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In this paper we study the generalized electrodynamics contribution to the electron-positron scattering
process e−eþ → e−eþ, i.e., Bhabha scattering. Within the framework of the standard model and for
energies larger than the electron mass, we calculate the cross section for the scattering process. This
quantity is usually calculated in the framework of Maxwell electrodynamics and (for phenomenological
reasons) is corrected by a cutoff parameter. On the other hand, by considering generalized electrodynamics
instead of Maxwell’s, we show that the Podolsky mass plays the part of a natural cutoff parameter for this
scattering process. Furthermore, by using experimental data on Bhabha scattering we estimate its lower
bound. Nevertheless, in order to have a mathematically well-defined description of our study we shall
present our discussion in the framework of the Epstein-Glaser causal theory.
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I. INTRODUCTION

Perturbative QED is a gauge theory that represents a
remarkable computational success. For example, one may
cite its impressive accuracy regarding themeasurement of the
anomalous magnetic moments of the electron and the muon
[1]. However, it is a well-known fact that the standard model
of particle physics is nothing more than an effective theory
[2], although its energy range is still amatter of discussion [3].
Because of this, there is room for different theoretical
proposals for describing, for instance, the electromagnetic
field; thus, if we subscribe to the standard lore of effective
field theories, all possible terms allowed by the symmetries of
the theory ought to be included. An interesting group of such
effective theories are the higher-order derivative (HD)
Lagrangians [4]. They were initially proposed as an attempt
to achieve better ultraviolet behavior and renormalizability
properties for physically relevant models. Moreover, in
electromagnetism it is known that the Maxwell Lagrangian
depends, at most, on first-order derivatives. However, one
may add a second-order term in such a way that all original
symmetries are preserved. In fact, it was proven in Ref. [5]
that such a term is uniquewhen one requires the preservation
of the theory’s linearity and Abelian U(1) and Lorentz
symmetries. As a result, we have the generalized electrody-
namics Lagrangian introduced by Bopp [6], and Podolsky
and Schwed [7]. Moreover, an important feature of general-
ized quantum electrodynamics (GQED) is that—in the same
way that the Lorenz condition is a natural gauge condition for
Maxwell electrodynamics—it has a counterpart, the so-called

generalized Lorenz condition, Ω½A� ¼ ð1þ a2□Þ∂μAμ [8].
A recent study via functional methods has shown that the
electron self-energy and vertex part of GQED are both
ultraviolet finite at α order [9], as well as the theory’s
renormalizability [10].
Moreover, despite the radiative functions previously

evaluated, there are still some interesting scenarios where
one may search for deviations from standard physics that
are rather important, such as the scattering of standard
model particles [11]. In particular, we may cite the study of
Moeller scattering [12], e−e− → e−e−, and Bhabha scatter-
ing [13], e−eþ → e−eþ, as offering some particularly
interesting possibilities due to their large cross section,
which lead to very good statistics. On the other hand, the
modern linear electron collider allows for experiments with
high-precision measurements. Another important experi-
ment is the annihilation process eþe− producing a pair of
leptons; in particular, we have the muon pair production
e−eþ → μ−μþ and the tau pair production e−eþ → τ−τþ.
We can cite studies in the literature that analyzed deviations
due to Lorentz-violating effects of the cross section in the
electron-positron annihilation [14]. There has also been a
recurrent discussion on improving two-loop calculations
for Bhabha scattering using contributions from QED [15].
Bhabha scattering is one of the most fundamental

reactions in QED processes, as well as in phenomenological
studies in particle physics. Also, it is particularly important
mainly because it is the process employed in determining
the luminosity at eþe− colliders. At colliders operating at
c.m. energies ofOð100 GeVÞ the relevant kinematic region
is the one in which the angle between the outgoing particles
and the beam line is only about a few degrees. In these
regions the Bhabha scattering cross section is comparatively
large and the QED contribution dominates. Since the
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luminosity value is measured with very high accuracy [16],
it is necessary to have a precise theoretical calculation of the
value for the Bhabha scattering cross section in order to keep
the error in the luminosity small.
Despite the incredible match between theoretical and

experimental values in QED, there are some particularly
intriguing discrepancies between the QED results and
measurements (even when electroweak and strong inter-
action effects are included). These discrepancies are on the
order of one standard deviation, such as those in the 1S
ground-state Lamb shift of hydrogenic atoms [17] and in
the magnetic moment of the muon [18]. These facts give us,
in principle, a window of possibilities for proposing a
modification to the QED vertex and/or the photon propa-
gator; thus, we could in principle calculate a lower limit
for the mass of a massive “photon” (GQED gives both
massless and massive propagating modes). Nevertheless,
since generalized quantum electrodynamics is a good
alternative for describing the interaction between fermions
and photons, we shall consider this theory in order to
calculate the first-order correction to the usual QED
differential cross section for Bhabha scattering. For this
purpose we shall consider the framework of the perturba-
tive causal theory of Epstein and Glaser [19], specifically
its momentum-space form developed by Scharf et al. [20].
Therefore, in this paper we calculate within the frame-

work of the Epstein-Glaser causal theory the contribution
of generalized electrodynamics to the Bhabha scattering
cross section. This paper is organized as follows. In Sec. II,
by means of the theory of distributions, we introduce
the analytic representation for the positive, negative and
causal propagators; moreover, we introduce an alternative
gauge condition that is different from the generalized
Lorentz condition. In Sec. III we obtain a well-defined
(Feynman) electromagnetic propagator in the causal
approach.1 Finally, in Sec. IV we calculate the GQED
correction for Bhabha scattering, and by using the exper-
imental data for this process we determine a lower bound for
the Podolsky mass. In Sec. V we summarize the results, and
present our final remarks and prospects.

II. ANALYTIC REPRESENTATION FOR
PROPAGATORS

In order to develop the analytic representation for
propagators we shall consider the Wightman formalism
[22]. This axiomatic approach guarantees that general
physical principles are always obeyed. To formulate the
analytic representation, we start by discussing the free
scalar quantum field in this formalism.2

The free scalar field, ϕ, is a general distributional
solution of the Klein-Gordon-Fock equation
ð□þm2Þϕ ¼ 0. The whole theory is formulated in terms
of this field, and is understood as an operator-valued
distribution defined on the Schwartz space, J ðR4Þ. In this
space it is possible to define the Fourier transformation of
the scalar field, ϕ̂ðkÞ. Thus, if f ∈ J ðR4Þ the distribution ϕ
is defined as ϕ½f�¼orhϕ; fi, and ϕ̂ðkÞ is defined as

hϕ̂; f
̬
i ¼ hϕ; fi ¼

Z
dkϕ̂ðkÞf

̬
ðkÞ; ð1Þ

where f
̬
is the inverse Fourier transformation of f, which

also belongs to J ðR4Þ.
In the Wightman formalism the field ϕ generates the

full Hilbert space from the invariant vacuum jΩi.
Moreover, we can formally split the field into the positive-
(PF) and negative-frequency (NF) components, defined in
the distributional form as

ϕð�Þ½f�jΩi ¼
Z

d4kθðk0Þδðk2 −m2Þ ~aðkÞf̂ð�kÞjΩi; ð2Þ

where ϕðþÞ is the positive and ϕð−Þ is the negative part of
the field. By the spectral condition, we obtain that we do
not have components in k ∈ V− → −k ∈ Vþ; we then see
that the part associated to f̂ð−kÞ must be zero, while the
part associated to f̂ðkÞ must be nonzero. These conditions
are satisfied only if

~aðkÞjΩi ¼ 0; ~a†ðkÞjΩi ≠ 0: ð3Þ

From these conditions it follows that the operators ~aðkÞ and
~a†ðkÞ are interpreted as the operators of annihilation and
creation, respectively.
In this formalism the central objects are the so-called

Wightman functions. They are defined as the vacuum
expectation values (VEVs) of a product of fields. For
instance, the two-point Wightman function for scalar fields
is given by

W2ðx1; x2Þ≡ hΩjϕðx1Þϕðx2ÞjΩi;

¼ ð2πÞ−2
Z

d4kŴ2ðkÞe−ikðx1−x2Þ; ð4Þ

where Ŵ2ðkÞ is the two-point Wightman function in
momentum space. Of course they are not functions in
the strict sense, but rather distributions defined on J ðR4Þ.
Moreover, we have that the Wightman function obeys the
same equation as that for the free field. Hence, as a
consequence of the spectral condition, one can find that
the two-point Wightman function in momentum space is
given by

1This is simply called the electromagnetic propagator; how-
ever, since we introduce several propagators in this paper, we
shall adopt the notation of Ref. [21].

2Actually, we will briefly review its development, since a
detailed discussion can be found in Ref. [23]
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Ŵ2ðkÞ ¼
1

2π
θðk0Þδðk2 −m2Þ: ð5Þ

With the necessary physical concepts and tools in hand,
we shall now introduce the analytic representation for the
propagators. In order to elucidate the content we shall
discuss the case of scalar fields first.

A. Analytic representation of the PF and NF
propagators

Since the fundamental propagators are linear combina-
tions of the PF and NF parts of the propagator, it is rather
natural to consider them here in our development. We
define the PF propagator by the relation of the contraction
between scalar fields:

ϕðxÞϕðyÞ
zfflfflfflfflffl}|fflfflfflfflffl{

≡ ½ϕð−ÞðxÞ;ϕðþÞðyÞ� ¼ −iDðþÞ
m ðx − yÞ: ð6Þ

Moreover, for a normalized vacuum, we have that the PF
and NF propagators can be written as follows:

Dð�Þ
m ðx − yÞ ¼ ihΩj½ϕð∓ÞðxÞ;ϕð�ÞðyÞ�jΩi: ð7Þ

Now, by using the properties of the positive and negative
parts of the field [Eq. (2)], we may find the relation between
the PF and NP propagators, as well as the relation to the
Wightman function:

Dð−Þ
m ðx − yÞ ¼ −DðþÞ

m ðy − xÞ ¼ −iW2ðy − xÞ: ð8Þ

Hence, with the above results we can make use of Eq. (5) to
obtain the PF and NF propagators written in momentum
space,

D̂ð�Þ
m ðkÞ ¼ � i

2π
θð�k0Þδðk2 −m2Þ ¼ i

2π

δðk0 ∓ ωmÞ
k0 � ωm

;

ð9Þ

where ωm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~k2 þm2

q
is the frequency. To write down

the analytic representation of the scalar propagator,
we should remark that the second equality in Eq. (9)
must be understood as distributions in k0. Thus, after using
the definition of the Dirac δ-translated distribution
[Eq. (A1)] and Cauchy’s integral theorem, we find that
the propagators D̂ð�Þ

m can be defined by the following
analytic representation [23]:

hD̂ð�Þ
m ;φi ¼ ð2πÞ−2

I
c�

φðk0Þ
k20 − ω2

m
dk0; ð10Þ

where cþð−Þ is a counterclockwise closed path that contains
only the positive (negative) poles of the Green’s func-
tion ĝðkÞ ¼ 1

k2
0
−ω2

m
.

Nevertheless, we should emphasize that Eq. (10) may
be generalized for any free field. Thus, if D̂ð�Þ are the
PF and NF propagators associated to an arbitrary field A,
then its analytic representations are given by

hD̂ð�Þ;φi ¼ ð2πÞ−2
I
c�
ĜðkÞφðk0Þdk0; ð11Þ

where cþð−Þ is a counterclockwise closed path that contains
only the positive (negative) poles on the k0-complex plane
of the Green’s function ĜðkÞ associated to the free-field
equation of the field A.
Moreover, since the PF and NF propagators are distri-

butional solutions of the free-field equations, any linear
combination of these is also a solution; for example, we
may define the causal propagator distributional solution

D̂ðkÞ ¼ D̂ðþÞðkÞ þ D̂ð−ÞðkÞ; ð12Þ

and from the spectral condition [22] its support is given as3

SuppD̂ðkÞ¼ SuppD̂ðþÞðkÞ∪SuppD̂ð−ÞðkÞ¼ V̄þðkÞ∪V̄−ðkÞ:
ð13Þ

B. The PF and NF electromagnetic propagators

The dynamics of the generalized electromagnetic theory
is governed by the Lagrangian density as follows [6,7]:

LP ¼ −
1

4
FμνFμν þ a2

2
∂μFμσ∂νFνσ; ð14Þ

where Fμν ¼ ∂μAν − ∂νAμ is the usual electromagnetic
tensor field and a is the free Podolsky parameter with
the dimension of length. This Lagrangian is invariant
under U(1) gauge and Lorentz transformations. Usually
the gauge-fixing procedure is performed by adding a
Lagrange multiplier to the Lagrangian density if we
consider the Lorenz condition ð∂μAμÞ2. However, if we
instead consider the generalized Lorenz condition [8,10],
we shall add the term ½ð1þ a2□Þ∂μAμ�2. This condition
was proven to be the natural choice for generalized
electrodynamics; however, it increases the order of the
field equation. Nevertheless, in order to preserve the order
of the field equation, we may consider a third choice,
namely, we add an alternative gauge-fixing term to the
Lagrangian, ð∂:AÞð1þ a2□Þð∂:AÞ [24], which is called the
nonmixing gauge and it is related to a pseudodifferential
operator [25]. So, in this gauge condition, the total
Lagrangian density is given by

3The regions V̄� are the closed forward and backward cones
defined as V̄� ¼ fxjx2 ≥ 0;�x0 ≥ 0g.
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LP ¼ −
1

4
FμνFμν þ a2

2
∂μFμσ∂νFνσ

−
1

2ξ
ð∂:AÞð1þ a2□Þð∂:AÞ; ð15Þ

where ξ is the gauge-fixing parameter. From this equation
we can find the equation of motion,

Eμνð∂ÞAν ≡ ð1þ a2□Þ
�
ð□gμν − ∂μ∂νÞ þ

1

ξ
∂μ∂ν

�
Aν ¼ 0:

ð16Þ

We see that for the choice ξ ¼ 1, the equation of motion is
simply reduced to ð1þ a2□Þ□Aμ ¼ 0, which clearly
indicates the presence of two sectors in the free case: a
Maxwell sector,

□Aμ ¼ 0; ð17Þ
and a Proca sector,

ð□þm2
aÞAμ ¼ 0; ð18Þ

where ma ¼ a−1 is the Podolsky mass. Moreover, in order
to determine the analytic representation for the propagator
we should first determine the Green’s function of Eq. (16).
In fact, it reads

ĜμνðkÞ ¼
�
gμν − ð1 − ξÞ kμkν

m2
a

��
1

k2
−

1

k2 −m2
a

�

− ð1 − ξÞkμkν
1

ðk2Þ2 : ð19Þ

Thus, to find the PF and NF electromagnetic propagators
via the analytic representation (11), it is convenient to
calculate each of the above terms separately:

(i) First we consider the scalar case with Podolsky
mass ma:

ĜmðkÞ ¼
1

k20 − ω2
ma

¼ 1

ðk0 þ ωma
Þðk0 − ωma

Þ ;

ð20Þ
where ωma

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

a

p
. Hence, from Eq. (11) the

analytic representation for the PF and NF propa-
gators is written as

hD̂ð�Þ
ma ;φi ¼ ð2πÞ−2

I
c�

φðp0Þ
ðk0 þ ωma

Þðk0 − ωma
Þ dk0:

ð21Þ

Using Cauchy’s integral theorem, as well as some
distributional properties of the Dirac δ function [26]
(see Appendix A), we obtain the PF and NF scalar
propagators with mass ma in momentum space:

D̂ð�Þ
ma ðkÞ ¼ � i

2π
θð�k0Þδðk2 −m2

aÞ: ð22Þ

In particular, for the massless case they have the
form

D̂ð�Þ
0 ðkÞ ¼ � i

2π
θð�k0Þδðk2Þ: ð23Þ

(ii) Now we shall consider the Green’s function
Ĝ0

0ðkÞ ¼ ðk20 − ω2
0Þ−2, which is associated to the

dipolar massless scalar case [27]. Moreover, from
the Eq. (11) the analytic representation for this term
is given by

hD̂0ð�Þ
0 ;φi ¼ ð2πÞ−2

I
c�

φðk0Þ
ðk20 − ω2

0Þ2
dk0: ð24Þ

Using Cauchy’s integral theorem again, and after
some algebraic manipulations, we have that

hD̂0ð�Þ
0 ;φi¼ i

2π

X1
j¼0

ð−1Þj ð1þjÞ!
ð1−jÞ!

φð1−jÞð�ω0Þ
ð�2ω0Þ2þj ; ð25Þ

Hence, from the definition of the translated Dirac-δ
distribution [Eq. (A2)] and using the distributional
property (A3), we obtain the PF and NF dipolar
massless scalar propagators:

D̂0ð�Þ
0 ðkÞ ¼∓ i

2π
θð�k0Þδð1Þðk20 − ω2

0Þ: ð26Þ

Finally, we obtain that the expression for the PF and
NF electromagnetic propagators in momentum space is
given as

D̂ð�Þ
μν ðkÞ ¼

�
gμν − ð1 − ξÞ kμkν

m2
a

�
ðD̂ð�Þ

0 ðkÞ − D̂ð�Þ
ma ðkÞÞ

− ð1 − ξÞkμkνD̂0ð�Þ
0 ðkÞ; ð27Þ

where the propagators D̂ð�Þ
ma , D̂

ð�Þ
0 , and D̂0ð�Þ

0 are given by
Eqs. (22), (23), and (26), respectively.
Before introducing the formal causal method itself,

it is rather interesting—by means of complementarity—
to present some remarks discussed previously for the
scalar case that are suitable for the gauge field as well.
With the PF and NF scalar propagators we may determine
the causal propagator (12):

DmðxÞ ¼ DðþÞ
m ðxÞ þDð−Þ

m ðxÞ: ð28Þ

The causal propagator can also be split into two important
propagators: one that indicates the propagation to the
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future, and one that indicates propagation to the past. These
are the retarded and advanced propagators, which are
related to the causal propagator as follows:

DR
mðxÞ¼ θðx0ÞDmðxÞ; DA

mðxÞ¼−θð−x0ÞDmðxÞ: ð29Þ

From these very definitions, we obtain another important
distributional solution—the so-called Feynman propagator,

DF
mðxÞ ¼ θðx0ÞDðþÞ

m ðxÞ − θð−x0ÞDð−Þ
m ðxÞ; ð30Þ

which is related to the vacuum expectation value of time-
ordered products. Moreover, for the scalar case this dis-
tribution in momentum-space form can be written as
follows:

D̂F
mðkÞ ¼ −ð2πÞ−2 lim

ε→0þ

1

k2 −m2 þ iε
; ð31Þ

which differs from its Green’s function by the imaginary
term iε. This addition process is called the Feynman
iε-prescription [21,28] and it is closely related to the
Wick-rotation technique. In general this prescription is
given in order to handle the singularities in the propagators.
On the other hand, the causal approach takes into

account only the general physical properties of the propa-
gators when they are obtained. For instance, when we insert
the scalar Feynman propagator [using the definition from
the retarded or advanced distribution (29)] into Eq. (30), we
obtain that

DF
mðxÞ ¼ DR

mðxÞ −Dð−Þ
m ðxÞ ¼ DA

mðxÞ þDðþÞ
m ðxÞ: ð32Þ

This is not a superfluous equivalence to the Wick rotation.
Furthermore, when we separate it into positive and negative
parts, we may show that the Feynman propagator has the
following causal property: only the positive-frequency
solution can be propagating to the future and only the
negative-frequency solution can be propagating to the past.
This general physical property and the general definition
of the propagator in the distributional form are the starting
points for the development of the Epstein-Glaser causal
approach, in which no prescription is employed in dealing
with the propagator’s poles.
In order to determine the electromagnetic propagator in

the nonmixing gauge, we must first obtain the expression
for the causal electromagnetic propagator as a sum of the
PF and NF propagators (27) [and using Eq. (12)],

D̂μνðkÞ ¼
�
gμν − ð1 − ξÞ kμkν

m2
a

�
ðD̂0ðkÞ − D̂ma

ðkÞÞ

− ð1 − ξÞkμkνD̂0
0ðkÞ: ð33Þ

Moreover, using Eqs. (22), (23), and (26), respectively, the
(causal) terms of Eq. (33) are written as follows:

D̂0 ¼ i
2π sgnðk0Þδðk2Þ; D̂0

0 ¼− i
2π sgnðk0Þδð1Þðk2Þ;

D̂ma
¼ i

2π sgnðk0Þδðk2−m2
aÞ:

ð34Þ

Finally, we can write this propagator in the configuration
space,

DμνðxÞ ¼
�
gμν þ ð1 − ξÞ ∂μ∂ν

m2
a

�
½D0ðxÞ −Dma

ðxÞ�

þ ð1 − ξÞ∂μ∂νD0
0ðxÞ; ð35Þ

where D0ðxÞ, Dma
ðxÞ are the massless and massive Pauli-

Jordan causal propagators, respectively. Moreover, their
expressions are well known in the literature [27,28],

D0 ¼
1

2π
sgnðx0Þδðx2Þ; ð36aÞ

Dma
¼ sgnðx0Þ

2π

�
δðx2Þ −maθðx2Þ

2
ffiffiffiffiffi
x2

p J1
�
ma

ffiffiffiffiffi
x2

p 	�
; ð36bÞ

D0
0 ¼ −

1

8π
sgnðx0Þθðx2Þ; ð36cÞ

where J1 is the first-order Bessel function. Since the
support of the distribution δðx2Þ is contained in the surface
of the backward and forward light cone, and the support of
θðx2Þ is contained in the closed forward light cone, this
assertion is valid for their derivatives as well. Thus, we have
shown that the causal electromagnetic propagator DμνðxÞ
[Eq. (35)] in the nonmixing gauge has causal support,
i.e., SuppðDμνÞ ∈ V̄þ∪V̄−.

III. THE EPSTEIN-GLASER CAUSAL METHOD

In order to discuss scattering processes in the framework
of field theory we shall make use of the causal framework
proposed by Epstein and Glaser [19,20], a method that
explicitly uses the causal structure as a powerful tool. One
of the remarkable features of this proposal is the intro-
duction of a test function g belonging to the Schwartz
space, defined in the spacetime such that gðxÞ ∈ ½0; 1�.
The test function plays the role of switching the interaction
in some region of the spacetime. Then, the S-matrix is
necessarily viewed as an operator-valued functional of g:
S ¼ S½g�. We shall now briefly review the main points of
the Epstein-Glaser causal method.4

We recall that in the Epstein-Glaser approach the
S-matrix can be written in the following formal perturbative
series:

4A detailed discussion can be found in Refs. [29,30].
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S½g� ¼ 1þ
X∞
n¼1

1

n!

Z
dx1dx2…dxn

× Tnðx1; x2;…; xnÞgðx1Þgðx2Þ…gðxnÞ; ð37Þ

where we can identify the quantity Tn as an operator-valued
distribution, which is determined inductively term by
term, and g⊗n is its respective test function. Moreover,
we have that the test function g belongs to the Schwartz
space J ðR4Þ. It should be emphasized, however, that this
formalism considers only free asymptotic fields acting on
the Fock space to construct the S-matrix S½g�. For instance,
for GQED (as well as for QED) we have the free
electromagnetic and fermionic fields Aμ, ψ , and ψ̄ . Then
for GQED, T1 takes the following form [10]:

T1ðxÞ ¼ ie∶ψ̄ðxÞγμψðxÞ∶AμðxÞ; ð38Þ
where “∶ ∶” indicates the normal ordering, and (in this
approach) e is the normalized coupling constant. Moreover,
in the Epstein-Glaser method only mathematically well-
defined distributional products are introduced, such as the
following intermediate n-point distributions:

A0
nðx1;…; xnÞ≡

X
P2

~Tn1ðXÞTn−n1ðY; xnÞ; ð39Þ

R0
nðx1;…; xnÞ≡

X
P2

Tn−n1ðY; xnÞ ~Tn1ðXÞ; ð40Þ

where P2 are all partitions of fx1;…; xn−1g into the disjoint
sets X, Y such that jXj ¼ n1 ≥ 1 and jYj ≤ n − 2.
Moreover, if the sums in Eqs. (39) and (40) are extended
over all partitions P0

2, including the empty set, important
distributions may be obtained. These are namely the
advanced and retarded distributions,

Anðx1;…; xnÞ≡
X
P0
2

~Tn1ðXÞTn−n1ðY; xnÞ

¼ A0
nðx1;…; xnÞ þ Tnðx1;…; xnÞ; ð41Þ

Rnðx1;…; xnÞ≡
X
P0
2

Tn−n1ðY; xnÞ ~Tn1ðXÞ

¼ R0
nðx1;…; xnÞ þ Tnðx1;…; xnÞ: ð42Þ

By making use of causal properties, one may conclude
that Rn and An have retarded and advanced support,
respectively,

SuppRnðx1;…; xnÞ⊆Γþ
n−1ðxnÞ; ð43aÞ

SuppAnðx1;…; xnÞ⊆Γ−
n−1ðxnÞ; ð43bÞ

where Γ�
n−1ðxnÞ ¼ fðx1;…; xnÞjxj ∈ V̄�ðxnÞ; ∀ j ¼ 1;…;

n − 1g, and V̄�ðxnÞ is the closed forward (backward) cone.

These two distributions cannot be determined by the
induction assumption only; in fact, they are obtained by
the splitting process [31] of the so-called causal distribu-
tion, defined as

Dnðx1;…; xnÞ≡ R0
nðx1;…; xnÞ − A0

nðx1;…; xnÞ
¼ Rnðx1;…; xnÞ − Anðx1;…; xnÞ: ð44Þ

In the case of GQED we can write Dn as follows:

Dnðx1;…; xnÞ ¼
X
k

dknðx1;…; xnÞ

× ∶
Y
j

ψ̄ðxjÞ
Y
l

ψðxlÞ
Y
m

AðxmÞ∶; ð45Þ

where dknðx1;…; xnÞ is the numerical part of the causal
distribution Dn. Moreover, by the translational invariance
of dkn one may show that it depends only on the relative
coordinates:

dðxÞ≡dknðx1−xn;…;xn−1−xnÞ∈J 0ðRmÞ; m¼4ðn−1Þ:
ð46Þ

As was emphasized above, an important step in this
inductive construction is the splitting process of the
causal distribution, but its splitting at the origin fxng ¼
Γþ
n−1ðxnÞ∩Γ−

n−1ðxnÞ can be translated equivalently to hav-
ing its numerical part d split into the advanced and retarded
distributions a and r, respectively. Another important
point to be analyzed is the convergence of the sequence
fhd;ϕαig, where ϕα has decreasing support when α → 0þ
and also belongs to the Schwartz space J .
From the aforementioned analysis we can find some

natural distributional definitions. For instance, we may
define d as being a distribution of singular order ω if its
Fourier transform d̂ðpÞ has a quasiasymptotic d̂0ðpÞ ≠ 0 at
p ¼ ∞ with regard to a positive continuous function ρðαÞ,
α > 0, if the limit

lim
α→0þ

ρðαÞ


d̂

�
p
α

�
;ϕðpÞ

�
¼ hd̂0ðpÞ;ϕðpÞi ≠ 0 ð47Þ

exists in J 0ðRmÞ. By the scaling transformation one may
derive that the power-counting function ρðαÞ satisfies

lim
α→0

ρðaαÞ
ρðαÞ ¼ aω; ∀ a > 0; ð48Þ

with

ρðαÞ → αωLðαÞ; when α → 0þ; ð49Þ

where LðαÞ is a quasiconstant function at α ¼ 0. Of course,
there is an equivalent definition of the above process in
coordinate space, but—since the splitting process is more
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easily accomplished in momentum space—this one suffices
for our purposes. Moreover, we specify the splitting
problem by requiring that the splitting procedure must
preserve the singular order of the distributions. From these
very definitions we have two distinct cases depending on
the value of ω [30]:

(i) Regular distributions; for ω < 0. In this case the
solution of the splitting problem is unique and the
retarded distribution is defined by multiplying d by
step functions. Its form in momentum space is

r̂ðpÞ ¼ i
2π

sgnðp0Þ
Z þ∞

−∞
dt

d̂ðtpÞ
ð1 − tþ sgnðp0Þi0þÞ ;

ð50Þ
which can be identified as a dispersion relation
without subtractions.

(ii) Singular distributions; for ω ≥ 0. In this case the
solution cannot be obtained directly, as it was in
the regular case. But, after a careful mathematical
treatment, it may be shown that the retarded dis-
tribution is given by the so-called central splitting
solution

r̂ðpÞ¼ i
2π

sgnðp0Þ
Z þ∞

−∞
dt

d̂ðtpÞ
tωþ1ð1− tþsgnðp0Þi0þÞ ;

ð51Þ
which can be identified as a dispersion relation with
ωþ 1 subtractions.

IV. BHABHA SCATTERING

Now that we have obtained all the necessary tools and
developed important ideas we can concentrate our attention
on inductively determining the terms of the S-matrix (37).
In particular, we are interested here in the term correspond-
ing to Bhabha scattering. Hence, in order to accomplish this
the perturbative program is used when constructing the
intermediate distributions,

R0
2ðx1; x2Þ ¼ −T1ðx2ÞT1ðx1Þ;

A0
2ðx1; x2Þ ¼ −T1ðx1ÞT1ðx2Þ; ð52Þ

and subsequently when constructing the causal distri-
bution D2,

D2ðx1; x2Þ ¼ R0
2ðx1; x2Þ − A0

2ðx1; x2Þ ¼ ½T1ðx1Þ; T1ðx2Þ�:
ð53Þ

For GQED we have Eq. (38) as the first perturbative term:
T1ðxÞ ¼ ie∶ψ̄ðxÞγμψðxÞ∶AμðxÞ. Hence, after applying the
Wick theorem for the normally ordered product, we obtain
terms associated with the Bhabha scattering contributions:

R0
2ðx1; x2Þ ¼ e2∶ψ̄ðx2Þγμ

× Aμðx2Þψðx2Þψ̄ðx1ÞAνðx1Þ
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{

γνψðx1Þ∶; ð54aÞ

A0
2ðx1; x2Þ ¼ e2∶ψ̄ðx1Þγμ

× Aμðx1Þψðx1Þψ̄ðx2ÞAνðx2Þ
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{

γνψðx2Þ∶: ð54bÞ

We have that the electromagnetic contraction is

AμðxÞAνðyÞ
zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{

≡ ½Að−Þ
μ ðxÞ; AðþÞ

ν ðyÞ� ¼ iDðþÞ
μν ðx − yÞ;

where Dð�Þ
μν ðxÞ are the PF and NF parts of the electromag-

netic propagator (27). After some calculation, we arrive at
the following expression for the causal distribution (53):

D2ðx1; x2Þ ¼ −ie2∶ψ̄ðx1Þγμψðx1Þ
×Dμνðx1 − x2Þψ̄ðx2Þγνψðx2Þ∶; ð55Þ

where Dμν is the causal electromagnetic propagator (35).
Moreover, we have shown above that this distribution
has causal support: SuppDμνðx1; x2Þ⊆Γþ

2 ðx2Þ∪Γ−
2 ðx2Þ.

Nevertheless, in order to determine the singular order of
this propagator, we shall follow the criterion in momentum
space [Eq. (47)]. Hence, from Eq. (33) we write D̂μνðkαÞ in
the significant leading contribution as α → 0þ,

D̂μν

�
k
α

�
≃ α4

�
i
2π

sgnðk0Þ½m2
aδ

ð1Þðk2Þ�

gμν: ð56Þ

It should be emphasized that in order to obtain the correct
singular order we must consider the whole distribution, and
that in obtaining the above expansion we have made use of
sgnðk0α Þ ¼ sgnðk0Þ, the scale property (A5), and the Taylor
expansion (A6) of the Dirac-δ distribution. This means that
the causal propagator D̂μν is a regular distribution with
singular order

ωPodðD̂μνÞ ¼ −4 < 0: ð57Þ
This result is more regular than the one obtained using
QED [20], where ωMax ¼ −2. Therefore, as we have
determined all the necessary conditions, we are now in a
position to evaluate the retarded distribution (42). For this
purpose we use the regular splitting formula (50) to write

R̂μνðkÞ¼
�
gμν−ð1−ξÞkμkν

m2
a

�
i
2π

sgnðk0Þ

×
Z þ∞

−∞
dt
ðD̂0ðtkÞ−D̂ma

ðtkÞÞ
1−tþsgnðk0Þi0þ

−ð1−ξÞkμkν
i
2π

sgnðk0Þ
Z þ∞

−∞
dt

t2D̂0
0ðtkÞ

1− tþsgnðk0Þi0þ
:

ð58Þ
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In order to evaluate the dispersion integrals one can make
use of the explicit expression for the propagators D̂0ðkÞ,
D̂ma

ðkÞ, and D̂0
0ðkÞ [Eq. (34)]. Finally, we find the

expression for the electromagnetic retarded propagator:

R̂μνðkÞ ¼
�
gμν − ð1 − ξÞ kμkν

m2
a

�
½R̂0ðkÞ − R̂ma

ðkÞ�

− ð1 − ξÞkμkνR̂0
0ðkÞ; ð59Þ

where we have defined the following quantities for k2 > 0:

R̂0ðkÞ ¼ −ð2πÞ−2 1

k2 þ sgnðk0Þi0þ
; ð60aÞ

R̂ma
ðkÞ ¼ −ð2πÞ−2 1

k2 −m2
a þ sgnðk0Þi0þ

; ð60bÞ

R̂0
0ðkÞ ¼ −ð2πÞ−2

�
1

k2 þ sgnðk0Þi0þ
�

2

: ð60cÞ

Although Eq. (53) provides several terms, we can consider
only those associated with the Bhabha scattering contri-
bution, T2ðx1; x2Þ. This contribution is obtained from the
relation

T2ðx1; x2Þ ¼ R2ðx1; x2Þ − R0
2ðx1; x2Þ; ð61Þ

where R2 is the retarded part of D2. From the previous
results we have that

R2ðx1; x2Þ ¼ −ie2∶ψ̄ðx1Þγμψðx1Þ
× Rμνðx1 − x2Þψ̄ðx2Þγνψðx2Þ∶: ð62Þ

It then follows that the complete contribution T2 can be
written as

T2ðx1; x2Þ ¼ −ie2∶ψ̄ðx1Þγμψðx1Þ
×DF

μνðx1 − x2Þψ̄ðx2Þγνψðx2Þ∶; ð63Þ
where DF

μν is defined, in momentum space, by the relation

D̂F
μνðkÞ ¼ R̂μνðkÞ − R̂0

μνðkÞ: ð64Þ

Therefore, by replacing the expressions for R̂μν and
R̂0
μν ¼ D̂ð−Þ

μν [Eqs. (59) and (27), respectively] we obtain
the following expression for the propagator D̂F

μν:

D̂F
μνðkÞ ¼

�
gμν − ð1 − ξÞ kμkν

m2
a

�
ðD̂F

0 ðkÞ − D̂F
ma
ðkÞÞ

− ð1 − ξÞkμkνD̂0F
0 ðkÞ; ð65Þ

where the quantities D̂F
0 , D̂

F
ma
, and D̂0F

0 given by5

D̂F
0 ¼−ð2πÞ−2 1

k2þi0þ ; D̂0F
0 ¼−ð2πÞ−2

�
1

k2þi0þ

�
2

;

D̂F
ma

¼−ð2πÞ−2 1
k2−m2

aþi0þ :
ð66Þ

This is the generalized photon propagator in the nonmixing
gauge condition. Moreover, it should be emphasized that
all the poles are well-defined in Eq. (65), where we have
used neither the Feynman iε-prescription nor the Wick
rotation [21,28].

A. Bhabha cross section

By definition, a transition probability Pfi is given
as [20,21,28]

Pfi ≡ ðjψfi; jψ iiÞ2 ¼ jSfij2 ¼ jhψfjSð1Þ2 jψ iij2 þ � � � : ð67Þ
But this quantity has no meaning if it is not written as a
function of wave packets; it must also consider the states
describing Bhabha scattering, with the initial state
d†siðpiÞb†σiðqiÞjΩi and the final state d†sfðpfÞb†σfðqfÞjΩi
written, respectively, as

jψ ii ¼
Z

d3pid3q1ψ iðp1;q1Þd†siðp1Þb†σiðq1ÞjΩi; ð68aÞ

jψfi ¼
Z

d3p2d3q2ψfðp2;q2Þd†sfðp2Þb†σfðq2ÞjΩi; ð68bÞ

where ðqi; σiÞ and ðqf; σfÞ are the momentum and spin of
the ingoing and outgoing electron, respectively, whereas
ðpi; siÞ and ðpf; sfÞ are the momentum and spin of the
ingoing and outgoing positron, respectively. Moreover, to
obtain an expression for the simplest case we shall consider
a set of orthogonal wave packets, and we take into account
the fact that the initial wave packets are concentrated in pi,
qi and have fixed spins. Furthermore, if we consider the
ingoing electron (1) as a target and define v as the relative
velocity of the ingoing positron, then, for an average
cylinder of radius R parallel to v, we arrive at [11,20]

X
f

PfiðRÞ ¼
1

πR2

�ð2πÞ2
jvj

Z
d3p2d3q2δðp2 þ q2 −pi − qiÞ

× jMsiσisfσfðpi; qi;p2; q2Þj2
�
; ð69Þ

whereM is a distributional quantity related to the S-matrix
by Eq. (B9). The scattering cross section in the laboratory
frame is given by [11,20]

σ ≡ lim
R→∞

πR2
X
f

PfiðRÞ; ð70Þ

which can be written in a Lorentz-invariant form as a
function of the normalized electron mass m and the
energies of the ingoing fermions [11,20],5These are obtained from Eqs. (22), (23), (26), and (60a)–(60c).
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σ¼ð2πÞ2 EðpiÞEðqiÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðpiqiÞ2−m4

p X
sfσf

Z
d3p2d3q2δðp2þq2−pi−qiÞ

× jMsiσisfσfðpi;qi;p2;q2Þj2: ð71Þ

For simplicity, we shall not consider the polarizations of the
ingoing and outgoing fermions; hence, we shall consider
the sum over sf and σf, and the average over si and σi.
Finally, we can write the differential cross section in the
center-of-mass frame [11,20],6

dσ
dΩ

¼ e4

32ð2πÞ2E2
F ðs; t; uÞ; ð72Þ

with E ¼ EðpiÞ, and s, t, u are the Mandelstam variables
[11], defined as follows:

s ¼ ðpi þ qiÞ2 ¼ ðpf þ qfÞ2 ¼ 2m2 þ 2ðpf:qfÞ; ð73aÞ

t ¼ ðpi − pfÞ2 ¼ ðqi − qfÞ2 ¼ 2m2 − 2ðqi:qfÞ; ð73bÞ

u¼ ðpf − qiÞ2 ¼ ðpi − qfÞ2 ¼ 2m2 − 2ðpi:qfÞ: ð73cÞ

The function F ðs; t; uÞ is given by Eq. (B17),

F ðs;t;uÞ¼½s2þu2þ8m2t−8m4�
t2ð1− t

m2
a
Þ2

þ½u2þt2þ8m2s−8m4�
s2ð1− s

m2
a
Þ2 þ2

½u2−8m2uþ12m4�
stð1− s

m2
a
Þð1− t

m2
a
Þ :

ð74Þ

Furthermore, we see that when ma → ∞ this expression
reduces to the QED one [20], a fact that is in accordance
with the relation between the Podolsky to Maxwell
theories. Therefore, the Podolsky mass is larger than
the electron mass m ¼ 0.510 MeV; for instance, in
Ref. [10] it was obtained that ma ≥ 37.59 GeV. Hence,
we can conclude that in the nonrelativistic and lower-
energy regime the differential cross sections are the same
as those in QED [11]. On the other hand, this indicates
that GQED effects must be considered in the so-called
high-energy regime,

m2 ≪ s ∼ jtj ∼ juj: ð75Þ

Thus, we conclude that the terms associated to the
electron mass in Eq. (74) can be neglected. Thus, the

differential cross section (72) in the high-energy regime
is given by7

dσ
dΩ

¼ α2

2s

�
s2 þ u2

t2ð1 − t
m2

a
Þ2 þ

u2 þ t2

s2ð1 − s
m2

a
Þ2

þ 2
u2

stð1 − s
m2

a
Þð1 − t

m2
a
Þ
�
: ð76Þ

This relation is identical to the phenomenological for-
mula of Bhabha scattering. Hence, we can identify the
free parameter ma as being related to the phenomeno-
logical cutoff parameter Λþ [32]. In Ref. [33] measure-
ments of the differential cross sections were presented at
95% C.L. and at a total central-of-mass mass energy of
12 GeV ≤

ffiffiffi
s

p
≤ 46.8 GeV, which results in the value

ma ≥ 370 GeV; other experimental measurements [34]
led to values of the same order of magnitude for ma.
For practical reasons we also consider the high-energy

regime below the Podolsky mass,

m2 ≪ s ∼ jtj ∼ juj < m2
a; ð77Þ

thus, in the leading-order term in
ffiffi
s

p
ma
, Eq. (74) can be written

as

F ðs; t; uÞ ≈
�
s2 þ u2

t2
þ u2 þ t2

s2
þ 2

u2

st

�

þ 2
1

m2
a

�
s2 þ 2u2

t
þ 2u2 þ t2

s

�
: ð78Þ

Moreover, the differential cross section is conventionally
evaluated in the center-of-mass frame, where we have the
relations

pi ¼ −qi ≡ p; pf ¼ −qf; EðpiÞ ¼ EðqiÞ≡ E;

EðpfÞ ¼ EðqfÞ: ð79Þ

Besides, from energy-momentum conservation it follows
that EðpiÞ ¼ EðpfÞ → jpfj ¼ jpij, and by defining θ
as the center-of-mass scattering angle the Mandelstam
variables (73a)–(73c) read

s¼4m2þ4p2¼4E2; u¼−4p2cos2
θ

2
; t¼−4p2sin2

θ

2
:

ð80Þ

Finally, after some manipulations, we obtain the following
outcome for the differential cross section:

6A detailed calculation of this quantity can be found in
Appendix B.

7In this expression we introduced the fine-structure constant,
α ¼ e2=4π, and

ffiffiffi
s

p ¼ 2E is the center-of-mass energy; see
Eq. (80).
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dσ
dΩ

¼ α2

256E2

ðcos 2θ þ 7Þ2
sin4 θ

2

−
α2

32m2
a

ð45 cos θ þ 6 cos 2θ þ 3 cos 3θ þ 42Þ
sin2 θ

2

: ð81Þ

This expression adds an additional term to the usual
ultrarelativistic limit of the Bhabha formula, which we
shall call the GQED correction to the ultrarelativistic limit
of the Bhabha formula.
Furthermore, we can identify the first term in Eq. (81) as

the QED contribution and the second as the GQED
correction. Thus, the GQED correction to Bhabha scatter-
ing may be evaluated using formula

δ ¼
�
dσ
dΩ

�
GQED

=

�
dσ
dΩ

�
QED

− 1: ð82Þ

Thus, we can obtain the expression

δ¼−2
� ffiffiffi

s
p
ma

�
2 ðsin2 θ

2
Þð45cosθþ 6cos2θþ 3cos3θþ 42Þ

ðcos2θþ 7Þ2 :

ð83Þ

On the other hand (as mentioned above), the study of
Bhabha scattering is relevant mainly because it is the
process employed in determining the luminosity L at
e−eþ colliders; in fact, we have L ¼ NBha=σth, where
NBha is the rate of Bhabha events and σth is the Bhabha
scattering cross section obtained by theoretical calculation
[35]. There are two kinematical regions of interest for the
luminosity measurements: one is the small-angle Bhabha
(SABh) process, which is found at scattering angles below
6° and is mainly dominated by the t-channel photon
exchange; the other is the large-angle Bhabha (LABh)
process, which is found at scattering angles above 6° and
receives important contributions from various s-channel
(annihilation) exchanges. The SABh process e−eþ → e−eþ
is employed in determining the luminosity and, hence, the
absolute normalization of the cross section expression for
all other e−eþ collisions. Moreover, since the luminosity is
dominated by photon exchange its contribution is calcu-
lable, in principle, by perturbative QED with arbitrary
precision. Thus, in the GQED approach we can calculate
the lowest effect of this theory on the SABh process. Thus,
by expanding Eq. (83) for small angles θ ≪ 1, we have that
the correction is

δ ¼ −
� ffiffiffi

s
p
ma

�
2 3

4
θ2: ð84Þ

Besides, we can rewrite Eq. (81) for the differential cross
section at small angles,

dσ
dΩ

¼ 4α2

E2θ4

�
1 −

�
1

2
þ 3

�
E
ma

�
2
�
θ2 þ � � �


: ð85Þ

Thus, we can see that the GQED deviation for the
luminosity appears at the second-order term, decreasing
the usual QED contribution.
As an additional remark, we note that at the International

Linear Collider (ILC) [36] one can reach part-per-mil
accuracy with regards to the theoretical calculation, i.e.,
jδj ≤ 0.1%. Also, the ILC operates at different center-of-
mass energies, running (in principle) up to

ffiffiffi
s

p ¼ 500 GeV.
In particular, we can calculate the GQED correction at the
energy corresponding to the Z resonance,

ffiffiffi
s

p ¼ 91 GeV,
for the SABh process when considering an angle as small
as 5°; hence, using the previous result for the lower
Podolsky mass ma ¼ 370 GeV, we can estimate the
GQED correction to be on the order of δ ¼ −0.035%, a
value that is within the expectations of high-precision
luminosity measurements.
Moreover, for the LABh process, we see from Eq. (83)

that the GQED correction increases when the angle
increases, taking its maximum value at θ ¼ 90°. Hence,
in this case Eq. (83) takes the form

δ ¼ −
� ffiffiffi

s
p
ma

�
2

: ð86Þ

Although the QED contributions dominate the radiative
corrections to the LABh scattering at intermediate center-
of-mass energies (1–10 GeV), we may still have the
presence of contributions from GQED corrections in this
region. For instance, from Eq. (86) at

ffiffiffi
s

p ¼ 10 GeV and
with a Podolsky mass ma ¼ 370 GeV, we can roughly
estimate the GQED correction to be on the order of
δ ¼ −0.073%, a value that is within the expectations of
high-precision luminosity measurements. [37]. For higher
center-of-mass energies the electroweak corrections (such
as the Z-boson exchange) begin to be relevant, so a more
careful analysis must be made.

V. CONCLUDING REMARKS

In this paper we have discussed Bhabha scattering in
the framework of generalized quantum electrodynamics.
The theory was quantized in the framework of the causal
method of Epstein and Glaser, where this perturbative
program gave us consistent results with regards to general
physical requirements (such as causality), as well as
mathematically well-defined quantities, as it is embedded
in the realm of distribution theory.
This approach takes into account asymptotically free

conditions, and thus the Dirac equation is used for the
fermionic particles and the Podolsky free-field equation is
used for the photon. Moreover, in the latter we considered
the so-called nonmixing gauge condition. With this gauge
condition we were able to find a suitable expression for the
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free electromagnetic propagator that clarified its physical
content. Also, since the physical result of the transition
amplitude of a given scattering process is not affected by
the particular value of the gauge-fixing parameter ξ, we
have considered ξ ¼ 1 in our calculations.
In our analysis of Bhabha scattering we found that our

“high-energy” formula has the same form as the phenom-
enological formula, which considers the cutoff parameter or
Feynman regulator Λþ. Thus by identifying the Podolsky
mass as this cutoff parameter, we were able to find a bound
for the free parameter ma. Hence, from electron-positron
scattering with 12 GeV ≤

ffiffiffi
s

p
≤ 46.8 GeV, it follows that

ma > 370 GeV. Moreover, from this result we can estimate
the GQED corrections to the luminosity: for the SABh
process with θ ¼ 50 and

ffiffiffi
s

p ¼ 91 GeV the correction
−0.035%, and for the LABh process with θ ¼ 90° andffiffiffi
s

p ¼ 10 GeV the correction is −0.073%. These results are
in accordance with the expected high-precision measure-
ments of the future ILC. When we compare our result with
the value of the Podolsky mass obtained in Ref. [10],
ma ≥ 37.59 GeV, we see that even this previous result was
obtained by considering experimental data of the electron’s
anomalous magnetic moment; this previous result is one
order lower. This supports the idea that an electron-positron
collider is an excellent experiment to study new particle
physics.
In addition, there are many other processes that may

receive contributions from GQED; in particular—since at
high energies photon and Z-boson contributions are of the
same order of magnitude—we may argue that GQED could
also provide a contribution to the neutral-current Drell-Yan
process [38] (being presently measured at the LHC with
high precision). Evidently, the calculation of the GQED
contribution to the Drell-Yan process is very similar to that
used in the Bhabha case.
We believe that generalized quantum electrodynamics

stands as a reasonable leptonic-photon interacting theory
and, moreover, it can cope with many “high-energy”
deviations from experimental results by introducing the
Podolsky mass. Once we have developed all of the
principal ideas of the causal inductive program (given in
Secs. II and III), we are in a position to perform some
analyses. (i) A first step in this direction may be the explicit
computation and discussion of the other second-order
terms, in particular the GQED one-loop radiative correc-
tions, such as the vacuum polarization, the fermion self-
energy, and the three-point vertex function. For this
purpose, we will make use of the full strength of the
Epstein-Glaser causal approach, which will lead naturally
to well-defined and regularized quantities. (ii) On the other
hand, we may study some other physical properties which
were not considered as part of the constructed axioms,
like the discrete symmetries: parity, time-reversal, and
charge conjugation. In particular, we want to examine the
GQED (re)normalizability and gauge invariance within the

perturbative causal approach [39], i.e., to show that the
Ward-Takahashi-Fradkin identities are satisfied perturba-
tively order by order. These issues and others will be further
elaborated, investigated, and reported elsewhere.
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APPENDIX A: DIRAC DELTA DISTRIBUTION
PROPERTIES

In this appendix we summarize some properties of the
Dirac δ distribution [26]. If φ is a test function, the
definition for the Dirac δ-translated distribution is

φð�ωmÞ ¼ hδðk0 ∓ ωmÞ;φðk0Þi: ðA1Þ
Moreover, from this definition we may also obtain its
derivative (n ¼ 0; 1),

φðnÞð�ω0Þ ¼ ð−1ÞðnÞhδðnÞðk0 ∓ ω0Þ;φðk0Þi: ðA2Þ
Another important relation involves

θð�αÞδð1Þðα2 − β2Þ ¼ �
X1
j¼0

ð1þ jÞ!
ð1 − jÞ!

�
δð1−jÞðα ∓ βÞ
ð�2βÞ2þj

�
;

ðA3Þ
with β > 0. In particular, we have

θð�k0Þδðk20 − ω2
mÞ ¼

δðk0 ∓ ωmÞ
2ωm

: ðA4Þ

Two important identities of the Dirac δ distribution are its
scale property and its Taylor expansion, respectively,

δðnÞ
�
x
β

�
¼ jβjβnδðnÞðxÞ; n ¼ 0; 1;…; ðA5Þ

δðx − βÞ ¼
X∞
n¼0

ð−1Þn
n!

δðnÞðxÞβn: ðA6Þ

APPENDIX B: TRANSITION AMPLITUDE FOR
THE PODOLSKY PHOTON EXCHANGE

To calculate the matrix amplitude for Bhabha scattering,
we shall consider the following initial state jψ ii and final
state jψfi:
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jψ ii ¼ d†siðpiÞb†σiðqiÞjΩi; ðB1Þ

jψfi ¼ d†sfðpfÞb†σfðqfÞjΩi; ðB2Þ

where ðqi; σiÞ and ðqf; σfÞ are the momentum and spin of
the ingoing and outgoing electron, respectively, and ðpi; siÞ
and ðpf; sfÞ are the momentum and spin of the ingoing and
outgoing positron, respectively. Thus, the transition ampli-
tude at the second order in the coupling constant, in the
causal approach, is given by the expression

Sfi ¼ hψfjS2jψ ii ¼
1

2!



ψf

����
Z

d4x1d4x2T2ðx1; x2Þ
����ψ i

�
:

ðB3Þ
By substituting the expression for T2 from Eq. (63) into the
above result we have that

Sfi ¼ −
ie2

2!

Z
d4x1d4x2hψfj∶ψ̄ðx1Þγμψðx1Þ

×DF
μνðx1 − x2Þψ̄ðx2Þγνψðx2Þ∶jψ ii: ðB4Þ

We have that the Dirac field free solutions are given by [21]

ψðxÞ ¼
X
s

Z
d3p

ð2πÞ32 ½bsðpÞusðpÞe
−ipx þ d†sðpÞvsðpÞeipx�;

ðB5aÞ

ψ̄ðxÞ ¼
X
s

Z
d3p

ð2πÞ32 ½b
†
sðpÞūsðpÞeipx þ dsðpÞv̄sðpÞe−ipx�;

ðB5bÞ

where the pair of operators bs1 , b
†
s and ds1 , d

†
s satisfy

the anticommutation relations fbs1ðp1Þ; b†sðpÞg ¼
δs1sδðp1 − pÞ ¼ fds1ðp1Þ; d†sðpÞg, while any other anti-
commutation relations vanish. Hence, we can obtain

ψðxÞb†sðpÞjΩi ¼ jΩið2πÞ−3=2usðpÞe−ipx; ðB6aÞ

ψ̄ðxÞd†sðpÞjΩi ¼ jΩið2πÞ−3=2v̄sðpÞe−ipx; ðB6bÞ

hΩjbsðpÞψ̄ðxÞ ¼ ð2πÞ−3=2ūsðpÞeipxhΩj; ðB6cÞ

hΩjdsðpÞψðxÞ ¼ ð2πÞ−3=2vsðpÞeipxhΩj; ðB6dÞ

where jΩi is the vacuum state, and us and vs are the
positive- and negative-energy Dirac spinors, respectively.
Thus, after some algebraic manipulation, the transition
amplitude (B4) can be written as

Sfi ¼ −ie2ð2πÞ−6
Z

d4x1d4x2DF
μνðx1 − x2Þe−ipix1þiqfx2

× ½v̄siðpiÞγμvsfðpfÞūσfðqfÞγνuσiðqiÞeipfx1−iqix2

− v̄siðpiÞγμuσiðqiÞūσfðqfÞγνvsfðpfÞe−iqix1þipfx2 �:
ðB7Þ

Moreover, by means of the distributional property,

Z
d4x1d4x2DF

μνðx1−x2Þeipx1þiqx2 ¼ð2πÞ6δðpþqÞD̂F
μνðpÞ;

ðB8Þ

we finally can write the transition amplitude in the short
form

Sfi ¼ δðpf þ qf − pi − qiÞM; ðB9Þ

where M is the matrix amplitude for the Podolsky photon
exchange, which is explicitly defined as

iM ¼ e2½D̂F
μνðpf − piÞv̄siðpiÞγμvsfðpfÞūσfðqfÞγνuσiðqiÞ

− D̂F
μνð−pi − qiÞv̄siðpiÞγμuσiðqiÞūσfðqfÞγνvsfðpfÞ�:

ðB10Þ

As is easily seen, the transition and matrix amplitude are
both distributions, and thus they only have meaning when
wave-packet states are considered.
In the calculation of the Bhabha scattering cross section

(Sec. IV), we consider the sum over the final spins and the
average over the initial spins; thus, we had make the
substitution jMj2 → 1

4

P
si;σi

P
sf;σf jMj2. Hence, from

Eq. (B10) we can evaluate the quantity

jMj2 ¼ e4½D̂�F
μν ðpf − piÞūσiðqiÞγνuσfðqfÞv̄sfðpfÞγμvsiðpiÞ − D̂�F

μν ð−pi − qiÞv̄sfðpfÞγνuσfðqfÞūσiðqiÞγμvsiðpiÞ�
× ½D̂F

αβðpf − piÞv̄siðpiÞγαvsfðpfÞūσfðqfÞγβuσiðqiÞ − D̂F
αβð−pi − qiÞv̄siðpiÞγαuσiðqiÞūσfðqfÞγβvsfðpfÞ�: ðB11Þ

Nevertheless, in order to calculate 1
4

P
si;σi

P
sf;σf jMj2 we can use the completeness relations for the four-spinor [21],P

susðpÞūsðpÞ ¼ γ:pþm
2E and

P
svsðpÞv̄sðpÞ ¼ γ:p−m

2E ; thus, after some calculation we obtain that
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1

4

X
si;σi

X
sf;σf

jMj2 ¼ e4

64EðpiÞEðqiÞEðpfÞEðqfÞ
f−D̂�F

μν ðpf − piÞD̂F
αβð−pi − qiÞΞνβμα

2 ðqf; pf; pi; qiÞ − ðpf⇄ − qiÞ

þ D̂�F
μν ðpf − piÞD̂F

αβðpf − piÞΞβνðqi; qf; mÞΞμαðpi; pf;−mÞ þ ðpf⇄ − qiÞg; ðB12Þ

where E indicates the energy of the corresponding fermion, and we have defined the quantities

Ξβνðp; q;mÞ ¼ tr½γβðγ:pþmÞγνðγ:qþmÞ�; ðB13aÞ

Ξνβμα
2 ðqf; pf; pi; qiÞ ¼ tr½γνðγ:qf þmÞγβðγ:pf −mÞγμðγ:pi −mÞγαðγ:qi þmÞ�: ðB13bÞ

Since the longitudinal part of the photon propagatorDF
μν [Eq. (65)] does not contribute to the transition amplitude, we can

choose (without loss of generality) the gauge-fixing parameter to be ξ ¼ 1. Also, by using the properties of the γ-matrix we
can evaluate

gμνgαβΞβνðqi; qf; mÞΞμαðpi; pf;−mÞ ¼ 8½s2 þ u2 þ 8m2t − 8m4�; ðB14aÞ

gμνgαβΞ
νβμα
2 ðqf; pf; pi; qiÞ ¼ 8½−u2 þ 8m2u − 12m4�; ðB14bÞ

where s, t, u are the Mandelstam variables [11]. Finally, with the above results we find that

1

4

X
si;σi

X
sf;σf

jMj2 ¼ e4

8EðpiÞEðqiÞEðpfÞEðqfÞ
f½s2 þ u2 þ 8m2t − 8m4�½D̂F

0 − D̂F
ma
��ð ffiffi

t
p Þ½D̂F

0 − D̂F
ma
�ð ffiffi

t
p Þ þ ðs⇄tÞ

þ ½u2 − 8m2uþ 12m4�½D̂F
0 − D̂F

ma
��ð ffiffi

t
p Þ½D̂F

0 − D̂F
ma
�ð ffiffiffi

s
p Þ þ ðs⇄tÞg: ðB15Þ

Nevertheless, from the definition of the massless and massive propagators [Eq. (66)], we obtain the relations

½D̂F
0 − D̂F

ma
��ðkÞ½D̂F

0 − D̂F
ma
�ðkÞ ¼ ð2πÞ−4 2

k4ð1 − k2

m2
a
Þ2 ; ðB16aÞ

½D̂F
0 − D̂F

ma
��ðkÞ½D̂F

0 − D̂F
ma
�ðqÞ þ ðq⇄kÞ ¼ ð2πÞ−4 1

k2q2ð1 − k2

m2
a
Þð1 − q2

m2
a
Þ
: ðB16bÞ

Finally, by substituting the above relations into Eq. (B15) and after some simplifications, we obtain that

F ðs; t; uÞ≡ 8π4s2

e4

�
1

4

X
si;σi

X
sf;σf

jMj2
�
¼ ½s2 þ u2 þ 8m2t − 8m4�

t2ð1 − t
m2

a
Þ2 þ ½u2 þ t2 þ 8m2s − 8m4�

s2ð1 − s
m2

a
Þ2 þ 2

½u2 − 8m2uþ 12m4�
stð1 − s

m2
a
Þð1 − t

m2
a
Þ :

ðB17Þ
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