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In the weak field approximation of higher order gravity theory a gravitational potential is described by a
Newtonian plus a Yukawa-like term. This new term is used to explain some aspects of galactic dynamics,
without considering dark matter. Its presence modifies the scattering probability of a massive intruder star and
relaxation time of the stellar system.@S0556-2821~97!05802-5#

PACS number~s!: 04.50.1h, 95.35.1d

I. INTRODUCTION

One of the great puzzles of modern cosmology is the dark
matter problem. Its existence is inferred by analyzing the
rotational curve of some spiral galaxies and the dynamics of
galactic clusters@1#. With the introduction of dark matter, the
discrepancies obtained using only luminous matter can be
avoided. Nevertheless, the origin of dark matter and also its
properties are not well understood. Although feasible, the
dark matter hypothesis demands the existence of yet nonde-
tected particles. Moreover, its nature and properties are a
matter of controversy.

Besides dark matter, alternative gravitational theories
were proposed by some authors@2,3# in a tentative way to
explain these observational discrepancies. The results of
these theories applied in astrophysical situations may be used
to constrain or even avoid some problems resulting from the
use of standard gravitational theory. These modifications
range from changing Newton’s second law@3# to modifica-
tions in general relativity@4–9#. Among several theories pro-
posed as substitutes of general relativity, the very interesting
ones are those with non-Newtonian limit in the weak field
approximation. In one class of theories a Yukawa-like term
is added to standard the Newtonian potential. The introduc-
tion of this term in the classical Newtonian gravitational po-
tential has several origins: scale invariance@4#, Brans-Dicke
theory with finite mass scalar field@5#, and generalized Ein-
stein action with quadratic terms@6,8,9#. The main reason for
developing these theories was the search for possible candi-
dates to a viable quantum gravity. Nevertheless, with the
detection of some disturbances in the galactic dynamics,
some authors have tried to explain this with nonstandard
gravitational theories. In particular, Sanders@2# used a gravi-
tational potential with a Yukawa term to explain some fea-
tures of galactic rotational curves. The difficulty with these
modified theories is that the analysis of the observational
data is inconclusive@1#. So the preferred explanation for ga-
lactic dynamics is the presence of dark matter. Therefore it
would be important to search other observational situations
to test the possible existence of a Yukawa-like term in the
gravitational potential. In this work we analyze an idealized

homogeneous stellar system which is perturbed due to the
passage of a massive intruder star. We calculate the influence
of the Yukawa term in the scattering of the massive star and
the relaxation time of this system. For this purpose, we use
an approach developed by Saslaw@10#, in which the scatter-
ing is described using a collisionless Boltzmann equation.
The advantage of this method is that we can perform a fully
analytical approach to the subject, and determine the influ-
ence of Yukawa-like term in the final results.

II. DESCRIPTION OF THE SYSTEM
AND THE FORMALISM

We analyze an idealized homogeneous stellar system,
with a distribution of stars all with same massm. A massive
intruder star is shot into the system with initial momentum
po and its passage induces a slight inhomogeneity which is
responsible for its scattering. This inhomogeneity receives
the name of ‘‘grexon’’ which is an acronym for ‘‘gravita-
tional excitation’’ @10#. The grexons reflect a collective re-
sponse of the system to the passage of the intruder star. The
intruder star is massive, in the sense that its massMo is
much greater thanm. The scattering is calculated using the
collisionless Boltzmann equation. The central idea is to de-
duce the evolution equation of the distribution function
f (p,x), in a form suitable to be handled with standard per-
turbation theory of the Schro¨dinger equation. For this pur-
pose, the Hamiltonian of the system is written as
H5K1V1(r )1V2(r ) with uV2(r )u!uV1(r )u, whereK is the
kinetic energy,V2(r ) is the potential due to massive intruder
star, andV1(r ) the potential due to all other stars, except the
massive one. In this way we can consider theV2 terms as a
kind of perturbation to the initially ‘‘unperturbed’’ system. A
standard Boltzmann equation is written as

] f

]t
5$H, f %, ~1!

whereH is the Hamiltonian of the system andf is the dis-
tribution function. Now, writingBf[ i $H, f % and f5c*c
with c5eiuf, we obtain
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i
]f

]t
5Bf ~2!

which is similar to the Schro¨dinger equation. Note that from
its definition the Poisson bracket operatorB is linear and
Hermitian.

If one assumes that the initial distribution of stars is ho-
mogeneous and time independent, the solution of the above
equation can be represented as a plane wave solutionfo
}eik–r. In this case, the operatorBo is given only by kinetic
term ~the potential is assumed constant! and

Bofo52 i
p

m
•

]fo

]r
5vkfo , ~3!

where vk is the eigenvalue andBo is an operator which
describes the unperturbed system. The introduction of the
massive star perturbs the system, so Eq.~2! is equivalent to a
Schrödinger equation with a small perturbation:

i
]f

]t
5~Bo1dB!f, ~4!

where

dB5 i
]V2

]r
•

]

]p
. ~5!

Therefore we can use the standard Born expansion com-
monly used in quantum mechanics to solve it. The general
solution of the unperturbed system is obtained by using a
standard Fourier analysis, considering the plane wave solu-
tion

f~p,t !5R23/2(
k
ak~p,t !e

i ~k•r2vkt !, ~6!

whereR is the characteristic size of the system, i.e, we are
considering the system enclosed in a cubic box of length
R. The final result will be independent of the sizeR. The
only constraint to theR value is that it will be sufficiently
large to avoid the influence of surface terms on the final
results. In this approach a star is described by the superposi-
tion of plane waves with different phases. We need to evalu-
ate the transition matrix

^kudBuk8&5E d3re2 ik•rdBeik8r•. ~7!

With this superposition, a given star is described by the
group velocity of the resulting wave packet. Working in the
limit of small angle scattering, a relation between momentum
and wave number of an arbitrary star is@10#

p5
^p2&
mvg

k, ~8!

wherevg5(4pGro)
1/2 is the characteristic gravitational re-

sponse frequency of the system and^p2& is the momentum
dispersion.

III. SCATTERING PROBABILITY
AND RELAXATION TIME

In the framework of a higher order gravity theory, a
Yukawa-like term is included in the usual Newtonian poten-
tial giving rise to an effective gravitational potential

V52
G`Mm

r
~11ae2mr !. ~9!

The subscript̀ attached to the gravitational constant means
the value measured at infinity, i.e., whenmr@1. This fact
corresponds to a distance beyond the range of Yukawa term.

FIG. 1. Mean deflection angle;a520.9, a50.01; Newtonian
potential~solid line!; potential with a Yukawa term:s50.5 ~dash-
double-dot!, 0.1 ~dot!, and 0.01~dash!.

FIG. 2. Mean deflection angle;a520.25, a50.01; Newtonian
potential~solid line!; potential with a Yukawa term:s50.5 ~dash-
double-dot!, 0.1 ~dot!, and 0.01~dash!.
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Now, if m21 is of the order of galactic sizes, then we mea-
sure G`(11a) in laboratory experiments, instead of the
usual Newtonian constantG. On the other hand, ifm21 cor-
responds to distances smaller than the laboratory apparatus,
then for any practical purpose the gravitational field is New-
tonian andG.G` . The only appreciable changes would
occur at very small scales. Equation~9! results from the
weak field approximation of a higher order gravity theory.
The introduction ofR2 andRmnR

mn in the standard Einstein-
Hilbert action implies thata will always be positive@6,8,9#.
Nevertheless, when Eq.~9! is applied to explain galactic ro-
tational curves, it is important to use a negativea value@2#,
and this can be reached by the introduction of scalar and
vector fields@11,12#.

To calculate the scattering probability, one needs a Fou-
rier transform of the potential~9! which is obtained by a
straightforward procedure. So the probabilityDW for the
energy and momentum transfer per unit time and solid angle
dV @10# is

DW

tdV
5

~3p!2Mo
2mG`vg

2d~v2vg!

R3^p2&k2 F11a
k2

k21m2G2.
~10!

The scattering probability rate per unit energyT(u,v) is
given by the momentum integral of Eq.~10!:

T~u,v!5
9Mo

2G`m
2vg

3d~v2vg!

8p^p2&2Vo@u21j2# F11a
u21j2

u21j21s2G2,
~11!

wherej5DE/(2E), s[DEgm/(vgpo), Vo the initial veloc-
ity of the intruder star, andDEg;^p2&/m @10#, with
T(u,v) normalized to one@10#. The mean square deflection
angle is calculated by

^C2&5E
0

u1
duu2H E

0

`

dvT~u,v!J
5N~u1!F ~11a!2u11

a2s2u1
2~a21s21u1

2!
2aarctanS u1

a D 2
a

2Aa21s2
~4a212a2a14s213as2!arctanS u1

Aa21s2D G ,
~12!

wherea[DEg /(2E), u1 is the largest scattering angle associated with this process, andN(u1) is the normalization factor

1

N~u1!
52

a2s2u1
2~a21s2!~a21s21u1

2!
1
1

a
arctanS u1

a D 1
a

2~a21s2!3/2
~4a212a2a14s213as2!arctanS u1

Aa21s2D .
~13!

In order to obtain a rough estimate ofu1 , it is important to
note that the scattering is essentially a binary process, thus in
each collision a star is deflected through an angle which is
given by u.2GMom/(RVo

2) ~in binary collisionsmR!1,
then a Newtonian potential is a good approximation!. In the
uncorrelated case the massive star scattersAN stars, such
that the resulting deflection angle is

u1.N21/2S v*Vo
D 2, ~14!

where v* is the dispersion velocity of the system in the
Newtonian approximation@in Eq. ~A2! we show an exact
v* obtained in the weak field limit of higher order gravity#.
When scattering is correlated, its is important to consider the
number of grexons and their distribution. An estimate ofu1
can be obtained by simply replacingN with number of grex-
onsNg . In any of the cases,u1 is a small angle, which is in
agreement with our approach.

In Fig. 1 we plot ^C2&a223u1a
21 and usea50.01,

which corresponds to a transfer of 0.5% of energy between
the intruder star and the system fora520.90@2# and values

s50.5 ~dash-double-dot!, 0.1 ~dot!, and 0.01~dash! repre-
senting three distinct situations. The Appendix shows some
details of how the parametersa and s are fixed. In the
graphs, the solid line shows the result of a pure Newtonian
potential @10#. Note that in this case, we are not assuming
any particular value form andR ~however, note thatm and
R are embodied in the definition ofs). To analyze the effect
of ana variation, in Fig. 2 we plot the same set ofs as used
before witha520.25 @11#. All curves increase smoothly,
but with values of the scattering angle which are different
from the Newtonian case. Whens50.01 anda520.90, the
curve flattens at the end ofua21 axis exhibiting a kind of
saturation. For casess50.1 and 0.01, see theAppendix. It
is important to note that whenu1→0, we obtain the right
behavior for^C2&, i.e., it goes to zero in this limit. In the
figures, this behavior is not clear because the scattering angle
rises suddenly nearu1.0 in the presence of a Yukawa term.
Although interesting, the previous results are difficult to be
compared with observational data, basically because we do
not know how to measure the scattering angle in a stellar
system. Therefore it would be important to search for an-
other measurable characteristic.
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The presence of any modifications in the Newtonian po-
tential changes the dynamics of the system, in particular its
stability. A parameter related to the stability and more suit-
able to be compared with observational data is the relaxation
time t defined ast[E/Ė, whereE is the energy of the
intruder star. IfDE is the energy transferred in each colli-
sion, the total energy transfer is given by

Ė5E dVE
0

`

d~DE!DET~u,v!. ~15!

If one assumes that the scattering angle is small,
2p sinudu.2pudu and performing the previous integration
from u50 to u5umax — whereumax is the angle in which
occurs a maximum energy transfer, i.e., the contributions of
the collisions withu.umax are very small@see Eq.~A5! in
the Appendix# — we obtain

Ė5
9Mo

2G`vg
2

8Vo
l, ~16!

where

l5 lnS 11
umax
2

a2 D 12a lnS 11
umax
2

a21s2D
1a2F lnS 11

umax
2

a21s2D 2
umax
2 s2

~s21umax
2 1a2!~a21s2!G .

~17!

Then one finds that

t5
Vo
3l21

9pG`
2Momn

, ~18!

with n the stellar number density. Now we can compare the
relaxation timet with the Newtonian result obtained by
Saslaw@10#, which we denotetN. We obtain after a straight-
forward calculation that~where we tacitly assumed that
umax is the same in both cases!

tN

t
5
G`
2

G2 H 11
2a

ln~11umax
2 /a2!

lnS 11
umax
2

a21s2D
1

a2

ln~11umax
2 /a2! F lnS 11

umax
2

a21s2D
2

umax
2 s2

~s21umax
2 1a2!~a21s2!G J . ~19!

We perform an analysis in three limiting ranges. LetRlab be
a characteristic size of a laboratory~here laboratory ranges
from usual terrestrial laboratory to solar system scale!. In the
first case,Rlab!R!m21, thenG5G` in all ranges of inter-
est and one finds that

tN.t. ~20!

In the second case,Rlab!m21,R, and one obtains an inter-
esting result

tN.~11a!22t. ~21!

With 21,a,0, this corresponds totN.t, which means
that a pure Newtonian system is more stable than a system
with a Yukawa term~we are assuming that this relaxation
time is dominant in respect to other characteristic stabiliza-
tion times!. Therefore the age of a stellar system in the pres-
ence of Yukawa term with range larger than its characteristic
size, can be reduced drastically. Note that ifa520.9 this
corresponds totN.102t, while if a520.25 we find
tN.1.78t. The last casem21!Rlab!R corresponds to a
very small range where one suspects that higher order grav-
ity effects should not be important in astrophysical contexts
and measures will not differ from Newtonian results.

IV. CONCLUSION

In the framework of a higher order gravity theory, which
means the introduction of a Yukawa-like term in the gravi-
tational potential, the scattering probability and the relax-
ation time of the system are modified. A typical size of a
globular cluster is about 10 pc; therefore we need to have
m21,10 pc. If Sanders’ results are right, globular cluster
dynamics would be insensitive to the presence of Yukawa-
like term. However at galactic clusters scale, its role may be
appreciable so the results obtained in this paper may be ap-
plied to these systems instead of globular clusters.

Under suitable conditions a system possessing a gravita-
tional potential with higher order terms is more stable than
others which do not possess them. If we infer the age of a
given system using its dynamical evolution with a Yukawa
term its age would be less than in a pure Newtonian system.
This fact can be used to constrain thea value using an ap-
proach other than measuring rotational curves of galaxies.
An important question to be analyzed is thea value. In a
higher order gravity coupled to scalar and vector fields, the
a value is negative, but its absolute value is less than the
expected one. Sanders obtaineda in the range
20.90.a.20.95, whereasa.20.25 in the presence of
scalar and vector fields@11#.
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APPENDIX

1. Estimation of the energy transfer parametera

In order to evaluatea5DEg/2E we use the approxima-
tion DEg;ĖR/Vo . So one finds thata.(ĖR)/(2EVo). By
means of the definition of the relaxation timet5E/Ė, Eqs.
~16! and ~17! and the relationn53N/(4pR3), we obtain

a.
27

8

G`
2MoNm

R2Vo
4 l. ~A1!
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From virial theorem one has that the kinetic energyK can be
expressed asK5(1/2)rW•FW , whereF52¹W V and V is the
potential defined by Eq.~9!, so one can obtain the dispersion
velocity

v
*
2 5

G`Nm

R
@11a~11mR!e2mR#. ~A2!

The parametera can now be given by

a.
27

8

l

N

b

k4

1

@11a~11mR!e2mR#2
, ~A3!

whereb andk are the mass and velocity ratios

b5
Mo

m
, k5

Vo

v*
. ~A4!

We can now draw some conclusions abouta, which ba-
sically describes the influence of intruder star on the scatter-
ing system. Ifa is large, essentiallyb/k4 is large too. In this
case, we would have a strong perturbation of the intruder on
the system, in such a way that our approach breaks down. On
the other hand, for a smalla the resulting interaction of the
intruder on the system is small. These considerations are
important for fixing thea value and for this purposel
should be estimated. We use the relation

umax
a

5
kmaxVo

vg
~A5!

for evaluatingkmaxVo /vg , which is considered in the uncor-
related and correlated scattering situations~a more detailed
exposition can be found in@10#!. In the uncorrelated case,
kmax is of the same order as the inverse of the distance be-
tween the stars, i.e.,kmax.N1/3R21, then

kmax
2 Vo

2

vg
2 .N2/3k2@1, ~A6!

where we used the relationvg5A4pGro , with
ro5Nm/(4pR3/3). In the case of correlated scattering, we

need to consider the number of ‘‘grexons’’Ng inside the
cluster. For example, if its distribution is spherical, we have
kmax.Ng

1/3/R, such that

S kmaxVo

vg
D 2.Ng

2/3k2.1. ~A7!

In all cases we havekmax
2 Vo

2/vg
2 as a dominant term in the

logarithm. In the definition ofl @Eq. ~17!# the first term is
dominant, while the others render small corrections. So, we
obtain thatl.1;10 withN;105 ~a typical number of stars
in a globular cluster!. Because of the logarithmic depen-
dence, our results do not depend strongly on the exact value
of kmax

2 Vo
2/vg

2 .

2. Estimation of parameters

Starting from the definition ofs,

s[
DEgm

~vgp0!
, ~A8!

and using the relationDE5^p2&/m @10# we obtain that

s25
^p2&2m

~m2vg
2po

2!
, ~A9!

wherevg
254pG̃r53G̃Nm/R3, with N the number of stars

and G̃ is the effective gravitational constant, which in the
presence of a Yukawa potential can be calculated by pertur-
bation theory, but for our following purposes the results will
independent ofG̃. If one now assumes thatpo

25c1
2^p2& and

^p2&.m2v
*
2 where c1.kb, the following relation is ob-

tained:

s.A2/3SRm

c1
D . ~A10!

If Rlab.m21<R one finds that

c1.kb>
1

s
A2/3 ~A11!

such that

TABLE I. Some values ofb and k with mR51.50 and
a50.01.

a s k> b>

0.5 1.4 1.2
0.5 5.0 0.3
0.1 1.4 5.7

20.90 0.1 5.0 1.6
0.01 1.6 50
0.01 5.0 16

0.5 1.4 1.2
0.5 5.0 0.3
0.1 1.4 5.8

20.25 0.1 5.0 1.6
0.01 1.6 49
0.01 5.0 16

TABLE II. Some values ofb and k with mR50.5 and
a50.01. ~* ! The cases withk,1 are not desirable, because the
chances of the intruder star being captured is high.

a s k< b<

0.5 1.2 1.3
20.90 0.1 2.0 4.1

0.01 2.5 32

0.5 0.62* 2.7
20.25 0.1 0.86* 9.5

0.01 1.35 60
0.01 1.72 48
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a>
27

8

l

Nsk5

1

@11a~11mR!e2mR#2
. ~A12!

Now we can estimatea ands for some particular situa-
tions. In our case, we are interested in the scattering of a star
from a typical globular cluster, so we must haveN.105.
From Eq.~A11! we see that the smaller thes, the greater the
mass of the intruder star~or its velocity with respect to dis-
persion velocity of the cluster!. Two distinct situations can
be considered, one is the case in which the mass of the in-
truder star is nearly the same as the massm of a star in the
cluster. The other is one in which the intruder star is much
more massive thanm. Once we pick up a value fors, we
constraina. If we consider as variation in the range deter-
mined by the values 0.5, 0.1, and 0.01 we have the possibil-
ity of studying a two order of magnitude mass difference.

In Table I we show several sets ofb,k with
l510, a50.01, N5105, and s50.5, 0.1, and0.01 in
all cases; we setmR51.50. Although we always work with
mR>1 due to behavior of relaxation time~21! we include,
for completeness, in Table II the results when we assume
that mR,1 ~more specificallymR50.5 and the same
l, a, and N as in the previous case!. This implies chang-
ing > by < in Eqs.~A11! and ~A12!.

An important feature is that witha520.25, there is no
way to satisfy the previous constraints with
s50.5 and 0.1. Inboth cases, we obtaink,1, meaning
that the velocity of the intruder star is less than the dispersion
velocity of the system. In this case, the chances of the in-
truder star being captured is very high, which is an undesir-
able feature.
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