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Age constraints and fine tuning in variable-mass particle models

Urbano Franc¸a* and Rogerio Rosenfeld†

Instituto de Fı´sica Teo´rica–UNESP, Rua Pamplona, 145, 01405-900, Sa˜o Paulo, SP, Brazil
~Received 13 October 2003; published 25 March 2004!

VAMP ~variable-mass particle! scenarios, in which the mass of the cold dark matter particles is a function of
the scalar field responsible for the present acceleration of the Universe, have been proposed as a solution to the
cosmic coincidence problem, since in the attractor regime both dark energy and dark matter scale in the same
way. We find that only a narrow region in parameter space leads to models with viable values for the Hubble
constant and dark energy density today. In the allowed region, the dark energy density starts to dominate
around the present epoch and consequently such models cannot solve the coincidence problem. We show that
the age of the Universe in this scenario is considerably higher than the age for noncoupled dark energy models,
and conclude that more precise independent measurements of the age of the Universe would be useful in
distinguishing between coupled and noncoupled dark energy models.
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I. INTRODUCTION

The Wilkinson Microwave Anisotropy Probe~WMAP!
satellite @1# has confirmed that the Universe is very nea
flat, and that there is some form of dark energy~DE! that is
the current dominant energy component, accounting for
proximately 70% of the critical density. DE is smoothly di
tributed throughout the Universe and is causing its pres
acceleration@2,3#. It is generally modeled using a scal
field, the so-called quintessence models, either slowly rol
towards the minimum of the potential or already trapped
this minimum@2,4–6#. WMAP has also given new observa
tional evidence that nonbaryonic cold dark matter~DM!, a
fluid with vanishing pressure, contributes around 25% to
total energy density of the Universe, in agreement with a
of cosmological observations@3,7#.

An intriguing possibility is that DM particles could inter
act with the DE field, resulting in a time-dependent mass
this scenario, dubbed VAMPs~variable-mass particles! @8#,
the mass of the DM particles evolves according to so
function of the dark energy fieldf, such as, for example,
linear function of the field@8–11# with an inverse power law
dark energy potential or an exponential function@12–16#
with an exponential dark energy potential. In this work w
are particularly interested in the exponential case, sinc
presents a tracker solution;1 that is, there is a stable attracto
regime where the effective equation of state of DE mim
the effective equation of state of DM@12,16#.

This type of solution also appears when the DE field w
an exponential potential is not coupled to the other flu
@6,17#. In fact, Liddle and Scherrer showed that for a no
coupled DE, the exponential potential is the only one t
presents stable tracker solutions@18#. In this case, however
it is not able to explain the current acceleration of the U

*Electronic address: urbano@ift.unesp.br
†Electronic address: rosenfel@ift.unesp.br
1We adopt the nomenclature ‘‘scaling’’ solution to denote so

tions whererf}a2m and rm}a2n, whereas a ‘‘tracker’’ solution
hasm5n.
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verse and other observational constraints, unless we ass
that the field has not yet reached the fixed point regime@19#.

The tracker behavior is interesting because once the
tractor is reached, the ratio between DM energy densityrx

and DE energy densityrf remains constant afterwards.2 This
behavior could solve the ‘‘cosmic coincidence problem
that is: why are the DE and DM energy densities simi
today?

In this article, we want to study the extent of fine tunin
required in this class of models given the observational c
straints on the Hubble constantH0 and the dark energy den
sity today Vf0. We also compute the resulting age of th
Universe for the allowed models. In Sec. II we present
main equations of the VAMP scenario and the constra
that have already been discussed elsewhere. In Sec. II
show that based on very robust constraints such models
not able to solve the cosmic coincidence problem. Section
discusses the constraints imposed by the age of the Univ
in these models, showing that better model-independ
measurements of a lower limit would provide a possible w
to distinguish between the noncoupled and coupled dark
ergy models. In Sec. V we present our conclusions.

II. THE IDEA OF EXPONENTIAL VAMPS

In the exponential VAMP model, the potential of the D
scalar fieldf is given by

V~f!5V0ebf/mp, ~1!

where V0 and b are positive constants andmp5M p /A8p
52.43631018 GeV is the reduced Planck mass in natu
units, \5c51. Dark matter is modeled by a scalar partic
x of mass

Mx5Mx0e2l(f2f0)/mp, ~2!

-

2This behavior does not occur in the situation in which the m
varies linearly with the field, although one can let the ratio betwe
rx and rf remain constant for a long time, until the DE finall
comes to dominate completely@11#.
©2004 The American Physical Society17-1
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where Mx0 is the current mass of the dark matter partic
~hereafter the index 0 denotes the present epoch, excep
the potential constantV0) andl is a positive constant. Sinc
dark matter must be stable, its number densitynx obeys the
equation

ṅx13Hnx50, ~3!

where the dot denotes a derivative with respect to timeH

5ȧ/a, anda(t) is the scale factor. Assuming that the da
matter is nonrelativistic, its energy density is given byrx

5Mxnx , and it follows that

ṙx13Hrx52
lḟ

mp
rx . ~4!

Since the total energy-momentum tensor has to be c
served, the fluid equation for dark energy is given by

ṙf13Hrf~11vf!5
lḟ

mp
rx , ~5!

wherevf5pf /rf5( 1
2 ḟ22V)/( 1

2 ḟ21V) is the usual equa
tion of state parameter for an homogeneous scalar field.

These equations can also be written in the form

ṙx13Hrx~11vx
(e)!50, ~6!

ṙf13Hrf~11vf
(e)!50, ~7!

where

vx
(e)5

lḟ

3Hmp
5

lf8

3mp
, ~8!

vf
(e)5vf2

lḟ

3Hmp

rx

rf
5vf2

lf8

3mp

rx

rf
~9!

are the effective equation of state parameters for dark ma
and dark energy, respectively. Primes denote derivatives
respect tou5 ln(a)52ln(11z), wherez is the redshift, and
a051. From the above equations one can also obtain the
equation of motion,

f̈13Hḟ5
lrx

mp
2

bV

mp
. ~10!

The Friedmann equation for a universe with DE, DM
baryons, and radiation is given by

H25
1

3mp
2 Frb1r r1rx1

1

2
ḟ21V~f!G , ~11!

where we have assumed that the universe is flat,

V0[
r0

rc0
5Vf01Vx01Vb01V r051, ~12!
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where rc053mp
2H0

258.1h2310247 GeV4 is the present
critical density and the Hubble parameter isH0
5100h km s21 Mpc21. rb andr r denote the energy dens
ties of baryons and radiation, respectively, which fori 5r ,b
satisfy the equationsṙ i13Hr i(11v i)50, where vb50
andv r51/3. It is useful to expressV0 in units of

r̃c54.2310247 GeV4, ~13!

the critical density value forh50.72. Observational limits
on the Hubble parameter giveh50.7260.08@20#, which we
adopt in what follows.

The Friedmann and DE motion equations become,
terms ofu,

H2f91
1

3mp
2 F3

2
~rb1rx!1r r13VGf85

lrx

mp
2

bV

mp
,

~14!

H25
~1/3mp

2!~rx1rb1r r1V!

12~1/6mp
2!f82

. ~15!

Using the fact that the right-hand side of Eq.~14! is the
derivative with respect to the fieldf of an effective potential
@11#,

Ve f f~f!5V~f!1rx~f!, ~16!

one can show that there is a fixed point value for the fie
given bydVe f f(f)/df50:

f

mp
52

3

~l1b!
u1

1

~l1b!
lnS bV0

lrx0elf0 /mp
D . ~17!

At the present epoch the energy density of the Univers
divided essentially between dark energy and dark matter
this limit, using the above solution, one obtains

Vf512Vx5
3

~l1b!2
1

l

l1b
, ~18!

vx
(e)5vf

(e)52
l

l1b
, ~19!

which is a stable attractor forb.2l/21(Al2112)/2
@12,16#. The equality betweenvx and vf in the attractor
regime comes from the tracker behavior of the exponen
potential@12,16,17# in this regime.

The density parameters for the components of the U
verse and the effective equations of state for the DE and
for a typical solution are shown in Fig. 1. Notice that th
transition to the tracker behavior in this example is curren
occurring.

Let us assume observational upper and lower limits to
DE equation of state parametersvobs

l <vf0
(e)<vobs

u from
SNIa, for instance. Then, from Eq.~19! it follows a con-
straint on the parameter space (l,b) given by
7-2
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b<~>!
12uvobs

u( l )u

uvobs
u( l )u

l, ~20!

which is valid if the field has already reached the attrac
solution.

Analogously, in the attractor solution, the density para
eter Vf0 can also constrain the parameter space, since
~18! implies

b>~<!
~122Vobs

(DE)u( l )!

2Vobs
(DE)u( l )

l

1

Al2@~2Vobs
(DE)u( l )21!224~Vobs

(DE)u( l )21!#112

2Vobs
(DE)u( l )

,

~21!

where Vobs
(DE)u( l ) is the upper~lower! limit to the current

value of DE density parameter.
Amendola @14# has studied in detail the observation

constraints imposed in this scenario by the dark energy e
tion of state~obtained from luminosity distance consiste
with high z supernovae! and density parameters when th
attractor regime has already been reached. He obta
20.8<vf0

(e)<20.4 at 95% confidence limit~C.L.!. Figure 2
shows the allowed region in the (l,b) parameter space usin

FIG. 1. Top panel: Density parameters of the components of
Universe as a function ofu52 ln(11z) for l53, b52, andV0

50.1r̃c. After a transient period of baryonic matter dominatio
~dot-dashed line!, DE comes to dominate and the ratio between
DE ~solid line! and DM ~dashed line! energy densities remains con
stant. Bottom panel: Effective equations of state for DE~solid line!
and DM ~dashed line! for the same parameters used in top panel
the tracker regime both equations of state are negative.
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this result together with a conservative bound 0.6<Vf0
<0.8 on the DE density parameter.

III. FINE TUNING

Tracker solutions of noncoupled exponential quintesse
models in which the dark energy equation of state tracks
of the background are not able to accelerate the Unive
today. Exponential VAMPs solve this problem because
background acquires a negative equation of state. Howe
it is necessary to verify whether fine tuning of the model
necessary to explain the observations today.

In order to quantify the amount of fine tuning require
we have solved numerically the coupled equations of mot
for the scalar field, varyingV0 , l, and b in the regionl

5@0.01,20#, b5@0.01,20#, and V05@0.01r̃c,1.5r̃c#, with
step sizesDl5Db50.25 and DV050.05r̃c, generating
about 1.93105 models, from which we have selected tho
that agree with observed cosmological parameters.

Figure 3 shows the normalized number of models t
satisfy some observational constraints as function ofV0,
given in units ofr̃c. The dashed line shows the normalize
number of models that satisfy the Hubble parameter c
straint,h50.7260.08@20#. Notice that in order for this con-
straint to be satisfied it requiresV0 to be of the order ofr̃c,
the critical density today. The dot-dashed line is obtain
requiring both the Hubble parameter constraint and the eq
tion of state constraint,20.8<vf0

(e)<20.4 at 95% C.L.@14#.
The dotted line corresponds to the case when the Hub
parameter constraint and parameter density constraint,
<Vf0<0.8, are taken into account, and the solid line wh
these three parameters are constrained simultaneously.
can see that the narrow allowed range ofV0

5@0.25r̃c,0.45r̃c#, 68% C.L. (V05@0.15r̃c,0.55r̃c#, 95%
C.L.!, is essentially determined by the constraints given bh
and Vf0, which are very conservative and robust. Hen
fine tuning in this class of models seems unavoidable.

What does this fine tuning inV0 mean?V0 is the main

e

e

FIG. 2. Constraints on parameter space (l,b) given by DE
equation of state and DE density parameter. The upper~lower! limit
on equation of state allows the regions under~above! the dot-dashed
~dotted! line for vobs520.4 (20.8). On the other hand, the uppe
~lower! limit on the DE density parameter,Vobs

(DE)50.8 (0.6), re-
quires the parameters to be above~under! the solid ~dashed! line.
The hatched region is allowed by both constraints.
7-3
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parameter that determines the epoch in which the fi
reaches the attractor regime. As can be seen in Fig. 1, fo
allowed values ofV0, the Universe is entering the attract
regime around the present epoch. This implies that the e
tion of state and the parameter density are still varying tod
although their current values are very similar to the value
the fixed point.

However, if one variesV0 a similar behavior ofVDE and
VDM sets in earlier or later, as can be seen in Fig. 4. Ho
ever, unrealistic values of the Hubble parameter result in
case. For instance, forV05103r̃c, where the fixed point is
reached earlier, we obtainh'10. In this sense, the cosm
coincidence problem is not solved in these models, since
has to choose the overall scale of the potential in orde
obtain realistic cosmological solutions, very much like no
coupled dark energy models.

IV. AGE OF THE UNIVERSE

The potential to use the age of the Universe as a c
straint to dark energy models has been discussed in se

FIG. 3. Normalized number of models that satisfy the obser
tional constraints discussed in the text.

FIG. 4. Density parameters of the components of the Unive
as function ofu5 ln(11z) for l53, b52. In the top panelV0

51024r̃c, and in the bottom panelV05103r̃c.
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recent papers@21–24#. The WMAP collaboration@1# has
given a stringent value for the age of the Universe,t0
513.760.2 Gyr at 68% C.L. However, this result is mod
dependent and obtained from direct integration of the Fri
mann equation for the running spectral index cold dark m
ter with a cosmological constant (LCDM! model. Observa-
tions also indicate a lower limit for the age of the olde
globular clusters~and consequently for the age of the Un
verse! of t0510.4 Gyr at 95% C.L.@21#.

Using the limits discussed above and the position of
first Doppler peak in the WMAP experiment it is possible
put an upper limit on the equation of state~assumed con-
stant! of the dark energy,vf,20.67 at 90% C.L.@22#.
However, current upper limits on the age of the Univer
alone cannot constrain the lower value of the equation
state, since for large values of the age (t0*18 Gyr) the cos-
mology is essentially independent of the value of the eq
tion of state@23#, unless we assume that reionization to
place too early in the Universe history~as indicated by
WMAP data!, and consequently the upper limit for the age
the Universe is close to the upper limits coming from glob
lar clusters,t0'16 Gyr, as in the case discussed in Ref.@22#.

A model independent approach to estimating the age
the Universe has been performed by means of a param
zation for the equation of state of dark energy that allow
to vary @24#. Using cosmic microwave background~CMB!
and supernova data the age of the Universe was found t
t0513.860.3 Gyr at 68% C.L. Even this model independe
approach, however, is not able to parametrize the VAMP s
nario, since in this case the effective equation of state of
CDM is also variable, and the strong limits in the age of t
Universe obtained by these CMB analyses cannot be use
constrain the models discussed here. For this reason, we
used only the conservative limits obtained from globu
clusters to study the potential of the age of the Universe
constrain this scenario. Therefore we adopt 10.7,t0
,16.3 Gyr at 95% C.L.@21#. We have added to the age o
globular clusters 0.3 Gyr, since the WMAP data indicate
early reionization of the Universe@1,22#. The age of the Uni-
verse in the VAMP scenario is given by

t05H0
21E

0

zi H Vf0expF3E
2ui

0

@11vf
(e)~u!#duG

1Vb0~11z!31V r0~11z!4

1Vx0expF3E
2ui

0

@11vx
(e)~u!#duG J 21/2 dz

~11z!
,

~22!

whereui is the initial value foru (ui5230 for our numeri-
cal calculations! andzi its corresponding redshift.

To explore the region of parameter space that is able
satisfy the age constraint we have used the same proce
described in the preceding section, varyingl and b in the
region @0.01,20#, with a step sizeDl5Db50.05 and a
fixed value ofV0, generating about 1.63105 models. Models
were required to satisfy the constraints on the Hubble par
eter and on the age of the Universe. Results are show
Fig. 5, for three different values ofV0.

-

e
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The constraints imposed by the age of the Universe ar
the same direction of those imposed by the dark energy d
sity and the equation of state, indicating a correlation am
them. This can be seen explicitly in Fig. 6. Notice that su
a correlation is exactly the opposite that occurs when
equation of state~for noncoupled dark energy! is taken to be
constant@22#: higher values ofvf0

(e) imply lower ages of the
Universe.

In the constant case, the relation between the age andv is
direct: for more negative equations of state the contribut
of dark energy becomes important later~since r scales as
a23(11v)). Consequently, for a longer time the Universe
matter dominated, and its age is lower compared with a u
verse in which the dark energy has a more positive equa
of state.

For the VAMP scenario, however, the situation is a lit
more complicated: models that satisfy the age of the U
verse consist of a positive correlation in the parameter sp
that has a lower slope for largerV0 ~Fig. 5!. For largerV0,
the Universe reaches the attractor regime earlier, and co

FIG. 5. ~Color online! Constraints of parameter space (l,b)

imposed by the age of the Universe forV050.1r̃c, V050.3r̃c, and

V050.5r̃c. Lines correspond to the same limits from Fig. 2.

FIG. 6. Age of the Universe versus the present dark ene
equation of state for models that satisfy the Hubble parameter
straint.
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quently has a larger value of the age of the Universe~for the
sameb and H0), since the Universe is accelerating for
longer time. Besides that, for the sameb, larger values ofV0
imply larger values ofl for the models that satisfy the ag
constraint, and consequently, from Eq.~19!, the equation of
state tends to21. Despite this correlation, due the larg
degeneracy in the allowed region, it seems to be very d
cult to constrainvf0

(e) based on limits ont0 and vice versa.
Figure 7 shows the age of the Universe for the mod

that satisfy the Hubble parameter and the dark energy den
observational constraints. Here we have used step sizesDl

5Db50.2 andDV050.05r̃c for the regionl5@0.01,20#,
b5@0.01,20#, V05@0.1r̃c,0.8r̃c#.

Fitting the distribution of models as function of ages, t
age of the Universe in this VAMP scenario was found to

t0515.320.7
11.3 Gyr at 68% C.L., ~23!

which is considerably higher than the age of models of n
coupled dark energy@1,24#. This seems natural, since i
these models the CDM also has an effective negative eq
tion of state and accelerates the Universe. Thus, meas
ments of the age of the Universe could help to distingu
between coupled and noncoupled models. This result is v
conservative, since it relies only on the well established li
its of the Hubble constant and the dark energy density tod

One can see that lower limits on the age of the Unive
are not useful to constrain these models. Upper limits on
age, however, are potentially interesting. As an example,
can speculate what would change if the limits on the a
of globular clusters @21,22# were symmetric, t0512.5
62.2 Gyr, and add to this age 0.3 Gyr for the formation
these objects. In this case, the upper limit on the age of
Universe would be 15 Gyr, which would exclude a large p
of the models allowed by the present limits. The parame
space for these limits~Fig. 8! is much more constrained tha
the previous case, practically excludingV0.0.5r̃c.

y
n-

FIG. 7. Distribution of models that satisfy Hubble and DE de
sity parameters constraints as a function of age of the Universe
to the points givest0515.320.7

11.3 Gyr at 68% C.L.
7-5
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V. CONCLUSION

The VAMP scenario is attractive since it could solve t
problems of exponential dark energy, giving rise to a solut
of the cosmic coincidence problem. However, in order

FIG. 8. ~Color on line! Constraints of parameter space (l,b)
imposed byt0512.562.2 Gyr, and adding 0.3 Gyr as the age
the Universe in the epoch the globular clusters were formed,

V050.1r̃c, V050.3r̃c, and V050.5r̃c. Lines correspond to the
same limits from Fig. 2.
et

do

06351
n

obtain solutions that can provide realistic cosmological
rameters, the constantV0 has to be extremely fine tuned i
the rangeV05@0.25r̃c,0.45r̃c# at 68% C.L. This implies that
the attractor is being reached around the present epoch
this sense, the model is not able to solve the coincide
problem.

We have found that there is a negative correlation
tween the value of the age of the Universe today and
current equation of state of dark energy: larger values ofvf0

(e)

correspond to a lower age of the Universe. This result is
opposite of the case in which the equation of state of d
energy is constant.

A generic feature of this class of models is that the U
verse is older than noncoupled dark energy models. In f
we foundt0515.320.7

11.3 Gyr. Better model independent dete
mination of the age of the Universe could help to distingu
among different contenders for explaining the origin of t
dark energy.
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