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We discuss the problem of the breakdown of conformal and gauge symmetries at finite temperature in
curved-spacetime background, when the changes in the background are gradual, in order to have a weli-
defined quantum field theory at finite temperature. We obtain the expressions for Seeley’s coefficients
and the heat-kernel expansion in this regime. As applications, we consider the self-interacting A¢* and
chiral Schwinger models in curved backgrounds at finite temperature.
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I. INTRODUCTION

The problem of determining the anomalies in quantum
field theory at finite temperature, both in flat and curved
spacetimes, has been studied by many authors [1-11].
Pioneering work, on flat spacetime, was developed by
Dolan and Jackiw [1] showing that the polarization ten-
sor and so the anomalous divergence of the axial-vector
current, for two-dimensional QED, is the same at any
finite temperature. This result was generalized to all or-
ders of the perturbation theory and to non-Abelian gauge
fields by Itoyama and Mueller [2]. Then, many other
works using different techniques and models to that
anomalous behavior at finite temperature in a flat space-
time have appeared in the literature [3,4]. In particular,
the anomaly for a derivative coupling model by using the
Schwinger-DeWitt expansion [12,13] at finite tempera-
ture has been calculated recently [4].

In addition, quantum field theory in a curved back-
ground has been extensively studied and the role of con-
formal invariance was regained from the classical context
to these theories. It was soon realized that conformal in-
variance, especially the invariance of the trace of the
energy-momentum stress tensor, would be broken in
quantized theories, even at the one-loop level [13]. So the
question of restoration of this symmetry at finite temper-
atures was investigated. This was realized for conformal
fields in static (and ultrastatic) spacetimes, since in these
cases the conditions for thermal equilibrium can be as-
sumed and some applications to particular universes were
possible [5-7]. The applications of these results to con-
formally static spacetimes, such as the Robertson-Walker
universes, were also done [8-10] and the discussion of
quasiequilibrium conditions for nearly conformal fields
were put forward first by Drummond [9] in a version of
the imaginary time formalism [14] and after by Semenoff
and Weiss [10] using real time techniques. The extension
of these works to a general curved background were dis-
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cussed by Hu and co-workers [11] imposing gradual
changes in the background metric and fields. They used
momentum-space techniques and a quasilocal expansion
to derive the imaginary time thermal Green’s functions
and the one-loop finite-temperature effective Lagrangian
for A¢* fields in curved spacetimes.

In this paper we are going to discuss anomalous behav-
ior in quantum field theory at finite temperature in
curved spacetimes as established by Hu and co-workers
[11], i.e., assuming that only gradual changes occur in the
backgrounds, in order to guarantee that quasiequilibrium
conditions hold. As we are especially interested in the
anomalous behavior of field theories at finite tempera-
tures and regularization schemes play a central role in
the calculation of anomalies, we must use a regularization
technique adequate for finite temperature. This is done
in Sec. II, for the heat-kernel expansion which is suitable
for regulating theories both in flat and curved spacetimes.
Moreover, with the heat-kernel expansion it is easy to ob-
tain the generalized { function which has also been large-
ly used as a regulator [13,15]. In a previous work [4], the
asymptotic expansion of the heat kernel at finite tempera-
ture was obtained in flat spacetime. In the present work,
we will generalize that previous results to curved space-
times.

With this expansion we discuss, in Sec. III, the self-
interacting A¢* scalar field at finite temperature in a
curved background. This is done in a semiclassical ap-
proximation, which is equivalent to the theory at the
one-loop level [16—18]. The results obtained in this work
reduce to the previous ones when we take the zero-
temperature limit, as was expected. In fact, we show that
the trace anomaly for a curved background is tempera-
ture independent, in accordance with the results in static
or quasistatic [5—7] and also conformally flat spacetimes
(8].

This behavior is very close to that of the axial anomaly,
which has been shown to be temperature independent for
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some models in flat spacetime [1-3]. This fact motivated
us to discuss the chiral Schwinger model [19,20], whose
flat spacetime features are well known. Since previous at-
tempts to calculate the anomalous divergence of the
axial-vector current and the dynamically generated mass,
in curved spacetime [21], did not give results consistent
with the flat spacetime ones, we discuss first this model in
curved spacetime at zero temperature obtaining the
correct anomalous current and mass. Then, we introduce
the imaginary time formalism [9,11,14] and discuss the
anomalous behavior at finite temperatures in the case of a
curved background. It is shown that the anomaly
remains the same at all finite temperatures. This will be
discussed in detail in Sec. IV and some topological as-
pects related to the axial anomaly will be also commented
on Sec. V.

II. THE HEAT-KERNEL EXPANSION
AT FINITE TEMPERATURE

In order to determine the chiral and trace anomalies
via Fujikawa’s method [22,23] in a thermal average, at
finite temperature T=8""!, we will evaluate the asymp-
totic expansion of the heat kernel at this temperature
B~!. The two problems that arise when we try to make
the extension of the flat spacetime results [4] are the
momentum representation is not free from ambiguities in
curved spacetime and thermal equilibrium is only strictly
maintained for massless conformally coupled fields in
conformally static backgrounds.

The first question has been addressed by Bunch and
Parker [24] who showed that a local-momentum repre-
sentation for propagators is possible with the use of
Riemann normal coordinates, since their behavior at
each spacetime point can be locally described by flat
spacetime, according to the equivalence principle. An
equivalent approach, which we will use in this paper, is
given by the local frame vierbein fields e“,. In fact, as
anomalies involve only high momenta and short wave-
lengths, this works precisely to validate the asymptotic
expansion of the heat kernel in curved spacetime.

The second question has not been solved for arbitrary
spacetimes but only for nearly conformal static back-
ground metrics and nearly conformal background fields
by Hu and co-workers [11]. In their approach they
succeed to derive thermal Green’s functions via momen-
tum space techniques and a quasilocal expansion in back-
grounds which present gradual changes in the back-
ground metric and background fields. These approxima-
tions were useful to describe quasiequilibrium conditions
and permitted the discussion of universes with small rates
of expansion compared with the adiabatic parameter,
defined by Hu [11], which measures the departure from
the adiabacity for any mode with a given frequency and
also for small anisotropic background metrics.

In addition, it was pointed out by Hu and co-workers
that the equivalence of small proper-time expansion
(heat-kernel technique) and adiabatic methods results in a
well-defined finite-temperature quantum field theory.
With this established we can construct the heat-kernel
expansion at finite temperature unambiguously. With
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this expansion at hand we can obtain the anomaly in N-
(even-) dimensional spacetime, as usual, from the corre-
sponding Seeley coefficient ay ,, [12,13,25].

Let us start with the definition of the heat kernel in N-
dimensional spacetime at zero temperature [12],

HMx,x";1)=(x'le"P’|x) , (2.1)
which satisfies the heat equation
%w2 H™(x,x";1)=0, (2.2)
with the boundary condition
H™(x,x30)=(x'|x),
where
D*=D*D,+X , 2.3)

D, is the Dirac operator and X is a function which de-
pends on the specific choice of D,, but contains no
derivatives. The orthonormality condition can be written

in curved spacetime, at zero temperature, as

(x'|x)=V"2x,x"(x,x")8NM(x,x"), 2.4)

where V(x,x’) is the Van Vleck—Morette determinant
[12,13]

Vix,x")=det(o(x,x"),,,) , (2.5)

which satisfies
ViZgh +20 kY 2 =NV'/?

Half of the square of the geodesic distance between x and
x',0(x,x"'), and the geodetic parallel transport I(x,x’)
satisfies

a;“l;#=a;"'1;v:=0 (2.6)

with the boundary condition I(x,x)=1. Now, to define
the heat kernel at finite temperature we extend the rela-
tion (2.4) to [9,26]

(x'|x)p=V"2x,x")(x,x" )8 (x,x") (2.7)

since the quantities V(x,x’) and I(x,x’) are of a geome-
trical nature and may be not changed by the thermal
average. On the other hand, the generalized delta func-
tion 8;;” Y(x,x') must exhibit the same periodicity condi-
tions as the eigenfunctions of the operator D2, so [9]

, te dNVk  ikkox,x, | 27
S;M(x,x )= _2_ f (217)Ne L —B—
27 .
X8 ko= =X+ |, @8

in close analogy with the &-function expansion in flat
spacetime at finite temperature [4]. This choice of the §
function corresponds to antiperiodic Fermi fields relative
to time coordinate. The corresponding 6 function for bo-
son fields can be obtained simply substituting n +4 by n,
as will be discussed in Sec. III. Using this definition we
can rewrite the heat kernel (2.1), at finite temperature, as
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H,(gN)(x,x’;t)=exp(—tDz)(x’Ix )p

+

=2 f(2 WV exp(—tD? Jexp[ikto(x,x"),,] | —

n=-—o

8 |ko— - (n+1) |V 2x,x" ) (x,x") . (2.9)

B
Now, following Yajima [27], who has evaluated the heat kernel for spin-1 fields at zero temperature in curved space-

time using local-momentum representation, we take the diagonal part (x =x’') of Eq. (2.9) and rewrite the exponentials
involving D% and o(x,x’) to find

H(N)( r)= s d(N)k k#k# H Pk T I3
g (x,x;t _n=2-w i | 1° 1—t[D,D*+X +kfk™(0,, }t+0o,,F +2D,D )]
2 v 1
t*(;D,D*D D*+1X "+~ X*+XD, D
+k”k’[%(DpDTD#D“%-DpD#D“DT+DHD“DPDT)
+(0,M 40, /D DY+ 420, .+ 0., D" DF
+3(20,,,,"+ va#)D D#+ 3o, +20,,,",)D"D
+ilo,,M ) +oy, YT O ) TR0 0 Y 3
T30, 0 et o,,,,0 o e L)
+1X,,,+2XD,D. +(0 ' +0., " X]
T 8
+kPkTkk [%DPDTD},D5+2(U 0.pr VD, Dy
+%(o;pu#778+0;pruuy8+0;pry‘u, 5+U'p7'y5y#)
+%(U;p7'/.tv ' +20, pyrv 7/8 Y+3o0, pyrv yuﬁv)
+%(U:pw#+apu No s+ 0., )]} +0(?)
20Vt 43
X [T s ko= 2T (n 1) (112 x 0 x,x) | | 2.10)
B B
Observe that we assume that the limit x’'—x [represented by the double square brackets [[ - - - ]], on the right-hand

side of Eq. (2.10)] is taken after the action of the differential operators D, on the quantities V(x,x") and I(x,x"). In or-
der to obtain the asymptotic expansion of the heat kernel at finite temperature, i.e., the generalized Seeley coefficients,
we must sum Eq. (2.10) over n and integrate it over k. To do so we will use the generalized ®-function transformation
[4,28]:

!
+ —_1m 2
3 [4my(n +§>2]Pe—47r27<n+1/2>2=—‘/;_y _P—(ZZPJ)“ 1+2 21 (—1)ye /% 2 cf (2.11)
where
2'p!
p___
T —nii—n 2.112)
and the Gaussian integrals
fd(N)keszz(,n_)N/z , (2.12a)
JdYke ¥k k,=— L)V, (2.12b)
JdNke %k k k=T g 108 e+ 818 r T EurEop) - (2.12¢)
Combining Egs. (2.11) and (2.12) we have
+ o _ N-1)/2
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1 (ﬂ,)N 1)/2

[dWke Kk k 8(ko—2mVy(n+1)=— 7 (8, S5(1/7)+8,08.055(1/1)] (2.13b)

2
n=-—o 4

+ o0 _
S [dMke *k k ko kB(ko—2mVy(n+1)

n=—ow

1 (,n.)(N 1)/2
(8,18 T8 py8re T 81e8ry)SE1/Y) (8,808 20+ 8 py8 108 0t 8 pe8 108 10 T8 808 20
8 1/'}/

+8,£8,08 70 T 8768,08:0)5 T (1/7)+8,08 08108053 (1/7)] (2.13¢)
where
+ o0
S§(1/y)=142 3 (—1)"exp(—n?/4y), (2.14a)
n=1
1 +
sF1/y) =5 2 (—1) 7exp(—n2/4y) (2.14b)
2 2
SF(I/‘)/)—— 2 (—1)" [7 exp(—n?/4y) , (2.14¢)
< ,

stand for the fermion fields, since Eq. (2.11) must be modified to treat boson fields. Using Eq. (2.13a) in (2.10) we can
find the zeroth-order term in ¢ of the heat-kernel expansion:

dNMk
2 [ omiy Qv P )

n=—o

20Vt e
ko— +1 —_—
0 B —(n ) (4t )N72

where e =lim,. , V!/%(x,x’)=[V!/2]. Taking the coefficients of order ¢ in Eq. (2.10) and applying Egs. (2.13a) and
(2.13b) we find

) VY x,x")(x,x")= st/ , (2.15)

20Vt
B

+ o d(N)k .
—n_z_mf—(mexp(k“k (D, D*+X+kPk (o 7.,"+2D,D,)]
X % 5 k() 277;/—( +1) V“Z(x,x’)I(x,x’)

:_—:VVWi[D,,D#+x~%<a;u“v”+amx“+w D,)IS§(B*/1)
T

— 10,00, + 00,0+ 2D?18, (£ /B V2%, x M (x,x")

=W/-2(;R —X)S§(B* /1), (2.16)

where we have used the coincidence limits

1=2R,%, [0, ]=—1iR, . 2.17)

1
12 —_1
(V" owl= 6 eR ., g iy

[’PI"

Now, taking the coefficients of ¢ in Eq. (2.10), using (2.13a)-(2.13c) and various coincidence limits involving
o(x,x"),V%x,x") and I(x,x') [12,29], we find

1
a2 (D DDA DY+ X+ 3 X2 — (R — R, M+ 4R

+ l_éo'(R;tvp‘rR PWPT—R;WRHV)} V”z(x,x')l(x,x’)Sg(Bz/t)

e
_———(4 N2 [HALA*+ 1§0(R,wer"VPT—R,4,,R“V)—%(%R —X), + LR —Xx2IsEB /), (2.18)
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where

A,,=—LR®, 0. +iF,, . (2.19)

i

Finally collecting the results (2.15), (2.16), and (2.18)
we can write the first few terms of the asymptotic expan-
sion of the heat kernel for spin-1 fields at finite tempera-

ture as

e
H‘,,N’<x,x;z)=W[a0(x)+a,(x)t+a2(x)t2
+0t*)18EB/t), (2.20)
where
ay(x)=1, (2.21a)
a;(x)=iR—X, (2.21b)
ay(x)= LA, A"+ (R, R*P"—R, R")
—HLIR—X) F+HLIR—X). (2.21c)

This finite-temperature expansion is precisely the same as
the zero-temperature one [12,13,27] times the function
SE(B/t), which carries the entire temperature depen-
dence. Note that the zero-temperature limit can be
reached by taking the limit 83— oo ; hence,

Jim HV(x,x;6)=H"™(x,x;1) . (2.22)
Writing the expansion (2.20) as
HWM(x,x;t)=———Sa_(x;8/t)t" (2.23)
B (47Tt)N/2 % m B

we can now relate the generalized Seeley coefficients
a, (x; B%/1) to the usual zero-temperature ones by

a,,(x;B2/t)=a,,(x)S5(B*/t) , (2.24)

in complete analogy with the flat-spacetime results [4].
In the above calculation we have found an explicitly co-
variant result, although the method used was not, since
we have treated time and space coordinates on different
footing. Nevertheless, at the end of the calculation the
spacetime symmetry is completely restored.

III. CONFORMAL ANOMALY IN A¢* THEORY

In this section we discuss a self-interacting scalar field
theory in four-dimensional space-time, namely, the A¢*
one, at the one-hoop level in a curved background, at
finite temperature. As this is a scalar theory, we need to
extend the above discussion on finite-temperature heat
kernels to bosonic fields. In order to find the heat-kernel
expansion in terms of the Seeley coefficients for these
fields we first modify the & function

ko—%’(n +1) 2’[;”

in Eq. (2.8) as we are now imposing periodic conditions
on the scalar fields ¢(x,x,), when subjected to the

5 ko—
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translations x,— x, +inf3, in Euclidean spacetime,

d(x,xgtinB)=¢(x,xy) (n=0,£1,%£2,...), (3.1)

following the usual prescriptions of the imaginary-time
formalism [11]. The geometrical quantities V(x,x’) and
I(x,x’) again are not modified by temperature effects, al-
though here I(x,x’) is regarded as a biscalar. This
change in the 8 function implies a modification in the
generalized ®-function transformation (2.11). In fact,
this equation for the bosonic case only differs from the
spinorial case by the change n +1—n on the right-hand
side (RHS) and by the absence of the factor (—1)" on its
LHS. So it is easy to rewrite Egs. (2.13) and (2.14) for the
bosonic case. For example,

SE(1/y)=1+2'3 exp(—n2/4y) .

n=1

(3.2)

So the heat-kernel expansion (2.20) is still valid in the bo-
sonic case if we make the substitution
SE1/y)—SE1/y).

The A¢* theory at the one-loop level is equivalent to its
semiclassical approximation in which case we can state
[16-18] that

A s Ao
41 ¢ ~ 4 ¢c¢ ’
where we have kept only the quadratic terms in ¢, so that
the ¢ field interacts with its classical counterpart ¢,
which behaves like a scalar background field. Including
also a gravitational background we write the action as

(3.3)

D U Y pp_Lpia Ao
S zfdx\/ g [0, <R —¢i¢" |, (34

which is invariant under the Weyl (conformal) transfor-
mations

g, (x)— exp{2a(x)}g,,(x) (3.5a)

and

d(x)— exp{ —al(x)}¢(x) . (3.5b)

To quantize this theory we introduce the generating func-
tional

z= [[d¢]exp{—iS},

which is suitably continued to a curved spacetime with
Euclidean signature (— — — —) giving rise to the parti-
tion function

. —iB
ZB=f[d¢]exp{—zf0 dxofd3x_£eﬁ} ,
where the bosonic fields ¢ satisfy the periodic condition
(3.1). Now, using the operator [18]

1 A
=0+ —-R+=¢?
D=0+ 5%

(3.6

(3.7)

(3.8)

with a complete set of eigenfunctions ¢,, one can imple-
ment Fujikawa’s technique [22,23] and show that the
anomalous trace of the energy-momentum stress tensor
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T,,., at finite temperature 87, is given by
Vi—g Salx) =0
=—i 3 [@.(x)p,(x)]g . (3.9

(T,#) 5=

This divergent quantity must be regularized to yield a
finite result. For example, if we use the heat-kernel regu-
larization [30] we obtain

2
(T,#)p=lim 41# [t =241 'a,(x)+a,y(x)]
t—
xXS§(B/t)
2
=lim Zl; (72417, (x)+ay(x)],  (3.10)

which clearly shows the vanishing of the temperature
contribution to the anomaly, since

lim S&F(B/t)=1 (3.11)
t—0

This regularization scheme gives a transparent way to
visualize the cancellation of the temperature dependence
of the anomaly; however, this scheme it is not well suited

J

KM (x,x:5)=——2— [ars—1-N72 a,
5 (47)N/2D(s) f 2

,Bz/t)t”'+——f det* "HP (x,x;1) .
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for the regularization of the anomalous trace, (3.9), since
it retains some divergent terms corresponding to ay(x)
and a,(x), as can be seen in Eq. (3.10). So if we use this
regularization procedure we will also need a renormaliza-
tion program for physical quantities. To avoid this
difficulty we shall use the {-function regularization
scheme, which gives a finite result for the anomalous
trace, without needing an extra renormalization [15].
To this end we define the power kernel [15,30]

KM (x,x; s)=——f dr ' ' HY (x,x51) (3.12)

I'(s)

which is often called a generalized {-function, since its
trace on x coordinates is equal to the sum over the in-
verse powers ( —s) of the eigenvalues of the operator D2.
The regularized expression for the anomalous trace (3.9),
is then given by

( Tﬂu >;9[reg= —i 2 [‘Pn(x)‘Pn(x)]ﬂlreg

=lim trK Y (x,x;5) . (3.13)
To evaluate this kernel we use the asymptotic expan-

sion of the diagonal part of the heat kernel (2.23) and

split the integral appearing in Eq. (3.12) in two parts:

s (3.14)

The first integral can also be separated in two parts, using the bosonic version of Eq. (2.24) and Eq. (3.2). The second
integral is an analytical function in the entire complex ¢ plane, say, F p(s), so

e

K(N) X§)=————
B (X x S) (41r)N/2F(s)

+2[Tar TN 2 a, ()™ S exp
€ m n

Jldt T N S 0, (e (4m) N 2E ()
m

The second integral in (3.15) vanishes when we take the limit e —0, so we find

es
(4m)N(s +1)

K},N)(x,x;s)= €

> a,(x)

Substituting this result in Eq. (3.13) and taking the lim-
it s—0, we see that only the term m =N /2 in the sum
contributes to the anomaly and that sFg(s) also vanishes
keeping the anomaly temperature independent:

_ 1
(Tﬂ“>ﬂ|reg~—WaN/2(x) . (3-17)
Now, using the fact that A,,=0, since the ¢ field is

scalar and there is no vector field present, we see that the
Seeley coefficient for N =4, Eq. (2.21c¢), reduces to

(%)= (R ypr R¥P"— R ,, R**) — L(LR — X ),

HUVpT
+1(lR—X) (3.18)

and the function X is fixed by the operator (3.8),

m+s—N/2

m+s—N/2

__nZBZ
2|
+(4m) "N 2F () (3.16)
[
=lpityp
X=2R+2¢7, (3.19)

so we finally find the anomalous trace for the A¢* theory
in a curved background at finite temperature, in four-
dimensional spacetime:

OR—R, R"+R

1 1
. uvpo
16 [ 180~ e RET)

(T, plreg =

A &2_ 4
+ 082+ gt (3.20)

This result coincides with the one appearing in the litera-
ture, without taking into account finite-temperature
effects [17,18]. This temperature independence of the
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anomalous trace is physically understood as a high
momentum behavior. This was also proved by Hu and
co-workers [11] by showing that the poles of the effective
actions at zero and finite temperature do coincide. In ad-
dition, this is an example of the predominance of a local
behavior (anomaly) over global behavior (temperature).

IV. CHIRAL SCHWINGER MODEL
AT FINITE TEMPERATURE

In previous attempts to calculate the chiral Schwinger
model in curved spacetime [21], the conclusions about
the anomalous divergence for the axial-vector current
and the dynamically generated mass for the gauge field
were not in agreement with the well-accepted flat space-
time results [19]. So before we discuss the finite-
temperature case we will discuss this model in curved
spacetime at zero temperature. Then, we find the
“correct” anomalous divergence and the dynamically
generated mass in accordance with the flat spacetime re-
sults. Finally we introduce finite-temperature corrections
to this model in the case of a curved background.

The chiral Schwinger model in curved background, at
zero temperature, can be described by the Lagrangian
density [19-21,31]

L=—1F, F*+igyH[V,—ig(1—y5)4,1¢, 41

where Vﬂ=8“+%wy"baab is the covariant derivative,

=1 _ o c
Wapy ™ ‘f[ea#(auevb aveub )+eapeb (aoepc )eu

—eyPe,7(0,e,.)e, ]
is the spin connection and o, = +[v,,¥, ] are the genera-
tors of the Lorentz group.

Our main problem is to study the behavior of the
anomalies in curved spacetime of the chiral Schwinger
model using Fujikawa’s procedure and the heat-kernel
machinery. As is well known the origin of the anomalies,
in the path integral formalism, is due to the noninvari-
ance of the fermionic measure under the infinitesimal
chiral transformations [22,23]

'/}”’!b [1+1g 1_')/5 e(x) ]1/)
PP =9P[1—ig(1+y5)e(x)] .

This problem was solved in flat spacetime looking for
the question of the regularization scheme [32]. Following
this prescription, we use the hermitian operators

D =pp";, D =p'D, 4.3)

(4.24)
(4.2b)

where

D=y*[V,—iag(1—ys) A, —igh(1+ys5)4,], 4.4)

to regularize, respectively, the infinite sums:

.= o1ty el 4.5)
n
where ®F are the eigenfunctions of the operators D3.
These sums contribute to the Jacobian of the fermionic
transformations, as usual in Fujikawa’s procedure:

. 2
J(e(x))=exp —Lﬂ:—fdzxes(x)tr(2+—2~) , (4.6)

where 7=a —b. Now, following the standard heat-kernel
regularization scheme, we find that

tr2i|,3g=tlirr(1)tr(liys)H(x,x,tDi) . 4.7

Taking the limit  —0, we see that only the term a |’ sur-

vives, so that
ay (x)
47’

where the Seeley coefficients a; (x) are obtained from the
heat-kernel expansion (2.21b), in the zero-temperature
limit

af(x)=

tr3, [, = tr(1£ys) (4.8)

IR—X*. 4.9)

Since the operators D2 satisfy the identities

D} =D,D*— %R + zg—eysewF'g , (4.10)

where FHY=0"A4Y —08" 44 and A,f:(nwiem,)Av, we
identify X *= — 1R +(g /2e)y s€,, F4’, which leads to
ali(x)=—iR =y, FH . 4.11)
2e B

Therefore we have that the difference of the sums appear-
ing in the Jacobian (4.6) reads

tr(z-@—‘reg_z—'reg) 887T vF'uV—e A
=—&ly 44 (4.12)
T

Imposing that the generating functional for the Lagrang-
ian density (4.1), rewritten in terms of the fields ¢ and ¢’
defined by the chiral transformation (4.2), does not de-
pend on the parameter €(x), we get the anomalous diver-
gence
v 4= —ELy, a1 (4.13)
In order to obtain the dynamically generated mass for
the gauge field, we must consider the finite counterparts
of the chiral transformations Eq. (4.2) of the fermionic
fields ¥ and . The result of applying these transforma-
tions is that the gauge field and the fermions stay decou-
pled. So iterating the infinitesimal Jacobian (4.6) N times,
with N — o, so that Ne(x) remains finite, we find that
the gauge field acquires a mass

2 gzll )

41

This result is equivalent to the flat spacetime one of
Jackiw and Rajaraman [19] when we identify
n=2a?/(a—1). The singular cases =0 and n— oo (or
equivalently @ =0 and a =1) cannot be obtained as limit-
ing cases of results (4.9) and (4.10) and must be treated
separately [20].

Now, we are going to discuss the chiral Schwinger

m (4.14)
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model in a curved spacetime at finite temperature. Essen-
tially, we have to compute the sums given by Eq. (4.5), in
a thermal average. Following the same steps, as in the
case of zero temperature described above, we find

tr(Ei)ﬁ|reg=lin(1)tr(lin)HB(x,x;tDi) . (4.15)
t—

Therefore the zero-temperature Jacobian (4.6) can be re-
calculated here, now taking into account temperature
effects. So taking the limit 1 —0 and using Eq. (3.11), as
in Sec. III, we find that

ai(x)
47

where the Seeley coefficients a7 (x) are those given by Eq.
(4.11). This result means that the anomalous divergence
of the axial-vector current Jz for the chiral Schwinger
model calculated in a thermal average is the same as the
zero-temperature one, Eq. (4.13), as well as the dynami-
cally generated mass for the gauge field, Eq. (4.14).

Naturally, the {-function regularization could also
have been used here, through the same steps shown in
Sec. III, reproducing the above results. As before, the
power kernel Kg(x,x,7) is related to the heat kernel
Hg(x,x;t) by a Mellin transform, Eq. (3.12). Following
the steps in Egs. (3.14) to (3.16), we find that the sums
(4.15) reduce again to the zero-temperature ones, Eq.
(4.7). In this case, i.e., for the axial anomaly, as is well
known, the heat-kernel and {-function regularizations
lead to the same results, contrary to what happens for the
trace anomaly [30].

(4.16)

tr(Zi)ﬂlreg=tr( 1tys)

V. DISCUSSIONS AND CONCLUSIONS

In this work we have shown how to relate the general-
ized Seeley coefficients at temperature 8! with the ordi-
nary zero-temperature one in curved spacetime. This re-
lation is exactly the same for flat spacetime. This can be
understood by the local character of the Seeley
coefficients, although curvature terms are present (since
the curvature effects are sensible in the neighborhood of
any spacetime point) as well as the inverse temperature 8
as a global effect.
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We have also shown that the axial and trace anomalies
in curved spacetime remain the same for all finite temper-
atures. It is worth noting that the cutoff limit t —0 is
equivalent to the zero-temperature one, where we take
B— =, so we can state (in N dimensions)

lim ay lx;B2 /)= lim ay (x)SE (B /t)
t— t—

B— o B— o

=ay,(x) .

Essentially, this mechanism keeps anomalies, in gen-
eral, free from temperature effects. This can be explained
by the high momenta and short wavelengths involved
which predominate over global aspects as the tempera-
ture. This common feature shared by these anomalies
suggests that there is a parallelism between them.

However, the axial anomaly can be determined
through the Atiyah-Singer index theorem [33], which
states that [22] (for simplicity here, in four-dimensional
flat spacetime)

1

n,—n_=-— P trfd“x*FWF"" ,
where n,. are the number of zero modes with chiralities
(%). So this topological theorem anticipates the tempera-
ture independence of the axial anomaly, since finite-
temperature effects does not change the topology of the
fields. On the other hand, the trace anomaly does not ex-
hibit a topological origin, so the parallel between these
two anomalies fails at this point. Thus, it would be desir-
able to get a deeper insight into the topological aspects
that could be related to the trace anomaly.

Finally, let us mention that the technique discussed in
this work could also be applied to other anomalies, which
have similar structures to those discussed here, such as
the gravitational [34] and supercurrent anomalies [35].
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