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Lessons of spin and torsion: Reply to “Consistent coupling to Dirac fields in teleparallelism”
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In reply to the criticism made by Mielke in the preceding Comment on our recent paper, we once again
explicitly demonstrate the inconsistency of the coupling of a Dirac field to gravitation in the teleparallel
equivalent of general relativity. Moreover, we stress that the mentioned inconsistency is genalfisdorces
with spin and is by ho means restricted to the Dirac field. In this sensli(®R)-covariant generalization of
the spinor fields in the teleparallel gravity theory is irrelevant to the inconsistency problem.
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[. INTRODUCTION nentsh* as the basic field variablé3] and treating the tor-
sion tensor‘l"‘ij =h‘;(aihj"—&jhf‘) as the translational gauge

The problem of coupling sources of spinning matter to thefield strength[2,3]. The action, with a Yang-Mills type of

teleparallel gravitational field is well known; s¢&—4], for Lagrangian, is

example. This difficulty is naturally related to the fact that

teleparallelism can be consistently treated as the gauge 1 .

theory of the translation group of spacetime. The correspond- S= f d4Xh(ﬂSk”Tkij + Lmat) ' @)

ing dynamical current, for the generators of translations, is

the energy-momentum. Accordingly, the teleparallelism isyhere h=deth® and S¥ii= 1Tkl 4 1 (Tiki —Tikiy — L (gkiTh

perfectly equivalent to the general relativity theory for matter_ gkiTli\)  The variation of the action with respect to the

sources without spin. However, as is well known, the spingiraq yields the field equation

current corresponds to the generators of the Lorentz group

and in this sense it does not formally “fit” into the gauge 1 B _ 1 . _

approach based on the group of translations. This is different Haj(hSk”)Jr ST Z&LS,”‘“T'mn: KT 2

from the more general gauge theory based on the Poincare

symmetry grougsemidirect product of translations times the

Lorentz group in which the energy-momentum and the spin ) I~ S i

currents have equal “rights,” and in which they are consis-"a!r iﬁfmed aby the variational  derivativeTy

tently coupled to the curvature and torsion of spacetime. =hj 5(h,|- t)/(,h5h i) ) ) )
In our recent papel5], we developed a metric-affine ap- _The inconsistency of the Couplmg of matter with spin

proach to teleparallel gravity in which the latter was treatecflises as follows. The tetrdtf’ has 16 independent compo-

as a particular case of general metric-affine gra#iyAG)  nents and, accordingly, Eq2) also has 16 components.

specified by the geometric constraints of a vanishing curvatiowever, there is a well-known geometric identity which

ture and nonmetricity. Among other results, this approacti€lates the left-hand side to the Einstein tensor:

provided an explicit demonstration of the inconsistency of

the coupling of matter fields with spin. The author of the

Comment[6] tries to dispute this result. In our reply we

show that their claim is misleading.

The right-hand side is the canonical energy-momentum of

1 y . 1 . ~
£(hS)+ 8T - 248 ™ T =By, (3

The tilde denotes the purely Riemannian object constructed
Il. INCONSISTENCY OF THE SPIN COUPLING from the spacetime metrig;; . Since the Einstein tensor is

Since this point seems to be a source of constant misur®YMMeic.G;;=G;;, we immediately discover that the field
derstandings in studies of teleparallel gravity, we will clarify €9uation(2) yields the vanishing of the antisymmetric part of

the corresponding result by using three different techniquedh® canonical energy-momentum tensby;; =0. Using the
Noether conservation law of total angular momentum, we

then find that the spin tensef;; = — 7, must itself be con-

A. Tetrad approach K
served,V, 7 =0.

First, let us recall that one can deal with teleparallelism in
the purely tetrad framework by taking the coframe compo- o _
B. MAG approach: First field equation
The same result can be rederived within the framework of
*On leave from Department of Theoretical Physics, Moscow Statéhe MAG approach. Since that was the subject of our previ-
University, 117234 Moscow, Russia. ous papef5], we merely state here that tliiest field equa-
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tion (derived from the variation with respect to the coframe scheme so that the geometric left-hand side also becomes
reads, for the teleparallel equivalent Lagrangian, asymmetric.

> mwv/\NRuv: K3, (4) A. Alternative coupling prescription: Einstein’s theory

In [4], and more recently ifi9] (see also the earlier dis-
cussion in1]), it was noticed that if the coupling Lagrangian
fof a spinor field contains not the Weitzemkoconnection of
teleparallelism but the usual Riemannian connection, then
the coupling inconsistency disappears. In this case(4ds
(5) replaced by

HereR“” is the two-form of the Riemannian curvature, and
3., is the three-form of the canonical energy-momentum o
matter. It is easy to verify that

W/ \1g100="" Napr/\ Dy -

As a result, we straightforwardly see that the antisymmetric
part of the left-hand side of Ed4) vanishes,d(,/\ 7z,

ARMY==17740,/\9,/AR*'=0, in view of the Ricci identity  the three-formo,, on the right-hand side is the so-called
-R,"\9,=DD®9,=0. Belinfante-Rosenfeld energy-momentum. It is symmetric,

Consequently, we again find that the antisymmetric part ofg}[a/\gﬁ]zo_ Consequently, there is no coupling inconsis-
the energy-momentum current must vanish,/\% =0,  tency. The teleparallel gravity with such a coupling prescrip-
and hence the spin two-form,z= 7,57 should be con- tion becomes indistinguishable from Einstein’s general rela-
served:D7,=0. tivity theory.

> Naw/\R¥'= K0, ®

C. MAG approach: Second field equation B. From translations to Poincare group:

Finally, let us prove the above result by following the Einstein-Cartan theory

same reasoning as the author of the Comniéhtvho ana- An alternative procedure is to include the spin, together
lyzed thesecondield equation. It readgsee Eq(4.3) of [6]]  with the energy-momentum current, as a dynamical source of
N equal right for the gravitational field. This naturally leads to
DAopt 19[o/\HB] ~Tap- ®  the gauge theory based on the Poincm@metry group with
) . , ) the generators of translations related to the canonical energy-
Since the teleparallelism equivalent translational momemunﬁwomentumza, and the generators of the Lorentz group re-
is given byH | = (1/6%) 7,,,,/\K*" in terms of the contortion  |ated to spinr, . Such an extension of the dynamical con-
one-formK*”, we have tent yields an extension of the spacetime geometry to the
Riemann-Cartan case with nontrivial curvati®g? and tor-

9 ARl =_ iD ) sion T two-forms. The extended Einstein-Hilbert Lagrang-
[ 2T0A] 02 Nap- ian then yields the Einstein-Cartan field equations
Indeed, using the identity5), we find 9;,/\7g .,/ \K*" }ﬂa ARFV= (S, (9)
= = Dapu/\ O,/ NKF'=—13,5,/\T*. Then the above result 27k
is easily found with the help of the general formul@s8.5
of [8] which give the covariant derivatives of thgforms. 1 u
Substituting Eq(7) into Eq. (6) and subsequently taking the 2 Dapu/\TH=KTap. (10

covariant exterior derivative, we obtaiDr,;=0, since

DD(Aq5— naﬁ/ﬂ):o in view of the teleparallel constraint This system is completely consistent in the sense that the

requiring the vanishing of the total curvature. antisymmetric part of Eq(9), combined with the second
Thus, Eq.(4.6) of the Comment6] is totally misleading equation(10), yields the Noether identitPp 7,5+ 9[,/\2 g

in the sense that a clear zero is “hidden” in the second term=0.

on the left-hand side.

IV. DISCUSSION

Ill. MAKING SPIN COUPLING CONSISTENT . .
In the recent Comment on our padé, it was claimed

We have demonstrated above that the gravitational couthat the spinor field couples consistently to the teleparallel
pling of spin is generically inconsistent in teleparallel gravitational field. However, this is incorrect and we have
equivalent gravity. How can one cure this situation? Thepresented at least three direct demonstrations of the inconsis-
source of the difficulty is clear: the left-hand si@iEometric  tency of the spin coupling in the teleparallel equivalent grav-
one of the gravitational field equation is symmetric, whereasity model.
the right-hand siddsource is asymmetric for matter with (1) In simple terms, the mentioned inconsistency arises
spin. Correspondingly, one can proceed in one of two waysfrom the fact that the left-hand side of the teleparallel gravi-
(i) introduce a different coupling rule so that the energy-tational field equation is symmetric,whereas the right-hand
momentum becomes symmetric, (@) change the dynamical side is represented by the canonical energy-momentum,
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which is nonsymmetric for matter with spin. We have shown that, contrary to the erroneous statement
(2) The inconsistency igenerig i.e., it is not specific for of [6], the coupling of spin can be made consistent only
the Dirac spinor field, but rather concerns all sources witheither by a change of the coupling prescriptitimereby for-
spin. In this sense, the remark [@] about the necessity of mally obtaining a description equivalent to general relatjvity
considering more gener&L(4,R)-covariant multispinors is  or by a change of the dynamical scheftfeus arriving at the
irrelevant. The spin coupling inconsistency will be presentEinstein-Cartan gravity theary
for such matter as well.
(©)] The well-known fact that the teleparallel eqL_JivaIent ACKNOWLEDGMENTS
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