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Freezing of the QCD coupling constant and solutions of Schwinger-Dyson equations
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We compare phenomenological values of the frozen QCD running coupling constant (as) with two classes
of infrared finite solutions obtained through nonperturbative Schwinger-Dyson equations. We use these same
solutions with frozen coupling constants as well as their respective nonperturbative gluon propagators to
compute the QCD prediction for the asymptotic pion form factor. Agreement between theory and experiment
on as(0) andFp(Q2) is found only for one of the Schwinger-Dyson equation solutions.
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I. INTRODUCTION

The possibility that the QCD coupling constant (as) has
an infrared~IR! finite behavior has been extensively studi
in recent years. There are theoretical arguments in favo
the coupling constant freezing at low momenta; one of the
put forth by Banks and Zaks@1#, claims that QCD may have
a nontrivial IR fixed point even for a small number of quar
~see, for instance, Ref.@2#!. We can also use arguments
analyticity to show that the analytical coupling freezes at
value of 4p/b0 @3#, whereb0 is the one-loop coefficient o
the QCDb function.

Studies of the nonperturbative QCD vacuum also indic
the existence of a finite coupling constant in the IR@4,5#.

The phenomenological evidence for the strong coupl
constant freezing in the IR is much more numerous. Mod
where a static potential is used to compute the hadronic s
tra make use of a frozen coupling constant at long distan
@6,7#.

Heavy quarkonia decays and total hadron-hadron c
sections are influenced by the freezing of the coupling c
stant@8#.

A quite detailed analysis of the ratioRe1e2

@[s tot(e
1e2→hadrons)/s(e1e2→m1m2)# performed by

Mattingly and Stevenson@9# also shows a signal for th
freezing of the QCD coupling. Following a similar study, f
several hadronic observables, Dokshitzer and Webber ob
the same result@10#.

Another method to investigate the infrared behavior
gluon and ghost propagators, and of the running coup
constant at low energies, is through the solution of
Schwinger-Dyson equations~SDE! @11#. Early studies of the
SDE for the gluon propagator in the Landau gauge c
cluded that the gluon propagator is highly singular in t
infrared@12#, while other studies found infrared finite prop
gators, as the one calculated by Cornwall many years
where the gluon acquires a dynamical mass@13#, and another
that has been extensively discussed by Alkofer and
Smekal where the gluon propagator goes to zero when
momentumq2→0 @14#. In both cases there is a freezing
the coupling constant in the IR. All these solutions app
due to the different approximations performed to solve
SDE.

It is clear that the infrared behavior of the gluon propag
tor and the running coupling constant is still a controvers
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subject. Singular and infrared finite solutions have pros a
cons which can be easily enumerated. First, if the glu
propagator is singular and behaves like 1/q4, as predicted in
Ref. @12#, we have a simple explanation for confineme
@11#, while a more cumbersome picture for confinement
needed in the case of an infrared finite propagator@13#. Sec-
ondly, it is known that an infrared finite gluon propagat
and coupling constant do not reproduce the chiral symm
breaking phenomenology@15#, whereas a strongly peake
gluon propagator atq250 is quite successful in explainin
chiral parameters@16#. Third, models for the QCD potentia
that make use of a frozen coupling constant in the infra
are very satisfactory phenomenologically@6,7,17,18#, but the
hadronic spectra can also be predicted without the use
frozen coupling constant@19#. Fourth, simulations of QCD
on the lattice discard a gluon propagator behaving as 1/q4 at
95% confidence level@20#, providing strong support for an
infrared finite behavior of the coupling constant. Howev
the precision is smaller near the origin and a sudden ris
q250 cannot be ruled out@21#, even if it looks very improb-
able. Direct simulations of the coupling constant behav
with dynamical fermions will possibly provide new informa
tion on this problem. The most recent results are reliable
to a scalem52LQCD @22#, and cannot provide a definitive
answer to the problem.

Works dealing with the asymptotic pion form factor ma
use of the frozen coupling constant proposed by Cornw
@23#, which improves the agreement with the data. Althou
the figures of the most recent lattice calculation@20# seems
to indicate that the Cornwall’s gluon propagator is the o
that could better explain the results, it is correct to say t
the data is still not precise enough in the IR region to dec
among the two possible behaviors for the gluon propagat

The purpose of our work is exactly to confront the I
values of the theoretical coupling constant, obtained with
infrared finite solutions of the SDE, with the phenomenolo
cal data about the value ofas(0) in order to discriminate
which one is the most suitable solution. Finally, these th
retical and phenomenological calculations are outside
scope of standard perturbation theory, and a consiste
check between them is the minimum that we may require
know if these approaches make sense at all.

In the next section we present the expressions of the n
perturbative running coupling constant obtained with t
SDE study, and compare them with some of the phenome
©2002 The American Physical Society11-1
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logical values obtained foras(0). In Sec. III we compute the
pion form factor„Fp(Q2)… as a function of these couplin
constants. It is known thatFp(Q2) is quite dependent on th
behavior ofas at small momentum@23#.

Therefore, this calculation provides a good test for
nonperturbative expression of the QCD coupling consta
Considering that solutions of SDE show a nonperturba
behavior for the infrared coupling as well as for the glu
propagators, in Sec. IV we modify the expression for
asymptotic pion form factor to take into account these n
perturbative gluon propagators. In the last section we pre
our discussion and conclusions.

II. THE PHENOMENOLOGICAL VALUE OF as„0…

At high energies it is believed that the property
asymptotic freedom allows us to perform reliable QCD c
culations. However, the same is not true at low energ
where we have to make use of a series of phenomenolog
models when computing strong interaction parameters.

This is exactly what happens if we want to determine
IR behavior of the running coupling constant. We are go
to present some of the determinations ofas(0), and themost
impressive fact is that the values obtained in several diffe
analysis are not far apart by one order of magnitude, but t
differ at most by a factor of two, providing a solid indicatio
of the robustness of these approaches.

One of the most detailed calculation ofas(0) is due to
Mattingly and Stevenson@9#, which uses perturbation theor
and renormalization group invariance to computeRe1e2 up
to third order inas . They predict the value

as /p50.26 ~1!

@as(0)50.82# for the frozen IR coupling. On the other han
the long work of Ref.@10# gives

as~0!'0.63. ~2!

The analysis of hadronic spectroscopy with potential mod
by Godfrey and Isgur@7# led to the following behavior of the
coupling constant:

agi50.25 exp~2q2!10.15 exp~20.1q2!10.20

3exp~20.001q2!, ~3!

whereq is in GeV~all the momenta, otherwise specified, w
be in Euclidean space!, and a good fit of the spectra does n
depend strongly on the ultraviolet behavior of the coupl
constant. From the above equation we obtainas(0)50.60
which is also consistent with more recent studies of Q
potentials@24#. Analysis of e1e2 annihilation, as well as
bottomonium and charmonium fine structure in the fram
work of the background perturbation theory may lead to
frozen value of the coupling constant as low asas(0)'0.4
@17#. This method also explains the frozen value ofas result-
ing from the lattice simulation of the short range static p
tential @18#, and it gives
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aB~0!'
4p

b0 ln
mB

2

LV
2

, ~4!

where mB is a background mass. This one andLV ~with
mB.LV) are determined phenomenologically@18#.

There are many other results that we could present h
but we can assume that the phenomenological values
as(0) scattered in the literature are in the range

as~0!'0.760.3. ~5!

Although this choice isad hoc, as far as we know it contem
plates most of the phenomenological determinations
as(0).

We now turn to the coupling constants obtained throu
the SDE solutions. The first nonperturbative running co
pling constant that we shall discuss was obtained by Co
wall @13#, using the pinch technique to derive a gauge inva
ant SDE. This nonperturbative coupling is equal to

asC~q2!5
4p

b0 ln@~q214Mg
2~q2!/L2#

, ~6!

whereMg(q2) is a dynamical gluon mass given by

Mg
2~q2!5mg

2F lnS q214mg
2

L2 D
lnS 4mg

2

L2 D G 212/11

. ~7!

L ([LQCD) is the QCD scale parameter, andb0511
2 2

3 nf , wherenf is the number of flavors. In the above e
pression we are neglecting the effect of dynamical or b
fermions masses@13#. We can determineas(0) in Eq. ~6! as
a function of the gluon massmg andL, and these ones ca
be obtained in the calculation of several hadronic parame
that may vary withmg ~but, in general, not strongly with the
ratio mg /L). A typical value is@13,25#

mg55006200 MeV ~8!

for L5300 MeV. It is interesting to observe the similarit
between Eq.~6! and Eq.~4!. However, it is not clear to us the
reason for this similarity.

The other possibility for the IR finite running couplin
was studied by Alkoferet al. @14#, that solved a coupled se
of SDE for the propagators of gluons and ghosts. In t
approach the solution to the running coupling leads to
infrared fixed point, which, in terms of the invariant fun
tions Z(k2) and G(k2) related to the renormalization o
gluon and ghost propagators respectively, is given by

as~m!5
g2

4pb0
Z~m2!G2~m2!um→05

16p

3Nc
S 1

k
2

1

2D 21

.9.5

~9!
1-2
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with k50.92.
The above result givesas near the origin. It has bee

obtained fornf50. As we are going to compare differen
SDE solutions we will limit ourselves to the flavorless,
pure gauge, QCD. The effect ofnf5” 0 will be discussed in
the last section.

Since we shall use the running coupling in the full ran
of momenta we provide a fit for the numerical data of R
@14#, given by the following expression:

asA5H asA1 , q2,0.31 GeV2,

asA2 , 0.31,q2,1.3 GeV2,

asA3 , q2.1.3 GeV2,

~10!

with

asA150.216119.2621 expS 22
~q220.0297!2

~0.6846!2 D ,

asA251.474118.6072 expS 2
q220.1626

0.3197 D ,

asA35
1.4978

ln~1.8488q2!
, ~11!

where thex2'2.531024 for the three regions.
In Fig. 1 we indicate the expected phenomenologi

range of values foras(0) and plot the curves forasC and
asA .

FIG. 1. Comparison between the running couplings obtai
from different approximations in the SDE study. The curves w
line 1 triangle and line1 circle delimit the phenomenologica
range acceptable for the gluon mass~300 MeV and 700 MeV, re-
spectively! with L5300 MeV for Cornwall’s running coupling.
The square points are the numerical data computed by Alkoferet al.
and the solid line is our fit Eq.~10!. The box iny axis shows the
phenomenological range indicated in Eq.~5!. We can see that only
the running coupling computed by Cornwall is compatible with t
phenomenological estimatives ofas(0).
05401
.
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It is evident that only Cornwall’s solution is compatib
with the phenomenological data. In the last section we s
comment on possible modifications of this result.

III. THE NONPERTURBATIVE COUPLING AND THE
PION FORM FACTOR

It is known that the pion form factor,Fp(Q2), is quite
dependent on the behavior ofas at small momentum@23#.
The asymptotic form factor is predicted by perturbative QC
@23,26#. It depends on the internal pion dynamics that
parametrized by the quark distribution amplitude of the pio
The QCD expression for the pion form factor is@26#

Fp~Q2!5E
0

1

dxE
0

1

dyf* ~y,Q̃y!TH~x,y,Q2!f~x,Q̃x!,

~12!

whereQ̃x5min(x,12x)Q andQ is the 4-momentum in Eu-
clidean space transferred by the photon. The funct
f(x,Q̃x) is the pion wave function, that gives the amplitud
for finding the quark or antiquark within the pion carryin
the fractional momentumx or 12x, respectively. In this
work we use the model for the pion distribution amplitu
proposed by Chernyak and Zhitnitsky@27#. This wave func-
tion was derived from QCD sum rules and it is written as

f~x,Q!5
f p

2A3
x~12x!H 61@30~2x21!226#S as~Q!

as~m! D
g2J ,

~13!

with m5500 MeV and

g25
50

9926nf
. ~14!

The other function,TH(x,y,Q2), is the hard-scattering
amplitude that is obtained by computing the quark-pho
scattering diagram as shown in Fig. 2. The lowest-order
pression ofTH(x,y,Q2) is given by~see@28#, and references
therein!

d

FIG. 2. The leading-order diagrams that contribute to the p

form factor.f(x,Q̃x) is the pion wave function, that gives the am
plitude for finding the quark or antiquark within the pion carryin
the fractional momentumx or 12x. The photon transfers the mo

mentumq8 ~in Minkowski space!, Q252q82, for the qq̄ pair of

total momentumP producing aqq̄ pair of final momentumP8.
1-3
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TH~x,y,Q2!5
64p

3Q2 H 2

3

as@~12x!~12y!Q2#

~12x!~12y!

1
1

3

as~xyQ2!

xy J . ~15!

To compute the pion form factor using the nonperturbat
running couplings proposed by Alkoferet al. @14# and Corn-
wall Eq. ~6!, we solved the integrals given by Eq.~12! sub-
stituting the quark distribution amplitude written in Eq.~13!
and the expression ofTH(x,y,Q2) @Eq. ~15!#.

The pion form factor result for the different forms of th
QCD coupling in the low momentum regime is shown in F
3. We used for Eq.~6! the lower~300 MeV! and the upper
~700 MeV! gluon mass values for a fixedL5300 MeV.
These values defined the shaded area representing th
pected range for the pion form factor,Fp .

In this same figure, we also compare our results with
experimental data~solid line! @29# that was described by th
leastx2 fit (xmin

2 57.96 742) determined in Ref.@30#:

Fp
f i t5

0.46895

Q2 S 12
0.3009

Q2 D . ~16!

The results, using the running coupling of Eq.~6!, agree
very nicely with the experimental data for a gluon ma
value close to 700 MeV. On the other hand, the calculati
with Eq. ~10! overestimateFp at least by one order of mag
nitude.

IV. EFFECTS OF NONPERTURBATIVE PROPAGATORS
IN THE F p BEHAVIOR

In the previous section we computedFp using two dis-
tinct forms of the nonperturbative running coupling. We co

FIG. 3. Pion form factor computed with the different nonpertu
bative running coupling constants. The curve composed by lin1
square is obtained with Eq.~10!. The curves that define the shade
area are computed with Eq.~6! for the values of themg5300 ~up-
per curve! and 700 MeV~lower curve!. The solid line is the experi-
mental data fit, Eq.~16!. There is a nice agreement whenFp is
computed with Cornwall’s running coupling.
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sidered that the gluon exchanged by theqq̄ pair of Fig. 2 is
a perturbative one. However, the SDE solutions, at the sa
time that they give the nonperturbative behavior of the ru
ning coupling, provide nonperturbative expressions for
gluon propagators that at the origin differ drastically fro
the perturbative propagator.

The large momentum behavior of these nonperturba
propagators coincide with the perturbative one, and, by c
sistency, we have to use the nonperturbative gluon propa
tors together with their respective coupling constants, e
considering that we are computing the asymptotic pion fo
factor. It is worth asking whether our previous analys
would be distinct if we change the perturbative gluon prop
gator by the full one.

In order to introduce this modification, we verify that i
Eq. ~15! we used the perturbative QCD gluon propaga
that, in the Landau gauge, is given by

Dmn~q2!5S dmn2
qmqn

q2 D D~q2!, D~q2!5
1

q2
. ~17!

We can easily factorizeD(q2) in Eq. ~15!, rewriting this last
equation as

TH~x,y,Q2!5
64p

3 F2

3
as~K2!D~K2!1

1

3
as~P2!D~P2!G ,

~18!

whereK25(12x)(12y)Q2 andP25xyQ2.
Let us now consider the two different nonperturbative b

haviors of gluon propagators. The first one was obtained
Cornwall @13#, and is given by

DC~q2!5
1

q21Mg
2~q2!

, ~19!

whereMg(q2) is the dynamical mass given by Eq.~7!. The
gluon propagador computed by Alkoferet al. @14# can be
fitted by the following expression (x250.016):

DA~q2!5
bq2

q41a4
, ~20!

wherea50.603 andb53.707.
Once the propagators are given by Eqs.~19!,~20! thenTH

@Eq. ~18!# will be changed to

TH~x,y,Q2!5
64p

3 F2

3
as~K2!DA,C~K2!

1
1

3
as~P2!DA,C~P2!G . ~21!

We performed the integrations of Eq.~12! numerically,
with the amplitudeTH given by Eq.~21! and their respective
running coupling constant~see Fig. 1!. Our results are shown
in Fig. 4.

If we compare the results of Fig. 4 with the results of t
previous section, we can observe a striking attenuation
1-4
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Fp(Q2) for Q2→0. It is also clear thatFp(0) is finite for
both models. This new behavior at low momentum can
understood if we notice that, forQ2→0,

DA~Q2!→0 ~22!

DC~Q2!→finite, ~23!

in contrast with the divergent perturbative propagator. Wh
we use the nonperturbative information obtained through
SDE with the approximations of Ref.@14#, we continue to
have a disagreement with the experimental data. In this
ticular case the pion form factor even go to zero asQ2→0.

Obviously we should not consider this region of tra
ferred momentum because the kernel of Eq.~21! is valid
only for large Q2, but the disagreement goes through t
asymptotic region. On the other hand, Cornwall’s propaga
is still compatible with the experimental data, but now t
agreement is in favor of smaller gluon masses.

V. DISCUSSION AND CONCLUSIONS

There is increasing phenomenological evidence for
freezing of the QCD running coupling constant in the infr
red region. It is clear that much more work has to be done
order to establish definitively these results. However, it
very satisfying to see that they are not far apart, and
concentrated on a region slightly belowas'1.

On the theoretical side there are many studies leading
to this infrared fixed point. Among these we selected
ones derived from the solutions of Schwinger-Dyson eq
tions.

In this work we proposed to test the compatibility b
tween the phenomenological values ofas(0) with the values
given by the SDE solutions. This compatibility~or not! can
teach us if the approximations used to solve the SDE
realistic or not, and if more data are accumulated we m
even be able to discard nonphysical solutions.

We discussed two SDE solutions for the running cou
ing constant and gluon propagators. One was propose

FIG. 4. Comparison among the experimental curve~solid line!
and our results for the pion form factor using the Alkofer and Co
wall nonperturbative propagators and coupling constants.
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Ref. @13# and the other in Ref.@14#. These are the only one
consistent with the recent simulations on the lattice of
gluon propagator@20#. These solutions have been obtained
Euclidean space and in pure gauge QCD, i.e.,nf50.

The effect of the number of flavors in Cornwall’s solutio
@13# is not so strong, and it appears in the coefficientb0 of
the coupling constant and in the gluon mass equation
creasing the value of the frozen coupling. If a nonzero nu
ber of flavors produces any observable effect, this one sho
act in the same sense for both solutions. Therefore, we do
expect large changes in our results with the inclusion of f
mion loops in the SDE solutions, and we can say that
phenomenological data onas(0) are only compatible with
the running coupling determined in Ref.@13#.

It is known that different approximations in the same s
of SDE produce different results. For example, Atkinson a
Bloch solved the same equations of Alkoferet al. using bare
truncation and performing an angular averaging of the in
grals. In this calculation they obtainedas(0)511.47 @31#.
When the angular integrals were performed exactly th
foundas(0)'4.2 @32#. In all these cases, the incompatibilit
with phenomenological data is still present. These stud
can be improved requiring multiplicative renormalizabili
of gluon and ghost propagators@33#.

It has been claimed that the asymptotic pion form facto
quite dependent on the behavior ofas @23#. Therefore, in
Sec. III we computedFp(Q2) with both SDE solutions.
Again, one of the solutions is clearly preferred over t
other. Although we followed a traditional calculation pe
formed by several authors, where the form factor was ca
lated using the nonperturbative running coupling, we co
mented in Sec. IV that a consistent treatment is obtained o
if the nonperturbative gluon propagators are also taken
account. We modified the expression for the pion form fac
including the full gluon propagator. The pion form factor
clearly modified in the infrared in both cases compared to
result of the previous section. It is important to recall that t
perturbative QCD expression forFp(Q2) is not reliable for
small Q2. However, for largeQ2 the incompatibility of one
of the solutions with the data is apparent.

In summary, the phenomenological data on the low
ergy behavior of the QCD coupling constant can be used
constrain the solutions of Schwinger-Dyson equations for
coupling constant and gluon propagators. More data are
essary, but the ones that already exist indicate that s
approximations made in the SDE, leading to a particu
value of the running coupling in the infrared region, may n
be precise enough to reveal its actual behavior.
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