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Resumo

Nesta tese serão analisados dois problemas relacionados a espaços do tipo AdS4×
M. Na primeira parte, será discutida a ambiguidade no cálculo da correção da

energia em 1-loop para a corda girando no espaço AdS4 × CP 3, através de um

método anteriormente utilizado na resolução de um problema similar no caso do

kink em quatro dimensões na teoria de campos. Na segunda parte será estudada a

deformação de um buraco negro no espaço AdS4 × S7. Através de um paradigma

de membrana, será realizado o cálculo da condutividade no modelo de Ginzburg-

Landau por meio da dualidade AdS-matéria condensada (AdS/CMT), desenvolvida

recentemente.

Palavras Chaves: Supercordas; Conjectura (AdS/CFT); Soluções; deformações.

Áreas do conhecimento: Ciências Exatas e da Terra; F́ısica de Part́ıculas e

Campos; F́ısica Matemática.

ii



Abstract

In this thesis we will analyze two problems for backgrounds of the type AdS4×M.

In the first part, we will discuss the ambiguities in the computation of the 1-loop

correction for the energy of spinning strings on AdS4 × CP 3, using a method that

solved the problem on the four dimensional kink in field theory. In the second

part we will study the deformation of a black hole in AdS4 × S7, and use a mem-

brane paradigm-like calculation to obtain the conductivity on the Ginzburg-Landau

model via the AdS-condensed matter duality (AdS/CMT), that has been recently

developed.
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Chapter 1

Introduction

Probably one of the greatest success on string theory is Maldacena’s AdS/CFT conjecture
[1]. To argue about this success we do not need to enter into the discussion of its (still
lacking) mathematical proof and the great number os passed tests, but that it is, arguely,
the only development from string theory that has been well received in other areas of
physics. It is used on a regular basis now, as a tool to understand strongly coupled
systems (e.g. quark-gluon plasma, condensed matter systems, etc.). Since the AdS/CFT
duality can be prescribed without the direct use of string theory [2], physisist from other
areas can use it without a strong string theory background; and that may be the reason
of its success.

The canonical example of the AdS/CFT duality is on the equivalence between strings
on AdS5 × S5 and N=4 Super Yang-Mills. Here it has passed all the tests so far, and
even allowed to get into sectors of N=4 SYM (BMN operators [3]) that were unknown,
and lead to the development of a new area of research, integrability on N=4. It was
later geralized for other AdS backgrouns and because of that tha canonical case is now
called AdS5/CFT4. Some examples that are less developed and less understood than the
canonical one, are the ones that involve AdS4 ×M (M could be CP3 for string theory or
S7 for M-theory) backgrounds, and these were found to be dual to the ABJM (Aharony
Bergman Jafferis Maldacena) model [4], which is a 3-dimensional N = 6 superconformal
Chern-Simons theory.

In this thesis we will analyse one aspect for each of the AdS4 backgrouns on strings
and on M-Theory. The first one will be related to quantum corrections to the energy of
long strings on AdS4 × CP

3. The second one will be about deformations of a black hole
on AdS4×S7, and the aplication of the duality to see the effect of this deformation on the
conductivity of the Ginzburg-Landau model (which can arise as a truncation of ABJM
[5]). The last example is more related to a new application of the duality to condensed
matter systems, known as AdS/CMT.
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1.1 The energy for solitons on AdS4 × CP
3

There are several striking differences between the AdS5/CFT4 and the AdS4/CFT3 duali-
ties. We can start by looking at the background themselves. The AdS5×S5 is a maximally
supersymmetric space (invariant under the supergroup PSU(2, 2|4), i.e. 32 supercharges),
while AdS4×CP

3 is not maximally supersymmetric (invariant under OSp(6|4), 24 super-
charges). The same symmetry groups appear on the field theory side of the dualities,
respectively.

There is another difference between the dualities, in which chapter 4 part of this thesis
will be focused, that is the intrincated interpolation between weak and strong couplings
in AdS4/CFT3. Let us look at the magnon dispersion relation

E(p) =
√

Q2 + 4h(λ) sin2 p
2
, (1.1.1)

here Q is the magnon R-charge and h(λ) is a function that is not fixed by symmetry. The
fundamental magnon in AdS5/CFT4 has charge Q=1, while in AdS4/CFT3 it has Q = 1

2
.

In the case of AdS5/CFT4 the function h(λ) turned out to be simply
√
λ/4π. Now for

the case of AdS4/CFT3 the function h is quite non-trivial. The weak and strong coupling
behaviors are like this

h(λ) =

{
λ (1 + c1λ

2 + c2λ
4 + ...) forλ � 1,√

λ
2
+ a1 +

a2√
λ
+ ... forλ � 1.

(1.1.2)

The λ-dependance of many other quantities like the S-matrix, the Bethe ansatz, the
Zhukowsky map, the universal scaling function, etc., are also related between the AdS5/CFT4

and the AdS4/CFT3 correspondence by appropriately replacing λ by h(λ). Despite this
fact, the subleading terms seem to be scheme dependent.

The first indication of this scheme dependence was found in [6], where they computed
the one-loop energy shift of the spinning folded string and the answer differed from the
prediction of the conjectured Bethe equations. Two proposals came to solve this problem.
One was using algebraic curve inspired regularization for the sum of the string frequencies
[7]. In the other, they have shown that in the string regularization scheme, the function
h(λ) receives a one-loop correction (a1 in ((1.1.2))), and when using this contribution in
the Bethe equations then the string theory result was reproduced. A comparison of the
different prescriptions for summing frequencies was carried out in [8].

It does not seem that consensus has been reached in the literature as to how this
puzzle should be resolved. It is exactly the one of the focuses of the present work to
atack the problem on the ambiguities on the summation of frequencies. In [9] we applied
a physical principle, previously used to eliminate ambiguities in quantum corrections to
the 2 dimensional kink [10]. On this procedure the calculation of the energy is done
substracting the energy from the vacuum configuration (like the calculation of the energy
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on the Casimir’s effect). Then, instead of calculating the sum, its derivative is calculated
with respect to the physical mass scale in the theory. Since the degree of divergence is
lowered by taking the derivative, the summation can be done without problems, then it
is integrated back. The constant of integration is fixed by the observation: the vacuum
energy should not depend on the topology (topologycal boundary conditions, which do
not introduce boundary effects) when the mass is zero. That is the physical principle that
allows to perform the calculation of the energy unambiguously.

Applying to the case of spinning strings moving in AdS4×CP
3, thought of as another

kind of two dimensional soliton is not so straightforward, since we have a non-linear sigma
model and also it is not easy to identify a scale (like the mass on the kink). After analysing
the classical solution we find a way to go to the vacuum (trivial) sector, and so we find
the energy to substract. We apply then the principle for the sumation. We find that this
eliminates the ambiguities and selects the result compatible with AdS/CFT, providing a
solid foundation for one of the previous calculations, which found agreement.

1.2 Deformations on AdS4 × S7 and conductivity via
AdS/CMT

Still on AdS4/CFT3, there is another aspect that we can analyse. A little time after
ABJM was found, Gomis, Rodriguez-Gomez, Van Raamsdonk and Verlinde computed
a massive deformation of the model that preserves the full supersymmetry [11]. This
massive-deformed model is denoted as mABJM, for short. Having a duality with M-
theory on AdS4 × S7, this deformation should have an effect on the background. The
massive deformation of AdS4 × S7 was found in [12], although the deformed background
is not so user friendly to perform calculation using the duality.

Among many interesting aspects of the AdS4 × M backgrounds, there is one that
arose in the last years; that lies in the application of the duality to condensed matter
systems, also known as AdS/CMT. The initial construction of this duality have been
very phenomenological, but recently in [5], Mohammed, Murugan and Nastase did a
more formal construction directly from ABJM. In their work they performed a consistent
abelian truncation of mABJM, and obtained the Ginzburg-Landau model used to describe
superconductivity. There is still a plenty of work to do in order to understand how this
truncation affects the gravity dual, and so find the AdS/CMT duality from first principles.

Related to the deformation of AdS4×S7 and its aplication on AdS/CMT is the second
part of this thesis. In [13] we analyzed the effect of the massive deformation of the ABJM
model on the calculation of conductivity of the dual theory. Since on these condensed
matter systems temperature is present, it is implemented on the gravity dual by the
insertion of a black hole on the background. Now, the massive deformed background
alone is dificult enough to work with, so the insertion of the black hole does not not make
things easier. In order to circumvent the difficulties presented by the dual geometry, at
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least partially, a membrane paradigm-like computation of the conductivity is adopted,
which requires just to know the effect of the deformation on the horizon of a black hole
in AdS4. The deformation at the horizon itself is found by first deforming the flat space
near the horizon, and then using the corresponding solution near the horizon as initial
conditions for the Einstein’s equations. The result shows an increase in the conductivity
due to the deformation.

1.3 Presentation of the work
This work is organized as follows. In chapter 2 we will see a mild construction of the
AdSd space and the CP

n, the former constructed from the sphere Sn+1. In chapter 3 a
brief construction of AdS/CFT will be presented. There we will start with the canonical
case of AdS5/CFT4 and show how the duality works, then we will show the ingredients of
the AdS4/CFT3 case. Chapter 4 will be about the computation of the correction to the
energy of a soliton on AdS4 × CP

3. First we will review the method for the computation
of the energy correction and apply it to the case of the 2-dimensional kink, then we will
use the same method to analyse the 1-loop energy correction of the spinning string on the
AdS4 × CP

3 background. In chapter 5 we will work in the deformation of AdS4 × S7, it
will be performed on the horizon of a black hole on that background and then it will be
truncated to four dimensions, that is to use have the gravity dual (phenomenologycally
proposed) of the Ginzburg-Landau model, and then see the effect of this deformation on
the conductivity. Finally in chapter 6 we will conclude and talk about possible perspectives
and future work.
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Chapter 2

Geometry preliminaries

In this chapter we will review some very basic notions of the spaces that we will be dealing
with. Mainly, we will focus in finding and/or analysing the metric, now that they play a
central role in the development of this work. In the first section we will focus on the Anti
de Sitter space, on the second on CP

3. The material that well be discussed here can be
found on several books or notes on gravitation and geometry (e.g. [14] and [15])

2.1 The Anti de Sitter space
The space (AdSd) is as a solution of the Einstein-Hilbert action with negative cosmological
constant. This is a space of constant negative curvature and with a pseudo-Riemmanian
metric (it can also be worked with an euclidean metric), with signature (−++...+). One
way to describe it, is like an embedding in a d+ 1 space with signature (−−+...+) and
the following constraint

−x2
0 +

d−1∑
i=1

xi − x2
d+1 = −R2. (2.1.1)

We can parametrize AdSd using global co-ordinates

x0 = R cosh ρ cos τ,

xd+1 = R cosh ρ sin τ,

xi = R sinh ρêi
∑
i

ê2i = 1

(2.1.2)

With these co-ordinates the metric will now looks like this

ds2 = R2
(
cosh2 ρdτ 2 + dρ2 + sinh2 ρdΩ2

d−2
)
. (2.1.3)
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There is a co-ordinate transformation that can be taken, r = R sinh ρ and t = Rτ ,
that will lead to an often used form of the metric

ds2 = −
(
1− r2

R2

)
dt2 +

dr2(
1− r2

R2

) + r2dΩ2
d−2. (2.1.4)

Another system of co-ordinates are the Poincaré co-ordinates (Poincaré’s patch). On
this system the metric looks as follows

ds2 =
R2

x2
0

(
−dt2 +

d−2∑
i=1

dx2
i + dx2

0

)
, (2.1.5)

here (t, xi) behave like the usual Minkowski co-ordinates, but x0 ∈ (0,∞). These co-
ordinates do not cover all AdSd.

There is a lot more of what can be said about the structute of the AdS space, about
its symmetries also, but that would go off the interest of this work. On the next section
we will make a similar presentation for the CPn space.

2.2 The Complex Projective space
Now we will find the metric of the Complex Projective space (CPn). There are several
construct the Projective space, here we will construct its metric from the sphere (Sn+1).
Let us start with the Complex space Cn+1, which has the flat metric

ds2n+2 = dzAdz̄A, (2.2.6)

where A = (0, α) and 1 ≤ α ≤ n.
Introducing the inhomogeneous co-ordinates (z0 �= 0 patch)

ζα =
zα

z0
. (2.2.7)

And we will have the following set of definitions

z0 = eiτ |z0| = eiτrf−1/2

r =
√

zAz̄A

f = 1 + ζαζ̄ ᾱ.

(2.2.8)

We return to the flat metric, but now we will write ir on spherical co-ordinates

ds22n+1 = dr2 + r2dΩ2
2n+1. (2.2.9)
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focusing on the unit radius sphere (S2n+1), the metric can be written as follows

dΩ2
2n+1 = (dτ +B)2 + f−1dζαdζ̄ ᾱ − f−2ζ ᾱζβdζαdζ̄ β̄. (2.2.10)

The way the metric was presented is looking S2n+1 as a U(1) bundle on CP
n. For the

connection on U(1) we have

B =
1

2
if−1(ζαdζ̄ ᾱ − ζ̄ ᾱdζα). (2.2.11)

For the other part of the metric of the sphere we have the Fubini-Study metric for CPn,
which is

dsCPn = f−1dζαdζ̄ ᾱ − f−2ζ ᾱζβdζαdζ̄ β̄. (2.2.12)

B also works as a Kähler potential for the CPn manifold:

J = dB = igαβ̄dζ
α ∧ dζ̄ β̄. (2.2.13)

With the background spaces constructed we can now put theories on them, and more
interesting is the fact that these theories on those backgrounds have duals that are quan-
tum field theories, which do not seem related at first sight.
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Chapter 3

The AdS/CFT correspondence

In string theory and in supersymmetric theories, dualities have frequently been present,
although they usually relate theories of the same kind, in some way to say it. The
AdS/CFT correspondence, or what would be called more generally gauge/gravity duality
relates two theories that seem very disconnected: quantum field theory and general rel-
ativity. It involves several ingredients that makes it very appealing to theorists since its
development by Maldacena [1], like supersymmetry, string theory, and extra dimensions,
and it ties all these together.

The duality was originally derived for the type IIB superstring in the AdS5 × S5

background and then found that it is also present in other several cases. Here we will
show briefly the derivation for this case, which is nowadays known as the AdS5/CFT4

correspondence, generalize to describe the features of AdS/CFT dual pairs, and then
discuss a little about another case known as AdS4/CFT3, which is closely related to our
present work.

3.1 Heuristic derivation

3.1.1 General picture

In the type IIB superstring we have more than just open and closed strings, we also
have the non-perturbative solitonic objects known as Dp-branes (where p are the spatial
dimensions). At the beginning, these branes were thought as boundary conditions were
the open strings end, but then it was shown that they are the same as some solutions of
supergravity. In type IIB we can arrange a stack of N D3-branes and place all of them
on the same place, there we will have open strings (which contain gauge fields on their
spectrum) intercepting the branes and for the low energy limit of this configuration we
will have:

D=4, N=4, SU(N) SuperYang-Mills.
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Next, we proceed to separate the D3-branes. When we have the branes separated we
can have pairs of open strings forming closed strings (which contain the graviton on their
spectrum), these are no longer attached to the branes and can leave them. Now that we
have closed strings, they can curve the background, and for the low energy limit of this
configuration we will have:

Type IIB superstring theory on AdS4 × S5.

As we just saw, we never abandoned the type IIB theory, we just manipulated a little
some of its ingredients. Another important point is that on both configurations we went
to the low energy limit, and since these are the limits of the same theory, then Maldacena’s
conjecture is that:

D=4, N=4, SU(N) SuperYang-Mills = IIB string theory on AdS4 × S5.

This duality is still at the level of a conjecture since there is not and exact proof
yet, although it has passed all the tests performed so far therefore is generally assumed as
valid. On the next session we will review a more formal derivation and see more properties
of it.

3.1.2 D-branes analysis and validity of the duality

Now we will derive AdS5 × S5 from the brane configuration, then see the match of the
elements of both sided of the duality. Let us go back to our previous stack of N D3-branes,
initially we have them laying on top of each other. At low energy, on the world-volume we
have a SU(N), N = 4 supersymmetric gauge theory (we took into account the global U(1)
corresponding to the collective motion of the stack). The gauge coupling is g2YM = 2πgs.
The gauge multiplet contains the vector, Aμ, six scalars φi, i = 1, ..., 6 (that represent the
transverse motions), and four two-component Weyl fermions, λa, a = 1, ..., 4, the fermionic
superpartners of the eight physical bosonic degrees of freedom. There is a SO(6) 
 SU(4)
R-symmetry. The theory is conformally invariant, (i.e. it has vanishing β-function) with
the conformal group being SO(2, 4).

The low energy supergravity solution is:

ds2 = H− 1
2ημμdx

μdxν +H
1
2dxidxi,

e2Φ = g2s ,

C4 = (H−1 − 1)g−1s dx0 ∧ ... ∧ dx3,

(3.1.1)

where μ = 0, ..., 3, i = 4, ..., 9, and for the harmonic function we have

H = 1 +
4πgsNα′2

r4
. (3.1.2)
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Next we take the near-horizon limit, r → 0, by taking also α′ → 0. For the limit we keep
the quantity u = r/α′ fixed. This limit takes the metric to

ds2 =
u2

R2
(−dt2 + dx2

1 + dx2
2 + dx2

3) +R2du
2

u2
+R2dΩ2

5;

∗dC4 = 16πα′2Nε5

(3.1.3)

where R4 = 2gYMNα′2.
This previous solution is nothing more than AdS5 × S5, both with the same radius of

curvature.
Since we would like to use the gravity approximation of string theory, there is a limit

for the validity of this duality:

• The background curvature must be larger than the string’s length, meaningR/
√
α′ >>

1, on this way we will avoid string world-sheet quantum corrections. Then we have
gYMN >> 1.

• Quantum corrections on the string are governed by gs, so this coupling must be
small, thus gs → 0.

As we saw then, to work on gravity, we need gs → 0, N → ∞, but λ = 2πgsN = g2YMN
fixed and large. We just set the conditions for gravity to be valid, now we can look at the
implications of these conditions on the quantum field theory.

In the large N limit, ’t Hooft showed that for gauge theories with adjoint fields the
expansion parameters are the ’t Hooft coupling λ = g2YMN and 1/N . A diagram with V
vertices, E propagators and F loops comes with a coefficient proportional to

NE−V+FλE−V = NχλE−V , (3.1.4)

where χ = E − V + f is the Euler character of the surface (χ = 2 − 2g, where g is the
genus of the closed oriented surface) corresponding to the diagram. In the large N limit
we see that any computation will be dominated by the surfaces of maximal χ or minimal
genus, which are surfaces with the topology of a sphere (or a plane). All these planar
diagrams will give a contribution of order N2, while all other diagrams will be suppressed
by powers of 1/N2. ’t Hooft considered the perturbative expansion in λ, for this it has to
be fixed and λ << 1, but in AdS/CFT we need λ >> 1 and fixed.

With this we see that the duality is valid for gravity and quantum gauge theory in
opposite regimes, λ >> 1 and λ << 1 respectively.

3.1.3 The dictionary

Symmetries

Let us check now the symmetries on both systems. On the AdS side there are the
SO(4, 2) × SO(6) symmetries of the AdS5 and S5 spaces. In N = 4 supersymmetric
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gauge theory, SO(4, 2) is the conformal group. The SO(6) is the symmetry of the scalar
field space Am, with the four fermions transforming as the spinor representation. Equiv-
alently, the fermions are in the fundamental representation of SU(4) 
 SO(6), and the
six scalars in the antisymmetric product of two fundamentals. On both sides of the du-
ality this bosonic symmetry group is extended by supersymmetry to the superconformal
PSU(2, 2|4).

There is also an SL(2,R) weak-strong duality on both sides, in the D = 4, N = 4
gauge theory and in the IIB string theory.

Operator map

Now we will focus on the operators. In one side we have a CFT, theN = 4 supersymmetric
gauge theory, and an operator O will be characterized by a certain conformal dimension
Δ and a representation index In for the SO(6) 
 SU(4) R-symmetry.

In the string theory in AdS5 × S5, O will correspond to a field, but we will go to
the valid limit of the duality; not thinking about string theory, but gravity. We have a
compact space S5, then we can apply the Kaluza-Klein compactification. The fields will
be expanded in the harmonic functions of the sphere, for the scalar field would be the
following expansion

φ(x, y) =
∑
n

∑
In

φIn
(n)(x)Y

In
(n)(t), (3.1.5)

where n is the level, x is a co-ordinate on AdS5 and y a co-ordinate on S5.
The field φIn

(n) living in AdS5, of mass m, correspond to an operator OIn
(n) in the 4

dimensional N = 4 supersymmetric gauge theory, of dimension Δ. The field and the
operator are on the same symmetry. For the relation between m and Δ we have

Δ =
d

2
+

√
d2

4
+m2R2. (3.1.6)

We have that the tower of KK modes corresponds to the tower of operators, one with
increasing mass and the other with increasing conformal dimension respectively, both of
them labeled by the same n.

partition function

In order to compute observables (e.g. correlation functions) we need one last piece, and
that is the most basic entry in the dictionary, which is the relation between the CFT
partition function and the gravitational action. This result was found by Witten in
[2]. The AdS/CFT prescription for the generating functional of correlation functions of
operators corresponding to massless scalars in AdS5 is

ZO[φ0]CFT =

∫
D[fields]e−S+

∫
dx4O(x)φ0(x) = Zclass[φ0]AdS = e−Ssugra , (3.1.7)
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where φ0 is the solution of the massless Klein-Gordon equation near the boundary of AdS.
The solution φ0 acts as a source for the operator O, that lives on the boundary of AdS,

and we can now compute correlation functions of O by taking derivatives with respect to
φ0.

Further tests

The dictionary and further testss that have been found so far between the theories are
another evidence of its validity, here we summarize and enumerate some of them:

1. The symmetries on the two sides match.

2. The spectra of supersymmetric states match. This includes, for example, all modes
of the graviton in AdS5 × S5.

3. Amplitudes which are protected by supersymmetry and so can be compared between
the two sides are equal.

4. When we perturb the duality in ways that break some of the supersymmetry and/or
conformal symmetry, the geometry realizes the behaviors expected in the field the-
ory, such as confinement.

5. There are higher symmetries on both sides, which allow some quantities to be cal-
culated for all g, with apparent consistency.

6. Matching long string states can be identified on both sides.

7. The predictions of the duality for strongly coupled gauge theories can be compared
with numerical calculations in those theories, using both light-cone diagonalization
and lattice simulation (these are computationally challenging, but progressing).

Now that we made a brief review of the canonical case of AdS/CFT (also known as
the AdS5/CFT4 duality), we can move forward and discuss a little about another case
more related to the chapters to come, which is the AdS4/CFT3 duality.

3.2 The AdS4/CFT3 duality
We already saw how the duality works for the Type IIB superstring theory on AdS5 × S5

and N = 4 SuperYang-Mills, it is the best understood example so far, it also holds in
an appropriately adopted form for a second example of the AdS/CFT correspondence.
This second example was developed in [4] by Aharony, Bergman, Jafferis and Maldacena
(ABJM).

On the string theory side we have now:
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Type IIA superstring theory on AdS4 × CP
3

with RR four-form flux F4 ∼ N through AdS4,
and RR two-form flux F2 ∼ k through CP

3.

On the supersymmetric gauge theory we have ABJM, which is:

D=3, N = 6 superconformal Chern-Simons-matter theory,
with gauge group U(N)× U(N),
and Chern-Simons levels k and −k.

The parameters we have now on both theories are k and N , which take integer values.
In ABJM theory, the Chern-Simons level k acts like a coupling constant. The fields can
be rescaled in such a way that all interactions are suppressed by powers of 1/k, so large
k is the weak coupling regime. For the planar limit we now have

k,N → ∞ , λ =
N

k
fixed. (3.2.8)

On the gravity side, the string coupling constant and efective tension are given by

gs ∼
(
N

k5

)1/4

=
λ5/4

N
,

R2

α′
= 4π

√
2λ, (3.2.9)

where R is the radius of CP3 and twice the radius of AdS4.
The limits of validity work in a similar fashion that the AdS5/CFT4 case.
Looking more carefully at (3.2.9) we can find something else on this duality. If we

are not in the ’t Hooft limit but if we let N >> k5, then the string coupling gs becomes
large. but strongly coupled IIA string theory is M-theory. So ABJM at arbitrary values
of k and N is dual to

M-theory on AdS4 × S7/Zk,
with four-form flux F4 ∼ N through AdS4.

Translating to the brane analysis, ABJM is the world-volume theory of a stack of N M2-
branes moving on C

4/Zk. M/ABJM is the stronger duality, by taking the large k limit
we can perform the analysis from the previous chapter and get CP3 with a U(1) bundle
as S7.

3.2.1 N = 6 Chern-Simons matter theory

ABJM, the dual gauge theory, is a three-dimensional superconformal Chern-Simons the-
ory with product gauge group U(N) × Û(N) at Chern-Simons levels ±k and specific
matter content. The entire field content is given by two gauge fields Aμ and Âμ, four
complex scalar fields Y A, and four Weyl-spinors ψA. The matter fields are N ×N matri-
ces transforming in the bi-fundamental representation of the gauge group.

18



The global symmetry group of ABJM theory, for Chern-Simons level k > 2 (since
we are on the large k limit), is given by the orthosymplectic supergroup OSp(6|4) and
the “baryonic” U(1)b. The bosonic components of OSp(6|4) are the R-symmetry group
SO(6)R 
 SU(4)R and the 3d conformal group Sp(4) 
 SO(2, 3).

Arranging all the previous ingredients into an invariant action, we have the following

SABJM =

∫
d3x

[
εμνλtr

(
Aμ∂νAλ +

2i
3
AμAνAλ − Âμ∂νÂλ − 2i

3
ÂμÂνÂλ

)
−tr(DμY )†DμY − itrψ† /Dψ − Vferm − Vbos

]
,

(3.2.10)

where the sextic bosonic and quartic mixed potentials are

Vbos = − 1

12
tr
[
Y AY †AY

BY †BY
CY †C + Y †AY

AY †BY
BY †CY

C

+4Y AY †BY
CY †AY

BY †C − 6Y AY †BY
BY †AY

CY †C
]
,

(3.2.11)

Vferm =
i

2
tr
[
Y †AY

AψB†ψB − Y AY †AψBψ
B† + 2Y AY †BψAψ

B† − 2Y †AY
BψA†ψB

−εABCDY †AψBY
†
CψD + εABCDY

AψB†Y CψD†
]
.

(3.2.12)

The covariant derivative acts on bi-fundamental fields as

DμY = ∂μY + iAμY − iY Âμ (3.2.13)

while on anti-bi-fundamental fields it acts with Aμ and Âμ interchanged. According to
the M-theory interpretation, this theory describes the low-energy limit of N M2-branes
probing a C

4/Zk singularity.
Now that we have the basic ingredients of the AdS/CFT duality and saw the compo-

nents of the case of interest, AdS4/CFT3, we can move forward and analyse two problems
on the AdS4 ×M type backgrounds.
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Chapter 4

Solitons on AdS4 × CP
3

Quantum corrections to solitons have a long and complicated history, and it has proven
difficult to find an algorithmic way to calculate them, due to regularization-dependent
ambiguities. The most studied case so far, for being the simplest and easiest to analyze,
is the kink in two dimensions. Studies of its quantum corrections started with [16] (see
also [17, 18], and supersymmetric extensions started with [19–22]) and still go on (see
[23] for basic techniques and references, and [24] for a review of recent results), due to
the many subtleties present. In [10] a physical principle was proposed that eliminates the
ambiguities and gives a quantum correction consistent (in the supersymmetric case) with
supersymmetry.

A seemingly different area that has received a lot of attention lately is quantum cor-
rections to classical (long) strings moving in gravitational backgrounds. The reasons for
that interest are usually related to AdS/CFT, since one application has been to systems
which have a field theory dual admitting a Bethe ansatz for the dual to the string. That
is one motivation, although systems with Bethe ansatz are interesting in their own right,
outside the existence of AdS/CFT. This is useful, since unlike other cases, when we need
to invoke supersymmetry to match weak coupling field theory results to strong coupling
gravity results, the Bethe ansatz allows one to have a prediction for the expected quan-
tum correction at strong coupling. Then, provided we can trust AdS/CFT and the Bethe
ansatz, we have a prediction for the expected quantum correction.

Of course, the classical string is just a type of solitonic solution in a two dimensional
field theory (the sigma model of the string moving in the gravitational background), and
as such a priori suffers from the same ambiguities as the largely studied kink. From this
point of view, one should not be surprised that early calculations for the corrections to a
spinning string in AdS4 × CP

3 gave different results, and apparently incompatible with
AdS/CFT [6, 7, 25, 26]. In [27], a calculation was proposed that matches with AdS/CFT
expectations.1 See [8, 28–34] for later related works.

1Later proposals were made on how it could be possible to match with AdS/CFT other calculations
as well.
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However, the calculation in [27] still suffers from the same a priori ambiguities, and
it amounts to a particular choice of regularization for them, whose only justification is a
posteriori, through matching with AdS/CFT. It is the purpose of this chapter to provide
a justification for that calculation, as was done in [9], by taking the physical principle
of [10] and applying it to classical strings. We will show that its use for the model in
[27] eliminates the ambiguities implicitly hidden there, and thus offers the possibility of
extending the same method to other classical string solutions.

This chapter is organized as follows. In section 4.1 we explain our method based
on a physical principle, in section 4.2 we review how it applies to the case of the two
dimensional kink, in section 4.3 we apply it to the spinning string in AdS4 × CP

3.

4.1 The method
As is well known, one-loop corrections to the energy of the vacuum are equivalent (via
the exponentiation of one-loop determinants) to sums of zero-point fluctuations, for a
bosonic mode

∑
1
2
�ωB. If we have fermionic modes, they will contribute with −∑

1
2
�ωF .

These fluctuations give rise in particular to the Casimir energy, which is the difference
in this zero-point energy between the infinite space and a space of finite size. Of course,
this answer is a priori ambiguous (∞−∞), and moreover highly divergent. Generically,
ω ∼ n implies a quadratic (n2) divergence.

The same idea applies when we calculate the quantum mass of some soliton, generi-
cally denoted φsol(x), with classical mass M . We have to calculate the fluctuations in the
presence of the soliton, i.e. eigenmodes around φsol(x), and subtract the fluctuations in
its absence (in the vacuum). An extra factor to take into account is renormalization. In
terms of Feynman diagrams, we know we have counterterms, which correspond to renor-
malizing the parameters of the theory, for instance a bare mass parameter m0 becomes
the renormalized mass m. When going to the fluctuation representation, a useful way of
encoding the counterterm for the energy, δM , is by the variation of the classical mass M
when expressed in terms of unrenormalized parameters like m0, vs. renormalized ones
like m, with a result linear in m0 −m = δm, where for δm we need to take the result of
the one-loop Feynman diagramatic calculation.

Therefore generically the one-loop contribution to the quantum mass of a soliton is
given by

E1 =
1

2

∑
n

(ωB
n − ωF

n )−
1

2

∑
(ω(0)B

n − ω̃(0)F
n ) + δM. (4.1.1)

where the ωB
n , ω

F
n are the frequencies coming from the bosonic and fermionic parts of

the action, respectively, labelled by an integer n, and the (0) refers to the vacuum, i.e.
without the soliton solution.

This expression contains ambiguities. The first type of ambiguities is due to the fact
that we have generically the ∞ − ∞ difference of quadratic divergences (if at large n,
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ωn ∼ n, then
∑

ωn ∼ n2), which a priori will be linearly divergent ambiguities, not even
constant ambiguities. Here we should note that we would be tempted to say that if we have
something like, say, M =

∑
n

√
1 +m2/n2−∑

n 1, this is the same as M =
∑

n m
2/(2n2)

which is finite. But this in fact amounts to a particular choice of regularization scheme.
One needs more information to be precise about which regularization it is, but this would
basically be part of the mode number regularization, if we would have instead of n, a
kn together with a relation between n and k. Mode number regularization means that
we identify each mode in a sum with another mode in the other sum, effectively giving
the summation operator as a common factor. In general however, we are not allowed to
make the

∑
n common if both sums are infinite. In terms of choosing a cut-off, there are

always at least two ways to regularize, mode number cut-off (which corresponds to making
the sum common) and energy/momentum cut-off. The second, choosing the same upper
energy instead for the two sums (convert sum over kn to integrals over k and identify the
variable k in the two sums) gives different results if the sums are infinite [35]. Note that
even in usual quantum field theory divergent integrals we can have this situation, just
that usually one does not think about it. For instance, if

∫
f and

∫
g are UV divergent,

then
∫ Λ

(f − g) automatically means that we take the same cut-off Λ for f and g, but
we could in principle choose

∫ Λ
f −

∫ Λ+a
g, giving a different result. There might be

situations where this is necessary.
Yet another type of ambiguity is related to the existence of different types of possible

boundary conditions, in turn determining different functions kn, or k(n) in the continuum
limit.

But we want a physically unambiguous way to determine the correct regularization
and boundary conditions. In [10] a physical principle was used to fix both. The principle
can be simply formulated by saying that the non-trivial topology of the soliton boundary
does not introduce any extra energy.

The first part of the method involves the notion of topological boundary condition,
i.e. that the boundary condition should not introduce boundary-localized energy (surface
effects), thus fixing one type of ambiguity. For scalar fields, the boundary conditions
should be compatible with the classical solution (if the classical solution is antiperiodic,
then so must the boundary condition for fluctuations), but for fermions and higher spins
we need to be more careful. The method was described in detail in [10]: consider the
symmetries of the action and the symmetries of the solution. For the kink, the action
has a {φ → −φ, ψ → γ3ψ} symmetry and a ψ → −ψ symmetry, and the kink solution is
antisymmetric in φ. Then e.g., the fluctuations around the kink solution have

φ(−L/2) = −φ(L/2); φ′(−L/2) = −φ′(L/2); ψ(−L/2) = (−1)qγ3ψ(L/2) (4.1.2)

The second part is that when we take the classical soliton mass to zero, specifically by
taking a relevant mass scale on which it depends, like the m above, to zero, the quantum
mass of the soliton should also go to zero, such that there is no mass depending purely
on topology, i.e. localized at the boundary. That in turn means that we can calculate
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instead of the soliton mass, its derivative with respect to the relevant mass scale m, thus
reducing the UV divergence of the result, and obtaining a “derivative regularization”. For
instance, in the example above, ∂M/∂m =

∑
n m/(n2

√
1 +m2/n2) is now indeed finite

and unambigous.
We should emphasize that it is not guaranteed that this procedure eliminates ambigui-

ties in general, since taking only one derivative may not reduce the divergence sufficiently.
Nevertheless, we hope that in many cases of interest, the result is unambiguous. Note
that taking more derivatives will in general reduce further the divergence, but it is not
clear if there is a physical principle that will correspond to this modified prescription.

We can therefore define our procedure as follows: Find the soliton solution φsol(x),
find the frequencies of fluctuations around it, and the renormalization of the relevant mass
parameters. Then find the relevant mass parameter to define derivative regularization with
respect to it, and topological boundary conditions. Ideally, the resulting quantum mass
should be well-defined and unambigous, and we should be able to calculate it. We will
see that in the simple λφ4 kink case it is indeed true, however the string soliton case is
more complicated. We can prove that the resulting answer is unambiguous, but we will
still need to employ the same procedure used in [27] to calculate it.

4.2 One-loop mass for the kink in φ4 theory
The first thing we want understand is the application of this method to a simple model,
the kink solution of the φ4 theory in two dimensions. That was done in [10], and here we
will make a short review for it.

For the model we have the Lagrangian

L = −1

2
(∂μφ)

2 − λ

4
(φ2 − μ2

0/λ)
2. (4.2.3)

In this model, there are two degenerate vacuum states (trivial solutions) which are
φ = ±μ0/

√
λ. According to the previous conditions, for the topologically non-trivial,

localized solutions (kinks), we must have a limit ±μ0/
√
λ when x −→ ±∞.

The model also has two non-trivial, stable, finite energy solutions, the so called kink
and anti-kink

φK,K̄ = ±μ0/
√
λ tanh[μ0(x− x0)/

√
2], (4.2.4)

they have a classical mass M0 = 2
√
2μ3

0/3λ.

4.2.1 Fluctuations

Let us now analyze the quantum fluctuations for the model, by replacing on the La-
grangian the field like

φ = φsol + η, (4.2.5)
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where η is a small (quantum) fluctuation. For the mass we will take the renormalized one
μ2
0 = μ2 + δμ.
After replacing the previous redefinitions into the Lagrangian, it will take this form

L = −1

2
(∂μη)

2 − μ2η2 − μ
√
λη3 − λ

4
η4 +

1

2
δμ

(
η2 + 2

μ√
λ
η

)
+ ... (4.2.6)

We can see that the tree-level mass for η is m2 = 2μ2, and for the correction δμ2 we
have

δμ2 = −3iλ

∫
d2k

(2π)2
1

k2 +m2
=

3λ

2π

∫
dk√

k2 +m2
. (4.2.7)

Following, we can take a plane wave expansion for for the fluctuations around the
solutions (let us call them φk now). Then, the equation of motion from the Lagrangian is(

− d2

dx2
+ V ′′(φk)

)
ηn(x) = ωnηn(x). (4.2.8)

For the case of the trivial vacuum the operator takes the form (−d2/dx2 + m2), whose
eigenvalues are

ω̃n =

√
k̃2
n +m2, (4.2.9)

and the allowed values for kn come from the condition k̃nL = 2πn, where L is the size of
the one dimensional spatial box in which we put the system.

In the non-trivial case, the kink, the equations for motion have a chance as follows(
− d2

dx2
− μ2

0 + 3μ2
0 tanh

2

(
μ0x√
2

))
ηn(x) = ωnηn(x). (4.2.10)

The frequencies have the same form as the trivial ones,
√
k2
n +m2, but now, the η’s have

the following asymtotic behavior

ηk(x) ∼ exp [i(kx± δ(k)/2)] (4.2.11)

where the explicit form of the phase shift is

δ(k) =

(
2π − arctan

(
3m | k |
m2 − 2k2

))
ε(k). (4.2.12)

Then, the periodic boundary conditions for the k’s

knL+ δ(kn) = 2πn. (4.2.13)

For the quantum correction to the soliton mass we have now
3m

4π

∫
dk

(k2 +m2)1/2
, m2 = 2μ2. (4.2.14)

In the case of fermionic fluctuations (for a supersymmetric version of the kink), which
are 2 component vectors, there is a further phase shift θ(k) giving a e±iθ(k)/2 relative factor
at ±∞ between the two components.
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4.2.2 1-loop correction for the energy

Now we have the necessary ingredients for the calculation of the one-loop correction to
the energy. Substituting the frequencies in the expression for the 1-loop correction

E1 =
1

2

∑
ω − 1

2

∑
ω̃ + δM, (4.2.15)

we obtain
E1 =

1

2

∑√
k2
n +m2 − 1

2

∑√
k̃2
n +m2 + δM. (4.2.16)

As we can see, even after the subtraction, the sum is linearly divergent. To apply the
derivative regularization, we must find the mass parameter which takes the soliton mass
to zero, now that when the mass is zero we are going from the non-trivial sector to the
trivial one. Once this parameter is identified we take a derivative with respect to it. In
this case, it is obvious, namely the mass parameter is m. We then differentiate the energy
with respect to m, perform the summation and integrate back with respect to m.

That will get rid of both linearly and logarithmically divergent ambiguities. The
physical principle then dictates that the constant of integration is zero.

Taking the derivative, we obtain

dE1

dm
=

1

2

∑ dω

dm
− 1

2

∑ dω̃

dm
+

dδM

dm
, (4.2.17)

where

dω̃

dm
=

m√
k̃2
n +m2

,

dω

dm
=

1√
k2
n +m2

(
m+

k2
n

Lm
δ′(kn)

)
. (4.2.18)

The sums are less divergent now, and can be turned into integrals by taking into account
the conditions for the allowed kns (4.2.13), obtaining a finite result

dE1

dm
= −3m2

2

∫ ∞

−∞

dk

2π

1

(k2 +m2)3/2
+

√
3

4

−3m2

2

∫ ∞

−∞

dk

2π

1√
k2 +m2(m2 + 4k2)

=
1

4
√
3
− 3

2π
. (4.2.19)

Integrating back with respect to m we will get a constant of integration, but applying
the physical principle, the constant is zero. Therefore finally the 1-loop energy correction
is

E1 = m

(
1

4
√
3
− 3

2π

)
. (4.2.20)

25



4.3 One-loop corrections to spinning strings on AdS4×
CP

3

4.3.1 Applying the method

We now try to apply the same method to the classical (long) string on the background
AdS4 × CP

3. This can be thought of just as another 2d field theory, with action

S =
R2

AdS

4π

∫
dτ

∫ 2π

0

dσ
√
ggab

(
GAdS

μν ∂aX
μ∂bX

ν + 4GCP
3

μν ∂aX
μ∂bX

ν
)

. (4.3.21)

As we have discussed, the first step is to understand the 2d vacuum and soliton solution.
The (trivial) “vacuum” corresponds to the point-like string, equivalent to φ = φ0=constant
for the λφ4 model. The non-trivial soliton whose mass we want to calculate is a spinning
string solution, with non-trivial Xμ(σ, τ).

The computation of the 1-loop energy correction for this soliton was done in different
ways, obtaining different results. The calculation of [27] gave the correct result matching
the expectation from AdS/CFT, but there was no a priori reason why it should be correct,
given the implicit choice of regularization scheme needed to obtain it. We will therefore
try to identify the ambiguities as above.

In order to apply our method, we note several complications with respect to the kink
case. We note that (4.3.21) is a non-linear sigma model, and we have no potential, so
formally it looks different from the kink. That however means we can avoid at least one
ambiguity from the kink case. No potential means that the phase shifts δ(k) and θ(k) are
not present, so at least the ambiguity of boundary conditions (related to non-zero δ(k)
and θ(k)) is not there. It is also lucky, since for the calculation of δ(k) and θ(k) we would
need the full solutions, which as we will see are hard to find. The only ambiguity we still
have is the UV divergence.

To deal with that, we need to define our physical regularization. But instead of the
mass parameter m of the kink, we will have several parameters (which come in the solu-
tion), and we have to carefully analyze which can be varied in order to relate the energies
and use the derivative regularization. Note however that there are no parameters in the
action (4.3.21) (other than RAdS which multiplies the whole action, so is not relevant), so
the parameters of relevance will just characterize the vacuum solution. That also means
that there are no counterterm contributions, since the only possible counterterm could be
for RAdS, which is not renormalized.

The parameter we want needs to be something that when equal to zero, takes the
classical mass of the long string to zero, but also something that, like m for the kink, is
normally non-zero in the vacuum.

An extra complication will be, as we will see, that it is not possible to find the full
solutions for the eigenfrequencies, only as an expansion in a large parameter ω. But then
it matters how n is related to ω; in particular, the expansion is not valid for n > ω,
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which corresponds to the UV divergence we want to analyze. So the only goal we will
have is to show that the physical derivative regularization obtained as above selects the
regularization implicit in [27]. In order to actually compute the quantum correction, we
will still need to use the same procedure as in [27].

In the following sections we will perform first the classical analysis of the model, then
we will find the frequencies, and finally apply the derivative regularization.

4.3.2 Classical analysis for the string in AdS4 × CP
3

In this subsection we will take a look at the string on AdS4 × CP
3, from a classical

point of view. We will study about its conserved quantities and solutions (specifically the
spinning string). We will see that there are several parameters present in this non-trivial
solution, but there are relations between them due to the Virasoro constraints, so our
search for the parameter that is nonzero in the vacuum, but takes the soliton mass to
zero when it equals zero (the analog of the mass parameter m for the kink), will be highly
constrained. The conserved quantities, like the energy, which here has the meaning of
“soliton mass” modulo an additive constant, will be dependent on these parameters. An
important technical detail is that the Virasoro constraints are complicated, so we can only
solve them perturbatively in certain limits, hence the same will happen for the energy
(“soliton mass”).

Let us start by remembering that the metric on AdS4 × CP
3 has two factors

ds2 = R2
AdS

(
ds2AdS4

+ 4ds2
CP

3

)
, (4.3.22)

where the explicit expressions for the metrics are

ds2AdS4
= − cosh2 ρ dt2 + dρ2 + sinh2 ρ

(
dθ2 + sin2 θdφ2

)
, (4.3.23)

ds2
CP

3 = dζ21 + sin2 ζ1

[
dζ22 + cos2 ζ1

(
dτ1 + sin2 ζ2

(
dτ2 + sin2 ζ3dτ3

))2
+sin2 ζ2

(
dζ23 + cos2 ζ2

(
dτ2 + sin2 ζ3dτ3

)2
+ sin2 ζ3 cos

2 ζ3dτ
2
3

)]
.(4.3.24)

Here we have factored out the scale of the metric, RAdS, which is the radius of CP3

which is twice the radius of AdS4. This relative size is demanded by supersymmetry; and
it is related to the ’tHooft coupling

R2
AdS =

√
λ̄ =

√
2π2λ =

√
2π2

N

kCS

(4.3.25)

which is very large (very large λ̄, though finite).
The background admits five Killing vectors

i∂t , i∂φ , i∂τ1 , i∂τ2 , i∂τ3 . (4.3.26)
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Then, we have five conserved charges: the worldsheet energy E, the AdS-spin S and the
CP

3 momenta.
In Chapter 2, we saw how to see the S7 metric as a U(1) bundle over CP

3, and
that costruction will allows to see the relation between the CP

3 co-ordinates and the
scalar fields of the dual theory. Taking the complex co-ordinates for the sphere ZA with
A = 1, ..., 4, and the constrain

∑
A |ZA| = 1. We go to the Z4 �= 0 patch, and will see the

isometric directions of the metric (τ1,2,3) as phases of the new co-ordinates

Z4 = eiτ4 |Z4| , Z3 = ei(τ3+τ4)|Z3| , Z2 = ei(τ2+τ3+τ4)|Z2| , Z1 = ei(τ1+τ2+τ3+τ4)|Z1|.
(4.3.27)

We can now redefine the angles

τ1 = φ2 − φ1 , τ2 = φ3 − φ2 , τ3 = φ2 + φ1 , τ4 = τ0 −
1

2
(φ1 + φ2 + φ3) (4.3.28)

and get

Z1 = ei(τ0+
1
2
(+ϕ3+ϕ2−ϕ1))|Z1|, Z2 = ei(τ0+

1
2
(+ϕ3−ϕ2+ϕ1))|Z2|,

Z3 = ei(τ0+
1
2
(−ϕ3+ϕ2+ϕ1))|Z3|, Z4 = ei(τ0+

1
2
(−ϕ3−ϕ2−ϕ1))|Z4|,

(4.3.29)

which now can be identified one-to-one with the scalar fields Y A of ABJM. The three
Cartan generators fo SO(6) are now represented by shifts of the ϕ’s (Ji = −i ∂

∂ϕi
). Acting

on the Z’s we have

J1(Z
A) = (−1

2
,
1

2
,
1

2
,−1

2
), J2(Z

A) = (
1

2
,−1

2
,
1

2
,−1

2
), J3(Z

A) = (
1

2
,
1

2
,−1

2
,−1

2
).

(4.3.30)

And we can see that the SO(6) charges of the operator Tr[(Y 1Y †4 )
J ] (which represents

the vacuum of the spin chain of ABJM) are matched by the charge of the product of J
bilinears [Z1(Z4)†]J .

The action (4.3.21) has a solitonic solution known as the spinning string, which was
found in [36]. It is a rotating string lying in an AdS3×S1 subspace of AdS4 ×CP

3, which
from the point of view of the 2d worldsheet looks like a soliton with

t̄ = κτ, ρ̄ = ρ∗, θ̄ =
π

2
, φ̄ = wτ + kσ,

τ̄1 = τ̄3 =
1

2
(ωτ +mσ), τ̄2 = 0,

ζ̄1 =
π

4
, ζ̄2 =

π

2
, ζ̄3 =

π

2
.

(4.3.31)
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Unlike the kink case or usual quantum field theory, now we have also gravity on the
worldsheet, which in the conformal gauge manifests itself in the presence of the Virasoro
constraints Tab = 0. For the solution (4.3.31), we have an equation of motion

w2 − κ2 − k2 = 0, (4.3.32)

and the Virasoro constraints reduce to

r21wk + ωm = 0,
−r20κ

2 + r21(w
2 + k2) + ω2m2 = 0.

(4.3.33)

They can be solved perturbatively, as done in [27], in a certain limit that we will define
shortly.

The charge densities are

E =

∫ 2π

0

dσ

2π
r20κ = r20κ , S =

∫ 2π

0

dσ

2π
r21w = r21w , J2 = J3 =

∫ 2π

0

dσ

2π
ω = ω,

(4.3.34)
so that the classical energy, spin and the charges under the second and third Cartan
generators of SO(6) are

E0 =
√

λ̄ r20κ , S =
√

λ̄ r21w , J ≡ J2 = J3 =
√

λ̄ ω , (4.3.35)

where r0 = cosh ρ∗, r1 = sinh ρ∗.
The limit we use to solve the constraints (following [27]) and find some relations

between the constants consists in taking large spin S and large angular momentum J ,
with their ratio u (and also k) held fixed, i.e.

S, J → ∞ , u = −m

k
=

S
J =

S

J
= fixed . (4.3.36)

For this solution, the expansion of the classical energy at large J = ω and thus large
angular momentum J =

√
λ̄J =

√
λ̄ ω is given by

E0 = S + J +
λ̄

2J
k2u(1 + u)− λ̄2

8J3
k4u(1 + u)(1 + 3u+ u2)

+
λ̄3

16J5
k6u(1 + u)(1 + 7u+ 13u2 + 7u3 + u4) +O

(
1

J7

)
.

(4.3.37)

Later we will be able to see that this large ω limit is also needed to have a workable
form for the eigenfrequencies around the classical solution.

On top of this limit, in the next subsection we will use another perturbative expansion
which will have as a limit a trivial sector (“vacuum”). We will later see that we need to
be only a bit away from this new limit (i.e., to be in the perturbative expansion) in order
to be able to use our regularization procedure.
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4.3.3 The vacuum solution

Since the two dimensional soliton we are interested in corresponds in spacetime to a long
spinning string, it follows easily that the trivial solution (“vacuum”) has to be a point-
like string. Guided by the BMN limit [3], where we also have perturbations around a
state with large J , we know that the eigenvalues of the Hamiltonian, corresponding to
perturbations around a BPS state, are the equivalent of the soliton mass, and therefore
we look for states of lowest E − J as the vacuum. We then vary the parameters in the
non-trivial solution to obtain such a vacuum. This Hamiltonian is, as we saw,

E0 − J = S +
λ̄

2J
k2u(1 + u)− λ̄2

8J3
k4u(1 + u)(1 + 3u+ u2)

+
λ̄3

16J5
k6u(1 + u)(1 + 7u+ 13u2 + 7u3 + u4) +O

(
1

J7

)
,

(4.3.38)

where S ∼ r1 and u ∼ m. The smallest value is then obtained for

r1,m −→ 0,

r0 −→ 1.

(4.3.39)

which implies in particular very small S as well (relative, since we formally took S → ∞
before, though note that λ̄ is large in S =

√
λ̄r21w), with everything else (J, ω, k, κ) kept

fixed in this second limit.
Then we obtain the “soliton mass” in the vacuum E − J = 0, as we wanted.
Taking these limits directly on the spinning solution we indeed get then the point-like

string, the trivial solution we were looking for. Now that we have both solutions we can
proceed to analyze quantum fluctuations around them.

4.3.4 The spectrum of quadratic fluctuations

Bosons

To find the characteristics frequencies we expand the action (4.3.21) around the solution
(4.3.31). For the bosonic fluctuations we have six scalars corresponding to motion on CP

3:
one is massless, other four degrees of freedom give the same result,

p0 =

√
p21 +

1

4
(ω2 −m2) , (4.3.40)

and the last one gives
p0 =

√
p21 + (ω2 −m2) . (4.3.41)
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From the scalars corresponding to motion in AdS space we find one massless degree of
freedom, one massive one with

p0 =
√

p21 + κ2 , (4.3.42)

and two fluctuations whose dispersion relation is given by the roots of the quartic equation

(p20 − p21)
2 + 4r21κ

2p20 − 4
(
1 + r21

) (√
κ2 + k2 p0 − kp1

)2

= 0 . (4.3.43)

We can find the explicit solutions to this equation (though they do not give much
information), but only when we expand in large ω.

Fermions

For the fermionic part the spectrum contains four different frequencies, each being doubly-
degenerate. Two such pairs have frequencies

(p0)±12 = ± r20kκm

2(m2 + r21k
2)

+
√

(p1 ± b)2 + (ω2 + k2r21) , b ≡ −κm

w

w2 − ω2

2(m2 + r21k
2)
,

(4.3.44)
while the frequencies of the other two pairs are solutions of the equation

(p20 − p21)
2 + r21κ

2p20 −
(
1 + r21

) (√
κ2 + k2 p0 − kp1

)2

= 0 . (4.3.45)

which can be solved in the same limit as in the bosonic case.
With the bosonic and fermionic frequencies we can start to calculate the quantum

corrections, formally defined as in (4.1.1). But in order to do that, we must apply a
regularization technique, specifically the derivative regularization previously defined. For
that, we need to find the parameter that plays the role of m for us.

4.3.5 Physical limit and regularization

We want the parameter to lead to E = J as it goes to zero, but be otherwise finite in the
vacuum. Since

E0 = S + J +
λ̄

2J
k2u(1 + u)− λ̄2

8J3
k4u(1 + u)(1 + 3u+ u2)

+
λ̄3

16J5
k6u(1 + u)(1 + 7u+ 13u2 + 7u3 + u4) +O

(
1

J7

)
,

(4.3.46)

we could try u or k only, as we have S = Ju. Note one subtlety here: we have E0 =
E0(S, J, λ̄, u, k), however u = S/J so there is an ambiguity in the split of E0 (how to we
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isolate the S dependence, when we could always write any u as S/J). We can consider
that the S term is the one that is independent on k, which will be useful shortly.

However, u is not a good parameter, since it becomes always zero in the vacuum. On
the other hand, k stays fixed in the vacuum, yet k → 0 keeping everything else (u, J, ω, κ)
fixed gives E0 → S+J . That is then not enough, and we need to supplement our original
definition of the non-trivial vacuum with u small, and therefore also w, S,m small, i.e. in
the perturbative expansion away from the vacuum.

Therefore k is the parameter that relates the two energies. One more subtlety to note
is that, since we will use the large ω expansion, and since

u =
S

J
=

r21w

ω
� 1

ω
, (4.3.47)

by doing the 1/ω expansion first, we will not be able to match terms linear in u, as we
will explain better later.

We should note that it was crucial that there were at least two parameters, J and k: J
to guarantee a long string, with large J giving a perturbation theory, and k to differentiate
with respect to it. It is our hope that this is more general for long strings, with something
like J guaranteeing a long string, and something like k giving the “shape", allowing us to
differentiate with respect to it.

We are finally ready for the calculation of the quantum correction to the energy.

4.3.6 Quantum correction to the energy

The one-loop energy correction was thought of as [37]

E1 =
1

κ
〈Ψ|H2|Ψ〉, (4.3.48)

where H2 is the Hamiltonian for the quadratic fluctuations, but subtleties arose that were
not well appreciated.

In order to understand what the issues are, we first review a few facts about previous
calculations.

First, previous calculations have not taken into account the trivial sector or “vacuum”
(cf. (4.1.1)), but considered only E1 = 1

2

∑
n(ω

B
n − ωF

n ). Of course, at the classical level
that does not matter, but it does matter at the quantum one-loop level. As we will see,
removing the contribution of the trivial sector from the sum will help to the cancellation
of some ambiguities.

Second, since one gets divergent sums in E1, a regularization scheme is necessary,
and various calculations gave regularization-dependent results [6–8, 25–27]. In the cal-
culations of [6, 25, 26] the sum was turned into an integral, after which a cut-off was
introduced and the integral sign given as a common factor, effectively choosing a form
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of energy/momentum cut-off regularization, as we explained in section 2. In [7] a differ-
ent regularization was chosen, where one combines a mode number cut-off with a certain
grouping of terms: instead of

∑
n(ω

Bose
n − ωFermi

n ), one forms combinations called ωheavy
n

and ωlight
n and then a certain n−dependent combination of ωlight

n is added to ωheavy
n , and

the resulting sum over n is turned into an integral. This regularization gave a different
result from the previous one. More recently, in [8], a modification of the regularization in
[7] was given, with different combinations of ωheavy

n and ωlight
n .

Yet another type of regularization was considered in [27], where a regularization
method used successfully in the case AdS5×S5 [38] was applied, together with a physically
motivated redefinition of the coupling constant. The result of [27] is in agreement with
AdS/CFT, so it was considered correct, but a priori we did not know which regularization
scheme to choose to obtain an unambigous result, since as we saw different schemes can
lead to different results, exactly as in the case of the 2d kink. We can use matching with
AdS/CFT only as a kind of a posteriori check, exactly as one used the saturation of the
BPS bound for the 2d supersymmetric kink (where both the mass and the central charge
of the kink get renormalized in the same way).

In what follows we take a large ω expansion for both trivial and non-trivial sectors,
and we will focus on the leading order in this expansion. As mentioned above, this will
force us to take a small u expansion as well, and we can only say something about the
leading term in the u expansion.

More importantly, in [27] it was explained that if we expand in 1/ω, since we can allow
any value of p1 = n, we have two regions for the expansion: a) 1/ω → 0 with n fixed, i.e.
n � ω, for which we still have a discrete sum; and b) n, ω → ∞, with x = n/ω=fixed,
for which we can replace the sum with an integral. It was then noticed that while both
regions contain divergences, the divergence of one can be identified with the divergence
of the other, and can be dropped, obtaining a finite result. What we want to show here
is that the ambiguity inherent in this procedure is removed by our method.

What we would have liked to do is take first the derivative with respect to k, and
then do the sum over n, maybe with the same 1/ω expansion, but this turns out to be
prohibitively difficult, so we will be forced to follow the same analysis as [27] once we
prove that our method eliminates the ambiguities.

We will start by analyzing region a), where we have discrete sums, and where

u � 1

ω
� 1

n
. (4.3.49)

The trivial sector (“vacuum”) is simpler, and illustrates the point well, so we will start
with it. The sum of bosonic frequencies (bosonic summand) in the trivial sector is

√
w2 − n(2k − n) +

√
n(2k + n) + w2 + 4

√
n2 +

κ2

4
+ 2

√
n2 + κ2. (4.3.50)

Replacing the perturbative solutions of the Virasoro constraints and expanding in ω, we
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get

6ω +
6n2 + k2(u(u+ 2)− 1)

ω
. (4.3.51)

A similar procedure for the fermionic summand (minus the sum of fermionic frequencies)
gives

−6ω − 12n2 + k2(u+ 1)2(u(u+ 2)− 1)

2ω
. (4.3.52)

Taking the sum of the two expressions to obtain the summand, we get terms like n2 − n2

and ω − ω (since ω > n, these are of the same type), which are ambiguous, but they
will be cancelled after taking the derivative with respect to k. After the derivative with
respect to k, the trivial sector summand ẽ(n) gives

∂ẽ(n)

∂k
≡ ẽk(n) = −k(1− u(2 + u))2

ω
+O

(
1

ω3

)
. (4.3.53)

with no n2 − n2 and ω − ω ambiguities.
Moving on to the non-trivial sector, the leading terms in the large ω expansion of the

non-trivial sector summand are

e(n) =
1

2ω

[
n

(
3n− 4

√
n2 + k2u(1 + u) +

√
n2 + 4k2u(1 + u)

)

− k2(1 + u)(1 + 3u)

]
+O

(
1

ω3

)
, (4.3.54)

and it can be seen that again terms like n2 − n2 appear, but they are again cancelled
by taking the derivative with respect to k. After ∂/∂k, the summand of the non-trivial
sector gives

∂e(n)

∂k
≡ ek(n) = −

2k(1 + u)(1 + 3u)−
(

4knu(1+u)√
n2+k2u(1+u)

− 4knu(1+u)√
n2+4k2u(1+u)

)
2ω

+O
(

1

ω3

)
.

(4.3.55)
We note that even at u = 0, there is a constant piece that would give a divergence when
summed over n, however it is the same one as in the trivial sector summand (4.3.53), so
by subtracting the two we get rid of the last potential ambiguity.

We finally get

ek(n)−ẽk(n) =
1

ω

(
ku(u(u(4 + u)− 1)− 8) +

2knu(1 + u)√
n2 + k2u(1 + u)

− 2knu(1 + u)√
n2 + 4k2u(1 + u)

)
.

(4.3.56)
It would seem that we still have a divergence after we take the sum, but we need to
remember that u � 1/n, so these terms linear in u do not give rise to divergences in this
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limit (or another way of saying it is that they belong to the omitted higher order terms
in 1/ω < 1/n).

The final result for the one-loop correction to the energy coming from region a) is the
sum over (4.3.56), integrated over k (with zero constant of integration).

There is a certain subtlety here, since in the end we want to calculate a correction
to the energy that will turn out to have contributions linear in u, but as we mentioned,
our only purpose (given our technical, i.e. calculational, limitations) is to show that the
procedure of [27] becomes unambigous if we consider our physical principle.

Let us now analyze the result of [27] and compare to what we get. Expanding (4.3.54),
now called esum(n) to emphasize that we are in region a), at large n we get

esum(n) =
1

2ω

(
−k2(1 + u)(1 + 3u)− 3

2n2
k4u2(1 + u)2 + ...

)
+O

(
1

ω3

)
, (4.3.57)

where the first term becomes divergent when summed over n (singular piece) and the
second term becomes regular. The divergence and hidden ambiguities implicit in (4.3.57)
were eliminated in our result (4.3.56).

On the other hand, in region b), with ω/n = x fixed, the expansion of the summand,
now denoted eint(x) gives [27]:

eint(x) =
k2(1 + u)

2ω

(
1 + u(3 + 2x2)

(1 + x2)3/2
− 2

1 + u(3 + 8x2)

(1 + 4x2)3/2

)

− k4(1 + u)

32ω3x2

[ 1

(1 + x2)7/2
(
32u2(1 + u) + (7 + u(77 + u(221 + 135u)))x2

+4(−7 + u(−7 + u(29 + 21u)))x4 + 16u(1 + u(3 + u))x6 + 16u(1 + u)x8
)

− 8

(1 + 4x2)7/2
(
u2(1 + u) + (1 + 3u(5 + u(11 + 5u)))x2

+8(−1 + 3u)(2 + u(4 + u))x4 + 64u(2 + 3u)x6 + 256u(1 + u)x8
) ]

+O
(

1

ω3

)
.

(4.3.58)

Note that in computing this expression we have also assumed the cancellation of ∞−∞
terms that are a priori ambiguous, i.e. a priori the first term in the expansion would be ω,
not 1/ω, but its coefficient is of the type z− z and is k-independent, therefore disappears
under our ∂/∂k. 2

2Note also that the result in (4.3.58) contains in the 1/ω piece two subtracted terms linear in u that
become log divergent at x → ∞ after an integration in x. If one allows for cut-offs Λ1,Λ2 for the two
subtracted terms such that Λ1/Λ2 → c �= 1, then we can still obtain an ambiguous result in the final
answer (4.3.62). Such an ansatz, with Λ1/Λ2 = 2 instead of 1 for instance, leading to a difference of 2 ln 2
in (4.3.62), was considered often starting with [7], but if we only allow Λ1 − Λ2 =finite, we don’t have
an ambiguity (more comments on that at the end of this section). Observe that in any case this term is
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Then we can check that at x → 0, the coefficient of the 1/ω term becomes regular
(constant), whereas from 1/ω3 on, we have inverse powers of x at x → 0, meaning a
divergence in the integral

∫
0
dx. Note that these singular terms all come multiplied by

powers of u, so we cannot properly analyze them using our method, as u < 1/ω for us
(for technical reasons).

However, we have
esumsing(n) = eintreg

(
x =

n

ω

)
, (4.3.59)

as expected.
Similarly, in eint(x) have terms with inverse powers of x, which become singular (di-

vergent) when integrated, but we can easily verify that

eintsing(x) = esumreg (n = ωx). (4.3.60)

Due to this fact, in [27] it was proposed to just drop these singular terms, but this
procedure hides a regularization ambiguity, since for instance we could expand in a slightly
different parameter that ω and then by the same logic resolve to drop a different divergent
piece from the total result. With our procedure, it becomes clear that result is unambigous
and free of potential divergences, and we are in fact led to drop the singular terms of [27].
Indeed, the effect of summing over (4.3.56) and integrating over k with zero constant is (to
leading order in u, which is what we can check) the same as just dropping the divergent
terms in (4.3.57).

In conclusion, we see that there were a priori ∞ − ∞ ambiguities that were hidden
in the formal 1/ω expansion procedure above, but we have checked that our physical
principle just cancels them, and then we can continue with the same calculation as in
[27]. Namely, the one-loop correction is now

E(1) = En=0 +
∑
n≥1

esumreg +

∫
dxeintreg(x), (4.3.61)

where En=0 is the zero mode contribution. The terms giving odd powers of J are

En=0 +

∫
dxeintreg(x) = S + J +

h̄2(λ̄)k2

2J
u(1 + u) +O

(
1

J3

)
, (4.3.62)

where

h̄(λ̄) =
√
λ̄− ln 2 +O

(
1√
λ̄

)
= 2π

(√
λ

2
− ln 2

2π
+O

(
1√
λ

))
= 2πh(λ), (4.3.63)

linear in u, and the approximation we used was for u � 1/ω, hence a term linear in u is really of at least
one smaller order in 1/ω in our case. Hence even in the case Λ1/Λ2 → c �= 1, we can at least claim that
we have eliminated not only the a priori O(ω) ambiguity that was implicit in the calculation, but also
the ambiguity of the strict 1/ω term (the piece not proportional to u), and to go beyond that we would
need to avoid the constraint u � 1/ω which we needed solely in order to be able to calculate, but was
not a theoretical restriction.
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agrees with the value of h(λ) argued in [27] to be predicted by AdS/CFT (though a direct
calculation of quantum corrections to the dual to h(λ) is still lacking).

Note however that changing both the h(λ) above and the energy correction simultane-
ously could maintain agreement (see e.g. [8, 30]). Here we will assume, following [27], that
the choice of h(λ) above is unambigous (at least as long as the number of modes summed
over in various terms differs only by a finite amount; in the heavy-light prescriptions used
for instance in [7], some terms are summed over twice as many modes than other terms,
due to some unitarity prescription).

On this chapter we analyzed the ambiguity in the summation of the frequencies for
the spinning string on AdS4 × CP

3 background, appliying a method that has not been
used for these types of systems before. In the next chapter we will work on a diferent
kind of problem but in the same type of background with an AdS4, then use AdS/CFT
to see the effect on the dual field theory.
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Chapter 5

Deformations of AdS4 × S7

A different application of the AdS4/CFT3 duality stems from the utility of the ABJM
model in testing various strongly coupled phenomena in planar condensed matter systems.
The relation of ABJM to condensed matter system was effectively shown in [5] (see also
[39]), via a consistent abelian truncation. One such application is the relatively poorly
understood quantum critical phase that appears at nonzero temperatures around the T =
0 transition point between insulators and superconductors (superfluids). Since this system
is effectively described by a conformal field theory (see for instance [40] and references
therein), it is a prime candidate for application of the AdS/CFT toolbox.

Expanding on this point, the physics of particles (relevant on the insulator side of the
transition) or vortices (relevant on the superconducting phase of the transition) suggest
different behaviours for the conductivity of the system as a function of frequency, σ(ω). In
[41] it was suggested that this situation could perhaps be captured by the gravity dual of
the ABJM model by coupling the global U(1) field to the Weyl tensor. Then, depending
on the coupling, γ, one obtains either the particle-like or vortex-like behaviour for σ(ω).
However, at nonzero temperatures, the conformal symmetry is broken by the scale T and
understanding how this deformation affects quantities like the conductivity is essential.
To this end finding a laboratory in which this can be done in a controlled setting that
preserves as much of the other symmetries as possible is key.

In this chapter we study just such a laboratory, the massive deformation of the ABJM
model of [11, 42], that is known to preserve the full N = 6 supersymmetry. We want to
generalize the calculation of [41] to include the effect of the mass deformation, however
we will find that we can only calculate the DC conductivity, σ(0). Even in this limited
case though, in order to calculate this, we need to resort to a membrane paradigm-type
calculation, similar to the one in [43], and extend its results to a more general set-up. An
important technical point is that, in the absence of the exact solution for the black hole in
the massive deformation of the gravity dual of ABJM, we need to rely on a perturbative
approach to the massive deformation around the horizon of the black hole. We believe
that this approach is new, novel and may indeed prove useful in other contexts as well.
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The chapter itself is organized as follows. In section 5.1 we review the methods and
results of [41]. In section 5.2 we show that by applying the Kubo formula, only now
for a boundary term at the horizon of the AdS black hole, we obtain exactly the same
DC conductivity as [41], and then review and generalize another membrane paradigm
calculation as defined in [43]. In section 5.3 we perform the massive deformation of the
black hole horizon, by first finding the zeroth and first order deformations, then using
the Einstein’s equations to compute the higher order one. We benchmark our procedure
against the known AdS black hole with excellent agreement. Section 5.4 concerns itself
with a calculation of the conductivity using the two versions of the membrane paradigm
calculation.

5.1 Conductivity for AdS black holes
To begin, and largely to establish our conventions and notation, let us review quickly
the computation of the conductivity associated to a Maxwell field in an AdS black hole
background following [41]. Materials possessing a quantum critical phase, like ultracold
87Rb, exhibit a zero temperature phase transition in terms of the coupling g of the system,
between a superconducting phase for g < gc and an insulator phase for g > gc. Modelling
the order parameter of the system as a bosonic (scalar) field, the material is typically
described by the action

S =

∫
d3x

[
|∂τφ|2 + v2|�∇φ|2 + (g − gc)|φ|2 +

n

2
|φ|4

]
. (5.1.1)

From this action, it is clear that when g < gc, the order parameter 〈φ〉 �= 0, resulting in the
usual superfluid properties of the material, while when g > gc we have that 〈φ〉 = 0, giving
an insulator phase. Thus (g = gc, T = 0) is a critical point of the system, described by
a (2 + 1)−dimensional conformal field theory. To apply the arsenal of the gauge/gravity
correspondence to problems like this, it is assumed that this system is dual to some
(quantum) gravitational theory in a one higher dimensional AdS4 space. It is known that
the action 5.1.1 comes from a truncation of the ABJM model [5] that we discussed about
on chapter 3, and it has a gravity dual theory in AdS4 × CP

3.
At nonzero temperatures a quantum critical phase opens up1 around g = gc and it is

expected that the physics of this quantum critical point should be governed by the zero
temperature conformal field theory. However, a computation of the frequency-dependent
conductivity σ(ω) using a particle/hole description which is generally valid on the insulator
side of the phase transition, yields a functional form that decreases to a minimum before
stabilizing. On the other hand, a similar computation using a vortex description, valid
on the superfluid side of the phase transition, obtains a conductivity that increases to a
maximum before stabilizing (see for instance figures 4 and 5 in [40]). There seems to be

1See e.g. figure 2 in [40].
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no way to choose which behaviour should be realized using field theory arguments. A
semi-phenomenological parameter will be introduced in the gravity dual that will govern
this choice (γ > 0 for particle-like and γ < 0 for vortex-like).

Gravity dual

The problem appears to be better suited to a dual gravity description. There is a phe-
nomenological proposal for a gravity dual to condensed matter systems like the one of
interest. The proposal stars with the standard Einstein-Maxwell theory (with a negative
cosmological constant) in four dimensions. The action is as follows

S0 =

∫
d4x

√−g

[
1

2�2P

(
R +

6

L2

)
− 1

4g24
FabF

ab

]
. (5.1.2)

The four-dimensional AdS vacuum solution of the above theory corresponds to the vacuum
of the dual three-dimensional CFT. In a probe approximation for the background, we con-
sider that the AdS black hole background is not modified by the gauge field perturbation.
The theory then has AdS black hole solutions:

ds2 =
r2

L2
(−f(r) dt2 + dx2 + dy2) +

L2dr2

r2f(r)
, (5.1.3)

where f(r) = 1− r30/r
3. In these coordinates, the asymptotic boundary is at r → ∞ and

the event horizon, at r = r0. This solution is dual to the boundary CFT at temperature
T , where the temperature is given by the Hawking temperature of the black hole

T =
3r0
4πL2

. (5.1.4)

It is also convenient to work with a new radial co-ordinate: u = r0/r. In this co-ordinate
system, the black hole metric becomes

ds2 =
r20

L2u2
(−f(u) dt2 + dx2 + dy2) +

L2du2

u2f(u)
, (5.1.5)

where f(u) = 1− u3. Now the asymptotic boundary is at u = 0 and horizon at u = 1.
We can see that when T → 0, we return to the original AdS4 background, so this can

show how the introduction of a black hole in the bulk theory induce finite temperature
on the CFT. If we consider only terms that vanish on the AdS4 background but that are
nonzero in the AdS4−black hole background corresponding to a finite temperature field
theory, there is a unique contribution to the action: a coupling to the Weyl tensor (zero
on AdS, non-zero on an AdS black hole). With this in mind, the action for the Maxwell
field in the gravity dual can be taken to be

Svector =
1

g24

∫
d4x

√−g
[
− 1

4
FμνF

μν + γL2CμνρσF
μνF ρσ

]
. (5.1.6)
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Further the factor of L2 was introduced above so that the coupling γ is dimensionless.
From this action, we find the generalized vector equations of motion

∇μ

[
F μν − 4γL2CμνρσFρσ

]
= 0, . (5.1.7)

Note that the AdS vacuum and (neutral) planar black hole solution (5.1.3) are still solu-
tions of the modified metric equations produced by the new action.

DC conductivity

With this in place, the DC conductivity can now be calculated from a membrane-paradigm
like calculation starting from a more general form of the action in (5.1.6),

S =

∫
d4x

√−g

[
− 1

8g24
FμνX

μνρσFρσ

]
. (5.1.8)

The action (5.1.6) corresponds to a choice of

Xμν
ρσ = 2δ[μν]

[ρσ] − 8γL2Cμν
ρσ. (5.1.9)

A natural current jμ can be defined on the horizon by considering the horizon boundary
term associated with (5.1.6) and varying it with respect to Aμ. Using the equations of
motion, we find the conductivity as the proportionality constant in jx = σF0x, giving

σ0 ≡ σ(ω = 0, k = 0) =
1

g24

√−g
√
−XxtxtXxrxr

∣∣∣
r=rH

, (5.1.10)

which leads to2

σ0 =
1

g24
(1 + 4γ). (5.1.11)

However, this membrane paradigm calculation is somewhat obscure.3 We will return to
another membrane-paradigm like computation in the next section, but first, let’s note
that one can also do the usual AdS/CFT calculation utilising the Kubo formula.

Let us first briefly derive the Kubo formula. If we have an electromagnetic field at the
boundary and take the axial gauge A0 = 0, in order to simplify the computations. We
can compute the electric field at the boundary

Ej = F0j = −∂tAj = −iωAj. (5.1.12)
2The DC conductivity defined here is at ω = 0; more generally, we will see shortly that the relevant

parameter is w = ω/(4πT ), hence the result is valid for ω/T � 1. This is the quantity that will be of
interest for us in the remaining sections.

3In particular, because it is not obvious that this definition of conductivity at the horizon is the same
as the definition at the boundary.
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For the expectation value of the current (at some direction x) we have

〈Jx〉 = σEx = −iωσAx (5.1.13)

The gauge field Aμ enters as a external source. Linear response in quantum field
theory give us an expression that will help us to derive a relation for the conductivity,
that is

δ〈Jμ〉 = 〈Jμ〉 − 〈Jμ〉0 = −i

∫ t

−∞
dt′d3x〈[Jμ(�x, t)Jν(�x′, t′)]〉0Aν(�x

′, t′), (5.1.14)

Going back to the axial gauge, 〈Ji〉0 is the current on the quantum state with Ai = 0,
that is

〈Jμ〉0 = e2Ai〈ψ†ψ〉0 = eAiρ, (5.1.15)

where ρ is the background charge density. Finaly we use the relation between Ei and Ai

and replace in (5.1.14) to get

σij = −eρ

iω
δij +

Gij(�q, ω)

iω
, (5.1.16)

with the Fourier transform of the retarded Green’s function given in terms of the current-
current correlation function by

Gij(�q, ω) = −i

∫ ∞

−∞
dtd3xθ(t)ei(ωt−�q·�x)〈[Jμ(�x, t)Jν(�0, 0)]〉. (5.1.17)

When the quantum current ρ = 0 and there is no real part in Gij we obtain the Kubo
formula for conductivity. A more precise analysis shows that, in fact, there is no real part
involved in the formula, so we have

σ(ω) = −Im

(
Gyy(�q)

ω

)
, (5.1.18)

to calculate the frequency-dependent conductivity.
Returning to the Aμ field, its fourier transformation gives

Aμ(t, x, y, u) =

∫
d3q

(2π)3
ei�q·�xAμ(�q, u), (5.1.19)

where �q ·�x = −tω+ qxx+ qyy, with qμ = (ω, q, 0). The boundary condition at the horizon
is

Ay(�q, u) = (1− u)bF (�q, u), (5.1.20)
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at u = 1, with F (�q, u) regular there. To compute the conductivity associated to Ay, we
first calculate the action for Ay on-shell, obtaining the boundary term

Syy = − 1

2g24

∫
d3x

[√−gguugyy(1− 8γL2Cuy
uy)Ay(u, �x)∂uAy(u, �x)

]∣∣
boundary

. (5.1.21)

Evaluating this expression on the AdS black hole solution, we get

Syy = −2πT

3g24

∫
d3x

[
(1− u3)(1 + 4γu2)Ay(u, �x)∂uAy(u, �x)

]∣∣∣
boundary

. (5.1.22)

Considering that the boundary is only at u = 0 (infinity), we obtain

Syy = −2πT

3g24

∫
d3x

[
Ay(u, �x)∂uAy(u, �x)

]∣∣∣
u=0

≡
∫

d2�q

(2π)3
1

2
Ay(−�q)Gyy(�q)Ay(�q), (5.1.23)

where
Gyy(ω, q = 0) = −4πT

3g24

∂uAy(u, ω)

Ay(u, ω)

∣∣∣∣
u→0

. (5.1.24)

Substituting this into the Kubo formula (5.1.18) gives

σ =
1

3g24
Im

∂uAy

wAy

∣∣∣∣
u→0

, (5.1.25)

where w ≡ ω/4πT . Now, the equation of motion for Ay with sources on the boundary
can be solved. Indeed, for small w (or, equivalently, small ω) the solution is found to be

Ay(u) 
 (1− u)−iw [F1(u) + wF2(u)] , (5.1.26)

where F1(u) = C (constant) and F ′2(0) = iC(2 + 12γ). This, together with the fact that
both F1(u) and F2(u) are well-behaved at the horizon u = 1, means that

σ(ω → 0) =
1

3g24
Im

[
i+

F ′2(0)
F1(0)

]
=

1

3g24
[1 + (2 + 12γ)] =

1 + 4γ

g24
, (5.1.27)

exactly the same as the earlier membrane-paradigm calculation.
In ABJM theory (at γ = 0), we can find the meaning of g4 as follows. The maximally

gauged supergravity action in 4 dimensions has a coupling determined by L and the 4d
Newton’s constant κ(4)

N ,

g4 ∝
L−1

κ
(4)−1
N

=
κ
(4)
N

L
(5.1.28)
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where the proportionality factor is a numerical constant. Since by compactifying on
S7/Zk, with LS7 = 2L,

1

[κ
(4)
N ]−1

=
Ω7(LS7)7

[κ
(11)
N ]2k

=
Ω7g

−3
s l−9s 27L7

k
, (5.1.29)

where Ω7 is the volume of the unit 7-sphere, we obtain

g4 ∝ g3/2s k1/2

(
ls
L

)9/2

∝ λ1/4N−1 (5.1.30)

where in the last equality we wrote g4 in terms of field theory parameters using L/ls =
55/4

√
πλ1/4 and gs = λ5/4/N .

5.2 Membrane paradigm and conductivity from hori-
zon data

In order to extend the computation of the conductivity to the mass-deformed ABJM
model, we will first need to modify the above membrane-paradigm computation to ac-
count for the fact that we are, as yet, unable to construct a black hole directly in the
gravitational dual. The modification itself is easy enough to state; in (5.1.21), the bound-
ary term was considered to be at u = 0 (at infinity), whereas now we want to consider
the same boundary term at the horizon u = 1. This is a bit unusual, since it assumes
that the sources for the bulk are at the horizon and that, strictly speaking, we have to
ignore the normal boundary at u = 0, since otherwise we get a divergent contribution due
essentially to the infinite ratio between the contributions from the two boundaries. Let’s
first benchmark this against the above case of the AdS4 black hole to check that we are
indeed on the right track before looking for a better justification for it.

For the boundary term at u = 1 only, from (5.1.22) we get

Syy = −2πT

3g24
(1 + 4γ)

∫
d3x

[
3(1− u)Ay(u, �x)∂uAy(u, �x)

]∣∣∣
u→1

, (5.2.31)

which leads to

Gyy(ω, q = 0) = −4πT

3g24
(1 + 4γ)

[
3(1− u)

∂uAy(u, ω)

Ay(u, ω)

]∣∣∣∣
u→1

. (5.2.32)

This expression, together with the Kubo formula (5.1.18), evaluated at the horizon the
approximation ∂uAy/w 
 i/(1− u) yields

σ(ω → 0) =
1

3g24
(1 + 4γ)Im

[
3(1− u)

i

1− u

]
=

1 + 4γ

g24
. (5.2.33)
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Not only is this the same result as the standard membrane paradigm computation but
notice also that the factors of 1 + 4γ and −3 enter in a completely different way, so it is
highly nontrivial that we get the same answer.4

To better understand this result, let’s reconsider the general membrane paradigm
analysis carried out in [43] where the same type of current at the horizon as in [41] was
considered in the context of the action

Sem = −
∫
Σ

dd+1x
√−g

1

4g2d+1(r)
FMNF

MN (5.2.34)

where gd+1(r) is an r-dependent coupling possibly arising from background fields. An for
the background metric we have

ds2 = −gttdt
2 + grrdr

2 + gijdx
idxj. (5.2.35)

The bulk action results in a boundary term that can be cancelled by

Sbd =

∫
Σ

ddx
√−γ

(
jμ√−γ

)
Aμ, (5.2.36)

where jμ = − 1
g2d+1

√−gF rμ,
is obtained by varying the action with respect to ∂rAμ, and γμν is the induced metric on
the stretched horizon Σ.

Note that the “Gauss’s law” that we obtain by treating r as “time” becomes conserva-
tion of the currents Jμ

mb and jμ on any constant-r slice.

∂μJ
μ
mb = ∂μj

μ = 0 . (5.2.37)

While a priori the current J i
mb (or ji), which is determined by F ir, and the electric

field Ei = F it are independent variables, they are in fact proportional to each other at the
horizon. This can be seen as follows. Since the horizon is a regular place for free in-falling
observers, the electromagnetic field observed by them must be regular. This implies that
near the horizon, AM can only depend on r and t through their non-singular combination,
the Eddington-Finklestein coordinate v defined by

dv = dt+

√
grr
gtt

dr . (5.2.38)

This implies that

∂rAi =

√
grr
gtt

∂tAi , r → r0 (5.2.39)

4Also notice that the temperature has cancelled in the calculation of the DC conductivity, which as
already explained, is still valid as long as ω/T � 1.
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and with gauge choice Ar = 0, we then have (with r → r0)

Fri =

√
grr
gtt

Fti → J i
mb = − 1

g2d+1

√
gttF i

t =
1

g2d+1

Êi (5.2.40)

Here Êi is an electric field measured in an orthonormal frame of a physical observer
hovering just outside of the black hole. From (5.2.40), it is natural to interpret J i

mb as
the response of the horizon membrane to the electric field Êi, leading to a membrane
conductivity

σmb =
1

g2d+1(r0)
. (5.2.41)

Note that (unlike those arising from conventional quantum field theories) this conductivity
is frequency-independent and depends only on the gauge coupling at the horizon. It is
indeed compatible with (5.1.10) for d = 3 and Xμν

ρσ = 2δ[μν]
[ρσ].

The equations of motion of the action (5.2.34) also imply

∂rj
i = 0 +O(ωFit); ∂rFit = 0 +O(ωji) (5.2.42)

which in turn mean that the relation

ji(rH) =
1

g2d+1

√
−g

grrgtt
gzz

∣∣∣∣
rH

Fit(rH) (5.2.43)

is valid at all r, until infinity, with the same coefficient. Therefore the DC conductivity
calculated at the horizon equals the one calculated at infinity, which is the usual AdS/CFT
formula, with the result

σ(ω = 0) =
1

g2d+1

√
−g

grrgtt
gzz

∣∣∣∣
rH

(5.2.44)

which matches (5.2.41) for d = 3. In order to apply these methods to our action in (5.1.6),
we shall consider the case when we can write, on the background solution,

S = −
∫

d4x
√−g

(
1

4g2MN,4(r)
FMNF

MN

)
. (5.2.45)

Moreover, for the conductivity associated to Ay, we need only the Fry component to be
nonzero in which case, following the membrane paradigm calculation, we obtain,

σ(ω = 0) =
1

g2ry,4
(5.2.46)

instead of (5.2.41) so that (5.2.42) still holds, implying that the membrane paradigm
calculation still matches the AdS/CFT result as was indeed verified for pure ABJM theory.
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We therefore feel confident in using it for the massive deformation. Having said that, one
potential issue could be the fact that we will need to deal with a more general metric
background of the form

ds2 = −gtt(r, t)dt
2 + grr(r, t)dr

2 + 2grt(r, t)dr dt+ gyy(r)(dx
2 + dy2) (5.2.47)

However, it can be shown that the off-diagonal terms do not influence the result. Indeed,
we will see shortly that the same is true for the calculation of the conductivity.

We should also point out that an explicit time dependence in the metric, as in (5.2.47),
modifies (5.2.42) by replacing the “0” on the right hand side of the first equation by
time derivatives of the metric. This would imply that we could not use (5.2.42) as an
argument to show that the conductivity defined at the horizon matches the one defined
at the boundary. However, this does not necessarily mean they are different, since the
integrated r−dependence for σ = ji/Fit could still give the same result at the horizon
and the boundary. This is as expected from the validity of AdS/CFT, which is, after
all, a relation between the boundary field theory (the conductivity being a boundary
observable) and bulk gravitational physics, and the membrane paradigm which implies
that the this bulk gravitational physics should be describable in terms of just a fictitious
membrane at the horizon. Moreover, the time dependence cannot last forever. The metric
must “relax” to a stationary one after some time has passed, as expected from general
principles of black hole physics. Thus although, in principle, there could be an explicit
time dependence in the bulk metric, we can assume this dependence will die out way
before we “shake” the system with the gauge fields AA

μ we are using as probes.

5.3 Massive deformation for ABJM black hole
As alluded to in the introduction to this article, the ABJM model admits a mass defor-
mation that, while obviously breaking its conformal symmetry, preserves its full N = 6
supersymmetry [11, 42]. Unfortunately, the gravity dual to this massive deformation is, to
say the least, very complicated (see [12, 44] for more details), and finding an exact black
hole solution in this case seems hopeless. What we can do however, is to consider the
deformation of the background in which the M2-branes of the ABJM model live. Recall
that the pure ABJM model arises from the near-horizon limit of the back-reacted geome-
try produced by M2-branes moving in the background R

2,1 × C
4/Zk, i.e. 11-dimensional

flat space with a Zk identification. The background corresponding to the mass-deformed
ABJM model is obtained from the maximally supersymmetric pp-wave of type IIB string
theory by a sequence of T-dualizing and lifting to M-theory [44, 45]. To add a black hole
to this construction is a notoriously difficult task.
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5.3.1 First order deformation near the horizon

Fortunately, as argued earlier, it will suffice for us to consider just a mass-deformation
of the horizon of the AdS4 black hole. To zeroth order, we can consider the horizon of
the black hole to be flat, so we can trivially add a pp-wave to it by replacing the flat
space with the pp-wave space, in the coordinates around the spherical horizon. The mass
deformation is then implemented T-dualizing to obtain a first order solution. To obtain a
(back-reacted) solution around the horizon of the black hole with the mass deformation,
we will input this first order solution as initial data into the Einstein’s equations, and
obtain the required metric and Weyl tensor at the horizon. We will show how to carry
this out explicitly in the next subsection and, for now, restrict our attention to obtaining
the first order solution to be used as an initial data.

To superpose the pp-wave on to the AdS black hole, we must first obtain flat space
in usual Minkowski coordinates. To do that, we will take a near-horizon limit and then
perform a double Wick rotation. We detail these steps as follows. The starting point is
the AdS4 × S7 black hole metric in Poincaré coordinates

ds2 =
r2

L2

[
−

(
1− r30

r3

)
dt2 + d�x2

]
+ L2 dr2

r2
(
1− r30

r3

) + L2dΩ2
7, (5.3.48)

where �x = (x1, x2). Since the near horizon geometry corresponds to r − r0 � r0, L, we
should also consider LΩ7 large, and approximate it with the flat d�y72. Changing the radial
coordinate r to ρ ≡ 2

√
r/r0 − 1 and expanding in powers of ρ yields the near horizon

geometry,

ds2M 
 r20
L2

[
−3

4
ρ2dt2 + dx2

1 + dx2
2

]
+

L2

3
dρ2 + d�y27. (5.3.49)

Since

gtt = − 3r20
4L2

ρ2, gx1x1 =
r20
L2,

gρρ =
L2

3
, (5.3.50)

reducing to string theory on x2 and T-dualizing along x1 yields

g̃x1x1 =
1

gx1x1

=
L2

r20
,

g̃ρρ = gρρ =
L2

3
,

g̃tt = gtt = −3r20ρ
2

4L2
, (5.3.51)

g̃μx1 = 0,

φ̃ = −1

2
ln

(
r20
L2

)
.
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The type IIB metric can then be read off as

ds2IIB = − 3r20
4L2

ρ2dt2 +
L2

r20
dx2

1 +
L2

3
dρ2 + dy27. (5.3.52)

For notational convenience, in what follows, we define the new variables,

τ ≡ 3r0
2L2

t, ρ̄ ≡ L√
3
ρ, x̄1 ≡

L

r0
x1, (5.3.53)

in terms of which,

ds2IIB = −ρ̄2dτ 2 + dx̄2
1 + dρ̄2 + dy27. (5.3.54)

Wick rotating to τ = iθ yields

ds2 = ρ̄2dθ2 + dx̄2
1 + dρ̄2 + dy27. (5.3.55)

Now we Wick rotate back along a Euclidean coordinate by first defining

z1 ≡ ρ̄ cos θ = ρ̄ cos(−iτ) = ρ̄ cosh τ (5.3.56)
z2 ≡ ρ̄ sin θ = ρ̄ sin(−iτ) = −iρ̄ sinh τ. (5.3.57)

and rotating to z2 = −iτ̄ , to give the new set of variables

z1 = ρ̄ cosh τ, (5.3.58)
τ̄ = ρ̄ sinh τ. (5.3.59)

Near τ ∼ 0 we have z1 
 ρ̄ and τ̄ 
 ρ̄τ , so that ρ̄ 
 z1 and τ 
 τ̄ /ρ̄. Thus, expanding in
powers of τ

dτ 2 =
dτ̄ 2

ρ̄2
+O(τ), (5.3.60)

dρ̄2 = dz21 +O(τ), (5.3.61)

yields

ds2 = −dτ̄ 2 + dx̄2
1 + dz21 + dy27. (5.3.62)

Now that we have the near horizon metric explicitly written as a flat metric, we simply
add the pp-wave to the horizon by replacing (5.3.62) with

ds2 = −dτ̄ 2 + dx̄2
1 − μ2

(
z21 + �y27

)
(dτ̄ + dx̄1)

2 + dz21 + dy27, (5.3.63)

and turning on an F+z1···, where the lightcone coordinate x+ ≡ x̄1 + τ̄ = x̄1 + ρ̄ sinh τ
and z1 = ρ̄ cosh τ , and the ellipses are three of the �y. Note that μ, the mass parameter of
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the pp-wave added, corresponds in the gauge theory to the mass deformation parameter
of the same name, as was argued in [44, 45]. In particular, from the identification in eq.
2.28 of [45] with the calculation of the same quantity in gauge theory, we can see that μ
is indeed the same parameter. Going back from the (z1, τ̄) variables to the original (ρ̄, τ)
ones gives the IIB wave solution

ds2 = −(d(ρ̄ sinh τ))2+dx̄2
1−μ2

(
ρ̄2 cosh2 τ + �y27

)
(d(ρ̄ sinh τ) + dx̄1)

2+(d(ρ̄ cosh τ))2+dy27.
(5.3.64)

In order to arrive at the desired eleven dimensional metric, we now need to T-dualize it
to IIA and then lift it to M-theory.

Let us perform the process of going back to IIA. We start expanding out the differen-
tials in (5.3.64), the nonzero components of the metric are:

gττ = −ρ̄2
(
1 + μ2 cosh2 τ

(
ρ̄2 cosh2 τ + y27

))
,

gx̄1x̄1 = 1− μ2
(
ρ̄2 cosh2 τ + y27

)
,

gρ̄ρ̄ = 1− μ2 sinh2 τ
(
ρ̄2 cosh2 τ + y27

)
,

gρ̄τ = −μ2ρ̄ cosh τ sinh τ
(
ρ̄2 cosh2 τ + y27

)
,

gx̄1τ = −μ2ρ̄ cosh τ(ρ̄2 cosh2 τ + y27),

gρ̄x̄1 = −μ2 sinh τ
(
ρ̄2 cosh2 τ + y27

)
.

(5.3.65)

Now we will T-dualize on the x̄1 direction to IIA. After application of the Buscher rules
the new metric components will be

g̃x̄1x̄1 = 1/gx̄1x̄1 =
1

1− μ2
(
ρ̄2 cosh2 τ + y27

) ,
g̃ττ = gττ − (gτ x̄1)

2/gx̄1x̄1 = − ρ̄2
(
1 + μ2 sinh2 τ

(
ρ̄2 cosh2 τ + y27

))
1− μ2

(
ρ̄2 cosh2 τ + y27

) ,

g̃ρ̄ρ̄ = gρ̄ρ̄ − (gρ̄x̄1)
2/gx̄1x̄1 =

1− μ2 cosh2 τ
(
ρ̄2 cosh2 τ + y27

)
1− μ2

(
ρ̄2 cosh2 τ + y27

) ,

g̃ρ̄τ = gρ̄τ − (gρ̄x̄1gτ x̄1)/gx̄1x̄1 = −μ2ρ̄ cosh τ sinh τ
(
ρ̄2 cosh2 τ + y27

)
1− μ2

(
ρ̄2 cosh2 τ + y27

) ,

φ̃ = −1

2
log |gx̄1x̄1 | = −1

2
log

(
1− μ2

(
ρ̄2 cosh2 τ + y27

))
,

B̃τ x̄1 = gτ x̄1/gx̄1x̄1 =
−μ2ρ̄ cosh τ(ρ̄2 cosh2 τ + y27)

1− μ2
(
ρ̄2 cosh2 τ + y27

) ,

B̃ρ̄x̄1 = gρ̄x̄1/gx̄1x̄1 =
−μ2 sinh τ

(
ρ̄2 cosh2 τ + y27

)
1− μ2

(
ρ̄2 cosh2 τ + y27

) .

(5.3.66)
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Then, the mass-deformed metric on type IIA has the following form:

ds2IIA =
1

1− μ2
(
ρ̄2 cosh2 τ + y27

)(− ρ̄2dτ 2 + dρ̄2 + dx̄2
1

−μ2
(
ρ̄2 cosh2 τ + y27

)
(d(ρ̄ cosh τ))2

)
+ d�y27.

(5.3.67)

Now, returning to the original (ρ, t, x1) variables using (5.3.53), and defining

H ≡ 1− μ2

(
L2

3
ρ2 cosh2

[
3tr0
2L2

]
+ y27

)
(5.3.68)

puts the type IIA metric above into the form

ds2IIA = H−1
[
− 3r20
4L2

ρ2dt2 +
L2

3
dρ2 +

L2

r20
dx2

1 − (1−H)
L2

3

(
d

(
ρ cosh

3r0t

2L2

))2
]
+ d�y27.

(5.3.69)
Finally, lifting to M-theory gives

ds2M = H−2/3
[
− 3r20

4L2
ρ2dt2 +

L2

3
dρ2 +

L2

r20
dx2

1 + dx2
11

−(1−H)
L2

3

(
d

(
ρ cosh

3r0t

2L2

))2
]
+H1/3d�y27.

(5.3.70)

This metric corresponds to mass-deforming the black hole solution, though only near the
horizon. We also note that (5.3.62) only corresponded to the metric near the horizon for
small τ̄ , or equivalently for small t, so we will still need to be careful to use it only in
black hole calculations in this region.

Having, through considerable ingenuity, obtained the eleven dimensional metric, in
order to apply the procedure for calculating conductivity, we first need to dimensionally
reduce it to four dimensions with a cosmological constant. The question at hand then is
whether we can perform a consistent truncation to four dimensions. The general ansatz
for the truncation of the metric on an n-sphere Sn down to d dimensions is [46] (here
D = d+ n)

ds2D = Δ− 2
d−2ds2d +ΔβT−1ABDY ADY B (5.3.71)

where

β =
2

n− 1

d− 1

d− 2
,

Δ2−βn = TABYAYB,

DY A = dY A +BABY B.

(5.3.72)
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Here Y A(y), with A = 0, ..., n, the scalar spherical harmonics on the sphere parametrized
by �y intrinsic coordinates, are also coordinates for the Euclidean embedding of the sphere,
i.e. Y AY A = 1. In our case, d = 4, n = 7 and BAB = 0, giving

ds211 = Δ−1ds24 +Δ1/2T−1ABdY
AdY B,

Δ = (TABYAYB)
−2/3.

(5.3.73)

This also matches with another expression found in [47], for TAB = XAδAB, with

ds2D = (XAY
2
A)

2
d−1ds2d + (XAY

2
A)
− d−3

d−1 (X−1
A dY 2

A). (5.3.74)

In our case, both this and the former expressions reduce to:

ds211 = (XAY
2
A)

2/3ds24 + (XAY
2
A)
−1/3X−1

A dY 2
A (5.3.75)

where A = 0, ..., 7. The question is whether the metric (5.3.70) can be described as this
kind of consistent truncation to four dimensions on a deformed 7-sphere since we need a
metric solving a four dimensional action obtained by consistent truncation. It is easy to
see that, in general, it can not. However, as we will now demonstrate, it is possible to do
so in a special limit.

The spherical harmonics Y A are coordinates for the embedding of the sphere in 8-
dimensional Euclidean space, i.e. YAY

A = L2. We will consider a small patch of the
sphere, namely near the “North Pole", Y 0 = L. Then we can consider an intrinsic
parametrization of the sphere, i.e. some set of coordinates �y which match the �y7 co-
ordinates in our metric. Taking the yi’s to be small means that the spherical harmonic
components are

−→
Y7(�y7) 
 −→y7 so that, from the sphere constraint, we have

Y 0 =

√
L2 − (

−→
Y7)2 


√
L2 − (−→y7)2. (5.3.76)

The factor Δ in the metric is then

XAY
2
A = X0

(
L2 − (−→y7)2

)
+X i

7(y
i
7)

2, (5.3.77)

and, reading off equation from (5.3.70), this should match with H−1. Expanding both
sides in powers of (yi7)2 and matching coefficients, yields the eight scalars

X0L
2 =

1

1− μ2ρ2L
2

3
cosh2

[
3tr0
2L2

] ,
X i

7 = |X7| = X0 + μ2(X0L
2)2, (5.3.78)

in four dimensions. Finally then, the four dimensional metric is

ds24 = −dt2
(
3r20
4L2

ρ2 +
μ2ρ4r20

4
cosh2

[
3tr0
2L2

]
sinh2

[
3tr0
2L2

])
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+dρ2
L2

3

(
1− μ2L

2

3
ρ2 cosh4

[
3tr0
2L2

])

−dρ dt μ2r0
L2

3
ρ3 cosh3

[
3tr0
2L2

]
sinh

[
3tr0
2L2

]
+

L2

r20
dx2

1 + dx2
11. (5.3.79)

Some points about this metric deserve further clarification. Obviously, as we claimed
earlier, (5.3.70) is not of the reduced type (5.3.75). However, because the two match up
to quadratic order in the internal y coordinates5, there is a solution that looks like the
reduction ansatz (5.3.75) and whose four-dimensional metric is a small perturbation of
(5.3.81). We also note that we only need to define the (arbitrary) initial solution on a
Cauchy surface, and so we needn’t worry about satisfying the exact equations of motion
for the initial solution that we define here.

Returning to the original coordinate u with ρ = 2(1/u− 1)1/2, we can now see the full
metric as the AdS black hole metric plus the massive deformation metric

ds2 = ds2AdS4 BH + μ2ds2MD, (5.3.80)

where

ds2MD = −dt2r20
(1− u)2

u2
cosh2

(
3tr0
2L2

)
sinh2

(
3tr0
2L2

)
− du24L

4

9u4
cosh4

(
3tr0
2L2

)

−du dt
8L2r0(1− u)

3u3
cosh3

(
3tr0
2L2

)
sinh

(
3tr0
2L2

)
.

(5.3.81)

This metric (5.3.80) is our first order solution that we now employ as the initial data to
the Einstein’s equations to obtain the back-reacted metric and Weyl tensor at the horizon
subject, of course, to the caveat that the solution corresponds to the mass deformation of
the horizon only near t = 0.

Note that we now have a metric with scalars turned on near the horizon. Thus, our
Einstein-Maxwell action with the Weyl coupling term needs to be further modified in
order to account for the backreaction of the scalar fields. As argued in the introduction,
we do not have the luxury of having an exact black hole solution for the gravity dual of
the mass-deformed ABJM theory. What we do have, however, is the leading order mass
deformation at the horizon, sourced by the scalars TAB, which is sufficient to compute the
membrane DC conductivity.

In order to find the correct coupling of the scalars to gravity and the Maxwell fields,
we focus on the bosonic part the of the four-dimensional gauged supergravity action. We

5Note that the equations of motion only involve second derivatives, hence in the neighbourhood of the
North Pole we only need to have the solution up to quadratic order in y in order to satisfy them.
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are therefore led to consider the action

I =

∫
d4x

√−g

[
R− 1

2
m2

(
Tr(T )2 − 2Tr(T 2)

)
− 1

4
Tr

(
∂μT

−1∂μT
)

+
1

g24

(
−1

4
TABF

A
μνF

Bμν + γL2CμνρσF
AμνFAρσ

)]
(5.3.82)

with TAB ≡ L2XAδAB, with A = 0, · · · , 7. The L2 factor is included in the definition
of the TAB fields for dimensional reasons. We close this subsection by writing down the
Einstein’s equations that follow from the action (5.3.82) which we will use to compute the
membrane conductivity. Recalling that we are considering the situation where the gauge
fields are taken as probes, that is, that the putative black hole background is not modified
by the gauge perturbation, the Einstein’s equations that follow from (5.3.82) are:

Rμν = Tμν −
1

2
gμνT , (5.3.83)

where the energy momentum tensor Tμν given by

Tμν =
1

8
Tr(∂μT

−1∂νT + ∂νT
−1∂μT )− gμνU , (5.3.84)

with T = T μ
μ , and

U ≡ 1

4
m2

(
Tr(T )2 − 2Tr(T 2)

)
+

1

2
Tr(∂ρT

−1∂ρT ). (5.3.85)

As a final remark we should also give the relation between the parameter m2 and the
AdS scale L. The most straightforward way to understand this relation is to compare the
Ricci scalars of the pure AdS4 black hole and the mass-deformed one. In the pure case,
R = 4Λ = −12/L2, whereas with the mass deformation turned on, we have R = −T . In
the μ → 0 limit, from (5.3.78) we have that TAB → δAB, giving R → 48m2. Since this
has to match with −12/L2, we obtain

m2 = − 1

4L2
. (5.3.86)

5.3.2 Integrating the Einstein’s equations to get higher order de-
formations

Now that we have obtained a first order solution, we need to use the Einstein’s equations
to find the required second- and higher-order solution near the horizon. Indeed, in the
action (5.1.6), we have not just the near-horizon metric, but the Weyl tensor as well,
containing second order derivatives of the metric. To specify a solution of the Einstein’s
equations, which are second order differential equations, we need to specify the metric and
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its first derivative (in a non-tangential direction) on a codimension-one Cauchy surface.
Therefore, if the coordinate away from the surface, i.e. the foliation direction, is called v,
and the surface is at v = 0, we need to specify the two sets of functions gμν(�x, v = 0) and
∂vgμν(�x, v = 0), with �x coordinates tangent to the Cauchy surface. Then the Einstein’s
equations determine the full solution by integration, and in particular, we can obtain at
least some of the second order derivatives algebraically (without the need to integrate
them). We are accustomed with the situation when v is actually time, and we use a
time foliation such that the Cauchy surface is at t = 0, but in our case we are actually
interested in the situation when v is the radial direction away from the horizon, ρ, and
the Cauchy surface is at the horizon, ρ = 0.

This situation is a bit subtle, since components of the metric are actually divergent
or zero at the horizon, hence to check that we are applying it correctly, we first test it on
an example when we actually know the full solution, the AdS black hole of (5.1.3). We
will keep only the zeroth and first order solution, and deduce the second order, and in
particular the Weyl tensor, from the Einstein’s equations.

As mentioned before, we already know the full metric (5.1.3), but we will take it in
the near horizon limit (u → 1) and its first derivative as the only information given.
Note however, that gtt is zero at the horizon, whereas grr is infinite. So we have non-zero
components of the metric that behave as

gαβ =
g
(−1)
αβ

(u− 1)
+ g

(0)
αβ + g

(1)
αβ (u− 1) +O(u− 1)2, (5.3.87)

The first derivatives with respect to the coordinate u will be denoted with a prime (g′αβ).
In this case therefore we see that giving the metric and its first derivative (as functions
of the remaining coordinates) on a Cauchy surfaces needs to be replaced by giving the
first two coefficients. For grr this means g(−1) and g(0), whereas for the rest it is g(0) and
g(1). We should also comment on a more general case (even though we are not aware of
such examples for the Einstein-Hilbert action): if it happens that some component starts
at Laurent expansion order g(−p), we would give g(−p) and g(−p+1), whereas if it starts
at g(p), we would need to specify at least g(p) (g(p−1) = 0 could be a valid specification,
depending on the case at hand). In the case of the AdS black hole test solution, we will
take these first two coefficients in the components of gαβ as known, but we will use their
explicit expressions just at the end of the calculations.

For the Einstein’s equations, and later for the Weyl tensor, the primary ingredient is
the Riemann tensor. It is practical to write the Riemann tensor with the second derivatives
of the metric explicitly identified, that will make solving of the algebraic equations simpler.
The expression for the Riemann tensor that will be used is

Rαβγδ =
1

2
(∂αδgβγ − ∂αγgβδ + ∂βγgαδ − ∂βδgαγ) + Γε

αδΓβεγ − Γε
αγΓβεδ, (5.3.88)

where, by definition, the Christoffel symbols contain first derivatives only.
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Let us recall the Einstein equations with a cosmological constant and extract one piece
of information before the full calculation. They are

Rαβ −
1

2
gαβR + gαβΛ = 0. (5.3.89)

We can take the trace in the previous equation and obtain the curvature scalar without
major effort. In four dimensions it is R = 4Λ. For the full metric the Ricci scalar is − 12

L2 ,
and combining these last two expressions yields Λ = − 3

L2 .
The Ricci tensor is now

Rαβ = Λgαβ, (5.3.90)

which contains inside the second derivatives of the metric (so from here we will have
our algebraic equations) and can also be used to calculate the Schouten tensor. In four
dimensions, the Schouten tensor has the following expression

Sαβ =
1

2

(
Rαβ −

R

6
gαβ

)
. (5.3.91)

Using the Einstein’s equations here will lead to Sαβ = Λ
6
gαβ. The Schouten tensor is useful

in this case to simplify the calculation of the Weyl tensor (it also contains all the matter
information, as we will see later), which can be written as

Cαβ
γδ = Rαβ

γδ − 4S
[γ
[αδ

δ]
β]. (5.3.92)

Let us calculate the Weyl tensor component Cuy
uy that was used to obtain the con-

ductivity in the massless case. Here we have

Cuy
uy = Ruy

uy − Λ

3
. (5.3.93)

The Einstein’s equations will play its role here as the relation to find Ruy
uy algebraically.

We will have to look at the equation for the component Ryy of the Ricci tensor,

Ryy = gttRtyty + guuRuyuy + gxxRxyxy. (5.3.94)

We go then to equation (5.3.90) for Ryy, and rising the y index we obtain

Ruy
uy = Λ− gyy(gttRtyty + gxxRxyxy). (5.3.95)

Using (5.3.88) and the assumption that we have a static and spherically symmetric black
hole solution – which is in fact true for the full solution (5.1.3) –, we see that Ruy

uy,
and therefore Cuy

uy, are determined solely in terms of the metric and its first derivatives.
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After adding everything up and replacing the respective values of the metric and its first
derivatives, we have the following expression for the sought Weyl tensor component

Cuy
uy = − 1

2L2
+O(1− u), (5.3.96)

in the near horizon limit. This is in complete agreement with the result one obtains from
the full solution (5.1.3) given by

Cuy
uy = − u3

2L2
. (5.3.97)

5.3.3 The higher order deformation at the horizon

We now move to apply the procedure defined and tested in the last subsection to our four
dimensional mass-deformed metric near the horizon of the black hole.

This case will present more ingredients than the previous one, but the method to
obtain the second derivatives is applied in the same way. The massive deformation for
the AdS4 black hole enters in the metric like

ds2 = ds2AdS4−BH + μ2ds2MD (5.3.98)

where ds2AdS4−BH is the near horizon expansion of the form (5.3.87) of (5.1.3) and the
massive deformation is given in (5.3.81).

Now the desired component of the Weyl tensor is Cuyuy (see eq.(B.0.14)) which, written
in terms of the Riemann and Schouten tensors components is

Cuyuy = (gyy)2
(
(guu)2Ruyuy + 2guugtuRtyuy + (gtu)2Rtyty

)
−gyy

(
guu(Su

u + Sy
y) + gtuSu

t

)
. (5.3.99)

Like in the previous case, assuming also that we have spherical symmetry in the full
solution (i.e. the metric does not depend on y, nor x) only the Ruyuy component involves
the second derivatives ∂2

ugyy; the other components Rtyuy and Rtyty only contain the metric
and its first derivatives.

But there is a caveat: we need to assume that gyy is t-independent in the full solution,
not only in the Cauchy solution, if not, we could have unknown second time derivatives of
the metric to calculate as well. We believe however that these are reasonable assumptions,
though at this moment we cannot rigorously prove them.

The Einstein’s equations (5.3.83) now involve an energy-momentum tensor. From
those equations we will now obtain the Schouten tensor, that will capture just matter
content

Sαβ =
1

2

(
Tαβ −

1

3
T gαβ

)
. (5.3.100)

57



Let us write again the Ricci tensor component that we need for this case,

Ryy = gttRtyty + guuRuyuy + 2gtuRtyuy + gxxRxyxy. (5.3.101)

From here we see that the combination guuRuyuy + 2gtuRtyuy, that also appears in the
Weyl tensor (5.3.99), can be written in terms of Rtyty and Rxyxy which do not involve
any second derivatives of the metric; so only these two components need to be computed.
Thus, we have managed to write Cuyuy completely in terms of the metric and its first
derivatives as desired.

Making all the replacements in (5.3.99) the component for the mass deformed Weyl
tensor in the near horizon limit reads

Cuyuy =

(
3

2r20L
2
+ μ2 21

2r20

)
(u− 1). (5.3.102)

As a consistency check we see that, after using (5.1.3) also, the μ → 0 limit above gives
the correct answer for the massless case (5.3.96).

5.4 Conductivity of the mass-deformed system
We finally return to the calculation of the conductivity. There are two (equivalent) ways
to calculate it using the membrane paradigm, as we saw in section 5.2: one, using a
version of Kubo’s formula at the horizon, and the other using formula (5.2.46), obtained
by adding a surface term involving the current.

There is one more observation to be made: the conductivity is usually defined with
respect to a U(1) (abelian) field, whereas we have an SO(8) (nonabelian) field, so the
conductivity will depend on how we embed the abelian field inside SO(8). In principle
there are many ways to do this but we saw that, due to our approximation of being near
the North Pole of the S7 of the compactification that generates SO(8), the diagonal gauge
field associated with X0 (A0, for index A = 0) is special, and different than the diagonal
gauge fields associated with X i (Ai, for A = i). At the horizon, the X i scalars “feel” the
massive deformation while the X0 field does not (see equation (5.4.104)).

From section 5.2, it follows that we need only compute the effective coupling g2ry,4 at
the horizon (see eq. 5.2.45) with the mass deformation now turned on. In this case,

guu =
3(1− u)

L2
+O(1− u)2 , gyy =

L2

r20
+O(1− u),

Cuyuy =

(
3

2r20L
2
+ μ2 21

2r20

)
(u− 1) +O(1− u)2, (5.4.103)

X0 =
1

L2
+O(1− u) , Xi =

1

L2
+ μ2 +O(1− u),
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near the horizon. Concentrating on the gauge field part of the action (5.3.82), for TAB =
L2XAδAB, the terms involving Fry are

−1

4

∫
d4x

√−gFA
ryF

A,ry
[
L2XA − 8γCry

ry

]
. (5.4.104)

Therefore using (5.2.46) and the near horizon behavior listed in equations (5.4.103)
through (5.4.104), we find that

σ(0) =
1

g24

(
1 + 4γ + 28γμ2L2

)
(5.4.105)

σ(i) =
1

g24

(
1 + μ2L2 + 4γ

(
1 + 7μ2L2

))
, (5.4.106)

where the (0) and (i) superscripts on the left hand side denote the conductivities associated
with the A0

μ and Ai
μ gauge fields respectively.6 One potential problem that we alluded

to earlier was that now we also have a non-vanishing off-diagonal term in the metric grt.
However, its effects cancel each other out at the horizon and do not contribute in the case
of a scalar field. We could go one step further and show also that in the case of the gauge
field, the above calculation for the conductivity goes through without modification due to
a similar type of cancellations that occur at the horizon. Notice also that since X0 does
not “see” the mass deformation at the horizon, σ(0) is blind to the effect of μ2 as we turn
off the Weyl coupling γ.

Finally, we can use the Kubo formula (5.1.18) for the boundary term at the horizon,
just as in the μ = 0 case. Here, we have Xuyty nonzero in the background, so the action
for the Ay field is now

Syy = − 1

2g24

∫
d3x

√−g
(
XuyuyAy∂uAy +XuytyAy∂tAy

) ∣∣∣∣
u→1

. (5.4.107)

As before, the associated Green’s function

G(A)
yy = − 3r0

L2g24

(
1 + 4γ + hA(μ

2)
)
(1− u)

∂uA
A
y (ω)

AA
y (ω)

∣∣∣∣
u→1

, (5.4.108)

where the index A is used to describe the gauge field whose conductivity we are calculating,
leading to

h0(μ
2) = 28γμ2L2

6Note that μ corresponds exactly to the mass parameter in the gauge theory, as already noted. Then
in the gauge theory, the corrections to the dimensionless conductivity (defined at zero frequency and
momentum) must also come in a dimensionless combination of μ and a quantum scale in the nonconformal
massive ABJM theory, corresponding to L, just like in the "hard-wall" model for QCD of Polchinski and
Strassler, and in other theories with a mass gap that are conformal in the UV, L corresponds to Λ−1

QCD.
Also, g4 was related to gauge theory parameters in (5.1.30) and γ is a semi-phenomenological parameter
from the point of view of gauge theory.
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hk(μ
2) = μ2L2 + 28γμ2L2. (5.4.109)

The equation of motion for Ay near the horizon is then

∂uAy(ω)

Ay(ω)

∣∣∣∣
u→1

= iω
L2

3r0

1

1− u
+ iωO((1− u)0). (5.4.110)

Consequently then,

σ(A) =
1

g24

(
1 + 4γ + hA(μ

2)
)
. (5.4.111)

We saw then how the mass deformation affects the AC conductivity, on the event
horizon limit. Since we do not have the full gravity dual it was not possible to compute
the whole conductivity but this leave the question open for further developments on that
part.
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Chapter 6

Conclusions

In this thesis we have worked in two different problems, both of them related by their
respective backgrounds. although, like mentioned in chapter 3 the greater duality is
M/ABJM for the M-theory on AdS4 ×S7, and string theory on AdS4 ×CP

3 is just a case
of this bigger theory. Both of them dual to the same ABJM for different values of the
coupling.

In chapter 4 we have proposed to apply the physical principle developed in [10] for
elimination of ambiguities in the quantum corrections to the energy of two dimensional
solitons, to the case of classical (long) strings moving in gravitational backgrounds, taking
as a primer the case of the spinning string in AdS4 × CP

3. In that case, it was found
that there existed a certain regularization dependence, giving rise to different results
(e.g [27] and [6]). A procedure was devised in [27] that gave a result consistent with
AdS/CFT, but the regularization issue was hidden, without a clear physical principle to
explain the choice. As the long history of the quantum corrections to the energy of two
dimensional kinks has shown, just because a certain regularization choice seems natural
is no guarantee that it is correct, and one needs some physical input to justify it. It is not
however obvious that the physical principle from [10], which was natural from the point
of view of 2d field theories, is related to the preservation of integrability by quantum
corrections in worldsheet theories. We can only mention that the principle proved enough
to preserve integrability in the sine-Gordon case (i.e., to obtain the 1-loop corrections
compatible with the known exact formula, see [10]), which is a standard example of an
integrable system.

It was our goal to justify the choice in [27] by a physical principle which can be applied
to other cases of long strings as well. We have found that technical reasons limit how far
we can calculate with our method in this case, but we can check that to leading order
in u our procedure eliminates the ambiguities, and therefore justifies the choice in [27],
leading to the result consistent with AdS/CFT. We hope to apply the same methods to
other long strings in the future.

The next chapter went ahead to the AdS4 × S7 background. We analyzed the effect
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of a massive deformation of the ABJM model on the conductivity calculated from the
proposed gravity dual. However, unlike the computation in [41], since we don’t have the
full Ay defined from the horizon to the boundary, nor even an explicit formula for the
gravity dual, we needed to use membrane paradigm-type calculations. In particular we
developed a novel calculation based on an extension of the Kubo formula, only using a
boundary term at the horizon, together with a corresponding extension of the membrane
paradigm method presented in [43].

Crucial to a computation of the conductivity is knowledge of the mass-deformed black
hole solution. However, given the complications of the background dual to the mass-
deformed ABJM model, such an exact solution remains unknown. Nevertheless, we were
able to compute the conductivity knowing only the effect of the mass deformation on the
near horizon region of the AdS4 black hole. In order to determine the mass deformation
of the solution near the horizon, we employed a two-step process: First, we input the
zeroth and first order solutions as Cauchy data in the Einstein equations, and to find
the correct ones that correspond to the mass deformation, superposed a pp-wave on the
(approximately flat) horizon and T-dualized. Then, in order to find the higher order
solution near the horizon, we developed a method of using Einstein’s equations and the
Cauchy data. This procedure was benchmarked against the known AdS black hole solution
with excellent agreement. Finally, we obtained the same value for the mass-deformed
DC conductivity using both membrane paradigm calculations, with both exhibiting an
increase as a function of μ2.

Of course, given the motivation for this work, we would have wanted to obtain σ(ω)
at nonzero μ, with the hope that the mass deformation could replace the deformation
by the Weyl tensor coupling γ at least in some regime (which should include μ � T so
that we still have an approximate conformal field theory at finite temperature). But, due
to the technical complications of the background geometry illustrated above, we could
only calculate the DC conductivity, σ(0). In that respect, all we are able to say is that
the mass deformation gives a positive contribution, like a positive γ, but are unable to
speculate any further on what happens at nonzero ω. It goes without saying that it would
be of enormous interest to extend the calculation to finite ω in the future.
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Appendix A

Membrane paradigm in the presence of
grt

In the metric we obtain, we have an off-diagonal component grt, so in this Appendix we
study its effect on the formulas for the membrane paradigm.

A.0.1 Infalling condition

We would like to find the infalling boundary condition for a metric of the form

ds2 = −gtt(r, t)dt
2 + grr(r, t)dr

2 + 2grt(r, t)dr dt+ gyy(r)(dx
2 + dy2). (A.0.1)

Define first the tortoise coordinate r∗ such that ds2 can be written as

ds2 = dvdu+ gyy(r)(dx
2 + dy2) (A.0.2)

where dv = dr∗ + dt, du = dr∗ − dt. To find dr∗ in terms of dr we write

dv = dt+ dr∗ ≡ dt+ a dr (A.0.3)
du = dt− dr∗ ≡ b dt+ d dr (A.0.4)

which gives a quadratic equation for a, namely, a2gtt+2grta−grr = 0. Solving for a yields

dr∗ = a dr =

(
−grt
gtt

±
√

g2rt
g2tt

+
grr
gtt

)
dr. (A.0.5)

Consider now a scalar field φ near the horizon of a black hole described by the metric
(A.0.1). The infalling condition at the horizon means that φ can only depend on r and t
through the non-singular combination given by the Eddington-Finkelstein coordinate v,
defined in (A.0.3). Thus, for fixed v, we have dt = −adr, and

dφ(v) = ∂rφ(r, t)dr + ∂tφ(r, t)dt = (∂rφ(r, t)− a∂tφ(r, t)) dr = 0 (A.0.6)
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yielding the relation

∂rφ(r, t) = a ∂tφ(r, t) (A.0.7)

but now with a as defined in (A.0.5). Note that in order to recover the usual infalling
condition ∂rφ =

√
grr/gtt ∂tφ when grt = 0, we need to take the + solution in (A.0.5).

A.0.2 Scalar field calculation

To see the effect of the off-diagonal metric on a membrane paradigm-type calculation, we
look at the example of a scalar field.

Consider a massless bulk scalar field with action

S = −1

2

∫
r>r0

dd+1x
√−g

1

g2d+1(r, t)
∂μφ∂

μφ (A.0.8)

where the horizon is at r = r0, and we now have allowed for an r and t dependent scalar
coupling g2d+1(r, t). This is to account for the fact that our background fields can now
depend on t as well (see for example equations (5.3.78) and (5.3.81)). Following [48], we
need to add a boundary term at the horizon to the one that arises from variations of this
action. This term is given by

Ssurf =

∫
Σ

ddx
√−γ

(
Π(r0, x)√−γ

)
φ(r0, x) (A.0.9)

where γμν is the metric induced at the stretched horizon Σ, and Π is the momentum
conjugate to φ with respect to a foliation in the r-direction, i.e.:

Π ≡ ∂L
∂(∂rφ)

= −
√−g

g2d+1(r, t)
grμ∂μφ. (A.0.10)

The “membrane φ-charge” is therefore

Πmb ≡ Π(r0, x)√−γ
= − 1

q(r, t)

(
grr +

g2rt
gtt

)1/2 (
grr∂rφ+ grt∂tφ

)
(A.0.11)

where in the last equality we have used the form of the metric (A.0.1). Now we use the
infalling condition (A.0.7), obtaining

Πmb = − 1

g2d+1(r, t)

√
Δ

gtt

(
−grrgrt

gtt
+

grr

gtt

√
Δ+ grt

)
∂tφ

= − 1

g2d+1(r, t)

1√
gtt

∂tφ (A.0.12)
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where Δ ≡ grrgtt+ g2rt. If go to the frame of an observer hovering just outside the horizon
with proper time τ , then

Πmb = − 1

g2d+1(r, t)
∂τφ. (A.0.13)

Therefore, the effect of the off-diagonal metric component grt gets completely cancelled
out and the membrane response Πmb is the same as in the case of a diagonal metric (see
e.g. [43]).
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Appendix B

Conductivity using Ji vs. Fti relation in
the presence of grt

Consider now a generalization of the action in (5.1.8), namely

S =

∫
d4x

√−g

[
− 1

8g24
Xμνρσ

AB FA
μνF

B
ρσ

]
(B.0.1)

with

XAB μν
ρσ ≡ 2δ[μν]

[ρσ]TAB − 8γL2δABCμν
ρσ. (B.0.2)

Generalizing the result of section 3, we need to add the surface term

Ssurf =

∫
Σ

d3x
√−γ

(
jμA√−γ

)
AA

μ (B.0.3)

with

jμA ≡ ∂L
∂(∂rAA

μ )
= − 1

2g24

√−gXrμνρ
AB FB

νρ. (B.0.4)

Thus, the membrane current in this case is

Jμ
mb ≡

(
jμA√−γ

)
= − 1

2g24

1√
grr

Xrμνρ
AB FB

νρ

∣∣∣
r=r0

. (B.0.5)

Using the ansatz (A.0.1), the only non-zero components of the X tensor that enter in the
right hand side above for J i

mb are Xriri and Xriti, yielding

J i
mb = − 1

g24

1√
grr

(
Xriri

AB FB
ri +Xriti

ABF
B
ti

) ∣∣∣
r=r0

(B.0.6)
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(no sum over i). Now, for the Ai component of the gauge fields (we omit the scalar indices
A,B for now), the infalling condition (A.0.7) at the horizon is

∂rAi = a ∂tAi , r → r0 (B.0.7)

which, using the Ar = 0 gauge and the condition that At = 0 vanishes at the horizon1,
yields

Fri = aFti as r → r0. (B.0.8)

This implies that J i
mb is proportional to Fti at the horizon as expected, i.e.

J i
mb = − 1

g24

1√
grr

(
aXriri +Xriti

)
Fti

∣∣∣
r=r0

. (B.0.9)

The factor in parenthesis after some algebra becomes

aXriri +Xriti = Δ−1/2gii − 8γL2

(
Δ1/2

gtt
Criri − grt

gtt
Criri + Criti

)
. (B.0.10)

For our ansatz (A.0.1), we have

Criti

Criri
=

grt
gtt

, (B.0.11)

which implies that the last two terms inside the parentheses in (B.0.10) cancel each other
out, giving

aXriri +Xriti = Δ−1/2gii − 8γL2Δ
1/2

gtt
Criri. (B.0.12)

After some more algebra, we arrive at

J i
mb = − 1

g24

(grrgii − 8γL2Criri)√
gttgrr

giiFt
i (B.0.13)

where we also used the fact that gij = giiδij to write Fti = giiFt
i.

In an orthonormal frame of a physical observer just outside the horizon, with proper
time τ , we have that Ft

i = −√
gttF

τi = −√
gttÊ

i, where Êi is the electric field measured
by such observer.

Reinserting the scalar indices A,B, and using TAB = L2XAδAB, we arrive at a con-
ductivity from the membrane paradigm given by

σA
mb =

L2

g24

(
XA − 8γgiiC

riri

grr

) ∣∣∣
r→r0

. (B.0.14)

1This is required in order to have a nonsingular gauge connection (see, for example, [49])
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Using the formulas at the horizon (5.4.103) to (5.4.104), we obtain

σ
(0)
mb =

1

g24

(
1 + 4γ + 28γμ2L2

)
(B.0.15)

σ
(k)
mb =

1

g24

(
1 + 4γ + μ2L2 + 28γμ2L2

)
(B.0.16)

which are the same we obtained using (5.2.46).
We can readily check that both of the formulas above give the correct result when the

mass deformation is absent, namely [41]

σA
mb → 1

g24
(1 + 4γ). (B.0.17)

Recall that the relation we just obtained here corresponds to the conductivity defined
on the horizon membrane. One way to relate to the conductivity at the boundary is to
study the r dependence of the current ji and electric field Fti, by looking at the equation
of motion and Bianchi identities involving ∂rj

i and ∂rFti along the lines of Appendix B
in [43]. Namely, in our case we have

∂rj
i = GX itri∂tFri +GX itti∂tFti +GX ijij∂jFij

+∂t(GX itri)Fri + ∂t(GX itti)Fti (B.0.18)
∂rFti = ∂iFtr + ∂tFri (B.0.19)

where G ≡ √−g/g24 and i �= j (i.e., since the boundary is 2+1 dimensional, i = y
and j = x or vice-versa). From here we immediately see that (B.0.19) implies that Fti

becomes r-independent in the kμ → 0 limit, and that the first three terms in (B.0.18) will
be suppressed in this limit. However, the last two terms in (B.0.18) will remain finite since
they do not involve space-time derivatives of the gauge fields, but only time derivatives of
the metric. Since the near horizon metric (5.3.80), (5.3.81), obtained by mass-deforming
the flat horizon, does have an explicit time dependence – at least for small t – , we cannot
rule out, in principle, the possibility that the full metric in the bulk also is time dependent,
and we have a nontrivial ji(r), but as we explained in the text, this is not necessarily a
problem.
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Appendix C

Conductivity using the Kubo formula
at the horizon

In this Appendix we give details about the calculation using the Kubo formula

σ(ω) = −Im

(
Gyy(ω, �q)

ω

)
(C.0.1)

at the horizon. The boundary term in the action is (we omit the scalar indices for now)

Syy = − 1

2g24

∫
d3x

√−gXuyμyAy∂μAy

∣∣∣∣
u→1

(sum over μ). (C.0.2)

Note that in the massless case, i.e. for the pure AdS4 black hole, the integrand above
reduces to

√−gXuyuyAy∂uAy. In our case however, we have an extra term coming from
the fact that Xuyty does not vanish in the background (A.0.1). Therefore, Syy is

Syy = − 1

2g24

∫
d3x

√−g
(
XuyuyAy∂uAy +XuytyAy∂tAy

) ∣∣∣∣
u→1

. (C.0.3)

Since we are interested in the conductivity at ω = 0, one might naively think that we
can simply ignore this second term above on the grounds that the time derivative will
produce a term proportional to ω in the Green’s function Gyy. However, the first term
∂uAy, when evaluated on-shell, will also be proportional to ω, and in fact gives a (leading)
finite contribution to the conductivity (C.0.1). Therefore, we can not simply ignore O(ω)
extra terms right from the beginning.

Thus, it seems that we need to go back to the Einstein’s equations to obtain the back-
reacted Weyl component Cuyty at the horizon. However, we don’t need to, since, in the
general background (A.0.1), we have

Xuyty = −gut
gtt

Xuyuy. (C.0.4)
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To simplify even more the integrand in (C.0.3), we can also take advantage of the infalling
condition at the horizon (valid for u → 1) given in (B.0.7) to write ∂tAy in terms of ∂uAy.
Thus, all in all we have

Syy = − 1

2g24

∫
d3x

√−gXuyuyAy∂uAy

(
1 +

u2

r0a(u)

gut
gtt

) ∣∣∣∣
u→1

(C.0.5)

where

a(u) =
u2

r0

(
gut
gtt

+

√
g2ut
g2tt

+
guu
gtt

)
. (C.0.6)

The second term inside the parentheses in (C.0.5) was not present in the massless case,
when gut is zero. However, expanding about u = 1 gives

1 +
u2

r0a(u)

gut
gtt

= 1 + μO(1− u)1/2 (C.0.7)

which makes it irrelevant for the computation of Syy at the horizon.
The Green’s function we need is therefore

G(A)
yy = − 3r0

L2g24

(
1 + 4γ + hA(μ

2)
)
(1− u)

∂uA
A
y (ω)

AA
y (ω)

∣∣∣∣
u→1

(C.0.8)

where hA was defined in (5.4.109). The last step is to obtain Ay near the horizon. The
equation of motion for Ay is

A′′y + αA′y + βAy = 0 (C.0.9)

where

α ≡ ∂t (
√−gX tyuy) + ∂u (

√−gXuyuy)− 2iω
√−gX tyuy

√−gXuyuy
(C.0.10)

β ≡ −q2
√−gXxyxy + ω2

√−gX tyty + iω (∂t + ∂u) (
√−gX tyty)√−gXuyuy

. (C.0.11)

Inserting the ansatz Ay = (1 − u)bF (u) into the equation of motion we again obtain
b = ± iL2ω

3r0
near u = 1 (independent of μ!). Using the + (infalling) value for b again into

the equation for Ay near u = 1, we get

F ′(1)
F (1)


 iω

[
L2(3− 28γ)

6r0(1 + 4γ)
+O(μ2)

]
+O(ω2) (C.0.12)

for q2 = 0 and small ω. Therefore

∂uAy(ω)

Ay(ω)

∣∣∣∣
u→1

= iω
L2

3r0

1

1− u
+ iω

(
L2(3− 28γ)

6r0(1 + 4γ)
+O(μ2)

)
+O(ω2). (C.0.13)
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Putting all this into the Kubo formula (C.0.1) we obtain once again

σ(A) =
1

g24

(
1 + 4γ + hA(μ

2)
)

(C.0.14)

which matches the other results we obtained.
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