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Permutability of Backlund transformations for N=2
supersymmetric sine-Gordon
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Instituto de Fisica Teorica, IFT-UNESP, Universidade Estadual Paulista, Caixa Postal
70532-2, Sao Paulo, Sao Paulo 01156-970, Brazil

(Received 30 September 2009; accepted 14 January 2010; published online 2 March 2010)

The permutability of two Backlund transformations is employed to construct a
nonlinear superposition formula and to generate a class of solutions for the N=2
super sine-Gordon model. We present explicitly the one and two soliton
solutions. © 2010 American Institute of Physics. [doi:10.1063/1.3318158]

I. INTRODUCTION

Backlund transformations reduce the order of the nonlinear differential equations making the
system sometimes effectively more tractable. Starting with a simple input solution, we may be
able to solve for a more complicated one. In many cases, this may be very difficult to accomplish.
A convenient and powerful way is to use the permutability theorem which provides a closed
algebraic nonlinear superposition formula for the solutions.

The Backlund transformation and the Permutability theorem are employed to derive a series
of consistency conditions which are satisfied by soliton solutions of certain class of integrable
models. Within such class, we encounter the sine-Gordon' and KdV (Korteweg de Vries) (Ref. 2)
equations. This framework was also applied to the N=1 super-KdV (Ref. 3) and
super-sinh-Gordon4 in order to derive its soliton solutions.

The N=2 super-sine-Gordon model was proposed in Ref. 5 and later in Ref. 6 its algebraic
structure was uncovered. Certain solutions of this model have already been constructed,7 however,
they were such that involve a single Grassmann parameter. In this paper we extend the nonlinear
superposition formulas for soliton solutions of the N=2 super-sine-Gordon model. These formulas
are derived from the Backlund transformation proposed in Ref. 8 and the permutability condition
which implies that the order of 2 successive Backlund transformations is irrelevant. As examples,
we present explicitly the 1- and 2-soliton solutions with distinct Grassmann parameters.

Recently the Pohlmeyer reduction in AdS,xS, superstring models have been considered’
which in the simple case of n=2 was shown' to be equivalent to the N=2 supersymmetric
sine-Gordon.

This paper is organized as follows. In Sec. II we discuss the N=2 super-sine-Gordon and its
Backlund transformation. In Sec. III we apply the permutability condition to derive a closed
algebraic nonlinear superposition formulas involving solutions of the model. Finally in Secs. IV
and V we present the 1- and 2-soliton solutions, respectively. In A we present the Backlund
transformation in components. In Appendices B and C we give details for the derivation of the
superposition formulas.

Il. N=2 SUPER-SINE-GORDON—BACKLUND TRANSFORMATION

Let us start by introducing the N=2 superﬁelds,5

“Electronic mail: jfg@ift.unesp.br.
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+ —t

¢ =@ (25 T0) + YT (2ET) + 07T (2T) + 0T 0T F T (25,T0),

where

zizziéﬁﬂ_, 7z %0*0’

The superfield components ¢~ can be expanded in Grassmann variables ¢~ and 6*. For
instance, the component ¢=(z*,z~) gives rise to

e (25,75 =" * 20' 0 0,0" *+ %79* cpi+i0+0’§*5’c9:&z<pi.
By expanding all components of ¢*, we obtain
P =+ YO %0+0—(91(pi + %t_?*@"(?ggo: + 070 F"
OO0 OO0+ 107066 0.0-0".
We next introduce the superderivatives,
1 5% ~ J 1 5%
Di=->+50"0,, Di=—+5;0"0,

satisfying the following conditions:

{Bt’Di}:O’ {Bi’DI}:O’

{D+’D—}:az9 {5+’5—}=ﬁz_'
The equations of motion for the supersymmetric sine-Gordon model with N=2 are given by5

DiDi¢:=g Sin(ﬁ(l):), (1)

where g is a mass parameter and f3 is the coupling constant. From now on we assume S=1 which
may be reinserted by a convenient field reparametrization. In components, the equations of motion
for the N=2 super-sine-Gordon reads

F*=gsin g™,

&glﬂ: =g cos (p: zZt,

A =—gcos P,
0,007 =—gcos o F™ —gsin @ gy
Moreover, the chiral ¢* and the antichiral ¢~ superfields satisfy the conditions

D.¢"=D.p"=0. (2)

Let us now recall the Backlund transformation for the N=2 super-sine-Gordon model.® For
this purpose, consider the pair of first order differential equations,
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D6 =D~ = cos (¢‘ : ¢2) ()

D, =—D,d} + kG cos( ¢I; ¢5), (4)

where F and G are fermionic auxiliary superfields and « is an arbitrary constant. The above
equation and the condition

(D,D, +D,D,)¢; =0
leads to the equations of motion,

5+D+¢§ =g sin ¢,

provided the superfields F and G satisfy

= b - 28 (i +
D,F=- 43 ( ]2 2 D+g=—?sm% . (5)
In a similar way,
D_¢,=D_¢, +\G cos( dit 5 ¢2) (6)
— — 8
D_¢;=—D_¢; — —F cos <¢1 ¢2>, (7)
A 2
where \ is another arbitrary constant. Together with the condition
(D_D_+D_D_)¢; =0
yields
_D_¢,=gsin ¢3,
provided G and F satisfy
=, 28 (4~ ¢2) <¢>l+¢2)
D_G=— , D_F= 8
g=asin ( 2 i ®)
Acting with D, in Eq. (3), D, in (4), D_ in (6), and D_ in (7), we find
D,F=0, D,G=0, D.G=0, D_F=0. 9)

These last conditions allow us to rewrite the fermionic superfields into two distinct manners, i.e.,

F=D,®}=D_d3, (10)

G=D_®,=D,d}, (11)

where the chiral (I>; and antichiral (D;, p=1,2 superfields are defined as

CI)] - ql (Z+9Z+) + 0 gl (Z+9Z+) + 0 §2 (Z+?Z+) + 0 0 q2 (Z+9Z+)
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Oy =p; T+ 0E T+ 076 (5T + 070 p, (25.7).

The second equality in (10) implies

=&, @=0p), p=-0d4q1, 0.5=-0E, (12)

while the second equality in (11) implies

0=&, py=-04), qy=0p], L =-0E. (13)

Equations (3)—(9) describe the Backlund transformation for the N=2 super-sine-Gordon sys-
tem. In Appendix A we present these equations in components.

lll. THE PERMUTABILITY CONDITION

A Backlund transformation from qb(;: to ¢; is described by

D (¢ — &) =- Kﬁ]-'(o’l) cos(@), (14)
1

B+ 67) = ki GO cos( %= ‘ﬁT), (15)

D_(¢5—¢I)=)\lg(0‘l) cos(@), (16)

5-(¢6+¢[)=—)\§f(0’1) cos( Q”S;ﬁ), (17)
1

where we have introduced the superscript indices (0,1) for the auxiliary fermionic superfields
denoting its dependence in ¢, and ¢, . The later, in turn, satisfy the following condition [as in (5)

and (8)]:
B, 7= g%sin( i ‘/’7), (18)
Dgwn-_g%sm(%;‘fﬂ), (19)
B.Go = g)%sin( A T), (20)
D_]-'(O’l)=g%sin< 3; T). (21)

The chiral conditions (9), i.e.,

p_F*Y=0, D, F*Y=0, D,G"V=0, D.G"V=o,

are automatically satisfied using Eq. (10), i.e., expressing the fermionic superfields as derivatives
of chiral superfields,
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FOU=p @ OD = p @;0D gOD = p @ OD = f 0D,

where the superscript indices indicate whether the superfields ®; and ®, depend on ¢, and ¢, .
Acting with superderivatives D_, 5_, D, and 5+ on Egs. (14)—(17), respectively, we find

_ 8 -
a(¢hy — b1) == 2150 1¢0.1 + K—]:(O’I)D_c(,’1 , (22)
1
g =
g + b7) =27-50,18, - <1 GOVD g (23)
Yo ’
3y — ¢7) =—27’156,1Ca1 —Mgw'”Dw&p (24)
g 8 onF
oy + ) =27 50,8, + -~ F DG, (25)
4 Ay
where y;=g\/k; and
c;k=cos(é%>, s;k=51n<é%>, (26)
E;kzcos(é%>, %Tkzsin<£’;—k). (27)
We now assume that the order of 2 successive Backlund transformations is irrelevant leading
7
to the same final result. Such condition is known as the permutability theorem, i.e., ¢, — b,

Y2 Y2 Y1
+ . . + + + + =+ +
— ¢, and in the inverse order, ¢y — ¢, — ¢,;, does not change the final result, ¢,=¢,; = 5.

The permutability theorem applied to the Backlund equation (14) leads to

3 -
D+(¢8 - ¢J1r) = K_ﬁo’l)co,l*
1
g+ 8 13) .~
D+(¢1 - ¢3) == _f( T3,
K2
+ + 8 0,2) —
D+(¢0_¢2)=‘K_ﬁ €2
2

8
D, (¢ — ¢5) =— ;1}*2%5,3. (28)

Taking into account that the sums of the first two and the last two equations are the same, we
obtain,

1 1 1 1
—]S(OJ)ca1 + —]:“’3)613 = _.7:(0‘2)66’2 + —‘7:(2’3)65’3. (29)
K1 Ky Ky Kq

Similarly, from (17), we obtain
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_ _ 8

D_(¢y+ 1) =— )\_J/E(O’l)g())r,l,
1

- _ 8

D_(¢y + ¢3) =— )\_‘7:(1’3)5;3,
2

- _ 8

D_(¢0 + ¢2) = - )\_FO,Z)E&z’
2

— 8
D_(¢;+ ¢3) =- )\_1]:(2’3)55,3» (30)

leading to

1 1 1 1
—FOVgr - — I = — O — FOIE (31)
)\] ’ )\2 ’ )\2 ’ )\l '

We propose as solution for the nonlinear superposition formula ¢1i2=¢2il= ¢3t )

)] 2 ] s 52|

x=¢i- ¢y y=¢— ¢,

with

+
i(x,y)=2 arctan[ 1) tan(x

o=—"", %=8—. (33)

Notice that the solution ¢; when the fermionic superfields are neglected is derived in Appendix B
to be g{>3i = ¢§ +I".. The term A, comes from the contribution of the fermionic superfields and has
the following form:

2
A= 2 Ajfin+ Agfor
1

Jik=

fia= FOIGOK = FHOD FO2GO.DG0.2)
where we have assumed the coefficients A™ to be functionals of x=(¢| — ¢3) and y=(¢| - ), i.e.,
A.I%k = A]%k(x’y)’ AOi = A(;:(x,y) : (34)

Observe that there are no terms like A]i]-'(o’l)ﬁo'z) nor /\2i g<°’1>g<0’2) due to chiral equations (2).
AL are determined in Appendix C, where

Su_
AT1=A§2=_—M cos<)—C>Sin<X>,
’ ’ gnm- \2 2

Su_ [\
ATZ: M (J)Sin(z)’
N 4/%/ BN 2
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8u_ [\
CogMmem\N, 2

2u_
Ay=- ﬁsin(%) [cos(%)(a +cosx—cosy)—2u, cos(%)] ,

Ay=- ?’Z—M_zsin(z> [cos()ﬁ)(a —cosx+cosy)—2u, cos()—)ﬂ ,
(gmm)™ \2 2 2

A. Solution in components

In components the nonlinear superposition formula (32) yields the following expressions:

~ Su_ 4
ei= e+l - — (AT—BHg ~CT),

877 7+
_ _ Su_ 4
=g+ Fio o+ —— (AZ_BZ"' — +>’
87+ 7)- 87+ 7-

- _ 8u_ 4
U=+ Fioli+ —— (.A;—B§+ — = +>’
8N+7- 8N+7-

_ . = 8 [ 4
o=@+l +——| A -B-——C/|,
8N+ M- 87+ 7)-

Su_ o 4
Y=o+ Frohi,— —— (Az—Bz— ~~Cz>’
gnT 877
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oo = Sp— [ 4
3=+ Fiaf - ~—7’<A3 - B3 - e C3>’
+1/- + /-
where
= Pt e - @)
I'. =2 arctan 6tan(%) + 2 arctan 5tan<%> ,
5, = Plat ein
/B _II"(’+_2 COos >
2
+ — + —
secz( Pipt 901,2) secz< Pro— ‘Pl,z)
F 13 4 4
1255 +
2 1+ 8t 2(‘!’12 ‘Pl,z) 1+ & <<P12 <P12)
+ _
T=cos<¢"2>sm(&> ;OO 4 402402
2 2
+ -
A;=_005< ‘2’2) ; (%)(é’*(o” +(0, 1)+(+(o .2) +(o 2y _ E*((*(Ol §*(O")+5(0’2)65(0’2))%2,
+ -
A;r:—cos( ‘P212>Sin<%>(q;(o,l)g(0,l)+q;(0,2)§2+(0,2)) _2+(é’l+(o,1)§2+(0,1)+ G(o,z)g(o,z))&iz,

1 A A
B! = s1n(7'><)\2 é,+(o,1)£2+(0,2) + )\_lg(o,z)g(o,l)>’
1 2

A A A A
B =- sin( ﬂ&) <_2§1+(0,1)p;(0,2) + _lg(O,Z)p;r(0,1)> _ Q+<_2(1+(0,1)§)2r(0,2) + _lévlr(O,Z)g(O,l)) o
2 N Ny Ny S

. A A N, A _
B; —_ s1n(—)< +(0 ])g{—(o 2) , M +(0 2) g{—(o 1) ) +<_H(O,l)§(0,2) + _1§f(0,2)§(0,1)>w 5
AV WL N A\

+
. 1,2 R R R
CT — s1n< )A+(1+(0,1)§1+(0 2)‘5-(0 1)§2+(0 2)’

+
C; - Slﬂ( 1,2 >A+é’+(0 1)44(0 2)(§_+(() ,2) +(0 1) g+(0 1) +(() 2))
) +é_+(0 1)§+(0 2)(?—(0 1) +(0 2) (!-(0 ,2) +(O l))

2
1= sm(

— +
_ Pia] .
= % oo
| =cos 5 sin 5

1,2)(({-(0,1)%3-(0,1) + 5(0,2)55(0,2))’
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Ag——cos< <P212>Sln< <Plz>(a +(°‘)§*(°1)+&q+(02)§*(02)) s- (f(OI)?(OI)+f(° 2)5(02 )

¢ 1%
.A3 — COS( 52>SIH< ¥i2 2) (c-(O 1)3zp+(0 1) (o-(O 2)3zp+(0 2)) 2 (é’o-(o l)é_—i—(o ,1) f(o 2)§_+(0 2)){1,

+

K K
B = sm( Pio 2) (_zé,lp(o,l)g(o,z) + _15(0,2)55(0,1)>’
2 K1 Ky

.
B§=—s1n< ‘Pl 2)( (9 +(0 1)§_+(0 2) (9 +(O 2)50-(0 1)) ( (»-(O 1)§+(O ,2) 02)§_+(0 1)>¢ T,
2 Kq Ky
M K K K K -
B; = sin( 90;) (_2 G(O,l) 87pf(0’2) L=t ST(O’Z) 6'ng(0’1) —_0[ 22 G(O,l) §(0,2> L=t 6(0,2) é)zr(O,l) ';Vf,z»
K] K> K] K>

- ez,
Ci= sm(—z’—)A G(O,1)5(0,2)@%0,1)55(0,2)’

) €_+ (0, l)é_+ (0, 2)((+(0 2)(9 ql +(0,1) C—(O 1) 11—(0,2))’

N|—ﬁ|

Cy=- sin(

CE = —sin (7)‘4 f(O 1)44(0 2)(§+(0 Z)azp+(0 ,1) é+(0 l)ﬁzp+(0 2))

— +
A —cos<%’2>(a+cos<pt2 oS @) ,) — 2M+cos<¢;2>,

+ -
A= cos(%)(a —cos (PT,z +C0S @] ) = 2y cos(%) ,

and denoted
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CILa=@1 — ¢y, Ya=Un —d, =Yy -

From the Backlund equations we get (see Appendix A)

700 — _ w (=) £00 2 1 W+t
: 8 COS(¢6+ QDZ)’ ’ chos(@a—soi)’
2 2

A S+ @ 2 -y oo
az‘lir(o’k) = %sin(%), p;(O,k) _ —gsin( Pt ¢ ),

K

K, 0 — @ 2 t— of
00 Lgsin(u), 108~ _gsin(u> |
4 2 A

IV. 1-SOLITON SOLUTION

Setting ¢, =0 in the Backlund equations (14)—(21) we find in components

2 + -
o0 _ g—cos(%)cos(%)g(m),

Y1

N _
0.0 0D = o, cos(%)cos(%)ﬂ(o’l),

2 + -
3255(0’1) =- g—cos(%>cos(%>f§(0’”,

Y1

Integrating the above equations we get the 1-soliton solution,

] - +
¢I:—cos(ﬁ)g’f(0'l), W==N\ cos<ﬂ>§(o’l),
K 2 2

- @1 - 8 AP
=Ky cos(;)é}“o’l), == Ecos(;)ﬂ( ),

@, =2 arctan(a,p,) = 2 arctan(b,p,),

g(o’l): §(0’1)= €1X1,

Downloaded 18 Jul 2013 to 200.130.19.215. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jmp.aip.org/about/rights_and_permissions
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P1
V(1 +a2p)(1+b2p2)

X1=

where a; and b, are arbitrary constants, €; is a Grassmann parameter, and

g
p1=€exp\ Yiz— 2.
P4l

The 1-soliton solution constructed in this section can be obtained from those of Ref. 7 by relating
parameters since they both involve a single Grassmann parameter.

V. 2-SOLITON SOLUTION
For the 2-soliton case we obtain from the superposition formulas (32)

0
o1 =01 + ¢}

+ + — + -
e1¥=2 arctan{ ) tan(%)} +2 arctan[ ) tan<—<pl’2 f ‘P1,2> } )

e S (g_)(x_ “)xx
- - ~ 12>
T 27\ N

vi=eds + eys?,
8 | 16 n + -
gV =—F, COS<£)X1 +— ~'u~ sm( $12 )X{Yz sin( ) " cos( ¢ 2)sin<£)],
Ky 2 K\Y1 7.7 2 2 2
8 > 16 n + >
1//5(2> =——F, cos( QDZ))Q +— ~'u~ sm( %, 2))(2{71 sin<ﬂ> V> cos( 2 2>sin<&>} ,
Ky 2 KoYa M, 7)- 2 2 2 2
lZ§= fll_ﬂg(l)"' le_ﬂg(z)’
z,_b_(l) =K Fi, cos(g)xl + RIS si n( (PIZ))(] v sin<ﬁ> -V cos(ﬁ’g)sin(ﬂ)
§ 2O T e 2 2 2 )\ 2]

> 2Ky i 1 i 2
5P = i,F), COS( % >X2+ — ’u~ sin(m>xz{72 sin(ﬁ> - COs( gDl’z)sin<(’i)],
2 Y ng 2 2 ’ ?

- 0, -
Pz = 903( )+€D3( )5152’

t oo + -
<P§(O) =2 arctan{étan(%” -2 arctan[ﬁtan(%”,

—(1) 8p_ . ‘PT,z K K
Pz == sin — | X1X2s
87 7- 2 /\k Ky

v = eV + i,

+(1)

._.

o |§.
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i 2\ T + »
dg“):—)\ Fi, cos<(p )x, N sm( QDIZ))({’)/Z sin(ﬁ> - cos( (Plz)sm( (Pl)],
2 Y1 - 2 2 2 2
2\ po (‘P,z) [ . ( ) (@I ) (905”
sin Xa| 1 sin — vy, cos| —= |sin ,
Y2 77 2 2 2

17% =€ l_ﬂg(l) + 621712(2)

+ + - +
_+(1)=—§F cos(ﬂ>x _ 16 ke sm(('ol )X y sin<ﬁ>—y c0s<&>sin<ﬂ>
’ N 2 )M 7\1')’2 7,7 2 ) 2 ? 2 2/

- 8 @ 16 u @1 . 2\ . (@
5 =—F,cos X2 — sin 5~ JXx2| v2sin — v cos| == Jsin{ = ]

Ay 2 >\2?’1 7.7
@ =2 arctan(a;p,) = 2 arctan(bypy),

—+

|8,

.
Y = NFy o COS(%)Xz -

|8,

where

P
V(L + agp) (1 + bip)

Xk =

k=1,2, a; and b, are arbitrary constants, €, is a Grassmann constant, and

(o3
Pr=€Xp\ 42— "%
Yk

Notice that the 2-soliton solution constructed in this section generalizes those constructed in Ref.
7) involving a single Grassmann parameter.

Both 1- and 2-soliton solutions presented above were verified to satisfy the equations of
motion.
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APPENDIX A: BACKLUND TRANSFORMATION IN COMPONENTS
In order to simplify notation let us introduce (p(i:) =@, £ ¢y, (p(;) =] * ¢}, and similar notation
for the other fields.

In components Eq. (5) becomes as follows.

(i)

== anl ). = Sen S )i 0= ool )
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(=)
K8 P K8
3:0.q7 = ?COS(T)F( oy 1—651n< 5 )1//(+)c,//+)

(ii)
b+
. ( L+ ¢
K 2
U
’ ) o\ - )
p;=—gsin<¢;), 3-E = —cos( el (?Zgz*:—gcos L P,
K 2 2 K 2
g ‘P(_) g go(_) _
3z0,p7 = — >cos| —— FO - Zgin| == |yl g
K 2 2K 2
Similarly we find for (8) the following.
@)
-2 (¢i- ¢2>
D_G=—s
=l %
U
o) (+) (+) (+
qE:fsin( (PZ_ ), (?Z§[=§c0s< 9o, &Z§5=—§cos Yo,
(+) (+)
-__8 Y- p+_ 8 -(90— ) (=) 7(-)
d-0,7 == Scos| ~—— |F) = “-sin| —— :
e ACOS( 2 ) SRS WA
(ii)

D]-'— <¢1+¢2)
4 2

U

__ g (el N (o) N (@)
p2=—jsm< ; , 85§I_=—§COS ? l//i), &Z§£=?COS ; 1,05,),

_ ng (e A
<9z<9zpl=§0(£ P+ s ; v,

From (3) and (4), we have the following.

(i)

g -
D¢t =D, 5~ —fcos(@),
K

Downloaded 18 Jul 2013 to 200.130.19.215. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jmp.aip.org/about/rights_and_permissions



033501-14  Gomes, Ymai, and Zimerman J. Math. Phys. 51, 033501 (2010)

U

g ) g )
P —gt cos( L2 ), FY=— =g cos(—(PJr ,
K 2 K 2

4 (o 8 )
2.6 = _Sin( . )G%ﬁﬁj) - —d4] cos(ﬁ :
K K 2
(ii)
D,¢t=-D, ¢+ kG cos( 1 5 QSZ)
U
) ¢(—)
) = k& cos . FY=kp}cos| — |,
2 2
dON )
d-olt) = Esm 5 )gzﬂ(f) + Kdzp} cos ?) .
From (6) and (7), we have the following.
(i)
S
D_ &, =D_d; +\G cos(%) ,
U
) )
l/f(_+) =N COS( L ) F(__) =\g, cos( L: )
2 2
5 N (¢ . ¥
9.¢7) = Esm( ; 595 + N7 cos ; )
(ii)

U
8 (+) (+)
w‘:)=—xscos(‘°£ L PO == peos| .
~ 4 AN 8 o)
0z-so(+)=—xsm< 5 97 - Zapy cos 5
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APPENDIX B: SUPERPOSITION FORMULA

Applying the permutability theorem to Eqs. (22) and (24) after neglecting the contribution
proportional to fermionic superfields, we obtain the following relations:

+ - + - _ + - + -
Y150,1€0,1 + Y251,3C1,3= Y250.2C02 T Y152,3C2 3>

-+ -+ _ -+ -+
Y150,1C0,1 T Y2513C1,3 = ¥250,2C02 F Y152,3C2,3

Summing and subtracting the above equations, we find

71[(53,106,1 * 56,105,1) - (5236,3 * 55,305,3)] + 7’2[(57,36’13 x ST,acT,3) - (53,20(_),2 * 5(_),263,2)] =0.
(B1)

Using the identity
sin a cos b * sin b cos a =sin(a = b), (B2)

and Egs. (26) and (27) we can rewrite (B1) as
{.K¢H¢w+(%+@>}.[(@+@>+«z+@ﬂ}
v, sin + —sin +
2 2 2 2
{. {(¢ﬁ+—¢;) (¢;+¢5>} | [(¢5+¢%> <¢a+¢5)}}_
+ ) sin + —sin + =0.
2 2 2 2

Using the fact that

. . a+b\  (a-b
sin a —sin b =2 cos sin
2 2
yields

2cos(Y" =Y ){y Sin[(XT,z * X0 - (X;() X501+ 7 Sin[(XT,z X))+ (X§o = X301 =0,

where we have denoted

po Dot by vy

4

X: _ qsi’ - d’l;:
Jik 4 >
from where it follows that
(v + ’Yz)Sin(XJlr,z * )rl,z)COS(X;,o = X30)= (¥ - YZ)SiH(X;,O + XE,O)COS(XTJ *Xio)
or
+
tan(X3 ) + X3) = (u)tan(XTz * X1,
' ' Yi— Y2 ' '

and, therefore,

(¢3 ; ¢O> + <¢§; ¢6> = arctan[ & tan(X] , * X7 ,)],

where 6=((y,+7,)/(y,-7,)). Adding and subtracting the above expressions we obtain
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¢3i = ¢0i + Fi’
with

', =2 arctan[ 6 tan(X7 , + X| ,)] = 2 arctan[ 8 tan(X7 , — X ,)].

APPENDIX C: SOME USEFUL FORMULAE

Relations (29) and (31) can be written in matrix form,
FOIN oy (a4 —B\[(FOD
(f(“) ) E(C —D) Fo ) €D

_ —+ - =+ -
A= 10,(C0 1653+ C25C0.1)

where

—— — -
B = k)N 1Co 0053+ K1NCh 53¢ 25
—+ - —+ -
C= Ko\ €3¢0, + KNG 1€ 35
—+ - —+ -
D = k\(Cy€1 5+ €1 3¢00)s

Z= KN\ 8] 3653 K1MT3 5C 3 (€2)
Introduce Eq. (32) into expressions (C2). Consider now the following expansions:
Az) A

Ck3= Ck,F_(l g )T Sk

where we have denoted

b+ Py + 1
CrT =Cos 2 :Ck00-+ Skop_,
D+ T
Skr_=sin > =581,00+ + CpoP-
+ +
¢k - ¢O - F+ —t —t
Crr, = COS( > ) = Cr 00— T S0P+
+ F_T
. ¢k — %+ —+ —+
Sk, =sm< 2 >=sk,00—‘ck,op+,

and
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Jonl3)
4
o=
\/1+52tan2(m> \/1+52ta (_y)
4 4
5[tan<x+y> *t ]
4
P== + X ’
\/1 +& tan2<u) \/1 + & tan (—y>
4 4

Next, we expand the expressions for A, B, C, D, and Z in power series of f obtaining

1+ & tan(x+

A=Ay+ E Ajufii+ Ofo),

k=1

. _
Ag=Kky\y(Co car_+Co1Car,)s

1 o _
A= 5K2)\2(CO,152,F+A}:1¢ = Co152r Ay,
2
B=By+ 2 Bjufji+O(fy).
k=1

. _
By =1\ 1CopCar_ + K1NCo T €2

1
- + - _
B, = E(Kl)\zco,st,F+Aj,k - K2)\160,2S2’F_Aj’k),

2

C=Co+ 2 Ciufin+O(fo),

Jok=1

. _
Co=K1\Co €1+ KoMy 1 € 1

C

1
_ - - = + —+ -
=5 (ko yco 11 A = KiNaCo is1r Aj )

2

D=Dy+ 2 Djif i+ Ofo),
J.k=1

. _
Do = kNy(Coeir_+Coalir,),

1
_ - = + = -
D= K M (e osir ATk = Consir Ay,
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2
Z=Zy+ 2, Zifix+ O(fo),s

Jok=1

Zy= K\ Ci 1 Cor_ — KiMCir Cor s

1 1
_ _ . _ _ _
Zix= E(Kchz,r_Sl,n — K \geyr Sor JAT - E(KzMSz,F_Cl,n — Ki\osi 1 Car )Gy

where O(f;) denotes terms proportional to f. It then follows

2
X X, Xiv Zik
— = 1+E<—L——L_fj,k +O(fo),
Z Zy = N Xo o 2y

where X={A,B,C,D}.
Substituting (C1), we obtain

A B
F13) _ Z_()]_-(O,l) _ Z_Oj_-(o,z) + w(ll)f(o,l)fz’] + w(zl)]_-(o,l)fu’ (C3)
0 0

C D
F23) Z_O}-(o,l)_ _0]_-(0,2)+ w(lz)f(o’l)fz,l + w(gz)f(o’l)fz,z, (C4)
0 0

where

From Egs. (28), we get

8 8
D (¢} - ¢p) = —F e+ —F13¢c] 5,
K K2

8 8
D} = dy) = —F Oy = —F ;.
K K ’
Introducing solution (32) in the first equation above, we find
8 _ 8 _
D5 = ¢5) = Dol + ) = 0D = 43) + DA, = ——F Ve o+ F Ve 5.
1 2

Using Eq. (C3) in the above expression, and taking into account that 7D, F0.2), ]:(O’l)fz’l,
and .F(O’l)fn are independent, we arrive at the following conditions:
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Co.1 €1r_Ao 8502 L8 0.1
— I, -1)- AT AT, =0
( Xt + ) K Z() 4K2 12 4 K, 1,1
%) r “1r_By 8S01 85022 0.
Ly — - 0=
Ky Ky ZO 4K1 4k Ky

Co co 1, SIT_[Ay  _ By, _
025 At g pL 4 8 °2A+ —w§1>+—<—°A21+—°A11>=0,
Ky ? Ky ] Ky 2K2 ZO ’ ZO ’

co co S 1.0 S1r_[A B
025 At 4 0Ly At g°‘A+ QL 2 ( °A22+—0A12>=0. (C5)
K2 ’ Kl ’ 4 KZ 2K2 ZO ZO

Moreover, the chirality condition on (32) gives

5—(¢§ - ¢3) = 5—(F+ + A+) =0,

from where we obtain the following equations:

C01 " g5 0.2
0y I+ + —= =0
A 4>\] LET AN, 12=

COZ&F 801A @’ZAJ'—

N AN, 4N,
co co
onayAT" " KOLI&YAZ‘ 4N A+
2 1 2
_
X"éay/\,ﬁz a A3, 47\1 =0. (C6)
2

The two sets of equations, namely, (C5) and (C6), give the following solutions:

a5 o3

1_/\22_— cos| — |sin{ = |,
gnm- \2 2

tom e ()3

2= — |sIn S

MmN

i e (3 nl3)

21= sin ,
8N\ Ny 2

Ay =——=sin cos| = J(a+cosx—cosy)—2u, cos| = ||,
T (gmn) 2 VARG

N <

where
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A

x =
N+ =y — 2 COS
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u ) (C7)

In order to determine the coefficients A~ we make use of

€13

-8
D_(¢5— ) = )\_f(o’l)gg,l - ]:(1 Ve
1

_ 8
D67~ ) == OV + O,
2
which are obtained from (30). Introducing (32) in the first of these equations, we find
= . = - = 8 8
D(¢5 = ¢) =DT_+A) = 4,T_D(; = ) + D_A_= = F Vg5, - = F3g] .
1 2

Using Eq. (C3) in the above expression and taking into account that FD, F0-2) f(o'l)fz’ 1
and ]-'(O’l)fz’z are independent, we arrive at the following expressions:

Co €ir,A, &S
K0,_1(07’__F )— Ao 801A 850
1

02A
N, Zy 4N 4N,
@ EI,F_'_@ gi(')—,l - gi(})’,z — _0
=T - 2,17 22=Y,
A N, Zy 4\, 4\,
co 5 1T A
029 AT + OlayAgl+@£A5— ) - —= ( OAL, + —A ):
A A 4N, A, 2\, \ 7,
-+ — =
2. - , Co.1 - 8%1,- ‘ur, )y SirfAg,,  Bg
A ok A 22 a0 T T\ 7, 22 Z 12)=0 (C8)

The chiral condition,

D.(¢5— ) =D.(I'_+A)=0,
leads us to

01 8552 -
0"F l l Al,2=0
Kl 4K1 4K2
Cop 8501 - 8302 _
—=g ' —— =—=A;,=0,
Ky X 4K1 21 4 2.2
IAT |+ aA;l 8502 5=0,
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Co2. x— . Coa. - 8501 -
025 AT, + g A5, - SIS =0, (C9)
Ky K1 4K1

Solving (C8) and (C9) for A~, we find

8u_ X
A =A5,= = cos(l})sin(—),
’ Togmm. \2 2
! 8M_ (K2> . (x)
12=- — |sin| = |,
gmem-\ Ky 2
- Bu_ [k . [x
20= " — |sin| — |,
gMim-\ Ky 2

Ag=- ?Q—M_zsin(z> [cos(£>(a —Ccosx+cosy)—2u, cos(zﬂ ,
(gm:m-) 2 2 2

where ., a, and 7. are given in (C7).
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