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ABSTRACT. The celebrated Turdn inequalities P2(z) — Pn—1(x)Ppy1(z) >
0, z € [-1,1], n > 1, where P,(z) denotes the Legendre polynomial of
degree n, are extended to inequalities for sums of products of four classical
orthogonal polynomials. The proof is based on an extension of the inequalities
*y,% — Yn—1Yn+1 > 0, n > 1, which hold for the Maclaurin coefficients of the
real entire function ¢ in the Laguerre-Pélya class, ¥(x) = > oo vna™/nl.

1. INTRODUCTION AND STATEMENT OF RESULTS

For any sequence of polynomials {p,}5°, the quantities A, (p;x) := p2(x) —
Pn—1(2)Pn+1(z) are called Turdn determinants, associated with {p, }52 . Szegd [18]
was the first to call attention to the following beautiful inequalities of P. Turan:

(1) A, (P;x) = P2(x) — Pp_1(2)Pyyr(x) >0, z€[~1,1], n>1.

In the same paper Szegd obtained extensions of (1) to Gegenbauer (ultraspheri-
cal), Laguerre and Hermite polynomials. Karlin and Szegd [10] proved that certain
higher order Turdn determinants for the same classes of classical orthogonal poly-
nomials do not change their sign in the interval of orthogonality. Gasper [9] proved
the analog of (1) for a class of Jacobi polynomials. Askey’s comments on [10]
and [18] in Volume 3 of Szegé’s collected papers survey further contributions and
developments.

The reason for the recent interest in Turan determinants is that for the orthogo-
nal polynomials {p, }5 , in a subclass of the class M (0, 1) the quantities A, (p; x)
converge uniformly on the compact subsets of (—1,1) to 2(1 — 2?)/2/(nd/(x)),
where o (z) is the absolutely continuous part of the measure, with respect to which
the p,, are orthogonal [5, 6, 7, 12, 19].

Szeg6 [18] gives Turan’s proof and three additional proofs of (1). The third
proof is particularly ingenious and allows the extension of (1) to the ultraspherical,
Laguerre and Hermite polynomials. Szeg6 atributes the idea of this proof to Pélya.
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A real entire function

n

(2) ba) =Y s
n=0

is said to belong to the Laguerre-Pélya class (¢ € L-P) if
'@[J(x) _ cxme—az2+ﬁz H(l + x/xk)e—r/mk’
k=1

where ¢, 3,z are real, @ > 0,m is a nonnegative integer and Zx;Q < 00. We

have adopted the notations in [2, 4, 14], which one may consult for the important
properties of the functions in Laguerre-Pélya class. Generally, £-P consists of entire
functions which are uniform limits on the compact sets of the complex plane of real
polynomials with only real zeros. A necessary condition that ¢ € £-P is that its
Maclaurin coefficients satisfy (cf. [2, 4, 16])

(3) ’7721 — Yn—1Vnt1 =0, n>1.
Then, in order to prove the inequalities
An(piz) 20, n>1,

where
a) pu(z) = PV (2)/PV(1) for xe[-1,1], A>—1/2,
b) pul(z) = L' (2) /L (0) for z€[0,00), a>—1,
or

¢) pn(x) = Hyp(x) for z € (—o0, 00),
where P( ) L%a) and H,, denote the ultraspherical, Laguerre and Hermite poly-
nomials, one uses (3) together with the fact that the generating functions which
appear on the right-hand sides of

% (N) J 1 — 22)1/2
s o) (@ )—_2k—1/2r(/\+1/2)e“ el @) ) g,

o pA )( 1) n (1 — 22)1/22)2=1/2
= LY (z) 2n Ja(2(22)1/?)
@ —':F(a+1)ez—a/2, a>—1,
—= L'\ (0) n! (zz)

and

ZH Z__ 202 — 22
n!

are in the Laguerre-Pdlya class.

Another reason that inequalities (3) are interesting is their connection to the
celebrated Riemann hypothesis [17] about the zeros of the Riemann (-function. It
is well known and easy to see that the Riemann hypothesis holds true if and only
if the Riemann &-function, defined by

E(i2) = (2 — /27024 1/4)((= +1/2),

has only real zeros. It is known that £ is a real entire function of order one. It can
be represented in the form

&(z/2) = 8/000 O(t) cosxt dt,
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where
4) O(t) =Y (2n*7%e” — 3n?med) exp(—n2mett).
n=1
Then
o0 L2k
&(x/2) = Z
k=0 2k)!
with
(5) b = / PO)dt, for k>0,
0
On setting z = —x? we obtain the entire function
>, 2k k!
6 T AL Lo
(6) &(z) kzz;)% = Gt

of order 1/2. Therefore, by the Hadamard theorem, the Riemann hypothesis is
equivalent to the statement that & € £-P (cf. Pélya and Schur [16] and Boas [1, p.
24]). Hence the inequalities 42 — 4y, —19n+1 > 0, n > 1, which are equivalent to the
inequalities (214 1)b2 — (21— 1)bp—_1bps1 > 0, n > 1, are necessary conditions for
the Riemann hypothesis to be true. Craven, Norfolk and Varga [3] proved the latter
inequalities, thus verifying a conjecture of Pélya [15] (see also Varga [20, Chapter
3]).

In this paper we obtain, in a very simple way, new necessary conditions for a
real entire function to belong to £-P. These condition are extensions of (3). Then
the idea of Pdlya, sketched above, immediately yields extensions of (1).

Theorem 1. Let the real entire function v, defined by (2), be in the Laguerre-
Polya class. Then

AVh = Yn-1Vn+1) (Vig1 — Y ¥ns2) = (mVntt — Tn-1Ynt2)’ >0 for n>1.

Corollary 1. Let 4, be defined by (4), (5) and (6). A necessary condition that
the Riemann hypothesis holds true is that the inequalities

() 432 = An—19n+1) B2 1 — AnVnt2) — BnAnt1 — n—19n42)? >0, n>1,

hold.
Corollary 2. The inequalities
bu(piz) = 4(pn(2) = Pu-1(2)pns1()) (p?z+1($2) — Pu(@)pnt2(z))
— (Pn(@)pn+1(2) — Pr_1(2)pnt2(x))” >0, n>1,

hold for the classes of orthogonal polynomials a), b) and c), described above.

2. PROOF OF THE THEOREM AND REMARKS

Proof of the theorem. Let the real entire function v, defined by (2), be in the
Laguerre-Pdlya class. Then, for any positive integer n, the n-th associated Jensen
polynomial

5 (3 e
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has only real zeros (cf. [2, 4, 15]). Observe that for any ¢ < n

n!

g’fzq) (z) = )!gn—q,q(x)v

(n—gq

where

" n
gn>11($) = Z ( k >7k+q$k7 n = 0, 1, ey
k=0

are the Jensen polynomials associated with (2. Then Rolle’s theorem implies that
for any positive integer n and any nonnegative integer ¢ the polynomial g, 4(x) has
only real zeros. The latter follows also from the fact that the class £-P is closed
under differentiation (cf. Pélya and Schur [16]). Now the assertion of the theorem
follows from a result of Mafik [11] (see also [13, Theorem 1.3.3 on p. 99]). It states
that if the real polynomial

p(x) =Y arz®/(k(n - k)
k=0

of degree n > 3 has only real zeros, then the inequalities
4(af — ak—1ak+1) (41 — Qgapi2) — (akaps1 — ap—1ap42)> >0, 1<k <n-—2,

hold. O

Corollary 1 is immediate. In order to prove Corollary 2 one uses the statement
of Theorem 1 and the idea of Pélya, described in the first section.

A natural conjecture is that inequalities (7) hold true. Numerical calculations,
based on the values of the first twenty coefficients by, given in [3], support the
conjecture.

It is interesting to see what is the limit of the quantities 6, (p; ) for the class of
orthogonal polynomials whose associated Jacobi matrix is a compact perturbation
of the Jacobi matrix corresponding to the Chebyshev polynomials of the second
kind. The above mentioned results on convergence of Turan determinants for the
polynomials in the class M (0, 1) and their extension to the so-called shifted Turdn
(or Geronimo and Van Assche) determinants [8, Theorem 6 | yield:

Proposition 1. Let the sequence of orthogonal polynomials {p,} be defined by the
three-term recurrence relation

pp(x) = apnr1Pn+1(T) + bnpn () + anpn_1(x), n >0,
p-1(z) =0, po(z)=1,

with real b, and positive a,,. Suppose that the recurrence coefficients satisfy a, —
1/2 and b, — 0 as n diverges, and

([bk+1 — br| + [ap+2 — ar41]) < oo.

NE

>
Il

0

Then the measure «, with respect to which the p, are orthogonal, is absolutely
continuous in (—1,1), /() > 0 for all x € (—1,1), and &' is continuous in (—1,1).
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Moreover,

) 8 1—2a2
Jim 6, (p; ) = 2@

uniformly on the compact subsets of (—1,1).
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