյ + 𝑝քӴ֎
զմՉ

− 𝑝քӴ֎
զմՈ

= ঢ়Φք
ջ

𝑣քӴ֎
մղ

(𝑉 կ )ϵ
+ Φք

ժ
𝑣քӴ֎

𝑉 կ
+ Φք

ձ  𝑃քӴ֎
ե  (4)

ం ం 𝑞ֆքӴռӴ֎ − ం ం ॕ𝑞քօӴռӴ֎ + 𝑋ռℒքօ𝒾քօӴռӴ֎
մղ ॖ

ռ∈္Էքօ∈္ԭռ∈္Էֆք∈္ԭ

+ 𝑞քӴ֎
մմ + 𝑞ք̂Ӵ֎

մթ + ం 𝑞քӴᇚӴ֎
ը

ᇚ∈္Բ

+ 𝑞քӴ֎
ձշ + 𝑞քӴ֎

ոյ

= ঢ়Υք
ջ

𝑣քӴ֎
մղ

(𝑉 կ )ϵ
+ Υք

ժ
𝑣քӴ֎

𝑉 կ
+ Υք

ձ 𝑄քӴ֎
ե (5)

∀𝑖 ∈ Γկ , 𝑠 ∈ Γմ  

𝑣քӴ֎ = ఌ𝑉 + 𝑉

2
+

1

2ఋ𝑉 + 𝑉
2

ভ𝑣քӴ֎
մղ −

𝑉 + 𝑉

2
ম ∀𝑖 ∈ Γկ , 𝑠 ∈ Γմ  (6)

𝑣քӴ֎
մղ − 𝑣օӴ֎

մղ + 𝜔քօӴ֎
շ + 𝜗քօӴ֎ = ం ज़2ℒքօि𝑅ռ𝑝քօӴռӴ֎ + 𝑋ռ𝑞քօӴռӴ֎ी + 𝑍ռ

ϵℒքօ
ϵ 𝒾քօӴռӴ֎

մղ ड़
ռ∈္Է

 (7)

∀𝑖𝑗 ∈ Γգ, 𝑎 ∈ Γխ, 𝑠 ∈ Γմ  

ੵ𝜗քօӴ֎ੵ ≤ ५𝑉
ϵ

− 𝑉 ϵ६ ि1 − 𝑤քօ
կճी ∀𝑖𝑗 ∈ Γգ, 𝑎 ∈ Γխ, 𝑠 ∈ Γմ  (8)

𝑉օ̃Ӵ֎
ϵ 𝒾ք̂օӴ֎

մղ
= ం ℳքօӴᇕ

մ ̂
ှ

ᇕ=φ

५𝛿քօӴᇕӴ֎
̂ + 𝛿քօӴᇕӴ֎

 ̂ ६ ∀𝑖𝑗 ∈ Γգ, 𝑠 ∈ Γմ  (9)

𝑝ք̂օӴ֎ = 𝑝ք̂օӴ֎
+ − 𝑝ք̂օӴ֎

−  ∀𝑖𝑗 ∈ Γգ, 𝑠 ∈ Γմ  (10)

𝑝ք̂օӴ֎
+ + 𝑝ք̂օӴ֎

− = ం 𝛿քօӴᇕӴ֎
̂

ှ

ᇕ=φ

 ∀𝑖𝑗 ∈ Γգ, 𝑠 ∈ Γմ  (11)

0 ≤ 𝛿քօӴᇕӴ֎
̂ ≤ քօ࣓࣒࣒࣒࣑∆

մ ̂  ∀𝑖𝑗 ∈ Γգ, 𝜓 ∈ {1, ⋯ , Ψ}, 𝑠 ∈ Γմ  (12)

𝑞ք̂օӴ֎ = 𝑞ք̂օӴ֎
+ − 𝑞ք̂օӴ֎

−  ∀𝑖𝑗 ∈ Γգ, 𝑠 ∈ Γմ  (13)

𝑞ք̂օӴ֎
+ + 𝑞ք̂օӴ֎

− = ం 𝛿քօӴᇕӴ֎
 ̂

ှ

ᇕ=φ

 ∀𝑖𝑗 ∈ Γգ, 𝑠 ∈ Γմ  (14)

0 ≤ 𝛿քօӴᇕӴ֎
 ̂ ≤ քօ࣓࣒࣒࣒࣑∆

մ ̂  ∀𝑖𝑗 ∈ Γգ, 𝜓 ∈ {1, ⋯ , Ψ}, 𝑠 ∈ Γմ  (15)

𝒾ք̂օӴ֎

մղ
= ం 𝒾քօӴռӴ֎

մղ

ռ∈္Է

 ∀𝑖𝑗 ∈ Γգ, 𝑠 ∈ Γմ  (16)

𝑝ք̂օӴ֎ = ం 𝑝քօӴռӴ֎

ռ∈္Է

 ∀𝑖𝑗 ∈ Γգ, 𝑠 ∈ Γմ  (17)

𝑞ք̂օӴ֎ = ం 𝑞քօӴռӴ֎

ռ∈္Է

 ∀𝑖𝑗 ∈ Γգ, 𝑠 ∈ Γմ  (18)

Two variable substitutions are performed to convert the original MINLP formulation for the DSP problem into an 

MILP model, i.e., 𝑣քӴ֎
ϵ  is replaced with the linear term 𝑣քӴ֎

մղ, and 𝒾քօӴռӴ
ϵ  is replaced with the linear term 𝒾քօӴռӴ֎

մղ . 

e active and reactive power balances, representing the application of Kirchhoff’s current law to the system, are 

shown in (4) and (5), which consider the polynomial ZIP load model to represent the voltage-dependent behavior of the loads. 

Constant impedance (𝑍), constant current (𝐼), and constant power (𝑃 ) components are used in this representation to model 

the load as a function of the voltage magnitude, according to the participation parameters Φ and Υ [32]. 
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Constraint (6) is the expansion of 𝑣քӴ֎

ϵ  employing a Taylor series at ि𝑉 + 𝑉 ी 2⁄ . e variable 𝑣քӴ֎ is employed in the 

ZIP model, and the maximum error of this linearization occurs for 𝑣քӴ֎ = 𝑉 . us, for 𝑉 = 0.95 p.u., this error is 0.13%. 

Constraints (7)–(9) represent the application of Kirchhoff’s voltage law to the system. Constraint (7) calculates the 

difference of the squared values of the voltage magnitudes at the terminal nodes of a branch according to the active and 

reactive power flows and the current magnitude on the branch. e variable 𝜔քօӴ֎
շ  is used to model the operation of VRs, while 

𝜗քօӴ֎ is a slack variable, limited in (8) according to the state of the switch of the branch represented by 𝑤քօ
կճ . Constraint (9) 

is a piecewise linearization of the original nonlinear constraint 𝑣օӴ֎
մղ𝒾ք̂օӴ֎

մղ
= 𝑝ք̂օӴ֎

ϵ + 𝑞ք̂օӴ֎
ϵ , in which 𝑣օӴ֎

մղ is replaced with an 

estimate of the voltage magnitude 𝑉ք̃Ӵ֎, and the quadratic terms 𝑝̂քօӴ֎
ϵ  and 𝑞ք̂օӴ֎

ϵ  are approximated employing a piecewise 

linearization, as presented in (10)–(15). In (9)–(15), the length of each block of the linearization is ∆࣓࣒࣒࣒࣑քօ
մ ̂

= 𝑉 max
ռ∈္Է

𝐼ռ Ψ⁄ , and 

the slope of each block is ℳքօӴφ
մ ̂

= (5 6⁄ քօ࣓࣒࣒࣒࣑∆(
մ ̂  and ℳքօӴᇕ

մ ̂
= (2𝜓 − քօ࣓࣒࣒࣒࣑∆(1

մ ̂  for 𝜓 > 1. 

Constraints (16)–(18) calculate the total power flow and current in each branch as the sum of the power flows and 

currents in each conductor of each branch. Note that only one conductor can be selected for each branch, as presented in (23). 

3.3 Operational limits 

e network’s operational limits are presented in (19)–(22). 

𝑉 ϵ ≤ 𝑣քӴ֎
մղ ≤ 𝑉

ϵ
 ∀𝑖 ∈ Γկ , 𝑠 ∈ Γմ  (19)

0 ≤ 𝑝քӴ֎
մմ ≤ 𝑆ք

մմ
 ∀𝑖 ∈ Γմմ , 𝑠 ∈ Γմ  (20)

ੵ𝑞քӴ֎
մմ ੵ ≤ 𝑆ք

մմ
 ∀𝑖 ∈ Γմմ , 𝑠 ∈ Γմ  (21)

ੵ𝑞քӴ֎
մմ ੵ ≤

√
2 𝑆ք

մմ
− 𝑝քӴ֎

մմ  ∀𝑖 ∈ Γմմ , 𝑠 ∈ Γմ  (22)

Constraint (19) presents the limits for the voltage magnitudes at the nodes. e set of constraints (20)–(22) represent 

the power injection limits of the substations, which consider a linearization for the original quadratic constraint ि𝑝քӴ֎
մմीϵ +

ि𝑞քӴ֎
մմीϵ ≤ ঁ𝑆ք

մմ
ং

ϵ

 with 𝑝քӴ֎
մմ ≥ 0. 

3.4 Constraints for investment in conductors 

Constraints (23) and (24) are associated with the investment and operational limits of the conductors. 

ం 𝑤քօӴռ
խ ≤ 1

ռ∈္Է

 ∀𝑖𝑗 ∈ Γգ (23)

0 ≤ 𝒾քօӴռӴ֎
մղ ≤ 𝐼ռ

ϵ
𝑤քօӴռ

խ  ∀𝑖𝑗 ∈ Γգ, 𝑎 ∈ Γխ, 𝑠 ∈ Γմ  (24)

Constraint (23) guarantees that at most a single type of conductor is selected for each branch. e currents on the 

branches are limited by (24), according to the type of conductor installed. 
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3.5 Constraints for investment in VRs 

e operation of the VRs is defined in (25) and (26), while (27) and (28) are investment constraints. 

ੵ𝜔քօӴ֎
շ ੵ ≤ 𝐾շճ(𝐾շճ + 2)𝑣քӴ֎

մղ ∀𝑖𝑗 ∈ Γգ, 𝑠 ∈ Γմ (25)

ੵ𝜔քօӴ֎
շ ੵ ≤ ం 𝑤քօӴռ

շճ

ռ∈္Է

𝐾շճ(𝐾շճ + 2)𝑉
ϵ
 ∀𝑖𝑗 ∈ Γգ, 𝑠 ∈ Γմ (26)

𝑤քօӴռ
շճ ≤ 𝑤քօӴռ

խ  ∀𝑖𝑗 ∈ Γգ, 𝑎 ∈ Γխ, 𝑠 ∈ Γմ (27)

ం ం 𝑤քօӴռ
շճ

ռ∈္Է

≤ 𝒩
շճ

քօ∈္ԭ

 (28)

Constraint (25) presents the limit for 𝜔քօӴ֎
շ  according to the maximum regulation of the VR, while (26) calculates 

the difference between the square of the voltage magnitudes across a VR, 𝜔քօӴ֎
շ , in accordance with the binary investment 

variable 𝑤քօӴռ
շճ . Constraint (27) requires that a VR of type 𝑎 must only be installed on a branch with a conductor of type 𝑎, 

given that the current capacity of the VR of type 𝑎 matches the current capacity of the conductor of type 𝑎, while (28) limits 

the number of VRs installed in the system. 

3.6 Constraints for investment in CBs 

Constraints (29)–(31) are related to the operation and (32)–(34) are related to the investments in CBs. 

𝑞ք̂Ӵ֎
մթ = ం 𝑞քӴվӴ֎

մթ
կՎ

Ԯԭ

վ=φ

 ∀𝑖 ∈ Γկ , 𝑠 ∈ Γմ (29)

−𝑉
ϵ
ℬդգि1 − 𝑤քӴվ

դգी ≤ 𝑞քӴվӴ֎
մթ − ℬդգ𝑣քӴ֎

մղ ≤ −𝑉 ϵℬդգि1 − 𝑤քӴվ
դգी ∀𝑖 ∈ Γկ , 𝑐 ∈ ९1, ⋯ , 𝑁ք

դգ
॰ , 𝑠 ∈ Γմ  (30)

𝑉 ϵℬդգ𝑤քӴվ
դգ ≤ 𝑞քӴվӴ֎

մթ ≤ 𝑉
ϵ
ℬդգ𝑤քӴվ

դգ ∀𝑖 ∈ Γկ , 𝑐 ∈ ९1, ⋯ , 𝑁ք

դգ
॰ , 𝑠 ∈ Γմ  (31)

ం 𝑤քӴվ
դգ

կՎ
Ԯԭ

վ=φ

= 𝑛ք
դգ ∀𝑖 ∈ Γկ  (32)

0 ≤ 𝑛ք
դգ ≤ 𝑁ք

դգ
𝑤ք

ժ  ∀𝑖 ∈ Γկ  (33)

ం 𝑤ք
ժ ≤ 𝒩

դգ

ք∈္Թ

  (34)

e total reactive power injected by the CB at node 𝑖 is calculated in (29) as the sum of the contribution of each 

module, while (30) and (31) calculate the reactive power injected by each CB module according to the values of the invest-

ment variables and the voltage magnitude at the installation node for each scenario. Note that if 𝑤քӴվ
դգ = 0, then 𝑞քӴվӴ֎

մթ = 0 in 

(31), whereas if 𝑤քӴվ
դգ = 1, then 𝑞քӴվӴ֎

մթ = ℬդգ𝑣քӴ֎
մղ in (30). e total number of CB modules installed at each node is calculated 

in (32), the number of CB modules that can be installed at each node is limited in (33), and the number of CBs that can be 

installed in the system is limited in (34). 

3.7 Constraints for investment in dispatchable DG units 

e operation and investment in DGs are defined in (35)–(41). 

0 ≤ 𝑝քӴᇚӴ֎
ը ≤ 𝑆ᇚ

ը
𝑤քӴᇚ

ը  ∀𝑖 ∈ Γկ , 𝜚 ∈ Γը, 𝑠 ∈ Γմ (35)
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ੵ𝑞քӴᇚӴ֎
ը ੵ ≤ 𝑆ᇚ

ը
𝑤քӴᇚ

ը  ∀𝑖 ∈ Γկ , 𝜚 ∈ Γը, 𝑠 ∈ Γմ (36)

ੵ𝑞քӴᇚӴ֎
ը ੵ ≤

√
2 𝑆ᇚ

ը
𝑤քӴᇚ

ը − 𝑝քӴᇚӴ֎
ը  ∀𝑖 ∈ Γկ , 𝜚 ∈ Γը, 𝑠 ∈ Γմ (37)

−𝑝քӴᇚӴ֎
ը tanिcos−φि𝑃𝐹ᇚ

ըीी ≤ 𝑞քӴᇚӴ֎
ը ≤ 𝑝քӴᇚӴ֎

ը tan ५cos−φ ५𝑃𝐹ᇚ

ը
६६ ∀𝑖 ∈ Γկ , 𝜚 ∈ Γը, 𝑠 ∈ Γմ (38)

ం 𝑤քӴᇚ
ը

ᇚ∈္Բ

≤ 1 
∀𝑖 ∈ Γկ  (39)

0 ≤ 𝑤քӴᇚ
ը ≤ 𝒲ք

ը
 ∀𝑖 ∈ Γկ , 𝜚 ∈ Γը (40)

ం ం 𝑤քӴᇚ
ը

ᇚ∈္Բ

≤ 𝒩
ը

ք∈္Թ

  (41)

e active and reactive power limits of dispatchable DG units are established in constraints (35)–(38), which repre-

sent a linearization of the capability curve of a synchronous machine. e power factor limits of the generator are shown in 

(38). Constraint (39) determines that at most one type of dispatchable DG can be installed at node 𝑖, while (40) defines the 

candidate nodes for the installation of a dispatchable DG, according to the binary parameter 𝒲ք

ը
. e number of dispatchable 

DG units that can be installed in the network is limited in (41). 

3.8 Constraints for investment in PV and WT units 

Constraints (42)–(47) represent the installation and operation of PV units. 

0 ≤ 𝑝քӴ֎
ձշ ≤ 𝑆

ձշ
ℱ֎

ձշ 𝑛ք
ձշ  ∀𝑖 ∈ Γկ , 𝑠 ∈ Γմ (42)

ੵ𝑞քӴ֎
ձշ ੵ ≤ 𝑆

ձշ
𝑛ք

ձշ  ∀𝑖 ∈ Γկ , 𝑠 ∈ Γմ (43)

ੵ𝑞քӴ֎
ձշ ੵ ≤

√
2 𝑆

ձշ
𝑛ք

ձշ − 𝑝քӴ֎
ձշ  ∀𝑖 ∈ Γկ , 𝑠 ∈ Γմ (44)

−𝑝քӴ֎
ձշ tan(cos−φ(𝑃𝐹 ձշ )) ≤ 𝑞քӴ֎

ձշ ≤ 𝑝քӴ֎
ձշ tan ५cos−φ ५𝑃𝐹

ձշ
६६ ∀𝑖 ∈ Γկ , 𝑠 ∈ Γմ (45)

0 ≤ 𝑛ք
ձշ ≤ 𝑁ք

ձշ
 ∀𝑖 ∈ Γկ  (46)

ం 𝑛ք
ձշ ≤ 𝒩

ձշ

ք∈္Թ

  (47)

e active and reactive power injections of PV units at node 𝑖, scenario 𝑠, are limited by (42)–(45), according to the 

number of PV units installed at the node and the generation factor of the scenario. e power factor limits for the operation 

of the power converter of the PV units are considered in (45). e number of PV units that can be installed at each node 𝑖 is 

limited in (46) limits and the number of PV units that can be installed in the entire system is limited in (47). 

e installation and operation of WT units are represented in constraints (48)–(53), which are similar to (42)–(47). 

0 ≤ 𝑝քӴ֎
ոյ ≤ 𝑆

ոյ
ℱ֎

ոյ 𝑛ք
ոյ  ∀𝑖 ∈ Γկ , 𝑠 ∈ Γմ (48)

ੵ𝑞քӴ֎
ոյ ੵ ≤ 𝑆

ոյ
𝑛ք

ոյ  ∀𝑖 ∈ Γկ , 𝑠 ∈ Γմ (49)

ੵ𝑞քӴ֎
ոյ ੵ ≤

√
2 𝑆

ոյ
𝑛ք

ոյ − 𝑝քӴ֎
ոյ  ∀𝑖 ∈ Γկ , 𝑠 ∈ Γմ (50)

−𝑝քӴ֎
ոյ tan(cos−φ(𝑃𝐹 ոյ )) ≤ 𝑞քӴ֎

ոյ ≤ 𝑝քӴ֎
ոյ tan ५cos−φ ५𝑃𝐹

ոյ
६६ ∀𝑖 ∈ Γկ , 𝑠 ∈ Γմ (51)

0 ≤ 𝑛ք
ոյ ≤ 𝑁ք

ոյ
 ∀𝑖 ∈ Γկ  (52)
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ం 𝑛ք
ոյ ≤ 𝒩

ոյ

ք∈္Վ
Թ

  (53)

3.9 Constraints for investment in ES units 

Constraints (54)–(58) represent the installation and operation of ES units. 

𝑝քӴ֎
զմՈ

≤ 𝑃
զմ

𝑛ք
զմ ∀𝑖 ∈ Γկ , 𝑠 ∈ Γմ (54)

𝑝քӴ֎
զմՉ

≤ 𝑃
զմ

𝑛ք
զմ ∀𝑖 ∈ Γկ , 𝑠 ∈ Γմ (55)

ం Δ֎
յ ই𝒳զմՈ

𝑝քӴ֎
զմՈ

− ঁ
1

𝒳զմՉং𝑝քӴ֎
զմՉ

ঈ = 0
֎∈္Ծ|ျ=ս

 ∀𝑖 ∈ Γկ , 𝑏 ∈ {1,⋯ ,4} (56)

0 ≤ 𝑛ք
զմ ≤ 𝑁ք

զմ
 ∀𝑖 ∈ Γկ  (57)

 ం 𝑛ք
զմ ≤ 𝒩

զմ

ք∈္Թ

 (58)

e charging and discharging operations of the ES units are constrained by (54) and (55), respectively. e transition 

function of ES units to be accomplished at each block of scenarios, in which each block represents a season of the year, is 

shown in (56), requiring that the energy can only be exchanged among the scenarios of the same block. e number of ES 

units that can be installed at node 𝑖 is restricted in (57) and the number of ES units that can be installed in the entire system 

is limited in (58). 

3.10 Network reconfiguration formulation 

e formulation of the network reconfiguration is shown in (59)–(66). 

ੵ𝑝քօӴռӴ֎ੵ ≤ 𝑉 𝐼ռ𝑤քօ
կճ ∀𝑖𝑗 ∈ Γգ, 𝑎 ∈ Γխ, 𝑠 ∈ Γմ (59)

ੵ𝑞քօӴռӴ֎ੵ ≤ 𝑉 𝐼ռ𝑤քօ
կճ ∀𝑖𝑗 ∈ Γգ, 𝑎 ∈ Γխ, 𝑠 ∈ Γմ (60)

0 ≤ 𝒾քօӴռӴ֎
մղ ≤ 𝐼ռ

ϵ
𝑤քօ

կճ ∀𝑖𝑗 ∈ Γգ, 𝑎 ∈ Γխ, 𝑠 ∈ Γմ (61)

ం 𝑤քօ
կճ

քօ∈္ԭ

= |Γկ | − |Γմմ |  (62)

ం 𝑓ֆք

ֆք∈္ԭ

− ం 𝑓քօ

քօ∈္ԭ

+ 𝑔ք = 1 
∀𝑖 ∈ Γկ  (63)

0 ≤ 𝑔ք ≤ |Γկ | ∀𝑖 ∈ Γմմ  (64)

𝑔ք = 0 ∀𝑖 ∈ {Γկ − Γմմ} (65)

ੵ𝑓քօੵ ≤ (|Γկ | − 1) 𝑤քօ
կճ ∀𝑖𝑗 ∈ Γգ (66)

Constraints (59) and (60) are, respectively, the active and reactive power flows limits on the conductors according 

to the operating statuses of the branches, while (61) limits the currents on the branches. Constraints (62)–(66) guarantee that 

the system operation is radial [33]. Note that constraint (62) is a necessary condition for radiality, while constraints (63)–(66) 

ensure the connectivity of the system. Constraint (63) represents a fictitious balance in the system, constraint (64) is the limit 

for the fictitious generation at the substation nodes, constraint (65) fixes the fictitious generation in zero at the demand nodes, 

and constraint (66) limits the fictitious flow 𝑓քօ on the branches according to their operating statuses. ese constraints require 

the existence of a path from a substation to each demand node, therefore, ensuring the connectivity of the system. 
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3.11 CO2 emissions limit 

e limit of CO2 emissions is modeled by (67). 

ం ం Δ֎
յ ৃℰմմ𝑝քӴ֎

մմ + ం ℰᇚ
ը𝑝քӴᇚӴ֎

ը

ᇚ∈္Բ

+ ℰձշ 𝑝քӴ֎
ձշ + ℰոյ 𝑝քӴ֎

ոյ ৄ
֎∈္Ծք∈္Թ

≤ Λ (67)

Constraint (67) limits the total annual CO2 emissions from the distribution system to a maximum Λ. 

3.12 Two-stage stochastic programming model 

e proposed model for the medium-term planning of active distribution networks (1)–(67) is a two-stage stochastic 

mixed-integer linear program. In the decision-making process of two-stage optimization problems, two different types of 

decisions are characterized: 

1) First-stage or here-and-now decisions: ese decisions are made before carrying out the stochastic process 

since the variables that represent decisions here-and-now do not depend on uncertainties. In the DSP prob-

lem, the here-and-now decision variables are those that are related to network reconfiguration, investment 

in substitution of overloaded conductors, and the installation of CBs, VRs, PVs, WTs, and ES units. 

2) Second-stage or wait-and-see decisions: ese decisions are made after knowing the real value of the sto-

chastic process, as these decisions depend on uncertainties. In the DSP problem, the wait-and-see decision 

variables are those that are related to the operation of the system, which are used in the calculation of the 

expected cost of operating the system, as well as CO2 emissions. All variables with an index 𝑠 are second-

stage variables. 

A more extensive and detailed explanation of how the two-stage optimization problems are modeled and solved can 

be found in [30]. Moreover, it should be clarified that the model (1)–(67) can be directly solved by off-the-shelf optimization 

software based on the branch-and-cut algorithm. 

4. Tests and Results 

e proposed model was written in AMPL [34] and solved with CPLEX v20.1.0.0 [35], with default settings, on a 

computer with a 3.20 GHz Intel® Core™ i7–8700 processor and 32 GB of RAM. Two distribution systems were used to test 

the proposed model: a 69-node test system and a 2313-node real system. 

4.1 69-node distribution system 

e 69-node distribution system from [36] was adapted to test the proposed model. Figure 2 shows the network 

topology of the system. e system consists of one substation node, 73 branches, two transfer nodes, and 66 load nodes. All 
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branches have conductors of type I and in the initial configuration, branches 11-43, 13-21, 15-46, 27-65, and 50-59 are open. 

e lower and upper voltage magnitude limits are 0.95 p.u. and 1.05 p.u., respectively. e nominal voltage of the system is 

12.66 kV. e planning horizon is five years. e demand is estimated based on an annual average growth of 3%. e number 

of centroids is 𝑘 = 6, thereby obtaining 48 operation scenarios. It is considered an annual interest rate of 10%. e number 

of blocks used in the piecewise linearization is Ψ = 10. Complete information for the 69-node distribution system is presented 

in [29]. 

Four case studies have been considered to demonstrate the applicability and significance of the proposed model. In 

Case A-I, DSP is developed without considering network reconfiguration and using a constant power load model. Case A-II 

is similar to Case A-I, the only difference is that, in Case A-II, network reconfiguration is considered. In Case A-III, DSP is 

developed without considering network reconfiguration, and using the voltage-dependent load model. Finally, in Case A-IV, 

both network reconfiguration and the voltage-dependent load model are jointly considered. e technical and economic de-

tails of the investment alternatives considered in the four case studies are available in the electronic companion available in 

[29]. 

e computational times to solve Cases A-I until A-IV are 0.90 h, 4.47 h, 0.92 h, and 28.62 h, respectively. 

For the four case studies, we consider that the planning strategy is based on an energy policy that limits the CO2 

emissions to 7,000 tonnes. is value is chosen on a random basis because the network is illustrative. However, for a real 

case study, the current legislation of the corresponding country can be considered. Table 2 provides information about costs 

and CO2 emissions for the solutions attained for each case. Besides, Table 3 shows the investment strategies for the four 

cases. Operational results for the 69-node distribution system are presented in [29]. 

For Case A-I, in which network reconfiguration is not considered and the demand is modeled as constant power 

load, the proposed method has found a planning strategy with a total investment cost of US$ 4,862.59×103. e investment 

01 

45 46 40 41 42 43 44 36 37 38 39 

51 52 

68 69 

66 67 

28 35 30 31 32 33 34 29 

18 19 20 21 22 13 14 15 16 17 08 09 10 11 12 03 04 05 06 07 23 24 25 26 27 02 

53 65 60 61 62 64 55 56 57 58 59 54 63 

47 49 48 50 

Figure 2: Initial configuration of the 69-node system 
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plan consists of replacing the conductors of branches 01-02, 02-03, 03-04, 04-05, 05-06, 06-07, 07-08, and 08-09 with con-

ductors of type II; installing a 300 kVAr CB unit at nodes 14, 24, and 64; installing one VR of type I on branch 10-11; 

installing a biomass DG unit of type I at nodes 16, 31, 41, 49, 58, and 62; installing 17 400 kW WT units at node 17, ten 400 

Table 2: Overview of the Solutions for the 69-Node System 

Results Case A-I Case A-II Case A-III Case A-IV

Investment  
cost  
(×103 US$) 

Conductors 11.68 2.54 20.03 5.69

CBs 8.85 5.90 11.80 5.90

VRs 3.74 – 22.43 22.43

Biomass DG units 214.00 214.00 214.00 214.00

PV units 367.25 339.00 197.75 56.50

WT units 3,957.07 3,957.07 3,507.40 3,597.33

ES units 300.00 300.00 280.00 300.00

Total investment cost (×103 US$) 4,862.59 4,818.51 4,253.41 4,201.85

Total operation cost (×103 US$) 6,381.66 6,372.39 6,111.52 6,107.66

Total cost (×103 US$) 11,244.25 11,190.90 10,364.93 10,309.51

Minimum voltage magnitude (p.u.) 0.95 0.95 0.95 0.95 

Maximum voltage magnitude (p.u.) 1.05 1.05 0.99 0.99 

Annual CO2 emissions (×103 tonnes) 7.00 7.00 7.00 7.00

Table 3: Investments Plans for the 69-Node System 

Investment option Case A-I Case A-II Case A-III Case A-IV

Replacement of conductors 
(branch 𝑖𝑗, type) 

01-02, II; 02-03, II; 03-04, II
04-05, II; 05-06, II; 06-07, II

07-08, II; 08-09, II

01-02, II; 02-03, II; 11-12, II
01-02, II; 02-03, II; 03-04, II
04-05, II; 05-06, II; 06-07, II
07-08, II; 08-09, II; 55-56, II
58-59, II; 59-60, II; 60-61, II 

01-02, II; 02-03, II; 03-04, II
04-05, II; 59-60, II

Network reconfiguration 
(open branches) 

–
08-09; 09-10; 14-15 

22-23; 43-44
–

14-15; 22-23; 40-41 
43-44; 56-57

VRs  
(branch 𝑖𝑗, type) 

10-11, I –
04-10, I; 19-20, I; 03-28, I
03-36, I; 04-47, I; 09-53, I

06-07, II 09-10, I; 19-20, I
03-28, I; 03-36, I; 60-61, I

CBs  
(node 𝑖, number of units) 

14, 1; 24, 1; 64, 1 14, 1; 64, 1 14, 1; 24, 1; 45, 1; 57, 1 14, 1; 24, 1

Biomass DG units 
(node 𝑖, type) 

16, I; 31, I; 41, I 
49, I; 58, I; 62, I

16, I; 31, I; 41, I 
49, I; 58, I; 62, I

16, I; 31, I; 41, I 
49, I; 58, I; 62, I

16, I; 31, I; 41, I 
49, I; 58, I; 62, I

WT units 
(node 𝑖, number of units) 

17, 17; 34, 10; 56, 10; 63, 7 17, 15; 34, 9; 56, 7; 63, 13 17, 15; 34, 7; 56, 11; 63, 6 17, 13; 34, 7; 56, 7; 63, 13

PV units 
(node 𝑖, number of units) 

19, 3; 26, 3; 43, 3 
60, 3; 64, 1

19, 3; 26, 3
43, 3; 60, 3

19, 2; 26, 3; 43, 2 19, 2

ES units 
(node 𝑖, number of units) 

16, 3; 17, 3; 19, 3; 26, 3; 33, 2 
34, 3; 41, 3; 43, 3; 60, 3; 64, 3

16, 3; 17, 3; 19, 3; 26, 3; 33, 2 
34, 3; 41, 3; 43, 3; 60, 3; 64, 3

16, 3; 17, 3; 19, 3; 26, 3; 33, 2 
34, 3; 41, 3; 43, 1; 60, 3; 64, 3

16, 3; 17, 3; 19, 3; 26, 3; 33, 2 
34, 3; 41, 3; 43, 3; 60, 3; 64, 3

Table 4: Evaluation of the Operation for the Plans of Cases A-I and A-II Considering the Demand Modeled as 
Voltage-Dependent Load for the 69-Node System 

 

Case A-I Case A-II 

Demand modeled as
constant power load

Demand modeled as
voltage-dependent load

Demand modeled as
constant power load

Demand modeled as
voltage-dependent load

Total investment cost (×103 US$) 4,862.59 4,862.59 4,818.51 4,818.51

Total operation cost (×103 US$) 6,381.66 5,835.20 6,372.39 5,765.33

Total cost (×103 US$) 11,244.25 10,697.82 11,190.90 10,583.84

Minimum voltage magnitude (p.u.) 0.95 0.95 0.95 0.95 

Maximum voltage magnitude (p.u.) 1.05 1.05 1.05 1.03 

Annual CO2 emissions (103 tonnes) 7.00 6.34 7.00 6.23
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kW WT units at node 34, ten 400 kW WT units at node 56, and seven 400 kW WT units at node 63; installing three 100 kW 

PV units at nodes 19, 26, 43, and 60 and one 100 kW PV unit at node 64; installing three 50 kW ES units at nodes 16, 17, 19, 

26, 34, 41, 43, 60, and 64 and two 50 kW ES units at node 33. Moreover, the proposed model shows that, with this investment 

plan, the network operating cost is US$ 6,381.66×103, thus, the total expected cost considering the conditions of Case A-I is 

US$ 11,244.25×103. 

For Case A-II, in which network reconfiguration is considered and the demand is represented using a constant power 

load model, the proposed method has found an investment plan with a cost of US$ 4,818.51×103. e investment plan sug-

gests replacing the conductors of branches 01-02, 02-03, and 11-12 with conductors of type II; open branches 08-09, 09-10, 

14-15, 22-23, and 43-44; installing one 300 kVAr CB unit at nodes 14 and 64; installing one biomass DG unit of type I at 

nodes 16, 31, 41, 49, 58, and 62, installing 15 400 kW WT units at node 17, nine 400 kW WT units at node 34, seven 400 

kW WT units at node 56, and 13 400 kW WT units at node 63; installing three 100 kW PV units at nodes 19, 26, 43, and 60; 

installing three 50 kW ES units at nodes 16, 17, 19, 26, 34, 41, 43, 60, and 64 and two 50 kW ES units at node 33. For the 

investment plan found, the network operating cost is US$ 6,372.39×103. us, the total expected cost under the conditions of 

Case A-II is US$ 11,190.90×103. 

For Case A-III, in which network reconfiguration is disregarded and the demand is modeled as voltage-dependent 

load, the proposed method has found a plan with a total investment cost of US$ 4,253.41×103. e planning strategy consists 

of replacing the conductors of branches 01-02, 02-03, 03-04, 04-05, 05-06, 06-07, 07-08, 08-09, 55-56, 58-59, 59-60, and 

60-61 with conductors of type II; installing one 300 kVAr CB unit at nodes 14, 24, 45, and 57; installing one VR of type I on 

branches 04-10, 19-20, 03-28, 03-36, 04-47, and 09-53; installing one biomass DG unit of type I at nodes 16, 31, 41, 49, 58, 

and 62; installing 15 400 kW WT units at node 17, seven 400 kW WT units at node 34, eleven 400 kW WT units at node 56, 

and six 400 kW WT units at node 63; installing two 100 kW PV units at nodes 19, and 43, and three 100 kW PV units at node 

26; installing three 50 kW ES units at nodes 16, 17, 19, 26, 34, 41, 43, 60, and 64 and two 50 kW ES units at node 32; 

installing three 50 kW ES units at nodes 16, 17, 19, 26, 34, 41, 60, and 64, two 50 kW ES units at node 32 and one 50 kW 

ES units at node 43. Furthermore, the proposed model calculated that, with this investment, there will be a network operating 

cost of US$ 6,111.52×103, so the total expected cost considering the conditions of Case A-III for the 5-year planning horizon 

is US$ 10,364.93×103. 

For Case A-IV, in which network reconfiguration is considered and the demand is represented by the voltage-de-

pendent load model, the proposed method has found an investment plan with a cost of US$ 4,201.85. e investment plan 

suggests replacing the conductors of branches 01-02, 02-03, 03-04, 04-05, and 59-60 with conductors of type II; open 

branches 14-15, 22-23, 40-41, 43-44, and 56-57; installing one 300 kVAr CB unit at nodes 14 and 24; installing one VR of 

type I on branches 06-07, 09-10, 19-20, 03-28, 03-36, and 60-61; installing one biomass DG unit of type I at nodes 16, 31, 

41, 49, 58, and 62; installing 13 400 kW WT units at node 17, seven 400 kW WT units at node 34, seven 400 kW WT units 
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at node 56, and 13 400 kW WT units at node 63; installing two 100 kW PV units at node 19; installing three 50 kW ES units 

at nodes 16, 17, 19, 26, 34, 41, 43, 60, and 64 and two 50 kW ES units at node 33. For the investment plan found, the operating 

cost of the network is US$ 6,107.66. erefore, the total expected cost under the conditions of Case A-IV is US$ 10,309.51. 

e investment plans obtained for Cases A-I and A-II, in which the demands were modeled as constant power loads, 

were evaluated using the voltage-dependent load model to compare the variations in the network operating costs. For both 

cases, the investment plans are fixed, while the voltage control at the substation and the redispatch of the DERs is allowed. 

e results of these comparisons are shown in Table 4. By analyzing Table 4, it is possible to verify that, the total costs for 

Cases A-I and A-II are 3.21% and 2.74% higher than the total costs for the solutions of Cases A-III and A-IV, respectively, 

which are presented in Table 2. 

Finally, in order to demonstrate and justify the effectiveness of using 48 operating scenarios, other simulations were 

performed for Case A-IV, with different numbers of operating scenarios. Table 5 shows the absolute values of the differences 

between the total costs with 8, 24, 48, 96, 192, 288, and 384 scenarios in relation to the total cost of the solution obtained 

with 48 scenarios (base case). Note that, by considering larger numbers of scenarios, the computational time to solve the 

problem grows rapidly, with almost no change in the total cost. erefore, it can be concluded that the selected number of 

scenarios is suitable for the problem under consideration and gives rise to an acceptable trade-off between accuracy and 

computational tractability. 

4.2 2313-node distribution system 

To validate the scalability of the proposed model for large-sized networks, results for a real Colombian system are 

presented. is system consists of 2307 load nodes, 2335 branches, and six substations. e nominal voltage of the system is 

14.4 kV. Following the increase in the demand, the system’s operation became infeasible since the current through some 

circuits exceeded the maximum limit allowed for the existing conductor, revealing the necessity to plan the installation of 

distribution system reinforcements. Complete information for the 2313-node distribution system is presented in [29]. 

DSP simulations are carried out only for the conditions established in Case A-IV considered for the 69-node system, 

i.e., considering both network reconfiguration and the voltage-dependent load model. For this system, this case is referred to 

Table 5: Total Planning Costs as a Function of the Number of Operating Conditions for the 69-Node System 

Number of centroids 
Number of  

operation scenarios 
Total cost  
×103 US$ 

Absolute value of the  
difference in (%) 

CPU time (h) 

1 8 10,010.53 2.90% 1.59 

3 24 10,316.15 0.06% 7.82 

6 48 10,309.51 – 28.62 

12 96 10,325.59 0.16% 45.83 

24 192 10,381.25 0.70% 97.48 

36 288 10,394.11 0.82% 118.41 

48 384 10,393.55 0.82% 175.72 
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as Case B-IV. For this study, we consider that the planning strategy is based on an energy policy that limits the CO2 emissions 

to 80,000 tonnes during the planning horizon considered. e lower and upper voltage magnitude limits are 0.95 p.u. and 

1.05 p.u., respectively. e planning horizon is five years. e demand is estimated based on an annual average growth of 

3%. e number of centroids is 𝑘 = 2, thereby obtaining 16 operation scenarios. It is considered an annual interest rate of 

10%. e number of blocks used in the piecewise linearization is Ψ = 10. 

Table 6 shows the planning costs, while Table 7 shows the investment strategy in assets that must be installed in the 

network. e planning strategy consists of replacing the conductors of 14 branches with conductors of type II; installing three 

CB units with four 300 kVAr modules at nodes 1035, 2084, and 481, and two CB units with two 300 kVAr modules at nodes 

288 and 999; installing three VRs of type II on branches 6-19, 173-174, and 671-678; installing eight biomass DG unit of 

type I at nodes 1080, 1372, 2199, 284, 476, 794, 886, and 991; installing 22 400 kW WT units at node 1584, one 400 kW 

WT unit at node 414, twelve 400 kW WT units at node 470, seven 400 kW WT units at node 614, and eight 400 kW WT 

units at node 958; installing five 100 kW PV units at node 736, and one 100 kW PV units at node 84; installing five 50 kW 

Table 6: Overview of the Solution for the 2313-Node System 

Results Case B-IV

Investment  
cost  
(×103 US$) 

Conductors 17.06

CBs 41.98

VRs 11.21

Biomass DG units 285.33

PV units 169.50

WT units 4,496.67

ES units 150.00

Total investment cost (×103 US$) 5,171.75

Total operation cost (×103 US$) 75,292.30

Total cost (×103 US$) 80,464.05

Minimum voltage magnitude (p.u.) 0.95

Maximum voltage magnitude (p.u.) 1.02

Annual CO2 emissions (×103 tonnes) 80.00

Table 7: Investments Plan for the 2313-Node System 

Investment option Case B-IV 

Replacement of conductors 
(branch 𝑖𝑗, type) 

392-374, II; 398-494, II; 426-1622, II; 494-389, II; 497-392, II; 499-497, II; 499-1622, II; 501-389, II; 374-501, II; 

390-500, II; 500-426, II; 588-558, II; 1309-588, II; 1311-390, II

Network reconfiguration 
(open branches) 

1178-205; 1301-1279; 1302-94; 484-992; 192-961; 505-2297; 650-741; 646-816; 1308-644; 110-122; 175-139; 366-272; 
594-619; 646-602; 746-1853; 816-793; 919-853; 939-933; 989-1052; 969-1045; 1261-2297; 1284-1185; 1299-586; 

1300-349; 1303-396; 186-71; 655-572; 725-606

VRs  

(branch 𝑖𝑗, type) 
6-19, II; 173-174, II; 671-678, II

CBs  

(node 𝑖, number of units) 
1035, 4; 2084, 4; 288, 2; 481, 4; 999, 2

Biomass DG units 

(node 𝑖, type) 
1080, I; 1372, I; 2199, I; 284, I; 476, I; 794, I; 886, I; 991, I

WT units 

(node 𝑖, number of units) 
1584, 22; 414, 1; 470, 12; 614, 7; 958, 8

PV units 

(node 𝑖, number of units) 
736, 5; 84,1

ES units 

(node 𝑖, number of units) 
1151, 5; 1421, 5; 1759, 5
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ES units at nodes 1151, 1421, and 1759. e computational time to solve Case B-IV for this system is 116.35 h, which is 

acceptable in a planning context for a large-sized real-world system. Operational results for the 2313-node distribution system 

are presented in [29]. 

5. Discussion 

In this section, the results obtained for both test systems are analyzed and discussed. 

5.1 69-node distribution system 

e relevance of including network reconfiguration within the DSP problem can be analyzed by comparing Case A-

I and Case A-II. Note that Case A-I represents the way in which the DSP problem considering CO2 emissions mitigation has 

usually been approached [8]–[16]. As Table 3 shows, when considering network reconfiguration: (i) the total number of 

branches whose conductor must be replaced decreases by three branches; (ii) the network topology changes; (iii) the total 

number of VRs units installed decreases in one unit; and (iv) the total number of PV units installed decreases in one unit. On 

the other hand, despite the increase in the computational effort in Case A-II, network reconfiguration presents advantages, 

since it does not involve any investment costs. Table 2 shows that, by considering a variable topology in the DSP problem, it 

becomes possible to find a solution that is 0.47% cheaper than by considering a fixed topology, given that modifying the 

network topology causes that the investment in some network assets become unnecessary, reducing the investment cost in 

0.91%, and the network operating costs in 0.15%. 

e impact of considering the voltage-dependent load model in the DSP problem can be analyzed by comparing 

Case A-I and Case A-III. As it can be verified in Table 3, there are important changes in the investment plans of these two 

cases: (i) the total number of CBs installed increases in one unit; (ii) the total number of VRs installed increases in five units; 

(iii) the total number of PV units installed decreases in six units; (iv) the total number of WT units installed decreases in five 

units, and (v) the total number of ES units installed decreases in two units. Modeling the demand as voltage-dependent load 

allows the model to take advantage of the conservation voltage reduction strategy, which consists of reducing grid voltage 

levels in order to reduce the load. In this way, to exert voltage control on the load, the model prioritizes the installation of 

equipment such as VRs, which helps to carry out this task. In addition, Table 2 shows that, when considering the voltage-

dependent load model, investment costs are 12.53% lower and a 7.82% reduction in total cost is achieved. 

e importance of considering both network reconfiguration and the voltage-dependent load model together as part 

of the DSP problem can be analyzed by comparing Case A-I with Case A-IV. When network reconfiguration is considered 

and the load is modeled as voltage-dependent, the following changes to the planning strategy occur: (i) the total number of 

branches whose conductors must be replaced decreases by three branches; (ii) the network topology changes; (iii) the number 

of VRs installed increases in five units; (iv) the total number of CBs installed decreases in one unit; (v) the number of PV 
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units installed decreases in eight units; and (vi) the number of WT units installed decreases in four units. As it can be observed 

in Table 2, the total cost of the planning strategy obtained for Case A-IV is 8.31% cheaper than the total cost obtained for 

Case A-I, and the investment cost is reduced by 13.59%. e results of Case A-IV show that the energy savings achieved 

with voltage control and network reconfiguration help to achieve environmental objectives (lower CO2 emissions) at a lower 

investment cost. 

e 8.31% reduction in the total investment cost verified when the investment plan of Case A-I is compared with 

the plan of Case A-IV and the reduction of 3.47% in the total costs when the solution considering the optimal operation of 

the system planned in Case A-I, evaluated using the voltage-dependent load model, is compared with the solution of Case A-

IV, evidence the importance of accounting for both a voltage-dependent load model and network reconfiguration in the DSP 

problem. 

5.2 2313-node distribution system 

e solution obtained for the 2313-node distribution system in the previous section is assessed with that attained by 

disregarding investment in new components, i.e., considering only the existing network assets during the whole planning 

horizon. It is worth mentioning that for the case with no investments the system operation is infeasible, as some circuits 

exceed the current limits allowed for the existing conductors due to the increase in demand at the end of the planning horizon. 

us, for comparison purposes, in order to obtain a feasible solution for the case with no investments, the current limit 

constraint (24) was relaxed. Doing so, the operating cost and CO2 emissions of the network were US$ 84,848.63×103 and 

91,352.86 tonnes, respectively. 

Table 6 shows that the total cost is 5.17% lower when compared to the network operating cost for the case disre-

garding investments, thereby revealing the cost-effectiveness of the proposed investment plan over the case where no invest-

ment is made. On the other hand, the network’s CO2 emissions for the solution attained by the proposed planning model are 

12.43% lower than those obtained with no investment, which reveals the environmental benefits of the proposed investment 

alternatives. Finally, the suitable computational performance obtained for this large-sized real-world system validates the 

scalability and computational effectiveness of the proposed approach. 

6. Conclusion 

In this article, a novel two-stage stochastic programming model is presented to address the medium-term reinforce-

ment planning of active distribution networks taking into account multiple investment alternatives, network reconfiguration, 

and CO2 emissions limit. Investment alternatives jointly comprise the replacement of overloaded conductors, the installation 

of voltage control equipment, such as capacitor banks and voltage regulators, and the installation of distributed energy re-

sources, such as renewable non-dispatchable and dispatchable generators, and energy storage units. e model addresses the 
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uncertainties of the demand for electricity, energy price at the substation, solar irradiation, and wind speed through a set of 

representative scenarios. In contrast to conventional planning methods, the proposed approach models the load as voltage-

dependent in order to achieve substantial reductions in energy consumption. 

e results for the 69-node system show that lower total costs can be achieved by including network reconfiguration 

in the planning alternatives, as this option does not require any kind of investment, and a reduction in network operating costs 

can be achieved by modifying its topology. On the other hand, the deployment of renewable distributed generation (DG) 

units helps to the reduction of CO2 emissions, which has a positive environmental impact. Although the installation of such 

technology increases investment costs, this cost is offset by a decrease in operating costs. In addition, the deployment of 

renewable DG units helps to prevent the distribution company from being penalized for exceeding the CO2 emissions limits 

allowed. Results also show that modeling the load as voltage-dependent significantly reduces costs compared to modeling 

the load as constant power. Such a reduction can be seen, in particular, in the investment costs. For the 2313-node system, 

the results (i) substantiate the cost effectiveness and environmental benefits of the solution obtained and (ii) demonstrate that 

the proposed model is scalable and can be applied to medium- and large-sized real systems. 

Further work will address the consideration of additional practical modeling aspects such as reliability, demand 

response, and unbalanced systems. Future research will also be devoted to extending the model for long-term planning by 

considering the installation of new feeders and new substations. Finally, research efforts will also be conducted to the use of 

alternative techniques to generate scenarios characterizing uncertainty. 
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