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Closed-orbit dependence on the field direction in the anisotropic diamagnetic Kepler problem
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The classical orbits of an electron with anisotropic mass interacting with a Coulomb center in the presence
of a magnetic field are investigated. It is shown that the shape and duration of the closed orbits depend on
the magnetic-field direction. Reasonable agreement with available experimental results for donor-doped silicon
samples in a magnetic field is found, when the energy value of the conduction electron is appropriately chosen.
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I. INTRODUCTION

The main effects of external electric and magnetic fields
on the electronic spectrum of atoms are broadly known as the
Stark and Zeeman effects, respectively. In the Stark effect, the
energy levels and their lifetimes depend on the electric-field
strength. In the Zeeman effect, the atomic degenerate levels
split and essentially show a paramagnetic behavior. For the
ground and a few tens of excited states, such effects have been
calculated with some accuracy since the early developments of
quantum mechanics. However, near the ionization threshold,
a strong mixing of the unperturbed states occurs and the
diamagnetic Zeeman effect may be detected.

In an experimental investigation of the electronic transitions
from the low-lying states to the excited states near the
continuum, Garton and Tomkins [1] found that the optical
absorption of barium atoms in the presence of a magnetic field
displays unexpected oscillations as a function of the radiation
frequency. The period of the oscillations was found to be
two-thirds of the cyclotron period. The subsequent theoretical
approaches to this diamagnetic Kepler problem is an essential
part of quantum chaology [2–4].

The same kind of oscillation was detected in the optical
spectrum of hydrogen by Main et al. [5], who also reported a
successful explanation of the peaks in the Fourier transform,
namely, they were associated with the closed orbits of the
electron. The high density of levels near and above the
ionization threshold and the large radius or unboundedness
of such quantum states justify the use of a classical approach.
Moreover, since the initial states of the relevant electronic
transitions are quite localized, the important closed orbits are
those departing from and returning to the nucleus. Later, Holle
et al. [6] studied the evolution of the spectrum as a function
of excitation energy and magnetic-field strength, while Du
and Delos [7] presented a detailed investigation of a family of
the most important 65 orbits. Wintgen and Friedrich [8] also
addressed the problem, giving a classification of the orbits
and displaying the correspondence between the classical and
quantum results.

Because of the similarity between the atomic orbitals and
the envelope functions of donor states in isotropic semicon-
ductors, one may expect the optical spectrum of n-doped
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semiconductors to also present Garton-Tomkins oscillations.
To the best of our knowledge, such oscillations have not
been identified in the spectrum of isotropic semiconductors
such as GaAs, but very interesting results have recently
become available for the case of silicon. Chen et al. [9] have
reported photothermal ionization spectroscopy measurements
of n-doped silicon samples in a magnetic field. When the
electronic states of the donor impurities are described within
the effective-mass theory, the impurity center plays the role
of the atomic nucleus. But in silicon the effective mass is
not isotropic and this introduces the so-called anisotropic
diamagnetic Kepler problem (ADKP). To deal with this
problem in a simple way, those authors proposed an average
isotropic model for the pertinent valley of the conduction band,
with the electron mass given by the cyclotron mass for each
valley of the conduction band. As a result, an identification of
the relevant closed orbits of the electron was given.

In the present work we revisit the ADKP for donors in
silicon, aiming for a more detailed description of the effects
of anisotropy on the relevant electron orbits. In particular,
we investigate the dependence of the duration and shapes
of the closed orbits on the magnetic-field direction and
electron energy. Then we make a new comparison with the
available experimental results [9], and discuss whether the
experimental conditions are suitable for the identification of
the classical orbits. The main text is organized as follows: the
basic equations are given in Sec. II, the numerical results are
displayed and analyzed in Sec. III, and the main findings are
summarized in Sec. IV.

II. THEORY

In this section the main equations leading to the closed
orbits are presented. Section II A is devoted to solving the
problem in the absence of the Coulomb interaction. This
leads to the well-known expression for the cyclotron mass
and establishes a natural time unit. Additionally, the shapes of
the cyclotron orbits are described. In Sec. II B, the Coulomb
interaction is included and dimensionless equations of motion
are set up. In Sec. II C an appropriate energy scale is introduced
and its relation to the quantum mechanical approach is
discussed, whereas Sec. II D presents equations for the specific
case of a valley in the conduction band of silicon. Finally, the
treatment of the Coulomb singularity is given in Sec. II E.
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A. Cyclotron frequency

First we deal with the motion of an electron with anisotropic
mass given by a diagonal matrix 1/m subject to a uniform
magnetic field B. Since (1/m)j,j ′ = m−1

j δj,j ′ , the components
of the acceleration are given by

mj ẍj = −e (ṙ × B)j . (1)

Hence, the acceleration is null when the velocity is parallel to
the field. Moreover, it is straightforward to obtain

3∑
j=1

Bj mj ẍj = 0, (2)

i.e., N · r̈ = 0, with Nj = Bj mj . This means that an accel-
erated motion can only occur provided the acceleration is
perpendicular to N .

In order to solve Eq. (1) we look for solutions of the
form ṙ = c exp(iωt). This leads to the following eigenvalue
problem:

A c = ω c, (3)

where

A = ie

⎛
⎝ 0 B3/m1 −B2/m1

−B3/m2 0 B1/m2

B2/m3 −B1/m3 0

⎞
⎠ . (4)

The eigenvalues are ω1,2 = ±ωc and ω3 = 0, where [10,11]

ωc = e

√
B2

1

m2m3
+ B2

2

m3m1
+ B2

3

m1m2
(5)

is the cyclotron frequency. Correspondingly, the cyclotron
mass is given by [10,12]

mc = eB

ωc

=
(

u2
1

m2m3
+ u2

2

m3m1
+ u2

3

m1m2

)−1/2

, (6)

where the components of u = B/B are the direction cosines
of the magnetic field.

The first two eigenvectors give rise to an elliptical motion in
a plane perpendicular to N . The period of such a closed orbit
is Tc = 2π/ωc, which is used as a unit of time in the following
sections. The third eigenvalue corresponds to a uniform motion
along the magnetic-field direction, i.e., parallel to the first
eigenvector, c1 = u. In principle, the electron moves along a
helix which is a superposition of the elliptical and the linear
motions. If the initial conditions lead to the excitation of the
two motions, then the electron moves uniformly along N ,
and the motion along B is a superposition of a uniform and
an oscillatory motion. Figure 1 shows the main differences
between the isotropic and anisotropic cases. In the first case,
N ‖ B and the ellipse is a circle on a plane perpendicular to
B. In the second case, it is apparent that the ellipse is on a
plane not perpendicular to the magnetic-field direction [13].

B. The anisotropic diamagnetic Kepler problem

When an electron with anisotropic mass, as described in the
previous section, interacts with a single positive charge in the
presence of a magnetic field B = B u, the equations of motion

z
B

N

b
z

B
N

a

FIG. 1. (Color online) The helical trajectories of an electron with
(a) isotropic and (b) anisotropic mass subject to a magnetic field. The
thick solid (dashed) arrow represents the magnetic field (the vector
N perpendicular to the shaded plane).

read

mj ẍj = − e2 xj

4πεr3
− eB (ṙ × u)j , (7)

with ε being the absolute value of the static dielectric
permittivity of the medium through which the electron moves.
This parameter is taken to be homogeneous and isotropic. By
introducing new variables r̃ = r/λ, t̃ = t/Tc, μj = mj/mc,
with

λ = 3

√
πmc

εB2
, (8)

the equations of motion become

μj

d2x̃j

dt̃
2 = − x̃j

r̃3
− 2π

(
d r̃
dt̃

× u
)

j

. (9)

C. The energy scale

The mechanical energy of the electron is given by

E =
3∑

j=1

mj ẋ
2
j

2
− e2

4πεr
. (10)

Hence, the dimensionless energy Ec = E/E0, with E0 =
e2/(4πελ), is given by

Ec =
3∑

j=1

μj

2

(
dx̃j

dt̃

)2

− 1

r̃
. (11)

Here we note that in order to compare with quantum-
mechanical approaches, the energy is better measured in units
of the transversal effective Rydberg Ry∗ = e4m⊥/(32π2ε2

�
2),

and is given by Eq = E/Ry∗. Therefore, by introducing the
dimensionless measure of the magnetic-field strength γ =
�eB/(2Ry∗m⊥), we obtain

Ec = Eqγ
−2/3

(
π2mc

2m⊥

)1/3

. (12)

D. Equations for silicon

Silicon has the diamond crystal structure and the Cartesian
coordinates are naturally chosen along the sides of a cubic
crystallographic cell. The conduction band has six equivalent
valleys along the �-X lines, and the effective mass is diagonal
in the Cartesian system of coordinates. In each valley, the
effective mass along the �-X line is called the longitudinal
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mass and its value is denoted m‖ = 0.9163 m0, where m0 is
the bare electron mass. Moreover, the effective masses along
the transversal directions are identical and their common value
is given by m⊥ = 0.1905 m0. Hence, the anisotropy is given
by the ratio α = m⊥/m‖ = 0.2079. The relative dielectric
permittivity is taken to be ε/ε0 = 11.4.

In this work the energy of the donor states is referred to
the conduction-band minimum and the intervalley coupling is
disregarded. Thus the role of each valley depends on the angle
θB between the magnetic field and the longitudinal direction
of the valley. Therefore, to simplify the calculations, one may
choose the z-axis direction along the longitudinal direction of
the valley under investigation, with the x-y plane containing
the transversal directions. According to Sec. II A, m1 = m2 =
m⊥ and m3 = m‖, and the cyclotron mass is given by

mc = m⊥√
α sin2(θB) + cos2(θB)

. (13)

If the magnetic field is applied along the [100] direction of
silicon, then the magnetic field is parallel (perpendicular) to the
longitudinal direction of two (four) valleys. Taking θB = 0◦
and θB = 90◦, the cyclotron mass is given by mc = m⊥ ≈
0.1905 m0 and mc = √

m⊥m‖ ≈ 0.4178 m0, respectively. In
contrast, when the field is along the [111] direction of silicon,
the six valleys are equivalent and θB = arccos(1/

√
3) ≈

54.7◦. Then the cyclotron mass is mc = m⊥
√

3/(2α + 1) ≈
0.2773 m0.

E. Treatment of the Coulomb singularity

The numerical solution of Eq. (9) involves two main
difficulties. On the one hand, the Coulomb force diverges as the
inverse square of the distance to the origin. On the other hand,
according to Eq. (11), the electron speed diverges as the inverse
square root of the distance to the origin. This implies that the
magnetic force is very intense when the electron is nearby
the impurity. These difficulties are of particular concern in the
present work, because the calculations focus on close orbits
described by the electron after departure from the vicinity of
the impurity center. When the effective mass is isotropic, one
may overcome the issues by introducing a rotating reference
frame, semiparabolic coordinates, and a position-dependent
time scaling [8]. In the anisotropic case, as described below,
the equations may be improved through a similar time-scaling
transformation.

To regularize Eq. (11), one may introduce a scaled time τ ,
such that

dt̃

dτ
= r̃ , (14)

with t̃(0) = 0, i.e.,

t̃ =
∫ τ

0
r̃(τ ′) dτ ′. (15)

The transformed equation reads

3∑
j=1

μj

2

(
dx̃j

dτ

)2

= 1 + Ec r̃, (16)

and shows that the new speed remains finite near the origin. In
turn, Eq. (9) becomes

μj

(
d2x̃j

dτ 2
− 1

2r̃

dr̃

dτ

dx̃j

dτ

)
= − x̃j

r̃2
− 2π

√
r̃

(
d r̃
dτ

× u
)

j

.

(17)

Here the term associated with the Coulomb force presents a
weaker singularity and the term due to the magnetic field is
negligible near the origin.

Regarding the initial conditions at τ = 0, the sin-
gularity prevents us from considering a departure of
the electron from the origin. Therefore, a small but
finite value of the initial distance to the origin
r̃(0) = r̃0 should be used. The initial position is then
given by r̃(0) = r̃0 (sin(θr ) cos(φr ), sin(θr ) sin(φr ), cos(θr )),
where θr and φr are the polar and azimuthal angles.
In analogy, the initial velocity is taken as d r̃

dτ
(0) =

ṽ0 (sin(θv) cos(φv), sin(θv) sin(φv), cos(θv)), where, according
to Eq. (16), the initial speed is given by

ṽ0 =
√

2(1 + Ec r̃0)

μ⊥ sin2(θv) + μ‖ cos2(θv)
. (18)

In the isotropic case, one may choose φr = φv and θr = θv .
This is because the dominant force near the origin is a central
field. In silicon, the anisotropy presents axial symmetry and the
first condition still holds. However, the polar angle undergoes
fast changes near the origin. This means that an electron that is
radially launched from the surface r̃ = r̃0 does not necessarily
come from the origin (if negative values of τ were considered).
Therefore, for each value of θv , one must consider the special
values of θr that correspond to trajectories coming (essentially)
from the impurity center.

III. NUMERICAL RESULTS

To investigate the closed orbits of the electron, Eq. (17) is
solved by launching the electron from a distance r̃0 = 10−6.
We first deal with the isotropic case. Then, the effects of
anisotropy for different magnetic-field directions and electron
energies are discussed, including a comparison with experi-
mental data.

A. Isotropic reference case

The case of an electron with isotropic effective mass
corresponds to α = 1. Without losing generality, one may
choose the magnetic field along the z-axis direction. The shape
and duration of the orbits is independent of the initial azimuthal
angle φv , but different results are expected as the initial polar
angle θv is varied. In view of the symmetry, the calculations
have been performed for 0 � θv � 90◦, with a uniform step
of 1′′. In this way, a set of orbits where the electron returns to
the near vicinity of the impurity center is obtained. For short,
such trajectories are called closed orbits.

When seen from a reference frame rotating around the
z axis at the Larmor frequency [8], ωc/2, the eight most
important orbits for Ec = 0 have the shapes displayed in Fig. 2.
The horizontal and vertical axes correspond to the cylindrical
coordinates ρ̃ = x̃ cos(πt̃ ) + ỹ sin(πt̃ ) and z̃. We note that
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T 0.6667 Tc

a

T 1.5709 Tc

b

T 2.5819 Tc

c

T 2.1452 Tc

d

T 3.5932 Tc

e

T 2.3644 Tc

f

T 2.3645 Tc

g

T 4.6060 Tc

h

FIG. 2. (Color online) The eight most important closed orbits
with Ec = 0 in the isotropic case. Each curve is labeled by the flight
time in units of the cyclotron period. The origin is at the center
of the graph and the horizontal and vertical axes correspond to the
cylindrical coordinates ρ̃ and z̃, respectively. The magnetic field is
along the z̃-axis direction and the spacing between grid lines is 0.4.

all shapes and flight times are in good agreement with the
results reported by Du and Delos [7], and the corresponding
periods agree with those experimentally found by Main et al.
[5] in the optical spectra of hydrogen. Also, comparing with
Figs. 3, 4, and 5 of Ref. [8], Figs. 2(a), 2(b), 2(c), 2(e), and
2(h) correspond to the orbits from I1 to I5, while Figs. 2(d) and
2(f) are for the orbits IIb0 and IIa1, respectively. In particular,
Fig. 2(a) is produced when the electron is launched at θv = 90◦.
In such a case, the electron describes a plane trajectory and
visits the origin at integer multiples of the Garton-Tomkins
period [5,14], namely 2

3Tc.

B. Anisotropic case

To begin the analysis of the effects of anisotropy in silicon,
we consider the case where the magnetic field is parallel to
the longitudinal direction of the valley. In this case, because
of the axial symmetry, the shape and duration of the orbits do
not depend on the launching azimuthal angle φv , and one may
limit the analysis to those values of the launching polar angle
θv between 0◦ and 90◦.

The numerical results are obtained for Ec = 0, by varying
θv with step 0.1′′. Closed orbits lasting less than five cyclotron
periods only occur for launching polar angles very close to
90◦. This means that the electron will not be able to come
back within five cyclotron periods unless it departs along a
direction with nearly minimum inertia.

The calculated orbits of donor electrons with energyEc = 0,
in silicon subject to a magnetic field along the longitudinal
direction of the valley, are displayed in Fig. 3. In this case,
the orbits may be analyzed from a reference frame rotating

T 0.6667 Tc

a

T 1.3523 Tc

b

T 2.1253 Tc

c

T 1.9856 Tc

d

T 2.9752 Tc

e

T 2.7126 Tc

f

T 2.7121 Tc

g

T 3.8677 Tc

h

FIG. 3. (Color online) As for Fig. 2, in silicon, with the magnetic
field along the longitudinal direction of the valley. Only the eight
orbits resembling those in Fig. 2 are shown.

at the Larmor frequency, and only those trajectories resembling
the curves in Fig. 2 are shown. One may note two main effects
of the anisotropy. On the one hand, except for the Garton-
Tomkins period, the anisotropy changes the duration of the
closed orbits. On the other hand, since the spacing between
grid lines is 0.4 in both figures, it is apparent that the anisotropy
shrinks the orbits along the longitudinal direction of the valley.

The effects of the anisotropy in silicon should be stronger
when the magnetic field is not parallel to the longitudinal
direction of the valley. In such cases, the rotating reference
frame is of little use and one has to deal with three-dimensional
orbits. To be concrete, we deal with the configuration where the
magnetic field is applied along the [111] direction. Among the
possibilities, this case is quite simple because the six valleys of
the conduction band are equivalent (see Sec. II D). Numerical
results were obtained for Ec = 0 and φv = 45◦, by varying θv

with step 1′′ in the range between 0◦ and 180◦. In this way, the
electron is launched in the plane containing the z axis and the
field direction. The three main closed orbits are shown in Fig. 4.
The orbit displayed in Fig. 4(a) resembles the one in Fig. 2(a),
and has a duration near the Garton-Tomkins period. However,
the plane perpendicular to N is not horizontal and the orbit is
not exactly in the plane. In Figs. 4(b) and 4(c) one may note that
trajectories are elongated in the direction of the magnetic field.
When the electron is far from the impurity, the field affects the
trajectory as to describe almost elliptical arcs whose plane is
perpendicular to the vector N . This is essentially the behavior
displayed by the helical trajectory in Fig. 1(b).

C. Comparison with experiment

Up to now we have seen that anisotropy affects the
classical orbits of a conduction electron in silicon subject to a

FIG. 4. (Color online) Closed orbits with Ec = 0, in silicon sub-
ject to a magnetic field along the [111] direction. Only the first three
periods obtained for φv = 45◦ are shown. The vertical line is the
z axis and the solid (dashed) arrow represents the magnetic field (the
vector N in Sec. II A, perpendicular to the shaded plane). The side of
the shaded square is 0.8 units long.
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magnetic field, and the effects depend on the angle between the
magnetic-field direction and the longitudinal direction of the
band valley. A comparison with experimental data is naturally
in order. Thus we consider a magnetic field of strength B = 4 T
applied along the [111] direction, corresponding to the results
reported in Fig. 3(a) of Ref. [9]. The cyclotron period is
Tc ≈ 2.4766 ps, and the oscillating part of the spectrum
extends over a range of width 100 cm−1 above the ionization
threshold. This corresponds to dimensionless values of the
electron energy satisfying 0 � Ec � 8.8.

Under these conditions, the periods and the shapes of
the orbits are expected to change noticeably as the energy
varies within such a range. Consequently, the standard Fourier
transform is not the best tool to obtain the periods of the
main semiclassical orbits. In fact, the sinusoidal components
of the absorption strength depend on the antiderivative of the
orbit period (see Eq. (2) in Ref. [15]). When the periods are
essentially constant over the considered spectrum, the oscilla-
tions are harmonic and the Fourier transformation works well
[5,16,17]. Unfortunately, this is not the experimental case and
the reported periods should be considered as rough estimates:
T = 2.15,5.05,6.88,8.30,11.54 ps. From the theoretical point
of view, such periods might be found in some agreement with
the periods calculated for Ec ≈ 4. According to Eq. (12), this
corresponds to Eq ≈ 58.6 cm−1, a value which is near the
midpoint of the spectrum of Ref. [9].

The calculations for Ec = 4 are displayed in Fig. 5. The
launching angles φv and θv vary between 0◦ and 180◦ with
steps 5◦ and 0.5′′, respectively. The dots are for orbits where the
electron comes back to the origin, reentering a sphere of radius
0.01, centered at the origin. The wide lines correspond to the
experimental periods T/Tc ≈ 0.87,2.04,2.78,3.35,4.66, and
the theoretical results are found to be in reasonable agreement
with the experiment. In fact, a series of closed-orbit periods

0 1 2 3 4 5
0

45

90

135

180

0

45

90

135

180

T Tc

La
un
ch
in
g
az
im
ut
ha
la
ng
le

FIG. 5. (Color online) The periods of the closed orbits with Ec =
4, as a function of the azimuthal angle φv , in silicon, with the magnetic
field along the [111] direction. The dots correspond to the solutions of
Eq. (9) with μ1 = μ2 = 0.6870 and μ3 = 3.3043. Only orbits where
the electron reenters a sphere of radius 0.01, centered at the origin,
are included. The thick lines are for the experimental data in Ref. [9].

FIG. 6. (Color online) As for Fig. 4, with Ec = 4 and φv = 45◦.

that partially reproduce the peak positions in the Fourier
transform of the experimental spectrum has been found.
The agreement is expected to improve if the contribution
of different energy values is taken into account, at a much
larger computational effort. Quantum-mechanical calculations
should also contribute to a deeper understanding of the
spectrum. Of course, new experimental measurements and data
processing would be most valuable.

The shapes of some closed orbits corresponding to the
points of Fig. 5 are shown in Fig. 6, for the case of an electron
launched at an azimuthal angle of 45◦. After comparing with
Fig. 4, it is apparent that the periods and shapes depend on
the energy. By changing the value of φv to 135◦, the orbits
take the shapes displayed in Fig. 7. It may be seen that the
results depend on the launching azimuthal angle as well. We
remark that the optical spectrum arises from the combination
of the closed electron orbits associated with different energies
and launching directions. Moreover, the contribution of each
polar angle θv should be weighted by a factor sin(θv), in order
to compensate the higher density of φv values. Nevertheless,
Figs. 6 and 7 illustrate the electron dynamics related with a
semiclassical interpretation of the experimental results.

Regarding the experimental conditions required for the
manifestation of the classical orbits in the optical spectrum,
we note that the radius of the main closed orbits investigated
in this work is of the order of the length unit λ, which is given
by Eq. (8). The dependence of λ on the magnetic-field strength
in silicon, with the field applied along the [111] direction, is
displayed in Fig. 8(a). First we note that orbits of radius larger
than 1 μm occur for magnetic fields between 0.001 and 0.1 T,
while λ ≈ 79 nm when B = 4 T. This poses the problem of
whether the impurities in the silicon sample may be treated as
if they were isolated.

If the mean impurity spacing is larger than 20 λ, then the
impurities may be regarded as isolated. This threshold is shown
by the thick line in Fig. 8(b), as a function of the magnetic-
field strength. The dark region below the line corresponds
to the regime where the classical orbits manifest themselves.
When B = 4 T, the donor concentration should be less than
3 × 1011 cm−3, in agreement with the experimental conditions
in the work of Chen et al. [9]. It is also apparent that, for
magnetic fields weaker than 0.1 T, the concentration should be
less than 1 × 108 cm−3. Such a low doping concentration may

FIG. 7. (Color online) As for Fig. 6, with Ec = 4 and φv = 135◦.
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FIG. 8. (Color online) (a) The radius of the main classical orbits
as a function of the magnetic-field strength. (b) Mean donor
concentration that corresponds to a cubic array of donor impurities
with lattice constant 20 λ.

be difficult to detect by optical measurements. This leads to
a lower bound for the applied magnetic field that depends on
the sensitivity of the spectroscopic system. At the same time,
for the validity of the semiclassical approach, the unit length
λ should be greater than 10 times the effective Bohr radius of
the donor impurity. Then, the magnetic-field intensity should
not be greater than 16 T.

IV. CONCLUSIONS

The periods and the shapes of closed orbits of an electron
with anisotropic mass interacting with a Coulomb center
in the presence of a magnetic field have been shown to
depend on the energy and the magnetic-field direction. After a

qualitative analysis of the periods and shapes of the orbits
at the ionization threshold, we have chosen the classical
electron energy near the middle of the energy range where
the oscillations of the experimental absorption occur. We have
found reasonable agreement with available experimental data.
However, a careful analysis has revealed that the Fourier
transform of the optical spectra associated with donors in a
semiconductor subject to a magnetic field of 4 T may not give
the actual periods of relevant closed orbits. This is because
the periods change over the energy range of the investigated
spectra [15].

We hope this work will motivate further experimental
studies. To facilitate this, requirements for the donor-doping
concentration and the magnetic-field strength have been given.
In the meantime, a deeper investigation of the classical orbits
in the anisotropic diamagnetic Kepler problem and quantum
mechanical calculations [18–21] of the optical spectrum are in
progress.
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