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Size effects in the magnetization of a superconducting wire

Pablo A. Venegas?®
Physics Department, University of California, Santa Cruz, California 95064

The size effects in the magnetization of a long cylindrical wire of circular cross section in the
presence of an external magnetic field are investigated. For this study the London theory is used
with boundary conditions appropriate for this geometry. Using the Monte Carlo simulated annealing
method, the free energy of the mixed state is minimized with respect to the vortex positions. The
ground state of the vortex lattice for=1 up to 18 vortices for a given radius of the cylinder is
obtained. It is found that the finite size of the sample provokes a matching effect in the
magnetization, as found in experiments with superconducting samples of finite size but different
geometry. ©1999 American Institute of Physid$S0021-897¢09)16408-9

Over the last few years several studies on superconductonditions appropriated to this geometry, the Gibbs free en-
ing samples of size comparable with the London penetratioergy for the system oN vortices in an external fielth can
depth have been made. Measures of transport currents, mage written as?

netization, magnetic moment, reversibility lines, and flux 2.2
1o, . . dy |\
penetratioh 12in samples of small size have shown the im- gz( 2) —|NIn K+2 Ko(|fi—rj|/7\)
portance of finite size effects. As an example the results of 4mh7] A i#]
Zeldovet al.” can be cited in thin superconducting strips that ~ Lo(ri/N)
show a delay in the penetration of the vortex lines and a —2 o(ri, i1y, é)+H O—'/—l)
vortex accumulation at the center of the sample due to the bl T lo(a/h)
geometrical barrier effect. On the other hand, studies of mag- H\2%a 1,(a/\)
netization made by Brongersnea al'? and Zieseet al® in — (5 T idam | (1)
superconducting films show an interesting behavior. When A To(a/n)
the magnetic field is increased above the lower critical fieldThe associated induction is then given by
(He1), ins';te'ad of the continuous (.:iecrease in bulk supercon- ND, 27anH I,(a/\)
ductors, it is found that magnetization shows a series of pB= +
maxima (matching effegt which is attributed to finite size A A lo(a/N)
effects. In this way, our main interest in this work is to nu- b, 1
merically analyze the matching effects in the magnetization. BNERES) @) 2 lo(ri/N), (2)
. . e s 0 i
Instead of a film, these effects are analyzed in an infinite
superconducting wire of circular cross section. Despite thavhere the definition used was
gllmesr.ent geometry a matching effect analog is found in thma(r,q&,r’,q&’)
Suppose we have an infinite cylindrical superconductor i Km(a/N)
of radiusa along thez axis in an external magnetic field = _2 COS{m(¢—¢')]mlm(f/h)lm(r'/?\),
oriented along the direction. If we suppose we are in the me m
high « regime then the London theory can be used to analyze 3

the present systeffwhere« is the Ginzburg—Landau param- | andK,, are the modified Bessel functions, the vortex
eter k=MN/¢, ¢ is the coherence length, andthe penetration position, A the area of the cylinder, arEl=H/(<I>0/4w)\2).
length. To calculate the magnetization it is necessary t0  The result obtained for the Gibbs free energy reflects the
know the vortex lattice associated to the ground state of thgjtferent interactions in our finite size system. The first term
system, which is obtained by minimizing the Gibbs free en-is the vortex self-energy and the second one describes the
ergy with respect to the vortex positions using the Monteyepyisive interaction between the vorticéee bulk term.
Carlo simulated annealing method. The ground state lattic§he third term describes the attractive interaction between
patterns are obtained starting from an arbitrary configuratioghe vortices and image vortices located outside the sample.
allowing the system to evolve towards the global minimum.The effect of this interaction is to push the vortices close to
If we suppose our cylinder is isotropic then the vorticesthe surface. The argument of the fourth term represents the
are straight lines and the three dimensional problem can beffective flux ®/Dy=[1—1y(r)/19(a)] (Po=hc/2e). The
reduced to a two dimensional one. Writing the London equafirst term in this argument represents the repulsive interac-
tion in cylindrical polar coordinatesr(¢) with boundary  tion between a vortex and the magnetic field that penetrates
the sample surface pushing the vortices to its center. The
30n leave from Departamento de Fisica, Universidade Estadual Paulist8€C0ONd term represents the vortex magnetic energy. The fifth
Av. Engenheiro Luiz E. Coube S/N, 17033-360 Bauru-SP, Brazil. term is the Meissner state energy. The competition between
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the vortex—vortex, vortex—image vortex, and vortex—surfacd ABLE 1. The first column is the number of vorticédl) and the second

field interactions represents an energy barrier that the vortef!umn represents the values of the critical fields for each configuratitin of
vortices. The critical fields were determined with a precision of 10

must overcome to be able to enter the sample. When the

external field is below the minimum value for a new vortex N Hon
penetration, the vortex—image vortex interaction dominates 1 36903209
preventing a new vortex to enter the sample. 5 37037780
In this way, as a consequence of the energy barrier gen- 3 3.704 759 3
erated by the finite size of the sample, at low fieldear 4 3.7157228
H¢1), we have well defined critical fields for each new pen- 5 3.7313060
etration, known as matching fieldsisy= Hon/ (P oldma?), 3 g;ig gg;;
N=1,...,18; withH,=H;]. When the field is increased up 8 3.772 295 7
to or above the critical value a new vortex can overcome the 9 3.800 308 2
surface energy barrier and enters into the sample. Then the 10 3.8088703
first step to calculate the magnetization is to determine the 1 3.8258413
matching fields. 12 38335742
o . ) 13 3.863 9324
The lowest matching field.; can be obtained easily 14 3.8702223
comparing the free energy of the system with one vortex and 15 3.9075828
that of the Meissner statsuppose the single vortex is at the 16 3.9106818
center of the sample The Meissner energy is obtained by i; g-gié 2;2;

solving the London equation in cylindrical coordinates of the
system with no vortices. The lower critical field is then given

by
can be fixed along the axis so that the minimization proce-
Ko(a/N) dure only involves Rl—1 variables. This has been done for
@, N T@in) N=1 up toN=18. -
Ha=7 2 1 : (4) Then, having the critical field¢see Table )l the free

energy is minimized in the appropriate range of field. The
minimization provides the most stable vortex configuration

) o ] ~ to obtain the induction and then the magnetization. The mag-
To obtain the matching fields for higher vortex configu- netization can be written as

rations (N>1) is more cumbersome but the procedure is
essentially the same as used to obtdj, i.e., equating the —47M=B-H, ®)
Gibbs free energy of the configurations withandN+1  and the result can be seen in Fig. 1. From Fig. 1 we can see
vortices,Gy=Gy 1. In this way a transcendental equation that the magnetization shows a quite different behavior when
is obtained foH (because the radii implicitly depend &) compared with the bulk case. Instead of a continuous de-
which can be solved iteratively. However, each time the freecrease when the magnetic field is increased on our finite size
energy is calculated for a given magnetic field, this free ensample the magnetization decreases by steps. Even though
ergy must be calculated with the vortices in the equilibriumthe cylindrical symmetry and a parallel field is specialized it
position. Thus, for each iteration the free energy must beseems that there is an analogy between the Brongéfsma
minimized. The iterative work was performed using the se-experimental result for the magnetization and the present
cant method and the minimization using Monte Carlo simu-one. According to our results, the series of “maxima” they
lated annealing®!°Fora/\ = 10 the values obtained féty

can be seen in Table I.

The usual procedure to find the ground state of the vor- 800
tex lattice is to assume some particular geometry and then .
evaluate the Gibbs free energy. The configuration corre- I -
sponding to the lowest energy value is assumed as the most - -
stable vortex lattice. Other authét$®have used the method -
of images to determine the vortex configuration. Using the s 270 —

Monte Carlo simulated annealing method, an initial configu- —

ration is started and chosen randomly and we allow the vor- 260 —

tex lattice to evolve towards the global minimum. The en- —
ergy minimization is made using different initial
configurations and different seeds for the random number 2ao , ‘ ,
generator. In this way different annealing schedules are ob- e 87 P 3

tained which assure that the system goes to the global mini- o _ _

mum FIG. 1. MagnetizatiofM) for N=1-18 vortices as a function of the ex-
' ternal magnetic fieldH) in units of (®y/4w\2). For eachN vortice con-

Note that due to the symmetry of the problem, the freeiguration, the magnetization is calculated in fitsy,Hey: 1] field range.

energy is invariant under any rotation, therefore one vortexere we have used/\ =10, A\=200 nm, anck=40.

“lo(alN)
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