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Long range local effective potential for a three-particle system
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We derive the long- range behavior of an effective interaction for a system with three identical
particles. We start our derivation from the zero range theory in configuration space and we show

that the asymptotic effective potential, in the relative distance of the subsystem to the third particle,
goes as —exp( —A,r)/(r ).

It has been shown recently that the observed correla-
tion connecting binding energies and scattering lengths in
three-nucleon systems, known as the Phillips plot, ' can
essentially be explained in a nucleon-deuteron (n-d) opti-
cal potential model. 2 Correlations between the doublet
n-d scattering length a„d and the energy of the excited
virtual state of the triton were also pointed out by Girard
and Fuda. They have also observed that the triton bind-
ing energy and the asymptotic normalization parameter
(ANP) are linearly correlated. Several other works have
discussed also the strong correlation among low-energy
three-nucleon observables and more recently correla-
tions between n dobserv-ables above the breakup thresh-
old have been discussed as well. In Ref. 2, it was pointed
out that it is possible to introduce a simple nucleon-
deuteron optical potential if one does not limit oneself to
the usual class of short-range potentials. The main prob-
lem is associated with the very small binding energy of
the deuteron on the nuclear scale and correspondingly
with the extension of its wave function in coordinate
space. Because of the large size of the deuteron, the one-
nucleon-exchange part of the nucleon-deuteron potential
has an attractive long-range tail. Two nucleons in the
trinucleon system experience an effective interaction well
outside the range of the nucleon-nucleon interaction.
The first suggestion of the effective long-range potential
was given by Efimov, who showed that an effective
three-body interaction of —1/p, where p is the hyperra-
dius, arises for a three-boson system when the two-body
binding energy (E2) goes to zero. This potential gives
rise to the infinite number of bound states of the three bo-
son system, known as the Efimov effect. Later Fonseca,
Redish, and Shanley (FRS) (Ref. 7) showed, in the Born-
Oppenheimer approximation, that the effective potential
between two heavy particles, interacting through the ex-
change of a light particle, has a long-range 1/R tail as
the light-heavy binding energy reduces to zero. Here R is
the relative distance between the two heavy particles.
This l/R interaction is essential in order to yield the
Efimov effect in this case. Although these works do not

obtain a potential for the n-d system, the suggested
effective nucleon-deuteron potential used in Ref. 2 was
based on the approach of Refs. 6 and 7.

Our task in this work is to derive the tail of the
effective two-body interaction for a system of three iden-
tical particles for E2 nonzero, a goal that was only sug-
gested in previous works. We then derive the asymptotic
behavior of the local effective two-body potential for a
system consisting of three identical spinless particles as
well as that for the case of a spin quartet three-nucleon
system.

We start our derivation from an ansatz based on the
zero-range theory for the three-particle bound-state
wave function. The ansatz for the wave function implies
the existence of a corresponding three-particle binding
energy; when this assumption is not correct, as in the
case of the spin quartet three-nucleon system, we hope
that the resulting effective potential will reflect such a sit-
uation. The projection of the three-particle bound-state
wave function onto the two-body bound state gives rise to
an effective two-body wave function for the three-particle
system. Our basic assumption is that a local effective po-
tential for the relative motion can be derived from the
Schrodinger equation when the wave function has zero
orbital angular momentum in the relative coordinate.
This implies that our effective local potential is expected
to satisfy the following equation:

where X(r)lr is the effective two-body radial wave func-
tion for the three-particle system, r is the distance from
the center of mass of a pair to the third particle, and

p =—', (E3 E2) with E3 the t—hree-particle binding ener-

gy. The units we are using are such that fi and the masses
of the particles are equal to one.

The three-particle bound-state wave function is given
by an approximate solution of the Schrodinger equation
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f exp(ip R)
(E,+—3q~+p )

(2)

where R =
~

R
~

is the relative distance between the par-
ticles of the interacting pair. We assume
y(q)=(p +q )

' in order to obtain the correct asymp-
totic behavior of P for r~~. These are clearly the

in the zero-range limit. In this case, the Faddeev com-
ponent of the wave function is given by

g(r, R)= f d q exp(iq r)y(q)

minimal assumptions that one must make when defining
the three-body wave function in the zero-range limit.
The expression obtained for P has already been used to
explain several triton D-state properties (see Ref. 9).
Now, to arrive at the effective two-body radial wave func-
tion in its reduced form, we project the total three-body
wave function onto the radial bound-state wave function
of the interacting pair. The state of the interacting pair
has a Yukawa form as it is imposed by the free
Schrodinger equation with the appropriate boundary
conditions. This gives us

dq q sinqr
X I' —"(p +q )[(E3+3q /4)'/ +QE~ ]

4 dq sin qr dk k E3+3q /4+(k —q/2)
+y 2 2 2 2

ln—"(p +.q ) —"(p +k ) E~+(k —q/2) 2 7 (3)

f' —+ oo

g(r) ~ n. exp( pr)/(2+Ez) . — (4)

where we drop an unnecessary overall factor.
The first integral of Eq. (3), the direct term (Xd },comes

from the projection, onto the two-body bound-state wave
function, of the Faddeev component, Eq. (2}, that has
motion in the same coordinate R that appears in the
two-body wave function. The second term of Eq. (3) we
call the exchange term (X, ) as it comes from the projec-
tion (onto the same two-body wave function) of the other
Faddeev components having motion in coordinates of the
interacting pair other than that of the two-body wave
function. The y factor that appears multiplying this
second term is given by the symmetry of the system; y =2
for the three-boson case and y = —1 for the spin-quartet
three-nucleon system. As pointed out by Efimov the
strength of the long-range potential must depend on the
symmetry of the wave function, and one should expect to
have less attraction in the case of y = —1.

For E2 not equal to zero, it is not difficult to derive the
asymptotic dominance of the direct term:

To obtain this behavior, it is enough to perform a con-
tour integration in the upper complex plane. The ex-
ponential decreasing tail appears as the residue of the in-
tegral for q=ip, when Ez+0. This residue is the only
term that asymptotically survives in Eq. (3). It is greater
than the other integral that comes from the direct term.
The exchange term does not have such an exponential
tail, as the pole is canceled by the logarithmic functions.

When E2 is zero this argument is no longer true, as
different terms from the direct and exchange part alter
such behavior. This gives origin to a long-range potential
(see Appendix).

In Eq. (4) we have determined the exponential decreas-
ing behavior of the denominator of Eq. (1) in the asymp-
totic limit. The next step is to study the numerator of
Eq. (1) in the same limit. To obtain the contribution of
the direct term of Eq. (3} to the numerator of Eq. (1), we
perform an analytical extension of the path of the in-
tegration to the upper complex plane. As a consequence
of the square-root cut, we have an integral whose path is
part of the imaginary axis. Then it is easy to perform the
limit r~ Oo:

d2 4 e) (y2 4E /3)1/2

z Xd(&) pXd(r)—= — —f" & dy exp( yr)—
dr V 3 +4E3/P —p

3/2+3E,
3@2 r exp( 2r+E3/3) . —

d 8m

dr 3rg, (r) p, g, (r) = — exp[ 2—r (p+ QE& )]—In order to obtain the asymptotic contribution of the exchange term to the effective potential, we first introduce I, (r)
in the numerator of Eq. (1) and then integrate by parts in the q variable. This yields:

x +(pr)
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Here we find that, in the limit r ~ ao, it is reasonable to
drop the term x in the pole term of Eq. (6). The result-
ing expression is an integral form of the modified Bessel
function of imaginary argument. By using the asymptot-
ic expression for the modified Bessel function, we obtain
our result for the asymptotic limit of the exchanged part,
which has the same analytical form as the direct term.
The first term in Eq. (6) decrease faster than the second
one as r goes to infinity, so only the former is needed in
this limit. Therefore, we can already sum this last result
with Eq. (5) to obtain the numerator of Eq. (1). By intro-
ducing Eq. (4) in Eq. (1), we obtain the final expression
for the long-range part of the effective potential:

range and intensity as a function of the three- and two-
body bound-state energies and the symmetry of the total
wave function. It will be interesting to test the above
findings in a numerical study of the three-nucleon system.
This will be investigated in a future work.
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APPENDIX

8 2 E3 2E2
' 1/2

Ii2 '+& —
zE' 3p,

exp[ (+4E—3/3 p, )r]—
X 3/2r

(7)

The derivation of the asymptotic dependence of the
effective potential, for the case E2 ——0, is accompanied by
a difficulty associated with the resolution of the integral
which defines the exchange term. For simplicity, we
study only the direct term of Eq. (3), which is just an in-

tegral representation of the modified Bessel function
Ko(pr):

This equation is the main result of the present work. It
is clear that there is an increase of the intensity of the
effective interaction for the three-boson case y =2 in rela-
tion to the spin-quartet n-d system (y= —1}, in agree-
ment with the findings of Efimov. We note that the ar-
gument of the exponential in Eq. (7) reflects the size of
the two-body bound-state wave function. Our result for
the asymptotic dependence of the potential cannot be ex-
tended to the limit E2 =0 as Eq. (7) is no longer valid in

this limit (see Appendix).
Our derivation was based on minimal assumptions on

the wave function that must be valid for any short-range
two-particle interaction. This supports the model in-

dependence of the long-range part of the effective poten-
tial. This feature has already been discussed in Refs. 2
and 10 in connection with the correlations between
three-nucleon low-energy observables. We observe that,
although the form of V(r) used in Ref. 2 is different from
our result, both have in common the same important
qualitative feature of the potential, namely the range as-
sociated with the size of the deuteron. In addition, we

have obtained explicitly the energy dependence of the pa-
rameters of the effective two-body potential. This also is
in agreement with the suggestion by Noyes. "

In conclusion, we obtained the long-range part of the
effective two-body potential for a three-boson system in
the relative S state in configuration space for E2 nonzero.
We give a close expression for this potential, with the

3p Ki(pr)"V(r)=—
4r Ko(pr)

3p 3
4r sr2+ (A2)

In Eq. (A2), the tail p/r has nothing to do with the
usual Coulomb interaction. V'= 3'/4r alon—e does not
support any bound state as the three-body energy-
parameter p destroys completely the acceptable physical
behavior of the wave function. In this context V' has to
be taken just as a perturbation on Vo = —3/8r, the only
relevant term in Eq. (A2} in order to generate the infinite
number of bound states prescribed by Ref. 6. Comparing
our V(r) with that obtained by Efimov in a different ap-
proach, we have an additional perturbing term V' which
does not modify his conclusions about the number of
three-particle bound states for E2 ——0. Another compar-
ison can be made with the effective two-body potential
derived by FRS. To obtain consistency between our Eq.
(A2) and Eq. (37) of FRS, we only have to observe that
one should have E2-E3 in order for the adiabatical ap-
proximation to be valid.

4r
Xd(r) = —Ko(lsr) .v'3

The asymptotic form for the potential is obtained by
using Eq. (Al) in Eq. (1) together with the asymptotic be-
havior of K,(pr}:
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