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Resumo

Neste trabalho nós estudamos ações para a superpart́ıcula e a supercorda us-

ando v́ınculos twistóricos. Escrevemos as cargas BRST para a superpart́ıcula e

a supercorda em dez dimensões, e a carga BRST para um modelo de part́ıcula

em quatro dimensões com a finalidade de fazer algumas comparações. Começamos

mostrando como os twistors aparecem como objetos geométricos que parametrizam

SO(4)/U(2), e usamos uma generalização deste fato para dez dimensões e assim

construir as teoŕıas correspondentes. Então mostramos como obter as ações de es-

pinores puros para a superpart́ıcula e a supercorda em dez dimensões por meio de

gauge-twisting e gauge-fixing da teoŕıa inicial.

Palavras Chaves: Superpart́ıcula; Supercorda; Twistors; Espinores Puros; Método

BRST

Áreas do conhecimento: Teoŕıa de Campos; Teoŕıa de Cuerdas
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Abstract

In this work we study actions for the superparticle and the superstring using

twistor-like constraints. We write BRST charges for the superparticle and the su-

perstring in ten dimensions, and the BRST charge for a particle model in four

dimensions in order to make some comparisons. We start showing how twistors

appear as geometrical objects parametrizing SO(4)/U(2), and use a generalization

of this fact to ten dimensions to construct the corresponding theories. We then

show how to obtain the pure spinor superparticle and superstring actions in ten

dimensions by gauge-twisting and gauge-fixing the initial theory.
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Chapter 1

Introduction

Superstring theory appeared in the 1970’s as an attempt to introduce fermionic de-

grees of freedom into the previously invented bosonic string theory used to describe

dual theories of strong interactions. It turned out that this new theory, initially for-

mulated as a string theory with worldsheet supersymmetry (Ramond-Neveu-Schwarz

(RNS) formalism) [1–3] and later as a target-space supersymmetric theory (Green-

Schwarz (GS) formalism) [4–6], had some unexpected and pleasant consequences

related to the fundamental questions physicists were trying to deal with at the

time. The fact that general relativity arises as a necessity guided by symmetry-

preservation-at-the-quantum-level requirements, and that Yang-Mills gauge theories

naturally appear in those formalisms lead scientists into a journey of unification of

several objects and ideas. One of them, supersymmetry, is crucial for the consistency

of the theory.

The difficulty in the calculation of scattering amplitudes either in the RNS for-

malism (because of its lack of manifest target-space supersymmetry), or in the GS

formalisms (because of the complications brought by choosing a specific light-cone

gauge), motivated physicists to search for new formulations that could allow covari-

ant quantization of the theory. The problems that appear when one tries to covari-

antly quantize the GS superstring can be seen already in the simpler case of the

quantization of the superparticle. For example, the Brink-Schwarz superparticle [7]

in ten dimensions consists of a system with a set of constraints dα ≈ 0, α = 1, ...16,

half of them being first class and the other half being second class. The problem

arises when one tries to quantize the system, since first and second class constraints

cannot be treated in the same way, and there is no procedure to covariantly separate

them as they are mixed in the conditions dα ≈ 0 in an intricate manner. Several

methods have been proposed to overcome this problem: working in harmonic su-

perspace [8–10], writing twistor-like actions [11–16], or introducing other types of

auxiliary variables and new constraints in order to obtain a full set of first class con-
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straints of the system [17–21]. This last approach has encountered some difficulties,

since the set of constraints turned out to be infinitely reducible [22,23], which makes

the construction of the charge in the BRST treatment of the problem, very hard.

There have been some attempts to solve this situation, too [24,25].

In 2000, Berkovits introduced a new formalism for the superstring which could

be quantized in a manifestly covariant way [26]. The dynamical variables of that

formalism were the ten dimensional superspace variables (xm,m = 0, 1, ..., 9, θα, α =

1, ..., 16) and a bosonic spinor λα satisfying the pure spinor condition, λαγmαβλ
β = 0,

where γmαβ and γαβm are 16×16 symmetric matrices which satisfy γ
(m
αβγ

n)βρ = 2ηmnδρα.

A similar treatment was found for the superparticle case [27, 28]. The idea was to

consider the physical states of the theory as elements of the cohomology of the BRST

charge Q = λαdα where λα is again a pure spinor. Using this formalism it was possi-

ble to construct massless vertex operators and to compute scattering amplitudes in

a manifestly ten-dimensional super-Poincar covariant way. However, the fact that

λα enters into the theory as a constrained ghost is somewhat mysterious. There

have been attempts to solve this problem considering a BRST double complex for

the system [29, 30]. It is also noticed that the pure spinor constraints are infinitely

reducible which makes the construction of the BRST charge again, too complicated.

This dissertation is based on ref. [31] (see also [32,33]). In the second chapter, we

give a brief review of the BRST method, following the discussion given in [34] and

writing the essential formulas used later. We discuss how gauge symmetries can be

seen as being generated by (first-class) constraints on the phase space of the system,

and how can we pass from those local symmetries to a rigid symmetry if we extend

the phase space to include ghost variables associated to the constraints. Once the

charge of this rigid symmetry is calculated (just the lowest ghost-order terms) we

can write gauge-fixed actions. We also generalize these results to the case of systems

described by coordinates over a worldsheet or higher dimensional worldvolumes.

In chapter three we start talking about the topological particle and consider a

complex split of the Euclidean coordinates. We will see that breaking SO(4) in

this specific way and trying to covariantize the theory introducing new appropriate

dynamical variables, bring twistors into the discussion. For that reason we also

introduce twistors as objects whose components are relevant in parametrizing the

massless particle system. We write an extended action and the corresponding BRST

charge for the rigid symmetry in the extended phase space.

In chapter four we consider the ten dimensional analogue to the previous system,

write a twistor-like action for the superparticle and show how this can be gauge fixed

so that we recover the pure spinor superparticle of Berkovits, we show how a ghost
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twisting is required in order to interpret in a correct way the matter content of the

theory. Here it’s worthwhile to comment about some differences in our procedure

with respect to that of ref. [31]. First, we introduce the local scaling symmetry

by means of the appropriate first class constraint and write the BRST charge in

the complete extended phase space where we include the ghost associated with this

constraint. We will see that new terms appear in the calculation. We also write the

gauge-fixed action as the sum of a BRST-invariant kinetic term, and a BRST trivial

term where the gauge-fixing fermion appears. Hence, this fermion will be written

as a function of the variables of the extended phase space only, and not considering

the Lagrange multipliers among its arguments (unless we work in the nonminimal

sector). The Lagrange multipliers won’t have BRST variations and it will be easy

to see how we can fix their values in the gauge-fixed action. Another consequence

of this approach is that the ghost-for-ghost φ appears as the ghost associated with

a first stage generator due to a specific reducibility condition, and we don’t need to

write gauge-for-gauge transformations involving the Lagrange multipliers, δLα.

Finally, in chapter five we generalize these results to the superstring, write an

extended action and obtain the pure spinor superstring by gauge fixing.
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Chapter 2

Preliminaries

2.1 First class constraints and gauge invariance

Consider a physical system∗ described by generalized coordinates qi(τ) over a world-

line parametrized by τ , where i is an index that includes both physical and possible

auxiliary degrees of freedom, the equations of motion for the system being deducible

from an action principle. If we assume these equations involve at most second-order

τ derivatives, the Lagrangian-form action for the motion of a particle from τ1 to τ2

can be written in general as

S[qi(τ)] =

∫ τ2

τ1

dτ L(qi, q̇i) (2.1)

The action principle says the variation of the action under arbitrary variations

of the coordinates that vanish at τ1 and τ2 must vanish.

δS =

∫ τ2

τ1

dτ δqi
(
∂L

∂qi
− d

dτ

∂L

∂q̇i

)
+

[
δqi

∂L

∂q̇i

]τ2
τ1

(2.2)

Thus, from the principle just mentioned we obtain the equations

∂L

∂qi
=

d

dτ

∂L

∂q̇i
(2.3)

Also, we define the canonical conjugate momenta pi =
∂L

∂q̇i

Now, let qic(τ), which we call a physical motion, be a solution of the equations

of motion, and pci(τ) the respective momenta. If we perform an arbitrary variation

around this solution, qi(τ) = qic(τ) + δqi(τ), the variation of the action takes the

form

δS[qc] =
[
δqi(τ)pci(τ)

]τ2
τ1

(2.4)

∗This section is based on references [34,35]
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An infinitesimal symmetry of the action is defined as a continuous transforma-

tion, δqi(τ), smoothly connected to the identity, such that the Lagrangian transforms

to first order into a total τ derivative.

δL = δqi
∂L

∂qi
+ δq̇i

∂L

∂q̇i
=

d

dτ
B(qi, q̇i) (2.5)

So δS = [B]τ2τ1 , and we conclude that if δqi is a symmetry transformation, then

physical motions of the system satisfy[
δqipci −Bc

]τ2
τ1

= 0 (2.6)

where Bc ≡ B(qic, q̇
i
c).

This is just a conservation law, since the ends of the τ interval are arbitrary.

d

dτ
(δqipci −Bc) = 0 (2.7)

Suppose that the symmetry transformations are parametrized by k linearly

independent parameters εa, a = 1, ..., k.

δqi = Ri
(0)aε

a +Ri
(1)aε̇

a + ...+Ri
(N)a

dNεa

dτN
≡ Ri[ε] (2.8)

for some finite N and Ri
(n)a = Ri

(n)a(q
i, q̇i). B can be similarly expanded

B[ε] = B(0)aε
a +B(1)aε̇

a + ...+B(N)a
dNεa

dτN
(2.9)

Defining the quantity

G[ε] = pciR
i
c[ε]−Bc[ε] (2.10)

= G(0)aε
a +G(1)aε̇

a + ...+G(N)a
dNεa

dτN
(2.11)

where G(n)a = pciR
i
(n)ca −B(n)ca, our conservation law implies

dG[ε]

dτ
= Ġ(0)aε

a + (G(0)a + Ġ(1)a)ε̇
a + ...+ (G(N−1)a + Ġ(N)a)

dNεa

dτN
+G(N)a

dN+1εa

dτN+1
= 0

(2.12)

Now we focus on two especial cases. The first being the one where the symmetry

exists only for constant ε; so we are talking about a rigid symmetry.

Then
dnεa

dτn
= 0 for n ≥ 1, and the conservation law implies G(0)a is a constant.

This result is just Noether’s fist theorem which says that rigid symmetries imply

constants of motion.
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In the second case we consider symmetries with arbitrary τ -dependent parame-

ters εa(τ). For these local (gauge) symmetries we deduce that the coefficients of the

expansion of G[ε] satisfy the following equations

Ġ(0)a = 0, G(0)a + Ġ(1)a = 0, G(N−1)a + Ġ(N)a = 0, G(N)a = 0 (2.13)

which in turn imply G(n)a = 0, for n = 0, ..., N . Thus, local worldline symmetries

give a set of constraints relating coordinates and velocities on physical trajectories

(recall that G is defined on-shell). Besides, since
dG

dτ
= 0, constraints are preserved

during the time evolution of the system. This is known as the Noether’s second

theorem.

Let us consider the action in Hamiltonian form

S[q, p] =

∫ τ2

τ1

dτ
[
piq̇

i −H(q, p)
]

(2.14)

The action principle takes the form

δS =

∫ τ2

τ1

dτ

[
δpi

(
q̇i − ∂H

∂pi

)
− δqi

(
ṗi +

∂H

∂qi

)]
+
[
piδq

i
]τ2
τ1

(2.15)

And the resulting equations of motion are

q̇i =
∂H

∂pi
, ṗi = −∂H

∂qi
(2.16)

Let F (q, p) and G(q, p) be some functions on the phase space. We define the

Poisson bracket between F and G as

{F,G} =
∂F

∂qi
∂G

∂pi
− ∂F

∂pi

∂G

∂qi
(2.17)

So the brackets between coordinates and momenta read {qi, pj} = δij.

Immediately we can write the total τ -derivative of a function G(q, p) as Ġ =

{G,H}. Therefore, this function is a constant of motion if and only if {G,H} =

0 everywhere along the physical trajectory of the system in phase space. Now,

denoting by η(τ) some infinitesimal parameter which can only depend on τ , define

the following infinitesimal transformation of phase space variables.

δqi = η{qi, G} = η
∂G

∂pi
δpi = η{pi, G} = −η∂G

∂qi
(2.18)

It’s easy to show that under this transformation any function F (q, p) varies as

δF = η{F,G} (2.19)
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So δH = 0 and the variation of the action is

δS =

∫ τ2

τ1

dτ

[
q̇iδpi − ṗiδqi +

d

dτ
(piδq

i)

]
=

[
η
∂G

∂pi
pi − ηG

]τ2
τ1

+

∫ τ2

τ1

dτ η̇G

(2.20)

Then according to our definition this transformation is a symmetry of the action

only if we impose the constraint G(q, p) = 0. We have just shown that constraints

that are constants of motion generate local symmetries.

Suppose we have a system with some number of such symmetry-generating con-

straints Ga(q, p) = 0, a = 1, ...,m. Poisson brackets satisfies the Jacobi identity

{{A,B}, C}+ {{B,C}, A}+ {{C,A}, B} = 0 (2.21)

Therefore,

{{Ga, Gb}, H} = 0 (2.22)

If {Ga} is a complete set of generators, we must have that

{Ga, Gb} = Pab(G) (2.23)

where Pab is a polynomial in the constraints, with constant coefficients, and anti-

symmetric in a, b.

The constraint equations Ga(q, p) = 0 define a hypersurface in phase space to

which all physical trajectories of the system are confined. That means we just need

the constraints to commute with the Hamiltonian on this physical hypersurface.

Then we obtain a more general structure of the Poisson bracket relations.

We write

{H,Ga} = Wa(G), Wa(0) = 0 (2.24)

In this hypersurface we must have Pab(0) = 0.

Constraints that satisfy the relations

{H,Ga} = Wa(G), {Ga, Gb} = Pab(G) (2.25)

with Wa(0) = 0 and Pab(0) = 0, are called first class.

We then write the algebra of first class constraints as

{Ga, Gb} = C c
ab Gc (2.26)
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and the Poisson brackets with the Hamiltonian as

{H0, Ga} = V b
a Gb (2.27)

where both C c
ab and V b

a are functions defined on the phase space.

It turns out that physical trajectories remain the same if we add to the Hamilto-

nian an arbitrary polynomial in the constraints, with coefficients that may depend

on the parameter τ .

H ′ = H + ρa1Ga +
1

2
ρab2 GaGb + ... (2.28)

We use the symbol ≈ to say that two expressions are equal up to terms propor-

tional to the constraints or to higher powers of them. So, a set of constraints is said

to be a set of first class constraints if all its elements satisfy

{H,Ga} ≈ 0, {Ga, Gb} ≈ 0 (2.29)

It could happen that the description of the system requires some other type of con-

straints called second class. These constraints have weakly non-vanishing Poisson

brackets with at least one of the other constraints; hence, they don’t generate gauge

transformations of the dynamical variables. However, they can be absorbed into a

redefinition of the brackets when one introduce Dirac brackets to describe the theory.

We will always assume that we start with a complete set of first-class constraints

only.

The extended Hamiltonian is defined as

HE = H0 + laGa (2.30)

where H0 is the Hamiltonian without constraint terms, la are arbitrary functions of

τ , and a runs over a complete set of first-class constraints.

HE is, of course, a first-class function. The reason for introducing this HE is that

we want at first to describe a system whose motion is generated by a Hamiltonian

which contains all arbitrary gauge functions of the theory. The evolution of gauge-

invariant dynamical variables are determined in the same way either by H0 or HE.

But this is not the case for other kinds of variable. We must use the extended

Hamiltonian to account for all possible gauge freedom.

Also, the equations of motion derived by the extended action are not the same

as those obtained by the original action principle. We will see that one can go from

the set of equations in the extended case to the other set by gauge-fixing, that is,

reducing degrees of freedom by fixing some of all of the auxiliary ones. The extended
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action principle comes from varying the action

SE[q, p, l] =

∫
dτ
[
piq̇

i −HE(q, p, l)
]

(2.31)

with respect to both (q, p) and the Lagrange multipliers la. The variation with

respect to la will put the constraints equal to zero as auxiliary equations of motion.

So the transformation of the Lagrange multipliers must be specified in order to

recover a symmetry of the action without imposing Ga(q, p) = 0.

The transformation of the original phase space variables is

δqi = ηa{qi, Ga} = ηa
∂Ga

∂pi
δpi = ηa{pi, Ga} = −ηa∂Ga

∂qi
(2.32)

and the action behaves like

δSE =

[
ηa
∂Ga

∂pi
pi − ηaGa

]τ2
τ1

+

∫ τ2

τ1

dτ [η̇aGa − δH0 −Gaδl
a − laδGa]

= [...]τ2τ1 +

∫ τ2

τ1

dτ
[
η̇aGa − ηa{H0, Ga} −Gaδl

a − laηb{Ga, Gb}
]

= [...]τ2τ1 +

∫ τ2

τ1

dτGa

[
η̇a − ηbV a

b − δla + lcηbC a
bc

]
(2.33)

Then we obtain the appropriate transformation of the Lagrange multipliers:

δla = η̇a + lcηbC a
bc − ηbV a

b (2.34)

Notice that we are enlarging the phase space by considering the Lagrange multi-

pliers la as new coordinates, and by introducing the corresponding momenta which

we denote by πa obtaining,

(qi, pi, l
a, πa) (2.35)

and new Poisson brackets, {la, πb} = δab .

One important situation that could appear is that we may have an initial set

of first-class constraints Ga which is complete, such that the equations Ga = 0

are not entirely independent and, for some reason, we don’t want to drop any of

the constraints in the set in order to make it independent. In the first case we

say that the constraints are reducible or redundant. We write the index that runs

over all first-class constraints as a0 = 1, 2, ...,m0. Then they will satisfy identities

like Z a0
a1
Ga0 = 0, with possibly phase-space dependent coefficients Z a0

a1
(q, p), where

a1 = 1, ...,m1 and m1 < m0.

9



Then, there are local transformations of the gauge parameters that do not change

the original gauge transformations.

δ′ηa0 = ηa1Z a0
a1

⇒ {... , δ′ηa0Ga0} = 0 (2.36)

where ηa1 are the local parameters for these new transformations. These transforma-

tions may themselves be independent, the total number of independent generators

being m′0 = m0 −m1. In such a case we say that this is a first-stage gauge theory.

Nevertheless, it could happen that this set of new transformations is overcomplete,

in the sense that too much generators have being removed in the process. Then

there will be some identities like Z a1
a2
Z a0
a1

= 0, where a2 = 1, ...,m2, and the ηa1

parameters have also gauge freedom. So,

δ′′ηa1 = ηa2Z a1
a2

⇒ δ′′(δ′ηa0) = 0 (2.37)

ηa2 are gauge parameters for the last set of transformations. Again, if these are

independent we have m′0 = m0 − m1 + m2, and we are in a second-stage theory.

Otherwise, there will be more identities that originate new gauge freedom. This

process can continue indefinitely or finish at some step. The Z
ak−1
ak ’s are known as

the reducibility functions of order k.

The previous discussion can be generalized to the case of systems parametrized

by coordinates of a worldsheet or of higher dimensional worldvolumes [34, 36]. The

parameters will be written as (τ, σA), A = 1, ...,∆ − 1, where ∆ ≥ 2. Indeed, one

could take the indices characterizing the fields, the constraints, etc, as ranging over

both a discrete set and the continuous set of all values taken by the σ-coordinates of

the worldvolume, i→ (i, σA), a0 → (a0, σ
A), etc; replacing sums by sums or integrals

respectively and replacing ordinary derivatives with respect to dynamical variables

by functional derivatives. However, there are some subtleties in this generalization,

including the fact that we have explicitly considered only τ -gauge invariance. Hence,

we change the approach in order to account for space-time locality in full.

We define a local functional F [q, p] as the integral of functions of the dynamical

variables and its derivatives (up to some finite order), over the σ subspace of the

worldvolume.

F =

∫
d∆−1σ f(qi, pi, ∂Aq

i, ∂Api, ...) (2.38)

Now, we say that a gauge theory in Hamiltonian form is local in spacetime if the

following conditions hold:

10



• The extended action is local.

SE[q, p, l] =

∫
dτ d∆−1σ

[
piq̇

i −H0 − la0Ga0
]

(2.39)

Here the Hamiltonian density H0 and the first-class constraints (at each point

σA) in the set {Ga0 , a0 = 1, ...,m0} are functions of q, p and their σ-derivatives

up to some finite order. We require the number of coordinates and constraints

at each point σA to be finite.

• The Poisson brackets at equal τ are local in the sense that expressions like

{F (σ1),G (σ2)} involve the delta function δ(σ1− σ2) and its derivatives up to

some finite order, but no primitive of δ(σ1 − σ2). This is called local commu-

tativity and ensures that no nonlocal terms appear as a result of taking the

Poisson bracket between any pair of quantities.

• Identities between constraints that express reducibility take local form, so they

can be written in general as

ζ a0
a1

Ga0 + ζ a0A
a1

∂AGa0 + ...+ ζ a0A1...Ar
a1

∂A1 ...∂ArGa0 = 0 (2.40)

where a1 = 1, ...,m1; m1 < m0, r is finite and the coefficients may depend on

phase space variables and their σ-derivatives up to a finite order.

There are two additional conditions that prove to be useful in the statements

introduced later for these theories parametrized with coordinates of worldvolumes.

They are called regularity conditions. The first is the required local completeness of

the constraint functions. This means that any function of the phase space variables

and their σ-derivatives that vanishes on the constraint surface is zero because of

the constraint equations only, without having to invoke the boundary conditions (in

the space σ). A similar condition is imposed on the reducibility identities. By this,

it is meant that there is no local identity among Ga0 , ∂AGa0 , etc, that cannot be

derived from the reducibility identities just by algebraic manipulations and differen-

tiations (up to finite order). No boundary conditions must be used in the derivation.

Poisson brackets can be defined in such a way that

{qi(σ1), pj(σ2)} = δij δ(σ1 − σ2) (2.41)

In general, for any two functions on the phase space, F and G , we define

{F (σ1),G (σ2)} =

∫
d∆−1σ

[
δF (σ1)

δqi(σ)

δG (σ2)

δpi(σ)
− δF (σ1)

δpi(σ)

δG (σ2)

δqi(σ)

]
(2.42)

11



where
δA (σ)
δB(σ′)

denotes a functional derivative.

If we have a set of constraints Ga0(σ), they generate gauge transformations given

by

δF (σ) =

{
F (σ),

∫
d∆−1σ′ ηa0(σ′)Ga0(σ

′)

}
(2.43)

where F (σ) is a dynamical function and ηa0(σ) are just gauge parameters.

Under these transformations, the phase space variables change by

δqi(σ) =

{
qi(σ),

∫
d∆−1σ′ηa0(σ′)Ga0(σ

′)

}
=

∫
d∆−1σ′ηa0(σ′)

∫
d∆−1σ1δ(σ − σ1)

δGa0(σ
′)

δpi(σ1)

=

∫
d∆−1σ′ηa0(σ′)

δGa0(σ
′)

δpi(σ)

(2.44)

δpi(σ) = −
∫
d∆−1σ′ηa0(σ′)

δGa0(σ
′)

δqi(σ)
(2.45)

The extended action behaves like

δSE =

∫
dτ d∆−1σ

[
δpi

∂qi

∂τ
+ pi

∂

∂τ
δqi − δH0 − (δla0)Ga0 − la0δGa0

]
=

∫
dτ d∆−1σ

[
∂

∂τ

(
piδq

i
)
−
∫
d∆−1σ′ηa0(σ′)

(
∂qi

∂τ
(σ)

δGa0(σ
′)

δqi(σ)
+
∂pi
∂τ

(σ)
δGa0(σ

′)

δpi(σ)

)
−δH0 − (δla0)Ga0 − la0δGa0

]
=

[∫
d∆−1σpiδq

i

]τ2
τ1

−
∫
dτ d∆−1σ′ηa0(σ′)

∂

∂τ
Ga0(σ

′)

−
∫
dτ d∆−1σ

[
δH0 + (δla0)Ga0 + la0δGa0

]
= [...]τ2τ1 +

∫
dτ d∆−1σ

[
η̇a0Ga0 − δH0 − (δla0)Ga0 − la0δGa0

]
(2.46)

If we assume we can always write

{H0(σ),Ga0(σ
′)} = V b0

a0
(σ, σ′)Gb0(σ

′) (2.47)

{Ga0(σ),Gb0(σ
′)} = C c0

a0b0
(σ, σ′)Gc0(σ

′) (2.48)

the variation of the action becomes

δSE = [...]τ2τ1 +

∫
dτ d∆−1σGa0(σ)

[
η̇a0(σ)− δla0(σ)

−ηb0(σ)

∫
d∆−1σ′

(
V a0
b0

(σ′, σ)− lc0(σ′)C a0
b0c0

(σ′, σ)
)] (2.49)
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Then, the Lagrange multipliers transform as

δla0(σ) = η̇a0(σ)− ηb0(σ)

∫
d∆−1σ′

(
V a0
b0

(σ′, σ)− lc0(σ′)C a0
b0c0

(σ′, σ)
)

(2.50)

2.2 Extended phase space and BRST invariance

The main idea of the BRST method is to replace the local symmetry of a gauge

theory by a global symmetry, working in an extended phase space which now include

extra dynamical variables called ghosts [34,35,37].

We start with a system parametrized by a coordinate of a worldline. The first

step is to include, for each constraintGa, one ghost ηa of opposite statistics. Since the

initial system was taken as having just bosonic constraints, ghosts will be fermionic.

The conjugate momenta of these ghosts are denoted by Pa. The coordinates of the

extended phase space is (qi, pi, η
a,Pa) and the definition of the Poisson bracket can

be generalized such that, between the ghosts we have {Pa, η
b} = {ηb,Pa} = −δ b

a .

We can impose also that these new dynamical variables have vanishing Poisson

brackets with the original coordinates and momenta of the theory.

With the appropriate definition, the algebraic properties of the generalized Pois-

son brackets can be written as

{A,B} = (−1)εAεB+1{B,A}

{A,BC} = {A,B}C + (−1)εAεBB{A,C}

{{A,B}, C}+ (−1)εA(εB+εC){{B,C}, A}+ (−1)εC(εA+εB){{C,A}, B} = 0

(2.51)

where A, B and C are functions on the extended phase space; and εA is the Grass-

mann parity of the function A, that is, it’s equal to 0 (mod2) if A is Grassmann even

(bosonic) and to 1 (mod2) if A is Grassmann odd (fermionic). The third property

is the generalized Jacobi identity.

It’s easy to see that

AB = (−1)εAεBBA, εAB = εA + εB (2.52)

We introduce the ghost number of a dynamical function F denoted by gh(F ) as

gh(qi) = gh(pi) = 0, gh(ηa) = 1, gh(Pa) = −1,

gh(AB) = gh(A) + gh(B)
(2.53)
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It turns out that any gauge symmetry allows for the construction of a global symme-

try on the extended phase space just defined. This symmetry is known as the BRST

symmetry. BRST transformations are such that its generator Q, δQF = {F,Q} ,

has the following properties:

• Q is real, Grassmann odd ε(Q) = 1, and has ghost number gh(Q) = 1.

• Q generates a nilpotent transformation.

This means that δQ(δQF ) = {{F,Q}, Q} = 0, for any function F on the

extended phase space. Using the Jacobi identity,

{{Q,Q}, F}+ (−1)εF+1{{Q,F}, Q}+ {{F,Q}, Q} = 0 (2.54)

⇒ {{Q,Q}, F}+ 2{{F,Q}, Q} = 0 (2.55)

Since F is arbitray, Q satisfies {Q,Q} = 0

• If we express Q as a polynomial in the ghost momenta Pa,

Q =
∑
p≥0

Q(p) = Q(0) +
∑
p≥1

Ua1...apPap ...Pa1 (2.56)

where Q(0), and Ua1...ap are dynamical functions independent of Pa1 then, at

lowest order, Q reproduces the generator of the initial gauge symmetry with

the gauge parameters replaced by the ghosts ηa. This means, Q(0) = ηaGa.

Thus, we can completely determine the BRST charge from the three conditions

above. To have gh(Q) = 1 we need the coefficients Ua1...ap to contain p + 1 ghosts

ηa. Then

Ua1...ap = ηb1 ...ηbp+1U
a1...ap
bp+1...b1

(2.57)

U
a1...ap
bp+1...b1

are functions only of the original phase space variables. They are called

structure functions of order p. In these terms, the constraints Ga are the structure

functions of order zero. Then, nilpotency of δQ implies

{Q,Q} = {ηaGa + ηb1ηb2Ua
b2b1

Pa + ... , ηcGc + ηd1ηd2U c
d2d1

Pc + ...} = 0 (2.58)

Here we will only take care about terms up to second order in ηa.

{Q,Q} = {ηaGa, η
cGc}+ 2{ηaGa, η

bηcUd
cbPd}+ ...

= −ηc{ηaGa, Gc}+ 2{ηa, ηbηcUd
cbPd}Ga + ...

= ηcηa{Gc, Ga}+ 2ηbηcUd
cb{ηa,Pd}Ga + ...

= ηcηa
(
C b
ca + 2U b

ca

)
Gb +O(η3)

(2.59)
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So, nilpotency of the transformation implies U b
ca = −1

2
C b
ca , and

Q = ηaGa −
1

2
ηbηcC a

cb Pa + ... (2.60)

Similarly, we can obtain higher order terms of the BRST charge. We have the BRST

transformations

δQq
i = {qi, Q}, δQpi = {pi, Q} (2.61)

and δQl
a is equal in form to the gauge transformation of la, with ηa appearing ev-

erywhere as a ghost.

In the reducible case we work in a bigger extended space [34,38,39]. We introduce

ghosts ηa0 and ghost momenta Pa0 for each constraint Ga0 . Then, at first stage and

lowest order in the ghost momenta, the gauge freedom of the ghost (originally a gauge

parameter) can be obtained by introducing a first stage generator Ga1 = Z a0
a1

Pa0 ,

because

δ′ηa0 = {ηa0 , ηa1Ga1} = −ηa1Z a0
a1

(2.62)

where the sign is a matter of convention. We add new dynamical variables called

ghosts for ghosts ηa1 and its respective ghost momenta Pa1 . These new variables

have opposite statistics from the ghosts ηa0 , Pa0 , and are defined to have ghost

number 2 and −2.

The generalized Poisson brackets are defined such that {Pa1 , η
b1} = −δ b1

a1
.

The same procedure is repeated for higher stages of the theory, changing the

statistics of the ghosts in each step.

In general for an rth-stage theory, we define the extended phase space as

(qi, pi, η
a0 ,Pa0 , η

ak ,Pak) (2.63)

where k = 1, ..., r and the ghost number of the variables (ηak ,Pak) is (k+1,−k−1).

Here all the gauge symmetry in the initial system becomes a global symmetry in the

extended phase space. Again, the BRST generator satisfies the following properties

• Q is real, Grassmann odd, and has ghost number 1.

• {Q,Q} = 0

• At the lowest order, Q appears as the generator of all the gauge symmetry in

the system, with parameters replaced by ghosts, ghosts for ghosts, etc. That

is,

Q = ηa0Ga0 + ηakZ ak−1
ak

Pak−1
+ ... (2.64)
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Let’s define BRST-observables as the ghost number zero functions A(q, p, η,P) that

are BRST invariant,

δQA = {A,Q} = 0, gh(A) = 0 (2.65)

where two BRST-observables are equivalent if they differ by a trivial BRST-exact

term, A = B + {C,Q}. The physical gauge invariant observable in the original

phase space A0(q, p) will be the term in A that is independent of ghosts and ghost

momenta. We say that A is a BRST-invariant extension of A0. It can be shown

that A is always determined by A0 and the BRST-invariance condition recursively.

For example, take the constraint functions Ga0 . Since we assumed they are all

first class we know that δGa0 = ηb0{Ga0 , Gb0} ≈ 0 (here η is just a gauge parameter).

ThenGa0 is gauge invariant for all a0 and we can define its BRST-invariant extension,

which is denoted by G̃a0 . Notice that, being Q = ηa0Ga0 + ... (now η is a ghost), we

have

{−Pa0 , Q} = −{Pa0 , η
b0}Gb0 + ... = Ga0 + ... (2.66)

where in the last expresion the terms we didn’t write contain ghosts.

This expression is obviously BRST-invariant and we define G̃a0 = {−Pa0 , Q}.
That assignment makes sense because, being G̃a0 BRST-exact, it is identified with

the zero operator, as it should be for the extension of a constraint.

Recall that {H0, Ga} ≈ 0. Then, H0 is gauge invariant and will have a BRST-

invariant extension which we simply call H, {H,Q} = 0. Now, we define the time

evolution of a dynamical function F defined on the extended phase space as

dF

dτ
= {F,H} (2.67)

It can be proved that the Poisson bracket structure is preserved when passing from

gauge invariant observables in phase space to BRST-invariant ones in the extended

phase space. From this results that if a dynamical quantity F (q, p, η,P) is a BRST-

invariant extension of an observable F0(q, p), then equation (2.67) is equivalent to

the original equation of motion

dF0

dτ
= {F0, H0 + la0Ga0} ≈ {F0, H0} (2.68)

If we give an appropriate definition of the time evolution of the ghosts in this

extended phase space, then equations of motion are determined with no arbitrari-

ness, in contrast to the case in the original gauge invariant formulation. In order to

actually see this, take {H,Q} = 0. Then,

{H, ηa0Ga0 + ...} = 0 ⇒ {H, ηa0}Ga0 + ηa0{H,Ga0}+ ... = 0 (2.69)
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⇒ η̇a0 = {ηa0 , H} = ηb0V a0
b0

+ ... (2.70)

where the dots account for terms that contain at least one ghost momentum.

Similarly we can consider the Poisson bracket of H with the BRST-invariant

extension G̃a0 of Ga0 , taking care of the lowest order contribution which is just the

bracket between gauge invariant dynamical functions

{H, G̃a0} = {H0, Ga0}+ ... ⇒ −{H, {Pa0 , Q}} = V b0
a0
Gb0 + ... (2.71)

Now using the generalized Jacobi identity for the variables Pa0 , Q and H,

{{Pa0 , Q}, H} − {{Q,H},Pa0}+ {{H,Pa0}, Q} = 0 (2.72)

and {H,Q} = 0, we get

{{Pa0 , H}, Q} = V b0
a0
Gb0 + ... (2.73)

⇒ {{Pa0 , H}, ηb0Gb0}+ ... = V b0
a0
Gb0 + ... (2.74)

⇒ {{Pa0 , H}, ηb0}Gb0 + ... = V b0
a0
Gb0 + ... (2.75)

So we obtain

Ṗa0 = {Pa0 , H} = −V b0
a0

Pb0 + ... (2.76)

where the terms we didn’t write are at least of second order in the ghost momenta.

From the equations of motion of the ghosts one infers that if they vanish at

initial τ1, then they vanish at all τ , and the equations of motion for the variables

in the original phase space become just the ones generated by the gauge invariant

Hamiltonian H0. We can think of this H0 as the extended Hamiltonian in the fixed

gauge la0 = 0,

H0 = HE(la0 = 0) (2.77)

That’s why equations defined by (2.67) are called gauge fixed equations of motion.

We set two BRST-observables equivalent if they differ by a BRST-exact term.

Notice that this does not modify the dynamics of the BRST-invariant functions. We

could replace the BRST-invariant Hamiltonian H by

H −→ H + {χ,Q} (2.78)

where χ is an arbitrary Grassmann (taken to have ghost number −1) odd function

on the extended phase space. χ is called the gauge-fixing fermion, since the new
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Hamiltonian describe in a generically different way the time evolution of non-BRST-

invariant quantities, that means a new gauge-fixing at the level of the original phase

space. If we want the extended Hamiltonian to be in the gauge la0 = ka0 , we need

to choose an appropriate gauge-fixing fermion, where

H + {χ,Q} = H0 + ka0Ga0 + ... (2.79)

An evident choice is χ = ka0Pa0 + ... .

We can introduce a generalized action principle starting with the gauge-fixed

action

Sχ[q, p, η,P] =

∫
dτ

[
q̇ipi +

∑
k≥0

η̇akPak −H − {χ,Q}

]
(2.80)

and obtain all the equations of motion by varying the dynamical variables in this

action.

More general gauge choices can be achieved; for example, to impose some gauge

conditions f r = 0, r running over a suitable index set, we could write the gauge-

fixing fermion as χ = f rPr, gh(χ) = −1. Considering {Q,Pr} as independent

auxiliary fields, their equations of motion automatically impose the desired gauge

conditions. These auxiliary fields are known as the Nakanishi-Lautrup fields.

We could also work in the phase space that contains la and their momenta πa

as additional coordinates. Since l̇a is absent in the extended action, there are new

constraints πa = 0 which are also first class, {πa, πb} = 0. There will be fermionic

ghost pairs associated to these constraints, denoted by (ρa, C̄a) and called antighost

momenta and antighost, respectively.

The new non-vanishing Poisson brackets are {ρa, C̄b} = −δab .
We take C̄a to be real and ρa to be imaginary, so that there is a new term in

the BRST charge, −iρaπa. The original variables (qi, pi, η
a,Pa) are said to belong

to the minimal sector and the new variables (la, πa, ρ
a, C̄a) to belong to the non-

minimal sector. (Here we are restricting ourselves to the case of an irreducible set

of constraints, {Ga}).
The total BRST charge is

QT = QMin +QNonmin (2.81)

QMin = ηaGa +
∑
p≥1

Q(p), QNonmin = −iρaπa (2.82)

It can be shown that it’s equivalent to work with QMin in the extended phase

space or with QT in the further extended phase space.
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Thus the gauge fixed action is written as

Sχ[q, p, η,P, l, π, ρ, C̄] =

∫
dτ
[
q̇ipi + η̇aPa + l̇aπa + ˙̄Caρ

a −H − l̃aGa − {χ,QT}
]

(2.83)

where l̃aGa is the BRST-invariant extension of laGa.

Introducing the nonminimal sector in this way will allows us to choose more

general kinds of gauges.

We can also generalize these results to the case of systems described by coordi-

nates over a worldsheet or higher dimensional worldvolumes.

The BRST generator turns out to be a local functional

Q =

∫
d∆−1σ Q(σ) (2.84)

Nilpotency of the BRST transformation implies

0 = {Q,Q} =

∫
d∆−1σ d∆−1σ′ {Q(σ),Q(σ′)} (2.85)

So the lowest order terms must reproduce the gauge generators multiplied by the

ghosts associated to the gauge parameters, or must be the first, second, or higher-

order-stage generators, and we must require the quantity {Q(σ),Q(σ′)} to be zero

up to derivatives of phase space functions.

If we assume that C c0
a0b0

(σ′, σ) has the form

C c0
a0b0

(σ, σ′) = δ(σ − σ′)C c0
a0b0

(σ′), (2.86)

then the first terms in Q turn out to be

Q(σ) = ηa0Ga0 + ηakZ ak−1
ak

Pak−1
− 1

2
ηb0ηc0C a0

c0b0
Pa0 + ... (2.87)

where Z
ak−1

ak ’s are the reducibility functions of order k.

Finally, in order to quantize the system we let the dynamical variables of the

extended phase space become linear operators acting on a Hilbert space H of state

functions of the system. Then, our BRST charge becomes also a linear operator.

Upon quantization generalized Poisson brackets become graded commutators, so

the nilpotency condition on the BRST transformation translates to

{Q,Q} = 2Q2 = 0 (2.88)
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We also demand Q to be a hermitian operator and define BRST observables as linear

operators which satisfy

{A,Q} = 0 (2.89)

We require physical states ψ to be BRST invariant

Qψ = 0 (2.90)

We say that states satisfying Qψ = 0 are BRST-closed, while states of the form

ψ = Qφ are BRST-exact, and define physical states to be equivalence classes of

BRST-closed states modulo BRST-exact ones (that is, elements of the quantum

state cohomology). Similarly, a BRST-closed operator A satisfy {A,Q} = 0, and a

BRST-exact operator B is of the form B = {C,Q}. We identify closed operators

that differ by an exact one.
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Chapter 3

The Superparticle in Four Dimensions

3.1 The topological particle

Consider a system described by a point particle moving in aD dimensional spacetime

and whose trajectory is a worldline parametrized by τ , having the following gauge

invariance

δxm(τ) = εm(τ), m = 0, 1, ..., D − 1 (3.1)

where εm(τ) are arbitrary functions of τ . This is just invariance under general

coordinate transformations and it is easy to see that the simplest Lagrangian that

allows for the system to have that property is L(xm, ẋm) = 0. This gives a vanishing

action S[xm(τ)] = 0 and the system is known as the topological particle [40,41].

The momenta are

Pm =
∂L

∂ẋm
= 0 (3.2)

Then we have the constraints Pm = 0 and we inmediately obtain H0 = 0. All

constraints are first class since {Pm, Pn} = 0. Besides, {H0, Pm} = 0. The gauge

transformations read

δxm = {xm, εnPn} = εnδmn = εm (3.3)

δPm = {Pm, εnPn} = 0 (3.4)

and the extended Hamiltonian and action,

HE = H0 + LmPm = LmPm, SE =

∫
dτ [Pmẋ

m − LmPm] (3.5)

where Lm are the Lagrange multipliers imposing the constraints as their equations

of motion.

Now we define the extended phase space by introducing the ghosts θm associated

with the constraints, and their corresponding momenta pm,

(xm, Pm, θ
m, pm) (3.6)
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Thus, in this space there is a global gauge invariance generated by the BRST

charge

Q = θmPm (3.7)

and, since H0 = 0 is already BRST invariant (it can be set equal to its BRST

invariant extension H = H0), we write the gauge-fixed action as

Sχ =

∫
dτ
[
Pmẋ

m − pmθ̇m − {χ, θmPm}
]

(3.8)

Consider the previous theory in a D = 2d dimensional Euclidean spacetime.

If vm is an SO(2d) vector, we can define the complex coordinates

z1 = vD−1 + iv0, z1̄ ≡ z̄1 = vD−1 − iv0 (3.9)

za = v2a−3 + iv2a−2, zā ≡ z̄ a = v2a−3 − iv2a−2, a = 2, ..., d (3.10)

and we say that (za, zā), a = 1, 2, ..., d is a complex split of vm.

Inverting the previous relations,

vD−1 =
1

2
(z1 + z1̄), v0 =

1

2i
(z1 − z1̄) (3.11)

v2a−3 =
1

2
(za + zā), v2a−2 =

1

2i
(za − zā), a = 2, ..., d (3.12)

Similarly, for the vector um we write its complex split (ya, yā) as

y1 = uD−1 − iu0, y1̄ ≡ ȳ1 = uD−1 + iu0 (3.13)

ya = u2a−3 − iu2a−2, yā ≡ ȳa = u2a−3 + iu2a−2, a = 2, ..., d (3.14)

Evaluating the SO(2d) invariant expression

vmum = vD−1uD−1 + v0u0 +
D−2∑
a=2

vaua

=
1

4

d∑
a=1

[(za + zā)(ya + yā)− (za − zā)(yā − ya)]

= 1
2
(zaya + zāyā)

(3.15)

where in the last line we return to the convention of summing over repeated

indices.

Denoting the complex splits of Pm, xm and Lm as (Pa, Pā), (xa, xā) and (La, Lā)

respectively, we can write the action in a form which is not manifest invariant under
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SO(2d), although explicitly invariant under U(d) transformations of the complex

variables.

SE =
1

2

∫
dτ [Paẋ

a + Pāẋ
ā − LaPa − LāPā] (3.16)

In this action we read the constraints Pa = 0 and Pā = 0; however, we could just

impose one of the set of constraints obtaining

SE =
1

2

∫
dτ [Paẋ

a + Pāẋ
ā − LaPa] (3.17)

The resulting theory is not SO(2d) invariant anymore. This can be expressed also

as the fact that we chose a specific definition of the complex coordinates in the Eu-

clidean space. It turns out that there are inequivalent ways to do this assignment,

therefore this process does not preserve the initial symmetry of the system.

The extended phase space of this new system is (xa, Pa, x
ā, Pā, θ

a, pa), the BRST

generator, Q = θaPa, and the gauge-fixed action,

Sχ =
1

2

∫
dτ
[
Paẋ

a + Pāẋ
ā − paθ̇a − {χ, θaPa}

]
(3.18)

3.2 Twistor constraints

In 1967, Penrose introduced a new type of algebra for four-dimensional Minkowski

spacetime, whose elements he called twistors [42]. Twistors can be seen as the

‘spinors’ associated with the conformal group of Minkowski spacetime, in a similar

way as ordinary spinors are related to the Lorentz group [44–46].

Here, we will introduce twistors as objects whose components are spinors which

determine the classical system of a particle with zero rest mass. This particle carries

null momentum Pm, and angular momentum with respect to some choice of origin

in spacetime Mmn, m,n = 0, ..., 3 (Mmn is antisymmetric).

In order to describe a zero rest mass, we must impose the following conditions

on these quantities,

PmP
m = 0 (3.19)

Sm = sPm, for some s (3.20)

where Sm =
1

2
εmnpqP

nMpq is the Pauli-Lubanski vector (εmnpq is totally antisym-

metric with ε0123 = 1).
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Equation (3.19) can be solved in terms of a bosonic spinor λα̇ writing∗

Pm =
1

2
λα̇σ̄

α̇α
m λ̄α =

1

2
λ̄ασmαα̇λ

α̇, where λ̄α = (λα̇)∗ (3.21)

since

(λσ̄mλ̄)(λσ̄mλ̄) = (λσ̄mλ̄)(λ̄σmλ) = λα̇λ̄αλ̄
βλβ̇σ̄α̇αm σm

ββ̇

= −2δαβ δ
α̇
β̇
λα̇λ̄αλ̄

βλβ̇ = −2λα̇λ
α̇λ̄αλ̄

α

= 0

(3.22)

Now, notice that the quantity M̃mn ≡
1

2
εmnpqM

pq is antisymmetric. Then we

can write this antisymmetric tensor in terms of a symmetric complex bispinor µαβ

as

M̃mn = − i
4
σmαα̇σ

n
ββ̇
µαβεα̇β̇ +

i

4
σm
ββ̇
σnαα̇µ̄

α̇β̇εαβ (3.23)

where µ̄α̇β̇ = (µαβ)∗.

This happens because

Nmn ≡ −iσmαα̇σnββ̇µ
αβεα̇β̇ = −iσm

ββ̇
σnαα̇µ

βαεβ̇α̇ = iσnαα̇σ
m
ββ̇
µαβεα̇β̇ = −Nnm (3.24)

Notice that the second term in (3.23) is necessary in order to keep Mmn real.

We can insert equations (3.21) and (3.23) into relation (3.20). First,

NmnP
n = − i

2
σmαα̇σnββ̇σ̄

nγ̇γµαβεα̇β̇λγ̇λ̄γ = iσmαα̇µ
αβεα̇β̇λβ̇λ̄β (3.25)

and similarly with N̄mn = (Nmn)∗.

Then (3.20) implies

iσmαα̇(µαβεα̇β̇ + µ̄α̇β̇εαβ)λβ̇λ̄β = 2sλ̄ασmαα̇λ
α̇ (3.26)

Contracting both sides of this equation with σ̄mγ̇γλ̄γ we get

µαβλ̄αλ̄β = 0 (3.27)

Solving for the bispinor,

µαβ = iµ(αλ̄β) (3.28)

where µα is some other spinor.

∗We will use the conventions given in [43], except for the fact that the antichiral spinor λα̇ is

not written with a bar over its name, putting the bar on the chiral spinor instead, as in [44].
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Thus, our system can be equivalently described by two spinors λα̇ and µα. The

twistor will be the pair (µα, λα̇). These components satisfy

2s = µαλ̄α + λα̇µ̄
α̇ (3.29)

For a spin-zero massless particle µαλ̄α + λα̇µ̄
α̇ = 0 and we can write

µα = xmσmαα̇λ
α̇ (3.30)

where xm is any real vector.

To see how twistors arise in another context we could consider the topological

particle discussed at the end of the previous chapter in four dimensional Minkowski

spacetime. Since going from one signature to another just needs appropriate Wick

rotations, we start with Euclidean spacetime.

The spacetime coordinates are xm, m = 0, 1, 2, 3 and we define the complex split

z1 = x3 + ix0, z̄1 = x3 − ix0 (3.31)

z2 = x1 + ix2, z̄2 = x1 − ix2 (3.32)

The complex split of Pm will be denoted by (Pa,Pā), and the topological particle

was given by the extended action

SE =
1

2

∫
dτ
[
Paż

a + Pāż
ā − LaPa

]
=

∫
dτ
[
Pmẋ

m − 1

2
LaPa

]
(3.33)

So we have a system with two constraints

P1 = P3 − iP0 ≈ 0, P2 = P1 − iP2 ≈ 0 (3.34)

that could be written equivalently as

G1 = P̄1 + uP2 ≈ 0, G2 = P̄2 − uP1 ≈ 0 (3.35)

where u is an arbitrary complex quantity.

In terms of the components of the momentum vector, these last constraints read

G1 = P3 + iP0 + u(P1 − iP2) (3.36)

G2 = P1 + iP2 − u(P3 − iP0) (3.37)
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or in matrix form,G1

G2

 =

 P3 + iP0 P1 − iP2

P1 + iP2 −P3 + iP0

 1

u

 (3.38)

Apparently we can write this equation in spinorial form by using four dimensional

Euclidean sigma matrices σmαα̇, m = 0, ..., 3, α = 1, 2, α̇ = 1̇, 2̇

σ0 =

 i 0

0 i

 , σ1 =

 0 1

1 0

 (3.39)

σ2 =

 0 −i

i 0

 , σ3 =

 1 0

0 −1

 (3.40)

and defining the spinors (of different chirality),

Gα =

G1

G2

 , ξα̇ =

 1

u

 (3.41)

Then

Gα = Pmσ
m
αα̇ξ

α̇ = Pm(σmξ)α (3.42)

Notice that ξα̇ is fixed but arbitrary. The fact that we are choosing a particular

complex split of our variables is reflected here in the choice of u in our spinor, that

is, the choice of particular element of the complex projective space CP1.

The action (3.33) can be written as

SE =

∫
dτ
[
Pmẋ

m − 1

2
LαPm(σmξ)α

]
(3.43)

This action is not SO(4) invariant, but we would obtain a covariant theory by

replacing the fixed spinor ξα̇ with a spinor dynamical variable λα̇, and adding the

corresponding kinetic term to the action. We also include terms corresponding to

the opposite chirality λ̄α = (λα̇)∗

SE =

∫
dτ
[
Pmẋ

m + µ̄α̇λ̇
α̇ + µα ˙̄λα −

1

2
LαPm(σmλ)α −

1

2
L̄α̇Pm(σ̄mλ̄)α̇

]
(3.44)

where µ̄α̇, µ
α are the momenta conjugate to λα̇ and λ̄α, respectively.
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Moreover, since we are parametrizing CP1, we want the local scaling of the spinor

to be a symmetry of the action. This symmetry will be generated by µαλ̄α − µ̄α̇λα̇.

So the final extended action of the new theory is

SE =

∫
dτ
[
Pmẋ

m+µ̄α̇λ̇
α̇+µα ˙̄λα−

1

2
LαPm(σmλ)α−

1

2
L̄α̇Pm(σ̄mλ̄)α̇−A(µαλ̄α−µ̄α̇λα̇)

]
(3.45)

where A is just a Lagrange multiplier.

So we have a system with the following constraints

G = µαλ̄α − µ̄α̇λα̇ ≈ 0 (3.46)

Gα =
1

2
Pm(σmλ)α ≈ 0 (3.47)

Ḡα̇ =
1

2
Pm(σ̄mλ̄)α̇ ≈ 0 (3.48)

obeying the algebra

{G,Gα} = −1

2
Pmσ

m
αα̇{µ̄β̇, λ

α̇}λβ̇ = Gα (3.49)

{G, Ḡα̇} =
1

2
Pmσ̄

mα̇α{µβ, λ̄α}λ̄β = −Ḡα̇ (3.50)

The gauge transformations generated by these constraints are

δxm =
{
xm, ζG+ θαGα + θ̄α̇Ḡ

α̇
}

=
1

2

(
θσmλ+ θ̄σ̄mλ̄

) (3.51)

δµ̄α̇ = −ζµ̄β̇{µ̄α̇, λ
β̇}+

1

2
θβPmσ

m
ββ̇
{µ̄α̇, λβ̇}

= ζµ̄α̇ −
1

2
Pm(θσm)α̇

(3.52)

δµα = −ζµα − 1

2
Pm(θ̄σ̄m)α (3.53)

δPm = 0, δλα̇ = −ζλα̇ δλ̄α = ζλ̄α (3.54)

where ζ, θα and θ̄α̇ are gauge parameters. We extend the phase space in order to

include the ghosts and ghost momenta corresponding to the previous constraints.

We call the ghosts the same name as the parameters of the gauge transformation

given before ζ, θα and θ̄α̇, and the we write the momenta ρ, pα and p̄α̇ respectively.

Besides, we take into account the reducibility condition

λ̄αGα − λα̇Ḡα̇ = 0 (3.55)
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writing the first-stage generator λ̄αpα − λα̇p̄α̇ and introducing the ghost for ghost φ

and its associated conjugate momentum β.

The BRST is, according to equations (2.60) and (2.64),

Q = ζ(µαλ̄α − µ̄α̇λα̇) +
1

2
θαPm(σmλ)α +

1

2
θ̄α̇Pm(σ̄mλ̄)α̇

+φ(λ̄αpα − λα̇p̄α̇) + ζθαpα − ζθ̄α̇p̄α̇
(3.56)

We perform a canonical transformation of the phase space variables in such a

way that the charge transforms as

Qnew = Q+ {ζρ,Q} = φ(λ̄αpα − λα̇p̄α̇) +
1

2
θαPm(σmλ)α +

1

2
θ̄α̇Pm(σ̄mλ̄)α̇ (3.57)

and we can gauge-fix the ghost-for-ghost φ = 1. Then the BRST charge in this

hypersurface reduces to

Q′ = λ̄αdα + q̄α̇λ
α̇ (3.58)

where

dα ≡ pα +
1

2
Pm(σmθ̄)α (3.59)

q̄α̇ ≡ p̄α̇ +
1

2
Pm(θγm)α̇ (3.60)

The gauge-fixed action is

SE =

∫
dτ
[
Pmẋ

m + µ̄α̇λ̇
α̇ + µα ˙̄λα + θ̇αpα + ˙̄θα̇p̄

α̇
]

(3.61)

On the other hand, we could solve the constraints and obtain the solution

Pm = λ̄σmλ, µ̄α̇ = xmσ̄α̇αm λ̄α, µα = xmσmαα̇λ
α̇ (3.62)

The expression for Pm is correct since λ̄σmλ = λσ̄mλ̄ and

Pmσ
m
αα̇λ

α̇ = λβ̇σ̄
β̇β
m λ̄βσ

m
αα̇λ

α̇ = −2δβαδ
β̇
α̇λβ̇λ̄βλ

α̇ = −2λ̄αλα̇λ
α̇ = 0 (3.63)

and similarly Pmσ̄
mα̇αλ̄α = 0.

The other two relations in (3.62) are more obvious to check.

Then the pair (µα, λα̇) can be considered as describing a twistor; we call the

constraints Gα ≈ 0 and Ḡα̇ ≈ 0, twistor constraints.
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Chapter 4

The Superparticle in Ten Dimensions

4.1 Twistor-like action for the superparticle

The discussion about covariantizing the topological particle can be generalized to

higher even dimensions. It is shown in [47] that projective pure spinors (pure spinors

up to scale) in D = 2d Euclidean dimensions parametrize complex structures on R2d

(see also [48]). This is equivalent to say that the space of projective pure spinors can

be identified with SO(2d)/U(d) and this allows us to rewrite the constraints Pa ≈ 0

into an equivalent form

Pm(γmξ)α ≈ 0 (4.1)

In ten dimensions there is no matrix that can raise or lower indices, so we consider

a theory with a pure spinor of a given chirality. The pure spinor condition here is

ξαγmαβξ
β = 0 (4.2)

Now, instead of the fixed ξα we introduce the pure spinor λα as a dynamical variable

(along with its conjugate momentum wα), writing the appropriate kinetic term in the

action and taking into account the scaling symmetry associated with that variable.

That is, we start with the extended action

S =

∫
dτ

[
Pmẋ

m + wαλ̇
α − Awαλα −

1

2
LαPm(γmλ)α −

1

2
Λm(λγmλ)

]
(4.3)

where A, Lα and Λm are Lagrange multipliers which impose the constraints

G = wαλ
α ≈ 0, Gα =

1

2
Pm(γmλ)α ≈ 0, Gm =

1

2
λγmλ ≈ 0 (4.4)

These constraints are first class, satisfying the algebra

{G,Gα} = −Gα (4.5)

{G,Gm} = −2Gm (4.6)
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and generate the following gauge transformations, with ζ, θα and cm being the

corresponding gauge parameters:

δxm = {xm, ζG+ θαGα + cmG
m} =

{
xm, ζwαλ

α +
1

2
θαPn(γnλ)α +

1

2
cm(λγmλ)

}
=

1

2
{xm, Pn}(λγnθ) =

1

2
δmn (λγnθ) =

1

2
λγmθ

(4.7)

δwα = ζwβ{wα, λβ}+
1

2
Pmθ

βγnβρ{wα, λρ}+
1

2
cmγ

m
βρ{wα, λβλρ}

= −ζwβδβα −
1

2
Pmθ

βγnβρδ
ρ
α +

1

2
cmγ

m
βρ({wα, λβ}λρ + λβ{wα, λρ})

= −ζwα −
1

2
Pm(γmθ)α − cm(γmλ)α

(4.8)

δPm = 0, δλα = ζλα (4.9)

The transformation of the Lagrange multipliers are obtain from eq. (2.34)

δLα = θ̇α + Aθα − ζLα, δA = ζ̇ , δΛm = ċm + 2Acm − 2ζΛm (4.10)

Now we extend the phase space to include the ghost variables ζ, θα, cm and the

corresponding ghost momenta ρ, pα, bm which are all fermionic.

Notice that the constraints are reducible since they satisfy

λαGα − PmGm = 0 (4.11)

and we have a first stage generator λαpα−Pmbm; then, we further extend the phase

space to include one bosonic ghost-for-ghost coordinate, φ and the corresponding

bosonic momentum, β.

One problem arises here since there are many more reducibility conditions in-

volving the constraints Gm. It can be seen that many levels of reducibility appear,

starting with (γmλ)αG
m = 0, and the construction of the BRST becomes too com-

plicated, appearing ghost-for-ghosts at each level.

The strategy here is to exclude the generator Gm = λγmλ from the extended

action, and to consider the dynamical variable λα as being a pure spinor from the

beginning. There are some subtleties appearing now. The BRST transformation

of the momenta wα is nilpotent up to terms proportional to the transformation

generated by Gm, and the Poisson bracket of the charge with itself vanishes up to

terms proportional to the pure spinor condition. Besides, the reducibility condition

now is just λαGα = 0. However, now this relation becomes a source of an infinite

tower of ghosts-for-ghosts due to the pure spinor condition; reducibility conditions
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start at the fisrt level with (γmnλ)αGα = 0. We will not take into account the infinite

tower of ghosts in the following analysis and see what happens there.

To construct the BRST charge we write the extended phase space,

(xm, Pm, λ
α, wα, ζ, ρ, θ

α, pα, φ, β) (4.12)

The ghost numbers of these variables are

(0, 0, 0, 0, 1,−1, 1,−1, 2,−2) (4.13)

The BRST generator is, according to equations (2.60) and (2.64), Q = Q0 +Q′,

where

Q0 = ζwαλ
α +

1

2
θαPm(γmλ)α + φλαpα − ζθαpα (4.14)

The terms in Q′ are obtained by requiring nilpotency of the BRST transformation.

0 = {Q,Q} = {Q0, Q0}+ {Q′, Q′}+ 2{Q0, Q
′} (4.15)

Now,

{Q0, Q0} =
{
ζwαλ

α , θβPm(γmλ)β + 2φλβpβ
}

+
{
θαPm(γmλ)α , φλ

βpβ − ζθβpβ
}
− 2

{
φλαpα , ζθ

βpβ
}

= θβPmγ
m
βδζ
{
λδ, wα

}
λα − 2φζ

{
λβ, wα

}
λαpβ

+φλβ {pβ, θα}Pm(γmλ)α − ζθβ {pβ, θα}Pm(γmλ)α

+2ζφλβ {θα, pβ} pα

= Pm(θγmλ)ζ − 2φζλβpβ − φPm(λγmλ)

+Pmζ(θγmλ)− 2ζφλβpβ

= −4φζλβpβ

(4.16)

So we must find a Q′ such that

{Q′, Q′}+ 2{Q0, Q
′} = 4φζλβpβ (4.17)

Besides, Q′ should contain terms with higher order in the ghosts or in the ghost

momenta. Since, Q′ must have ghost number 1, we have only some possibilities

for the remaining terms. The next order terms will contain two ghosts and one

antighost, with numbers (1, 2,−2). Then we could have ζφβ or ...θαφβ. Let’s try

with the first one, i.e. Q′ = nζφβ, where n is just a real number. In this case

{Q′, Q′} is just zero, and eq. (4.17) becomes

n{φλαpα, ζφβ} = 2φζλαpα (4.18)
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Thus, n = −2 and the BRST charge reads

Q = ζwαλ
α +

1

2
θαPm(γmλ)α + φλαpα − ζθαpα − 2ζφβ (4.19)

The gauge invariant Hamiltonian is just H0 = 0, so its BRST invariant extension

can be set to zero too, H = 0. Gauge-fixed actions can be obtained by choosing

different gauge-fixing fermions χ, and writing

Sχ =

∫
dτ
[
Pmẋ

m + wαλ̇
α + ζ̇ρ+ θ̇αpα + φ̇β − {χ,Q}

]
(4.20)

Now we can evaluate de BRST transformation of all the variables in the extended

phase space, using the notation δBF = {F,Q}

δBx
m =

1

2
λγmθ, δBPm = 0 (4.21a)

δBλ
α = ζλα, δBwα = −ζwα −

1

2
Pm(γmθ)α − φpα (4.21b)

δBζ = 0, δBρ = −wαλα + θαpα + 2φβ = M (4.21c)

δBθ
α = −φλα + ζθα, δBpα = −1

2
Pm(γmλ)α − ζpα = Nα (4.21d)

δBφ = −2ζφ, δBβ = −λαpα + 2ζβ = V (4.21e)

where M,Nα and V are the Nakanishi-Lautrup auxiliary fields.

We could take the Lagrange multipliers A and Lα as additional coordinates of the

system. Then we should include the corresponding conjugate momenta, which we

will call r and πα, respectively. Since neither Ȧ nor L̇α appear in the previous action,

we must impose the constraints r ≈ 0 and πα ≈ 0 which are obviously first class.

The further extended action is

S =

∫
dτ
[
Pmẋ

m + wαλ̇
α + Ȧr + L̇απα

−Awαλα −
1

2
LαPm(γmλ)α − lr − lαπα

] (4.22)

where l and lα are Lagrange multipliers which impose the appropriate constraints.

At this point, the extended phase space is given by the coordinates

(xm, Pm, λ
α, wα, A, r, L

α, πα, ζ, ρ, θ
α, pα, s, D̄, ρ

α, C̄α, φ, β) (4.23)

where s and D̄ are respectively the antighost momentum and the antighost associ-

ated with the constraint r ≈ 0; ρα and C̄α are those associated with πα ≈ 0. Ghost

numbers are

(0, 0, 0, 0, 0, 0, 0, 0, 1,−1, 1,−1, 1,−1, 1,−1, 2,−2) (4.24)
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A gauge-fixed action is obtained by means of some gauge-fixing fermion χ,

Sχ =

∫
dτ
[
Pmẋ

m + wαλ̇
α + Ȧr + L̇απα + ζ̇ρ+ θ̇αpα

+ ˙̄Ds+ ˙̄Cαρ
α + φ̇β − ÃG− L̃αGα − {χ,QT}

] (4.25)

where ÃG and L̃αGα are the (total) BRST-invariant extensions of AG and LαGα

respectively, and QT is the total BRST-charge which contains both the minimal and

the non-minimal sectors,

QT = Q− isr − iραπα (4.26)

The total BRST charge is

QT = ζwαλ
α +

1

2
θαPm(γmλ)α + φλαpα − ζθαpα − 2ζφβ − isr − iραπα (4.27)

It’s easy to see that {QT , QT} = 0.

Again, we can evaluate de BRST transformation of all the variables in the ex-

tended phase space, denoting δTF = {F,QT}, we see that the transformation of

the previous variables remain unchanged, and we have new transformations for the

non-minimal sector.

δTA = −is, δT r = 0 (4.28a)

δTL
α = −iρα, δTπα = 0 (4.28b)

δT s = 0, δT D̄ = ir (4.28c)

δTρ
α = 0, δT C̄α = iπα (4.28d)

(4.28e)

From the BRST transformation we can read the behaviour of each dynamical

variable under local scale transformations, that is, under transformations generated

by G = wαλ
α. That’s because we required the BRST-charge to generate the gauge

transformations of the variables at the lowest ghost order. So we just have to look

at the terms which contain ζ. Now, the actual form of the transformation must be

generated by a bosonic quantity, so we take as a generator ηQT , where η is just a

fermionic constant. Then, for a dynamical quantity F ,

δF = {F, ηQT} = (−1)εF η{F,QT} = (−1)εF ηδTF (4.29)

So, for example, the bosonic variable λα behaves like δλα = ηζλα, while the fermionic

θα behaves like δθα = −ηζθα. From this we easily conclude that under the finite
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local rescaling λα → Ωλα, the dynamical variable θα transforms as θα → Ω−1θα.

Similarly we obtain the scaling of the remaining variables.

So, when λα rescales like λα → Ω(τ)λα, we obtain

wα → Ω−1wα, θα → Ω−1θα, pα → Ωpα (4.30)

φ→ Ω−2φ, β → Ω2β (4.31)

We also calculate the BRST-invariant extension of AG + LαGα. Since the ex-

tension of G is G̃ = {−ρ,QT} and similarly G̃α = {−pα, QT}(see eq.(2.66)), we try

the expression

{−ρA− pαLα, QT} = {−ρ,QT}A− ρδTA+ {−pα, QT}Lα

−pαδTLα

= AG+ LαGα + ΛmG
m + ...

(4.32)

This is the right choice since the dots contain terms of higher order in the ghosts or

ghost momenta.

Thus, the gauge-fixed action becomes

Sχ =

∫
dτ
[
Pmẋ

m + wαλ̇
α + Ȧr + L̇απα + ζ̇ρ+ θ̇αpα

+ ˙̄Ds+ ˙̄Cαρ
α + φ̇β + {ρA+ pαL

α, QT} − {χ,QT}
] (4.33)

4.2 Gauge fixing to the pure spinor superparticle

We can construct a dynamical function whose Poisson bracket with the dynamical

variables of the extended phase space gives just the ghost number of these variables.

We call it the ghost number function, and denote it by N .

For instance, in the phase space (xm, Pm, λ
α, wα, ζ, ρ, θ

α, pα, φ, β), we can define

N = ζρ+ θαpα + 2φβ (4.34)

and we obtain

{ζ,N} = ζ, {ρ,N} = −ρ, {θα,N} = θα, {pα,N} = −pα (4.35)

{φ,N} = 2φ, {β,N} = −2β (4.36)

The Poisson bracket of the remaining variables with N gives just zero.
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The condition gh(Q) = 1 implies that the BRST-variation of a dynamical vari-

able must have ghost number equal to the ghost number of the variable plus one.

That means, for any dynamical variable ψ of ghost number nψ,

{ψ,N} = nψψ ⇒ {{ψ,Q},N} = (nψ + 1){ψ,Q} (4.37)

Jacobi identity for the variables ψ, Q and N reads

{{ψ,Q},N}+ (−1)εψ{{Q,N}, ψ}+ {{N , ψ}, Q} = 0 (4.38)

⇒ {ψ,Q}+ (−1)εψ{{Q,N}, ψ} = 0 (4.39)

⇒ {ψ,Q− {Q,N}} = 0 (4.40)

Since this holds for any ψ, we find

{Q,N} = Q, (4.41)

in agreement with gh(Q) = 1.

Now notice that the bosonic function Φ = wαλ
α−θαpα−2φβ has Poisson bracket

with Q equal to

{Q,Φ} =
{
φλαpα +

1

2
θαPm(γmλ)α + ζΦ , Φ

}
=

{
φλαpα , wβλ

β − θβpβ − 2φβ
}

+
1

2

{
θαPm(γmλ)α , wβλ

β − θβpβ
}

= 0

⇒ {Q,Φ} = 0

(4.42)

So, we can defined a new ghost number function, the so called twisted ghost

number function, N ′ = N + Φ = ζρ+ wαλ
α, that satisfies

{Q,N ′} = Q (4.43)

and assigns the following twisted ghost numbers to the variables of the phase space:

{ζ,N ′} = ζ, {ρ,N ′} = −ρ (4.44)

{λα,N ′} = λα, {wα,N ′} = −wα (4.45)

{θα,N ′} = 0, {pα,N ′} = 0 (4.46)

{φ,N ′} = 0, {β,N ′} = 0 (4.47)
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{xm,N ′} = 0, {Pm,N ′} = 0 (4.48)

So we see that after this twist, the matter and ghost content of the theory just

exchange roles, except for ζ, ρ, and the usual space coordinates and momenta.

Now we make a change in the BRST charge induce by a canonical transformation

of the extended phase space variables generated by C = ζρ.

Qnew = Q+ {ζρ,Q} = Q+ {ζρ, ζΦ} = φλαpα +
1

2
θαPm(γmλ)α (4.49)

And we write the gauge-fixed action

Sχ =

∫
dτ
[
Pmẋ

m + wαλ̇
α + ζ̇ρ+ θ̇αpα + φ̇β − {χ,Qnew}

]
(4.50)

The BRST transformation of the variables is

δBx
m =

1

2
λγmθ, δBPm = 0 (4.51a)

δBλ
α = 0, δBwα = −1

2
Pm(γmθ)α − φpα (4.51b)

δBζ = 0, δBρ = −wαλα + θαpα + 2φβ = M (4.51c)

δBθ
α = −φλα, δBpα = −1

2
Pm(γmλ)α = Nα (4.51d)

δBφ = 0, δBβ = −λαpα = V (4.51e)

Now we gauge fix φ = 1 by using the gauge fixing fermion χ = (φ − 1)ρ. Then

{χ,Q} = (φ− 1)M and the gauge-fixed action takes the form

Sfixed =

∫
dτ
[
Pmẋ

m + wαλ̇
α + ζ̇ρ+ θ̇αpα + φ̇β − (φ− 1)M

]
(4.52)

Solving the equation of motion for ρ and for the Nakanishi-Lautrup auxiliary field

M , we get

S ′fixed(φ=1) =

∫
dτ
[
Pmẋ

m + wαλ̇
α − pαθ̇α

]
(4.53)

The BRST transformations in the hypersurface φ = 1 are

δxm =
1

2
λγmθ, δPm = 0 (4.54a)

δλα = 0, δwα = −pα −
1

2
Pm(γmθ)α (4.54b)

δθα = −λα, δpα = −1

2
Pm(γmλ)α (4.54c)

(4.54d)
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These transformations are nilpotent (except for wα as already explained in the

previous section) and are generated by the ghost number 1 charge

Qpure spinor = λαpα +
1

2
θαPm(γmλ)α (4.55)

This is the BRST charge for the pure spinor superparticle introduced by Berkovits

in [27].
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Chapter 5

The Superstring

5.1 Twistor-like action for the superstring

Now we try to generalize the previous discussion to the case of the superstring. We

consider as dynamical variables of the system the spacetime coordinates xm(τ, σ) and

their conjugate momenta Pm(τ, σ), as well as the pair of pure spinors, λα, λ̂α̂ and

the their momenta wα, ŵα̂. The τ -dependence of these variables will be implicitly

assumed always.

The natural generalization of the twistor-like constraints of the superparticle is

given by [31],

Gα =
1

2
(Pm + ∂σx

m)(γmλ)α ≈ 0 (5.1)

Ĝα̂ =
1

2
(Pm − ∂σxm)(γmλ̂)α̂ ≈ 0 (5.2)

We also include de constraints

G = wαλ
α ≈ 0, Ĝ = ŵα̂λ̂

α̂ ≈ 0 (5.3)

We evaluate the Poisson brackets of these constraints and obtain

{G(σ1), Gα(σ2)} = −δ(σ1 − σ2)Gα(σ2) (5.4)

{Ĝ(σ1), Ĝα̂(σ2)} = −δ(σ1 − σ2)Ĝα̂(σ2) (5.5)

as well as

{Gα(σ1), Gβ(σ2)} =
1

4
({Pm(σ1), ∂σ2xn(σ2)}

+ {∂σ1xm(σ1), Pn(σ2)}) (γmλ)α(σ1)(γnλ)β(σ2)

= −1

4
(∂σ2δ(σ1 − σ2)− ∂σ1δ(σ1 − σ2)) (γmλ)α(σ1)(γmλ)β(σ2)

=
1

4
δ(σ1 − σ2)(γmλ)[α(γm∂σ1λ)β](σ1)

(5.6)
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where we have considered that eventually we will integrate over the σ-variables, so

the previous result holds up to σ-derivatives.

Similarly,

{Ĝα̂(σ1), Ĝβ̂(σ2)} = −1

4
δ(σ1 − σ2)(γmλ̂)[α̂(γm∂σ1λ̂)β̂](σ1) (5.7)

{Gα(σ1), Ĝβ̂(σ2)} = 0 (5.8)

If these were the only constraints of the system, we notice that Gα and Ĝα̂ would

be second class constraints. In order to describe a theory with first class constraints

only, we must introduce some more constraints to the system.

Fα = ∂σλ
α ≈ 0, F̂ α̂ = ∂σλ̂

α̂ ≈ 0 (5.9)

Thus, the constraints G,Gα, F
α, Ĝ, Ĝα̂ and F̂ α̂ are first class and satisfy the

Poisson algebra

{G(σ1), Gα(σ2)} = −δ(σ1 − σ2)Gα(σ1) (5.10)

{Ĝ(σ1), Ĝα̂(σ2)} = −δ(σ1 − σ2)Ĝα̂(σ1) (5.11)

{G(σ1), Fα(σ2)} = −δ(σ1 − σ2)Fα(σ1) (5.12)

{Ĝ(σ1), F̂ α̂(σ2)} = −δ(σ1 − σ2)F̂ α̂(σ1) (5.13)

{Gα(σ1), Gβ(σ2)} =
1

4
δ(σ1 − σ2)(γmλ)[αγ

m
β]δF

δ(σ1) (5.14)

{Ĝα̂(σ1), Ĝβ̂(σ2)} = −1

4
δ(σ1 − σ2)(γmλ̂)[α̂γ

m
β̂]δ̂
F δ̂(σ1) (5.15)

First class constraints generate gauge transformations.

Let us denote

δX(σ) =

{
X(σ) ,

∫
dσ′
(
ζG+ θαGα + ηαF

α + ζ̂Ĝ+ θ̂α̂Ĝα̂ + η̂α̂F̂
α̂
)
(σ′)

}
(5.16)

where ζ, θα, ηα, ζ̂, θ̂
α̂, η̂α̂ are the corresponding gauge parameters.

Then

δxm =
1

2

∫
dσ′{xm(σ), Pn(σ′)}

(
θγnλ+ θ̂γnλ̂

)
(σ′)

=
1

2

(
λγmθ + λ̂γmθ̂

)
δPm =

1

2

∫
dσ′{Pm(σ), ∂σ′x

n(σ′)}
(
θγnλ− θ̂γnλ̂

)
(σ′)

=
1

2
∂σ

(
λγmθ − λ̂γmθ̂

)
(5.17)
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δλα =

∫
dσ′ζ(σ′){λα(σ), wβ(σ′)}λβ(σ′) = ζλα, δλ̂α̂ = ζ̂ λ̂α̂ (5.18)

Similarly we obtain

δwα = −ζwα −
1

2
(Pm + ∂σxm) (γmθ)α + ∂σηα (5.19)

δŵα̂ = −ζ̂ŵα̂ −
1

2
(Pm − ∂σxm) (γmθ̂)α̂ + ∂ση̂α̂ (5.20)

The extended action is

S =

∫
dτdσ

[
Pmẋ

m + wαλ̇
α + ŵα̂

˙̂
λα̂ − Awαλα −

1

2
Lα(Pm + ∂σxm)(γmλ)α

−Bα∂σλ
α − Âŵα̂λ̂α̂ −

1

2
L̂α̂(Pm − ∂σxm)(γmλ̂)α̂ − B̂α̂∂σλ̂

α̂

]
(5.21)

And the gauge transformation of the Lagrange multipliers will be

δLα = θ̇α + Aθα − ζLα, δL̂α̂ =
˙̂
θα̂ + Âθ̂α̂ − ζ̂L̂α̂ (5.22)

δA = ζ̇ , δÂ =
˙̂
ζ (5.23)

δBα = η̇α +
1

4
θβLδ(γmλ)[βγ

m
δ]α, δB̂α̂ = ˙̂ηα̂ −

1

4
θ̂β̂L̂δ̂(γmλ̂)

[β̂
γm
δ̂]α̂

(5.24)

We extended the phase space by introducing the ghosts associated with the

respective constraints. We introduce the pair (ghost, ghost momentum), (ζ, ρ) for

the constraint G, the pair (θα, pα) for Gα, and the pair (ηα,Pα) for Fα.

Similarly we add the variables (ζ̂ , ρ̂, θ̂α̂, p̂α̂, η̂α̂, P̂ α̂).

Notice that there appear reducibility conditions,

λαGα = 0, λ̂α̂Ĝα̂ = 0 (5.25)

(λγm)αF
α = 0, (λ̂γm)α̂F̂

α̂ = 0 (5.26)

which give the first stage generators λαpα, λ̂α̂p̂α̂, (λγm)αPα and (λ̂γm)α̂P̂ α̂. So we

extend further the phase space to include the ghost-for-ghosts φ, φ̂, $m, $̂m, and

the ghost-for-ghost momenta β, β̂, %m, %̂m.

We are not done yet, although. Notice that there are higher order reducibility

functions, coming from relation (5.26). The coefficientes of the linear combination

of constraints satisfy themselves the identities

(λγm)β(λγm)α = 0, (λ̂γm)β̂(λ̂γm)α̂ = 0 (5.27)
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There are second-stage generators associated with these conditions, (λγm)β%
m and

(λ̂γm)β̂ %̂
m, and we introduce fermionic ghost-for-ghost-for-ghosts sα, ŝα̂ and their

corresponding fermionic momenta rα, r̂α̂.

Again, the coefficients of the previous conditions satisfy the identities

λβ(λγm)β = 0, λ̂β̂(λ̂γm)β̂ = 0 (5.28)

so we have third-stage generators λαrα, λ̂α̂r̂α̂, and we extend further the phase space

to include third-stage bosonic ghosts $, $̂ and their conjugate momenta %, %̂. Here

we also have an infinite tower of ghosts related to the reducibility levels starting

with the relation (γmnλ)αGα = 0. As in the superparticle case we work as if the

theory had first-stage reducibility only.

The BRST generator is Q =

∫
dσQ(σ), where

Q(σ) = ζwαλ
α +

1

2
θα(Pm + ∂σx

m)(γmλ)α + ηα∂σλ
α + φλαpα +$m(λγm)αP

α

+sα(λγm)α%
m +$λαrα − ζθαpα − ζηαPα − 1

8
θβθα(γmλ)[αγ

m
β]δP

δ

+ζ̂ŵα̂λ̂
α̂ +

1

2
θ̂α̂(Pm − ∂σxm)(γmλ̂)α̂ + η̂α̂∂σλ̂

α̂ + φ̂λ̂α̂p̂α̂ + $̂m(λ̂γm)α̂P̂
α̂

+ŝα̂(λ̂γm)α̂%̂
m + $̂λ̂α̂r̂α̂ − ζ̂ θ̂α̂p̂α̂ − ζ̂ η̂α̂P̂ α̂ +

1

8
θ̂β̂ θ̂α̂(γmλ̂)[α̂γ

m
β̂]δ̂

P̂ δ̂ + ...

(5.29)

Note that

θβθα(γmλ)[αγ
m
β]δP

δ = 2(λγmθ)(Pγmθ) (5.30)

Then Q is

Q(σ) = Q0 + Q̂0 + Q̃ (5.31)

where

Q0(σ) = ζwαλ
α +

1

2
(Pm + ∂σx

m)(λγmθ) + ηα∂σλ
α + φλαpα +$m(λγmP)

+(λγms)%
m +$λαrα − ζθαpα − ζηαPα − 1

4
(λγmθ)(Pγmθ)

Q̂0(σ) = ζ̂ŵα̂λ̂
α̂ +

1

2
(Pm − ∂σxm)(λ̂γmθ̂) + η̂α̂∂σλ̂

α̂ + φ̂λ̂α̂p̂α̂ + $̂m(λ̂γmP̂)

+(λ̂γmŝ)%̂
m + $̂λ̂α̂r̂α̂ − ζ̂ θ̂α̂p̂α̂ − ζ̂ η̂α̂P̂ α̂ +

1

4
(λ̂γmθ̂)(P̂γmθ̂)

(5.32)

and we have to find a Q̃ such that the nilpotency of the BRST transformation
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is guaranteed. Thus∫
dσdσ′{Q(σ),Q(σ′)} =

∫
dσdσ′

[
{Q0(σ),Q0(σ′)}+ {Q̂0(σ), Q̂0(σ′)}

+{Q̃(σ), Q̃(σ′)}+ 2{Q0(σ), Q̂0(σ′)}

+2{Q0(σ), Q̃(σ′)}+ 2{Q̂0(σ), Q̃(σ′)}
]

(5.33)

must be zero.

Now we show that {Q0(σ), Q̂0(σ′)} is just a Dirac delta times the partial σ-

derivative of some expression. It’s easy to see that the only non-trivial brackets

come from terms which have Pm or xm inside them. So,

{Q0(σ), Q̂0(σ′)} =
1

4
{(Pm + ∂σx

m)(σ), (P n − ∂σ′xn)(σ′)}(λγmθ)(σ)(λ̂γnθ̂)(σ
′)

=
1

4
(∂σ′δ(σ − σ′) + ∂σδ(σ − σ′)) (λγmθ)(σ)(λ̂γmθ̂)(σ′)

= −1

4
δ(σ − σ′)∂σ

[
(λγmθ)(λ̂γ

mθ̂)(σ)
]

(5.34)

Therefore, this term does not contribute in {Q,Q}.

Then we evaluate

∫
dσdσ′{Q0(σ),Q0(σ′)}.

=

∫
dσdσ′

[{
ζwαλ

α(σ) ,
(

(Pm + ∂σ′x
m)(λγmθ) + 2ηβ∂σ′λ

β + 2φλβpβ

+2$(λγmP)− 1

2
(λγmθ)(Pγmθ)

)
(σ′)

}
+

1

2

{
(Pm + ∂σx

m)(λγmθ)(σ) ,
(1

2
(P n + ∂σ′x

n)(λγnθ)

+2φλβpβ − 2ζθβpβ

)
(σ′)

}
+
{
ηα∂σλ

α(σ) ,
(

2$m(λγmP)− 2ζηβP
β − 1

2
(λγmθ)(Pγmθ)

)
(σ′)

}
−
{
φλαpα(σ) ,

(
2ζθβpβ +

1

2
(λγmθ)(Pγmθ)

)
(σ′)

}
−2
{
$m(λγmP)(σ), ζηαPα

}
(σ′)

+
1

2

{
ζθαpα(σ) , (λγmθ)(Pγmθ)(σ′)

}
+

1

2

{
ζηαP

α, (λγmθ)(Pγmθ)
}]

(5.35)
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=

∫
dσdσ′

[
ζλα(σ)δ(σ − σ′)

(
− (Pm + ∂σ′x

m)(γmθ)α − 2φpα − 2$m(γmP)α

+
1

2
(γmθ)α(Pγmθ)

)
(σ′)− 2ζλα(σ)∂σ′δ(σ − σ′)ηα(σ′)

−1

4
(λγmθ)(σ)

(
∂σ′δ(σ − σ′)− ∂σδ(σ − σ′)

)
(λγmθ)(σ

′)

−(Pm + ∂σx
m)(λγm)α(σ)δ(σ − σ′)(φλα − ζθα)(σ′)

−∂σλα(σ)δ(σ − σ′)
(

2$m(λγm)α − 2ζηα +
1

2
(λγmθ)(γ

mθ)α

)
(σ′)

−2φλα(σ)δ(σ − σ′)ζpα(σ′)

(5.36)

+
1

2
φλα(σ){pα(σ), θβθδ(σ′)}(λγm)β(Pγm)δ(σ

′)

−2$m(λγm)α(σ)δ(σ − σ′)ζPα(σ′)

−1

2
ζθα(σ){pα(σ), θβθδ(σ′)}(λγm)β(Pγm)δ(σ

′)

−1

2
ζPαδ(σ − σ′)(λγmθ)(γmθ)α

]
(5.37)

=

∫
dσ

[
− 4φζλαpα − 4ζ$m(λγmP) + 2ζ∂σ(λαηα)

]
(5.38)

where we have used {pα(σ), θβθδ(σ′)} = −δ(σ − σ′)δ
[β
α θδ](σ′) and the pure spinor

properties

λγm∂σλ = 0, (λγm)α(λγm)β = 0 (5.39)

in order to simplify some of the terms in the second expression.

Analogously we obtain

∫
dσdσ′{Q̂0(σ), Q̂0(σ′)}

∫
dσ

[
− 4φ̂ζ̂λ̂α̂p̂α̂ − 4ζ̂$̂m(λ̂γmP̂) + 2ζ̂∂σ(λ̂α̂η̂α̂)

]
(5.40)

We found a term like −4φζλαpα when we studied the twistor-like superparticle.

This term contains a ghost-for-ghost and a first-stage generator and we had to

include in the BRST charge a term like −2ζφβ to make the transformation nilpotent.

So we expect the charge to contain that term along with the one corresponding to

the new first stage-generator that appeared in the superstring case.

Then we write

Q̃ = −2ζφβ − 2ζ$m%
m − 2ζ̂φ̂β̂ − 2ζ̂$̂m%̂

m +Q′ (5.41)
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In fact∫
dσdσ′{(Q0 + Q̂0)(σ), Q̃(σ′)} =

∫
dσ
[
2φζλαpα + 2ζ$m(λγmP)

+2φ̂ζ̂λ̂α̂p̂α̂ + 2ζ̂$̂m(λ̂γmP̂)
]

+

∫
dσdσ′{(Q0 + Q̂0)(σ),Q′(σ′)}

(5.42)

and∫
dσdσ′{Q̃(σ), Q̃(σ′)} =

∫
dσdσ′{Q′(σ),Q′(σ′)}

−4

∫
dσdσ′

{
(ζφβ + ζ$m%

m + ζ̂φ̂β̂ + ζ̂$̂m%̂
m)(σ),Q′(σ′)

}
(5.43)

Thus, nilpotency of the transformation implies

0 =

∫
dσ

[
2ζ∂σ(λαηα) + 2ζ̂∂σ(λ̂α̂η̂α̂)

]
+

∫
dσdσ′

[{
(Q′ + 2Q0 + 2Q̂0)(σ),Q′(σ′)

}
−4
{(
ζφβ + ζ$m%

m + ζ̂φ̂β̂ + ζ̂$̂m%̂
m
)
(σ),Q′(σ′)

}] (5.44)

If we suppose ∂σζ = 0, we’re done. Pick Q′ = 0.

Then Q is

Q(σ) = Q1 + Q̂1 (5.45)

where

Q1(σ) = ζwαλ
α +

1

2
(Pm + ∂σx

m)(λγmθ) + ηα∂σλ
α + φλαpα

+$m(λγmP)− ζθαpα − ζηαPα − 1

4
(λγmθ)(Pγmθ)

−2ζφβ − 2ζ$m%
m

Q̂1(σ) = ζ̂ŵα̂λ̂
α̂ +

1

2
(Pm − ∂σxm)(λ̂γmθ̂) + η̂α̂∂σλ̂

α̂ + φ̂λ̂α̂p̂α̂

+$̂m(λ̂γmP̂)− ζ̂ θ̂α̂p̂α̂ − ζ̂ η̂α̂P̂ α̂ +
1

4
(λ̂γmθ̂)(P̂γmθ̂)

−2ζ̂φ̂β̂ − 2ζ̂$̂m%̂
m

(5.46)

From now on we will write only terms concerning the left moving sector of the

superstring, the results for the right moving sector are analogous, but we have to

take care of a few signs.
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The extended phase space is

(xm, Pm, λ
α, wα, ζ, ρ, θ

α, pα, ηα,P
α, φ, β,$m, %

m) (5.47)

and a gauge fixed action is constructed by means of a gauge fixing fermion χ.

Sχ =

∫
dτdσ

[
Pmẋ

m +wαλ̇
α + ζ̇ρ+ θ̇αpα + η̇αP

α + φ̇β + $̇m%
m − {χ,Q}

]
(5.48)

The BRST transformations of the phase space variables are

δBx
m =

1

2
λγmθ, δBPm =

1

2
∂σ(λγmθ) (5.49a)

δBλ
α = ζλα, δBwα = −ζwα −

1

2
(Pm + ∂σx

m)(γmθ)α + ∂σηα (5.49b)

− φpα −$m(γmP)α +
1

4
(γmθ)α(Pγmθ) (5.49c)

δBζ = 0, δBρ = −wαλα + θαpα + ηαP
α + 2φβ + 2$m%

m = M (5.49d)

δBθ
α = −φλα + ζθα, δBpα = −1

2
(Pm + ∂σx

m)(γmλ)α − ζpα (5.49e)

+
1

4
(γmλ)α(Pγmθ) +

1

4
(λγmθ)(Pγm)α = Nα (5.49f)

δBηα = −$m(γmλ)α + ζηα, δBPα = −∂σλα − ζPα (5.49g)

− 1

4
(λγmθ)(γ

mθ)α (5.49h)

δBφ = −2ζφ, δBβ = −λαpα + 2ζβ = V (5.49i)

δB$m = −2ζ$m, δB%
m = −λγmP + 2ζ%m (5.49j)

Including the nonminimal sector the further extended action reads

S =

∫
dτdσ

[
Pmẋ

m + wαλ̇
α + Ȧr + L̇απα + Ḃαπ

α
B − Awαλα

−1
2
Lα(Pm + ∂σxm)(γmλ)α −Bα∂σλ

α − lr − lαπα − lBα παB
]
(5.50)

and the phase space includes now also the antighosts, and the antighost momenta

corresponding to the zero momentum constraints.

(s, D̄, ρα, C̄α, ρ
B
α , C̄

α
B) (5.51)

The total BRST generator is

QT = Q− i
∫
dσ
(
sr + ραπα + ρBαπ

α
B

)
(5.52)
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A gauge fix action is written as

Sχ =

∫
dτdσ

[
Pmẋ

m + wαλ̇
α + Ȧr + L̇απα + Ḃαπ

α
B + ζ̇ρ

+θ̇αpα + η̇αPα + ˙̄Ds+ ˙̄Cαρ
α + ˙̄Cα

Bρ
B
α + φ̇β

+$̇m%
m + {ρA+ pαL

α + PαBα, QT} − {χ,QT}
] (5.53)

5.2 Gauge fixing to the pure spinor superstring

As usual we first define the ghost number function

N = ζρ+ θαpα + ηαP
α + 2φβ + 2$m%

m (5.54)

and we write the BRST charge as follows

Q = +
1

2
(Pm + ∂σx

m)(λγmθ) + ηα∂σλ
α

+φλαpα +$m(λγmP)− 1

4
(λγmθ)(Pγmθ)

+ζ(wαλ
α − θαpα − ηαPα − 2φβ − 2$m%

m)

(5.55)

The twisted ghost number is N ′ = N + Φ = ζρ+ wαλ
α, where

Φ = wαλ
α − θαpα − ηαPα − 2φβ − 2$m%

m (5.56)

so the only variables with non vanishing twisted ghost number are ζ, ρ, λα and wα.

A new BRST charge is induced by a canonical transformation of the extended phase

space generated by C =

∫
dσζ(σ)ρ(σ)

Qnew(σ) = Q(σ) +

∫
dσ′
{
ζ(σ′)ρ(σ′),Q(σ)

}
=

1

2
(Pm + ∂σx

m)(λγmθ) + ηα∂σλ
α

+φλαpα +$m(λγmP)− 1

4
(λγmθ)(Pγmθ)

(5.57)
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which generate new BRST transformations

δBx
m =

1

2
λγmθ, δBPm =

1

2
∂σ(λγmθ) (5.58a)

δBλ
α = 0, δBwα = −1

2
(Pm + ∂σx

m)(γmθ)α + ∂σηα (5.58b)

− φpα −$m(γmP)α +
1

4
(γmθ)α(Pγmθ) (5.58c)

δBζ = 0, δBρ = −wαλα + θαpα + ηαP
α + 2φβ + 2$m%

m = M (5.58d)

δBθ
α = −φλα, δBpα = −1

2
(Pm + ∂σx

m)(γmλ)α (5.58e)

+
1

4
(γmλ)α(Pγmθ) +

1

4
(λγmθ)(Pγm)α = Nα (5.58f)

δBηα = −$m(γmλ)α, δBPα = −∂σλα (5.58g)

− 1

4
(λγmθ)(γ

mθ)α (5.58h)

δBφ = 0, δBβ = −λαpα = V (5.58i)

δB$m = 0, δB%
m = −λγmP (5.58j)

Actually, to obtain the pure spinor superstring we must perform two extra canonical

transformations of the extended phase space of our system.

Take the generator C ′ =
∫
dσ ηα(σ)∂σθ

α(σ).

Q′new(σ) = Qnew(σ) +

∫
dσ′
{
ηα(σ′)∂σ′θ

α(σ′),Qnew(σ)
}

=
1

2
(Pm + ∂σx

m)(λγmθ) + ηα∂σλ
α

+φλαpα +$m(λγmP)− 1

4
(λγmθ)(Pγmθ)

+

∫
dσ′
{
ηα(σ′)∂σ′θ

α(σ′), φλαpα(σ)
}

+

∫
dσ′
{
ηα(σ′)∂σ′θ

α(σ′),
(
$m(λγmP)− 1

4
(λγmθ)(Pγmθ)

)
(σ)
}

(5.59)

Now, the last but one line gives∫
dσ′ηα(σ′)

(
− ∂σ′δ(σ − σ′)δαβ

)
φλβ(σ) = φ(∂σηα)λα(σ) (5.60)

and the last one gives∫
dσ′
{
ηα(σ′)∂σ′θ

α(σ′),
(
$m(λγmP)− 1

4
(λγmθ)(Pγmθ)

)
(σ)
}

=
(
$m(λγm∂σθ

α)− 1

4
(λγmθ)(∂σθ

αγmθ)
)

(σ)

(5.61)
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Then

Q′new = φλαpα +
1

2
(Pm + ∂σx

m)(λγmθ) + ηα∂σλ
α

+$m(λγmP)− 1

4
(λγmθ)(Pγmθ)

+φ(∂σηα)λα +$m(λγm∂σθ
α)− 1

4
(λγmθ)(∂σθ

αγmθ)

(5.62)

If we take one more generator of canonical transformations

C ′′ =
∫
dσηαP

α (5.63)

We arrive at the BRST charge density

Q′′new = φλαpα +
1

2
(Pm + ∂σx

m)(λγmθ) + ∂σ(φηαλ
α)

+$m(λγm∂σθ
α)− 1

4
(λγmθ)(∂σθ

αγmθ)

(5.64)

Thus, we obtain the BRST charge

Q′′new =

∫
dσ
[
φλαpα +

1

2
(Pm + ∂σx

m)(λγmθ) +$m(λγm∂σθ)−
1

4
(λγmθ)(∂σθγ

mθ)
]

(5.65)

We gauge fix φ = 1, $m = 0, and the gauge fixed action reads

Sχ =

∫
dτdσ

[
Pmẋ

m + wαλ̇
α − pαθ̇α

]
(5.66)

with BRST charge

Qpure spinor =

∫
dσ
[
λαpα +

1

2
(Pm + ∂σx

m)(λγmθ)−
1

4
(λγmθ)(∂σθγ

mθ)
]

(5.67)

We have to calculate the BRST transformation of the variable pα explicitly,

δpα(σ) = {pα(σ), Q′′new}

= −1

2
(Pm + ∂σx

m)(γmλ)α(σ)− 1

4

∫
dσ′
{
pα(σ), (λγmθ)(∂σ′θγ

mθ)(σ′)
}

(5.68)

Evaluating the Poisson bracket
{
pα(σ), (λγmθ)(∂σθγ

mθ)(σ′)
}

= −δ(σ − σ′)(λγm)α(∂σ′θγ
mθ)(σ′) +

[
∂σ′δ(σ − σ′)

]
(λγmθ)(γ

mθ)α(σ′)

−δ(σ − σ′)(λγmθ)(∂σ′θγm)α(σ′)

= −δ(σ − σ′)
[
(λγm)α(∂σ′θγ

mθ) + ∂σ′(λγmθ)(γ
mθ)α

−2(γm∂σ′θ)α(λγmθ)
]

+ ∂′σ

[
...
]

(5.69)

48



So the BRST transformation of pα is

δpα(σ) = −1

2
(Pm + ∂σx

m)(γmλ)α +
1

4

[
(λγm)α(∂σθγmθ)

+∂σ(λγmθ)(γ
mθ)α − 2(γm∂σθ)α(λγmθ)

]
= −1

2
(Pm + ∂σx

m)(γmλ)α −
1

4
(γmθ)α(θγm∂σλ)

+
1

4

[
∂σθ

β(λγm)(α(γmθ)β) − 2(γm∂σθ)α(λγmθ)
]

= −1

2
(Pm + ∂σx

m)(γmλ)α −
1

4
(γmθ)α(θγm∂σλ)− 3

4
(γm∂σθ)α(λγmθ)

(5.70)

In the last line we have used the identity of the gamma matrices in 10 dimensions,

γmα(δγ
m
βρ) = 0.

So we can write the BRST transformation of the variables after some canonical

transformations of the phase space and gauge fixing of the ghost-for-ghosts.

δBx
m =

1

2
λγmθ, δBPm =

1

2
∂σ(λγmθ) (5.71a)

δBλ
α = 0, δBwα = −1

2
(Pm + ∂σx

m)(γmθ)α − pα +
1

4
(γmθ)α(∂σθγ

mθ)

(5.71b)

δBθ
α = −λα, δBpα = −1

2
(Pm + ∂σx

m)(γmλ)α (5.71c)

− 1

4
(γmθ)α(θγm∂σλ)− 3

4
(γm∂σθ)α(λγmθ) (5.71d)

Including both right-moving and left-moving sectors the action turns out to be

Sχ =

∫
dτdσ

[
Pmẋ

m + wαλ̇
α + ŵα̂

˙̂
λα̂ − pαθ̇α − p̂α̂ ˙̂

θα̂
]

(5.72)

with BRST charge

Qpure spinor =

∫
dσ
[
λαdα + λ̂α̂d̂α̂

]
(5.73)

where

dα ≡ pα +
1

2
(Pm + ∂σx

m)(γmθ)α −
1

4
(γmθ)α(∂σθγ

mθ) (5.74)

d̂α̂ ≡ p̂α̂ +
1

2
(Pm − ∂σxm)(γmθ̂)α̂ +

1

4
(γmθ̂)α̂(∂σθ̂γ

mθ̂) (5.75)
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Chapter 6

Conclusion

We have obtained the pure spinor superparticle action in ten dimensions by gauge

fixing an action with twistor-like first-class constraints. These constraints appeared

in the superparticle case when we introduced the coset SO(10)/U(5) into the dis-

cussion by defining a complex splitting of the Euclidean space, breaking SO(10)

invariance and then trying to covariantize again the theory in a different way. The

fact that projective pure spinors parametrized the mentioned coset allowed us to

introduce them as dynamical variables along with the usual space variables, that

is, pure spinors were initially part of the matter content of theory. We considered

the four- and ten-dimensional particle cases. All spinors in four dimensions are pure

spinors and we saw that twistors appeared in the discussion. Although the result-

ing gauge fixed action didn’t describe the superparticle in four dimensions, because

we’ve got a non-trivial BRST cohomoly different from that of the superparticle;

the BRST charge for our theory was not supersymmetric. Notice also that in four

dimensions the ghost-for-ghost φ didn’t scale in contrast with the ten dimensional

case, where it scaled as φ→ Ω−2φ.

It was natural to include the pure spinor condition in ten dimensions as con-

straints of the system; however, the infinite reducibility of those constraints pre-

vented us to write a simple BRST charge. Even if we do not consider the pure

spinor condition as a constraint and use λγmλ = 0 everywhere, the first-class con-

straints Gα turn out to be infinitely reducible. Nevertheless, sensible results were

obtained not taking into account the infinite tower of ghost-for-ghosts appearing

there and just working as in a first-stage reducible theory. We wrote appropriate

BRST charges for the twistor-like superstring and superparticle and showed how

those charges were related to the charges in [31] by similarity transformations.

In order to arrive at the pure spinor superparticle or superstring, the gauge-fixing

of the ghost-for-ghost φ was necessary. This was achieved by ghost-twisting, that

is, we defined a new ghost number function which still assigned ghost number one
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to the BRST charge, but exchanged the roles of some matter and ghost content of

the theory. The initial pure spinor variables became ghosts and the initial ghosts

associated to the twistor-like constraints became the fermionic part of the usual ten

dimensional superspace (xm, θα).

It was noticed that in the specific case of the superstring, the generalization of

the superparticle twistor-like constraints were not first class by themselves, so we

had to add the constraints ∂σλ
α ≈ 0. It remains to be checked that worldsheet

reparametrization invariance can be made manifest and the new constraints are

consistent with it. The new constraints had also two branches of reducibility, one

branch produced an infinite tower of ghost-for-ghosts and the other gave ghost-

for-ghosts up to third-stage reducibility. Again, sensible results are obtained even

considering the theory as a first-stage theory. It would be interesting to study the

problem of the infinite reducibility of the first class constraints we started with.

It remains to be obtained the Green-Schwarz superparticle and superstring using

a different choice of gauge-fixing. The BRST procedure in the form used in this work

allows the required type of gauge fixing by considering a nonminimal sector which

includes the Lagrange multipliers (and the corresponding momenta) as variables of

the extended phase space. There are some subtleties, however, since we couldn’t

find a gauge-fixing fermion respecting the symmetries of wα due to the pure spinor

condition, wα = Λm(γmλ). This problem does not appear in the procedure followed

by Berkovits in [31].
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