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Duality in a fermionlike formulation for the electromagnetic field
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We employ the Dirac-like equation for the gauge field proposed by Majorana to obtain an action that is
symmetric under duality transformation. We also use the equivalence between duality and chiral symmetry in
this fermionlike formulation to show how the Maxwell action can be seen as a mass term.

PACS numbgs): 11.15—-q, 11.10.Ef, 11.30.Cp, 11.30.Rd

I. INTRODUCTION In the approach of the source-free Maxwell theory in an

. . arbitrary background geometry, the duality symmetry under
Recently, many papers have been published exploring th eneral electric-magnetic field rotations can be implemented

issug of duality. This production has been mptivatgd by th n a nonlocal way, as was introduced by Deser and Teitel-
relation between duality symmetry' anq theories with strong, i, (DT) [12]. If the manifest covariance is lost, we can
and weak coupling1]. Another motivation has been due to ¢onstryct quadratic actions for these models. It can be proved
the presence of various duality symmetries in string theoriegha; this formulation is equivalent to the one of Schwarz-Sen
[2], specifically, the target space dualify duality), which is  [13] via path integral formalism. In Ref14] sources were
the symmetry of the low energy effective field theory, @&d introduced into these nonmanifestly invariant actions and the
duality (the generalization of the electric or magnetic dual-covariantization of this procedure has been accomplished in
ity) which is the invariance under tf#L(2,R) duality trans-  [15].
formations of the equations of motion for the bosonic sector Khoudeir and Pantoj&KP) [16], getting back to the non-
of the heterotic string. In addition to these, a very importantpolynomial action scheme, suggested a Lorentz invariant
interest resides in the electrically and magnetically chargedatersion of the SS model by using an auxiliary timelike con-
black holes in the semiclassical vid®]. stant vector in the action. This vector in fact violates the
Consequently, one of the first dualities observed, thenanifest covariance. Pasti, Sorokin, and TofR$71) [17],
electric-magnetic duality in Maxwell's equations, has re-making good use of this idea, proposed a generalization of
ceived great attention. However, the problem that arises ithe DT, SS, and KP duality symmetric actions presenting the
preserving the duality symmetry and, at the same time, th&P unit norm auxiliary vector as a Lorentz frame vector field
manifest Lorentz covariance when the duality is imple-that can be related to the gravitation interaction. The action
mented is a very difficult obstacle. The main objective in theconstructed is manifestly covariant.
literature is to construct a duality symmetric action which is  In this work we use the fermionlike formulation of Majo-
also manifestly Lorentz invariant. rana[18,19 for the Maxwell theory to propose an action that
Schwarz and SefSS [4] proposed a dual invariant ac- is invariant under relativistic and duallty transformations.
tion in which one more potential has been introduced gener=ermionlike formulation for the electromagnetic theory has
alizing theT duality symmetric string actiof6] to the case been studied extensively by Dvoeglaz[®0], but connec-
of the heterotic string. Although this formulation is not mani- tions with duality has not been explored. This paper is orga-
festly covariant it is classically and quantically Poincare  hized as follows: in Sec. Il we review the work of Majorana
variant. One way to recover the manifest Lorentz invariancéind obtain a Dirac-like expression for the Maxwell equations
is to produce a nonpolynomial action, but this makes thdn the absence of sources. This femionlike formulation en-
quantization difficult. An alternative procedure is to use thecouraged us to explore the chiral aspects in the theory. This
Hamiltonian formalism in which, after the introduction of an is accomplished in Sec. Ill where we show that duality is a
infinite set of fields(this idea was first used to analyze chiral kind of chirality and in this context we propose our action
bosong 6,7)) it is possible to get suitable duality conditions Which is invaria}nt under duality. In Sec. IV we demonstrate
[8]. The corresponding action, in ten dimensions, containinghat the Poincargienerators obeys the algebra on-shell. Fi-
an infinite number of fields, is manifestly invariant under nally, the conclusion and final observations are in Sec. V.
electromagnetic duality transformation. After compactifica-
tion to four dimensions it results into a local Maxwell action
with electric and magnetic sourcf8]. The study of the di- II. FERMIONLIKE FORMULATION
mensional dependence of the electromagnetic duality was
carried out in[10] and the connection between duality and
bosonization was shown iri1].

The well known Maxwell’'s equations are

V-E=p, 1)
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VxB- o 3 B () 0B 10
XB=—r=l 3 |W_(Si) -d;By. (10
In order to express Eq$5) and(6) in a fermionlike for-
VXE+ E:O' (40 mulation we define two important>66 matrices,
Lo : I o . S
Now we want to look for a fermionlike formulation of o= and I'= . (11
these equations based on the work of Majorft®. In his 0 —I 0

work Majorana enhanced the role in electrodynamics of the

complex quantityF=E—iB, which was emphasized lately I'c andT play the role of the Dirac gamma matrices, al-

by Weinberg[21] and others[22] The main motivation for though they do not obey the usual gamma anticommutation

this construction is the well known fact that at the statisticalrelations. We can also introduce a matrix that is equivalent to

level, the electric and magnetic fielisandB are connected Dirac’s vs,

(through the quantitfg2+ B?) to the local mean number of

photons. Hence, an expression for the probability quantum I.— 0 1

wave of a photon can be given in terms Bfand B. It > 1 0

provides a meaning different from the usual one, where the

electromagnetic four-potential is introduced. where [ is the 3x3 identity matrix. One can check that
The first step is to build elements and vectors that allow{I's, I' ,}=0, ©=0, ... 3.

us to couple two equations into only one. To accomplish this With these definitions Eqg5) and (6) can be put in a

we note that Eqs(3) and(4), for j=0, can be rewritten as more compact form

: (12

ok 1 o 1
and wheres is
aiB) 1 [0 s
-~ 7 _T(s 5= . 14
| — = T(sV)E (6) (S 0 (14
where Equation (13) resembles the massless Dirac equation, and
one can consideW as a(quantum wave function for the
E, B, photon of the type
E=| E2 and B=| B> |. (7 E
Es Bs V= (i B) (15
Note that we have defined as three matrices 83, by  and
(s")jk=—1 €ijx, where € is the Levi-Civita totally anti-
symmetric tensor normalized so thaf,z=1 and 6-V)B v=(E" iB" (16)
=(s)"*9;By.

With thlS definition thS matrices have the epr|C|t struc- Wherea: \IITFO is an anak)gue of the Hermitian Conjugated
ture definition. Notice that onljE and B have physical meaning
and we will useE™ and B' as auxiliary fields. So, we can

00 0 0 : note that¥ "W =E?+B?, with ET=E andB'=B . Now we
st=[0 0 —i], &= 0 0 0], can see the importance of the complex notation in the con-
0i o0 i o0 o0 struction of ¥ which mimics a Dirac spinor.
® In terms of thel’ matrices we may rewrite Eq13) as
0O -i O A .
SB=| i 0 0 , | F07=T(F0‘3-V)‘I’
0 O 1
: : =—(F-V)w¥ (17)
which satisfy the angular-momentum algebra !
[si.s]l-=—iepsc (i,j,k=1,2,3), (9) =(Tod+T-V)¥=0 (18)

and in this way Eq(5), for example, can be rewritten as  or compactly
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I'#9,¥=0, (19 which are the Hermitian conjugated of EdS) and (6), re-
spectively. The equations of motion ferandB are obtained
though it is not manifestly covariant. from
aL aL
I1l. CHIRALITY AND DUALITY TRANSFORMATIONS — -0 and — o, 28)

We can also note that EQL9) is invariant under the chiral

transformation and as a result we have EdS) and(6).

PToP=¢lsy, (20) Equationg1) and(2) for p=0 comes from the fact thd
andB are orthogonal to the propagation vector, namely
In terms of the field€t and B we have

k-E=0 andk-B=0. (29
k= cosfk—sin 6B, (21 .
The mass term: It is well known that a term likEW
B=cosfB+ sin 6L, breaks the chiral invariance. In this formulation it is given by
which is a rotation and, particularly fof=— =/2, we re- vy =kt E-B!B, (30)

cover the duality transformation.
This invariance can also be verified in the following La- which resembles the Maxwell Lagrangian denginith ET

grangian density =E, B'=B) and highlights the connection between chiral
. ; symmetry and duality. A mass term in the Dirac form is not
L=iaV(I'yo+T-V)W¥, (220 invariant under chiral transformation and the Maxwell La-

grangian is not invariant under duality transformation.
or compactlyL=iaWI'*d,¥, where the vectory andWw’

must be taken conveniently as independent. In order to pro-yy, THE GENERATORS OF THE POINCARE ALGEBRA
vide the correct dimension of the action in the natural units

(A=c=1) we have introduced a parametewhose dimen- Notice that, as the Schwarz-Sen model, E§) is not a
sion ismass ! and does not modify the equations of mo- Lorentz scalar. However, it is our task now to demonstrate
tion. that the theory is relativistically invariant as it obeys the
In terms ofE andB Eq. (22) is given by Poincarealgebra. )
We have computed the generators of the Poinalyebra
L£=a(iE'E+iB"B—E's. VB+B's. VE), (23)  in the usual way, that is, by using the energy-momentum
tensor as
which is first order in the time derivative and consequently
has a Hamiltonian formulation. The physical quantities of the 0L C 31
theory are real and the main role of the auxiliary fields is in WY o > Our (3D
) . . (" i) Ix

the mathematical construction of the Maxwell equations as
we will see below. where ¢,; are the basic field&;(E) and B;(B/) . Conse-

; ; t t i . .
The equations of motion foE' andB" can be obtained quently the linear and angular momenta are given by
from the Euler-Lagrange equations

or &aa ; ar L o Hzpozfd3x®00=afd3x[ETs.VB—BTs-VE],
JE T'9E, A(9E)

and szf d3x®0k=iaf d3x[ET9, E+ BT9,B], (32
oL 5 aL 5 aL o - and
B ‘o, (9B
_ _ M,,=ia f d3x[x,(E'9,E+B'9,B) —x,(E'9,E+B9,B)],
with the following results, 33)
LN _ _ N
—i—=2(sV)iBt (26) whereu,v = 0,...,3 andk = 1, ...,3. Finally it can be
at 1 shown in a straightforward calculation that they obey the
Poincarealgebra on-shell, i.e.,
and
Py,Po}=0, (34
ABY 1 , {Pic:Pol
T TV @ {M,.,,Po}=0,
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M, .P}=0,P.—0.P transformation in the fermionlike formulation. We have car-
uv vhou utovo . .. . L .
ried out our analysis in order to verify the Poincaneari-
{M ,0,Pit=0k,.Po, ance of this formulation, and have found that, although not
being manifestly covariant, it is relativistically invariant on-
ML Myt =0 M =0 ,sM ) shell. We also have compared the chiral variant mass term
with the Maxwell Lagrangian, which is duality noninvariant.
~90eMun =9 My, As a perspective for the future we intend to study the duality

So, we have demonstrated that the action in &8 de- symmetry in other formulations of the electromagnetism.

scribes a theory that is relativistically invariant on-shell.
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