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ABSTRACT
Aneurysms are abnormalities formed in some regions of the human vascular system
and are characterized by dilated and thin regions of the arterial wall. One of the most
common types occurs inside the brain arteries in the so-called circle of Willis. These
intracranial aneurysms are extremely dangerous, because in case of rupture they can
cause sub-arachnoid hemorrhage, with consequent death or presence of permanent
damage to the patient. Causes of aneurysms have been investigated for a long time,
and researchers agree that hemodynamic effects play a key role in the formation,
growth, and rupture of brain aneurysms. However, the experimental procedures to
better understand the characteristics of blood flow within the aneurysm are still
difficult to perform. With the development of scanning techniques of the cerebral
vascular system, it has been possible to obtain the geometry of aneurysms and then
with that numerical methods for the solution of blood flow have begun to be used.
Since then, several researchers have been investigating the influence of biological
and hemodynamic variables on aneurysms rupture. However, it has been only in the
last decade that the influence of fluid-structure interaction, due to the flexibility of
the artery wall, on those variables has been investigated. In this context and using
patient-specific aneurysm geometries, we simulated the blood flow using the opensource library foam-extend, which uses a partitioned methodology to numerically
solve the fluid-structure interaction problem. By comparing the parameters that
can lead to rupture – wall shear stress and oscillatory shear index – between the
results of the simulations considering the rigid and flexible walls hypotheses, we
evaluated the influence of wall flexibility on such parameters, concluding that the
flexibility influences the parameters that can lead to rupture, changing the decision
of treatment if made using those parameters.
Keywords: Intracranial aneurysms. Numerical simulation. Fluid-structure interaction.

RESUMO
Aneurismas são anormalidades formadas em algumas partes do sistema vascular
humano e se caracterizam por regiões dilatadas e finas da parede arterial. Um dos
tipos mais comuns ocorre no interior das artérias que chegam ao cérebro, no chamado
círculo de Willis. Estes casos de aneurismas intracranianos são extremamente
perigosos, pois em caso de rompimento podem ocasionar hemorragia cerebral, com
consequente morte ou presença de sequelas permanentes no paciente. As causas
dos aneurismas vêm sendo investigadas há tempos, e os pesquisadores concordam
que os fenômenos hemodinâmicos têm papel fundamental na formação, crescimento
e ruptura do aneurisma cerebral. Entretanto, os procedimentos experimentais
para se conhecer melhor as características do escoamento de sangue no interior do
aneurisma ainda são de difícil realização. A partir do desenvolvimento de técnicas de
mapeamento do sistema vascular cerebral, pôde-se obter a geometria de aneurismas
de modo que métodos numéricos na solução de problemas de escoamento passaram
a ser utilizados. A partir de então, diversas pesquisas vêm sendo feitas visando a
investigação da influência das variáveis biológicas e hemodinâmicas na ruptura do
aneurisma. Entretanto, apenas recentemente foi dado foco na influência da interação
fluido-estrutura que existe neste problema, devido a flexibilidade da parede da
artéria. Assim, usando geometrias de aneurismas específicos de pacientes, simulamos
o escoamento sanguíneo utilizando o pacote open-source foam-extend, que possui uma
metodologia particionada implementada para resolver numericamente o problema de
interação fluido-estrutura. Através de comparação dos parâmetros que podem levar
a ruptura – tensão de cisalhamento na parede e índice de oscilação do cisalhamento
– entre os resultados das simulações considerando as hipóteses de parede rígida
e flexível, avaliamos a influência da flexibilidade da parede em tais parâmetros,
concluindo que tal flexibilidade tem influência nos parâmetros que podem levar à
ruptura do aneurisma a ponto de alterar a decisão de tratamento, caso ela fosse feita
baseada em tais parâmetros.
Palavras-chave: Aneurismas intracranianos. Simulação numérica. Interação
fluido-estrutura.

RÉSUMÉ
Les anévrismes sont des anomalies formées sur certaines régions du système
vasculaire humain et sont caractérisés par des régions dilatées de la paroi artérielle,
avec une petite épaisseur. L’un des types les plus communs se produit à l’intérieur
des artères de la base du cerveau, dans le cercle de Willis. Ces cas d’anévrismes
intracrâniens sont extrêmement dangereux car ils peuvent provoquer une hémorragie
sous-arachnoïdienne en cas de rupture, avec la mort ou la présence d’un dommage
définitif pour le patient. Les causes d’anévrismes sont étudiées depuis longtemps
et des recherches reconnaissent que les effets hémodynamiques jouent un rôle clé
dans la formation, la croissance, et la rupture des anévrismes intracrâniens. Cependant, les procédures expérimentales pour mieux comprendre les caractéristiques
de l’écoulement du sang dans l’anévrisme sont encore difficiles à réaliser. Avec le
développement de techniques des images du système vasculaire cérébral, il a été
possible d’obtenir la géométrie des anévrismes, donc des méthodes numériques ont
commencé à être utilisées pour la solution de l’écoulement dans les anévrismes, et
alors plusieurs recherches ont étudié l’influence des variables biologiques et hémodynamiques sur la rupture de l’anévrisme. Cependant, ce n’est que dans la dernière
décennie que l’influence de l’interaction fluide-structure, due à la flexibilité de la
paroi de l’artère, sur ces variables a été étudiée. Dans ce contexte et à l’aide de
géométries d’anévrismes spécifiques des patients, des simulations numériques ont
été effectuées avec le logiciel open-source foam-extend, qui utilise une méthodologie
partitionnée pour résoudre numériquement le problème d’interaction fluide-structure.
En comparant les paramètres qui peuvent conduire à la rupture – tels que le cisaillement sur la paroi et l’indice d’oscillation du cisaillement – entre les résultats
des simulations avec l’hypothèse de la paroi rigide et élastique, nous avons évalué
l’influence de la flexibilité de la paroi de l’anévrisme sur ces paramètres, en concluant
que cette flexibilité change les valeurs de ces paramètres, donc l’option de traitement
peut changer si le médecin les utilise pour décider de traiter le patient.
Mots clés: Anévrismes intracrâniens. Simulation numérique. Interaction fluidestructure.
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b

Source term of the linearized transport equation for a control

[φ]kg/s

volume VC
df n

Projection of the vector dCF on the face normal n

m

fχ

ALE description of a function f representing any scalar variable

-

of the material
fξ

Function f representing any scalar variable of the material

-

f

Spatial function f representing any scalar variable of the mate-

-

rial
l

Cell centroid distance to a selected boundary

m

m

Mass

kg

p0

Pressure correction field in the pressure-velocity algorithms to

Pa

solve the coupled Navier-Stokes equations
p

Pressure field of a fluid flow

Pa

vx

Velocity component on the x direction of the spatial coordinates

m/s

vy

Velocity component on the y direction of the spatial coordinates

m/s

vz

Velocity component on the z direction of the spatial coordinates

m/s

Greek Letters
Sign

Description

Unit

Ω

Spatial solution domain

Γfs

Fluid-solid interface = Γf ∩ Γs

Γ

Boundary of the domain Ω

m2

ξ

Lagrangian or material coordinates system

m

χ

Referential coordinates system for the arbitrary Lagrangian-

m

m3
-

Eulerian description
φ

Generic intensive (per unit mass) variable transported by a

[φ]/kg

fluid flow
σ

Cauchy stress tensor

Pa

Φ

Mapping of material coordinates onto spatial coordinates

-

Ψ

Mapping of mesh coordinates onto spatial coordinates

-

∆t

Time-step

s

Γφ

Diffusivity of φ

Ωχ

Solution domain as seen by the reference coordinates

m3

Ωξ

Solution domain as seen by the material coordinates

m3

γ

Mesh diffusivity for the Laplace equation governing the mesh

m2 /s

-

motion
Γfsf luid

Fluid mesh boundary corresponding to the fluid-solid interface

-

Γfssolid

Solid mesh boundary corresponding to the fluid-solid interface

-

Ξ

Mapping of material coordinates onto mesh coordinates

-

ωnode

Mesh velocity at the geometric nodes of the Finite Volume mesh

m/s

ω

Mesh velocity of a cell centroid

m/s

τ

Viscous part of the Cauchy stress tensor of a fluid flow

Pa

λs

Second Lamé’s constant of a solid

Pa

µf

Dynamic viscosity of a fluid

Pa s

µs

First Lamé’s constant of a solid

Pa

νf

Kinematic viscosity of a fluid

νs

Poisson’s ratio of a solid

-

φC

φ at the centroid of the control volume C

-

φF

φ at the centroid of a neighbor control volume F

m2 /s

[φ]

Sign

Description

Unit

φf

φ at the centroid of face f

ρ

Density

ε

Linear or engineering strain tensor

-

κ

Complement vector of the decomposition of sf in β

-

0

Tolerance of the FSI coupling iterations

-

[φ]
kg/m3

Others Symbols

Sign

Description

Unit

∇0

Nabla operator in the initial material coordinates

1/m

∇

Nabla operator in Eulerian coordinates

1/m

Subscripts

C

Indicates variables evaluated at the centroid of a control volume

F

Indicates variables evaluated at the centroid of a neighbor control volume
to cell VC

k

Index for a coupling iteration of the outer loop of the IQN-ILS algorithm

f

Indicate a face of a polyhedral control volume

Superscripts
fs Used for fluid-solid interface related variables
n

Time index

s

Used for solid related variables

f

Used for fluid related variables

0

Indicates variables at the initial instant t = 0

Notes about the notation
Tensors of the Euclidean three-dimensional space of rank ≥ 1 are typed in italic
boldface letters, the main difference is made between first-order tensors, or vectors, which
are represented by lowercase bold letters and tensors of rank ≥ 2 are represented by using
uppercase boldface letters; the major exceptions are the Cauchy stress tensor σ, and the
linear or engineering strain tensor ε because these are common symbols found in the
literature to represent them. Tensors of zeroth order, or scalars, are represented by italic
not-boldface letters – this also includes the components of tensors of order ≥ 1.
Matrices that belong to the general IRm×n space and vectors of IRn , which are considered
to be column vectors, are represented by boldface letters: the former in uppercase typeface
and the latter in lowercase typeface. The main difference between generic matrices of
IRm×n and tensors of the three-dimensional Euclidean space is explicit in the context
and/or by the operators used between them, for example, the equation x • A • x, where
“ • ” is the commonly used notation for the scalar product, indicates that x is a vector and
A is a tensor of order ≥ 2 of the Euclidean space, whereas xT Ax indicates that x is a
column vector and A a matrix. If they overlap in the text, we explicitly indicate matrices
with its symbol between brackets and column vectors with braces for clarity, therefore, A
is [A], and x is {x}.
We use mainly vector notation to represent the equations of Continuum Mechanics
instead of using Einstein’s index notation, which was preferred only in demonstrations
of tensorial equations where we use lowercase Latin subscripts to represent the tensor
components.
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1
1.1

INTRODUCTION
Intracranial aneurysms
Aneurysms are arterial abnormalities defined as dilated regions of the artery wall (the

word “aneurysm” comes from the Greek word aneurysma: ana, meaning across, and eurys, meaning broad). These abnormalities can arise at different sites of the human vascular
system, more commonly found on the abdominal aorta and arteries that reach the brain.
Intracranial aneurysms generally occur on arterial bifurcations of the base of the brain, in
the so-called circle of Willis – formed by the internal carotid arteries and the vertebral and
basilar arteries and also by both their branches – or at nearby locations. Figure 1 presents
a schematic view of the base of the brain showing the circle of Willis and its arteries.
Figure 2 illustrates an aneurysm on a bifurcation: the aneurysm itself is represented by its
dome with height hd and the opposite artery is usually called the parent artery; Fig. 3
shows two computational images and two reconstructed surfaces of intracranial aneurysms.
Figure 5 presents a schematic view of the most common sites of aneurysms [2]. Their
size can vary from 1 mm to 25 mm and larger, as we can see in Table 1, which shows the
distribution of aneurysm size from a set of 1,692 patients with unruptured aneurysms, as
reported by The International Study of Unruptured Intracranial Aneurysms Investigators
[4]. In Fig. 3, the aneurysms have different sizes, ranging from 3 mm to 18 mm.
Table 1 – Distribution of aneurysms size (set of 1,692 patients with unruptured aneurysms).

Aneurysm size

2-7 mm

7-12 mm

13-24 mm

≥25 mm

Percentage of ocurrence

62%

23%

11.7%

3.2%

Source: The International Study of Unruptured Intracranial Aneurysms Investigators [4].

Intracranial aneurysms represent a high risk to the patient: they cause a mortality
rate between 40 and 50% and also present high morbidity risk (permanent injury). It is
also estimated that 2 to 3% of the world’s population have intracranial aneurysms [5]. It
is reported that 85% of Subarachnoid Hemorrhage (SAH) cases, a devastating event that
can be fatal or lead to a severe neurological deficit, are caused by the rupture of these
aneurysms [6, 7, 8]. Hop et al. [9] concluded that fatal cases of SAH occurred from 32 to
67% and about one-third of morbidity among the patients who survived. The work of The
International Study of Unruptured Intracranial Aneurysms Investigators [4], one of the
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Figure 1 – Base of the brain: arteries tree composing the circle of Willis – internal carotid arteries (ICA)
with the vertebro-basilar system, composed of the vertebral arteries (VA) and basilar artery (BA), and
both their branches: middle cerebral arteries (MCA); anterior cerebral arteries (ACA) and the anterior
communicating artery (ACoA).

Internal Car
Artery (right b

Anterior Communicating Artery
Internal Carotid
Artery (right branch)

Anterior Cerebral Artery
(pre-communicating
segment)

Middle Cerebral Artery

Vertebral Arteries

Basilar Artery

Inferior View

Source: prepared by the author with the brain pictures extracted from KenHub [1].

most relevant scientific work on rupture of intracranial aneurysms being used until today
for the decision of their treatment, evaluated the probability of SAH over time for a group
of 1,077 patients followed up over 4.1 years who did not have previous cases of SAH, for
different aneurysm sizes and, according to their results, the risk of SAH increases over time
and for larger aneurysms, as we can see in Fig. 4. The same study reported that, of the
193 patients who died during the follow up period, 27% died of intracranial hemorrhage.
The diagnostic of intracranial aneurysms is increasing due specially to the development of better imaging techniques such as three-dimensional (3D) Digital Subtraction

25
Figure 2 – Aneurysm dome, its parent artery and aspect ratio, Ar , definition: aneurysm dome height, hd ,
divided by dn , the neck diameter; the parent artery has diameter da .
Aneurysm dome

hd

dn

da
Parent artery
Blood flow direction

Source: prepared by the author.

Angiography (DSA), 3D Rotational Angiography, Magnetic Resonance Angiography and
Computed Tomography Angiography [10, 11]. Figures 3a and 3b show images generated
by DSA of intracranial aneurysms, and Figs. 3c and 3d show two reconstructed surfaces of
intracranial aneurysms, of different patients and in different position of the brain vessels
tree. Currently, physicians use statistical methods based primarily on the size of the
aneurysm – its dome height hd – to assess the likelihood of rupture. The work of The
International Study of Unruptured Intracranial Aneurysms Investigators [4] rated the
cumulative rupture rate of aneurysms according to its size and location by monitoring
the patients for a period of 5 years after being detected, as presented in Table 2. The
percentage of rupture increases greatly if the aneurysm is larger than 13 mm compared to
the percentage if the aneurysm is smaller than 7 mm.
Currently, the two major treatment techniques for intracranial aneurysms are: surgical
intervention - direct clipping, for example - and endovascular treatment - placement of
coils inside the aneurysm dome and intra-vascular stent placement or occlusion of the
parent vessel, for example [5]. However, these interventions also presents risks to patients.
According to Torii et al. [12], risks of permanent damage and death due to treatment and
post-operative procedures are about 10%. Hence, one should evaluate the best alternative
for the patient. According to the data in Table 2, we can conclude that aneurysms smaller
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Figure 3 – Two images of the digital subtraction angiography and two reconstructed surfaces of
aneurysms (indicated with arrows), respectively, (a) at the Internal Carotid Artery (ICA) bifurcation
with height 5.7 mm; (b) at the Middle Cerebral Artery (MCA) bifurcation with height 3.8 mm; (c) at the
MCA bifurcation with height 7.9 mm and (d) at the MCA bifurcation with height ≈ 18 mm.
(a)

(b)

(c)

(d)

Source: images provided by Dr. Carlos Eduardo Baccin (Hospital Israelita Albert Einstein e Fundação
Centro Médico Campinas, São Paulo, Brazil).

than 13 mm assume higher risk if treated for the first group of arteries. The major problem
is for aneurysms whose size is between 7 and 12 mm and also for those smaller than 7 mm
for the second group of arteries; although the risk of rupture is lower than the risk of
treatment, the percentage of rupture for these sizes is not negligible when considering
the risk of death. Thus, a methodology that could provide more precise criteria for the
treatment decision of the patient is needed.
Weir et al. [13], for example, performed a statistical study relating the aspect ratio
of the aneurysm – dome height/width of the neck, see Fig. 2 – to its rupture probability.
According to the authors, chances of rupture were 20 times higher when the aspect ratio
was larger than 3.47 compared to an aspect ratio lower than or equal to 1.38. In their
samples, only 7% of ruptured aneurysms had an aspect ratio lower than 1.38 compared to
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Table 2 – Percentage of ruptured aneurysms as a function of the aneurysm size for different arteries of the
brain (group 1 with no previous SAH and group 2 with previous SAH and n is the number of patients in
the sample).

<7 mm
Group 1 Group 2

Parent Artery

7-12mm

13-24mm

≥ 25 mm

ACA/MCA/ICA (n = 1037)

0%

1.5%

2.6%

14.5%

40.0%

BA/VA(n = 445)

2.5%

3.4%

14.5%

18.4%

50.0%

Source: The International Study of Unruptured Intracranial Aneurysms Investigators [4].

45% of unruptured aneurysms. The authors conclude that the aspect ratio is a parameter
that is worth calculating and should be used as one of the decision parameters for the
treatment of aneurysms. Nevertheless, for the medical practice, the most used parameter
for the decision of treatment is the aneurysm size, with statistical data provided by studies
such as The International Study of Unruptured Intracranial Aneurysms Investigators [4].
Although the factors that lead to the formation, growth and rupture of intracranial
aneurysms are still not well understood, more recent studies agree that the effects of blood
flow inside the vessels (hemodynamic) are crucial for the development of these processes
[14, 15]. The most relevant hemodynamic parameters taken into account in these studies
are:
• Wall Shear Stress (WSS) due to the flow velocity gradient adjacent to the aneurysm
wall and its gradient. Other important parameters are also derived from WSS like
Figure 4 – Probability of SAH over time for a group of 1,077 patients followed up over 4.1 years who did
not have previous cases of SAH, for different aneurysm sizes.

0.3

≤7 mm
7-12 mm
13-24mm
≥ 25mm

Probability of SAH

0.25
0.2
0.15
0.1
0.05
0
0

1

2
3
4
Time (years)

5

6

Source: The International Study of Unruptured Intracranial Aneurysms Investigators [4].
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Figure 5 – Arteries that reach the brain with some of the most common sites of aneurysm formation
indicated with a blue circle.

ACoA

right precommunicating
branch of ACA
ICA (left and
right branches)

MCA (right
branch)

BA

Source: prepared by the author.

the Oscillatory Shear Index (OSI);
• Hydrostatic pressure;
• Transmural pressure: difference between the pressure inside and outside the artery
wall;
• Flow vorticity;
• Flow impingement on the aneurysm wall.
The parameter most accepted as being associated with formation, growth and rupture
is the WSS [15, 16, 17]. According to Penn et al. [14], high levels of WSS, which occurs in
artery bifurcations due to the flow impingement, trigger cellular reactions, altering the
cellular structure of the artery tissue, leading to aneurysm initiation.
Once the aneurysm begins to grow larger, the shape of the wall is altered, generating
an irregular saccular shape, as we see in Fig. 3. Consequently, the blood flow pattern
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within the vessels changes. The factors responsible for the process of growing are similar
to those that give rise to the aneurysm: high WSS values are found in the aneurysm neck,
hence the biological mechanisms of structural tissue modification occurring with high WSS
values cause the aneurysm to grow in size [14, 16].
At the aneurysm dome, WSS levels can be low due to a slow recirculation flow usually
formed. Nevertheless, the levels of WSS in this region may be related to rupture due to
degradation of the endothelial cell matrix via cell death [14]. Meng et al. [15] goes further
and suggests that there are two possibilities for aneurysm growth leading to rupture: one
based on high levels of WSS caused by flow impingement on the aneurysm wall; and
another, when the WSS levels are low, due to the recirculating flow.
Thus, since the biological mechanisms involved in aneurysm growth and rupture and
their relation to hemodynamic variables have not been well defined, we can not conclude
about the exact effect of WSS on those processes. Moreover, if the rupture occurs at the
aneurysm wall tissue, wall variables, such as stresses and strains, must be relevant to
understand the rupture event, since it is well known that arteries and veins are flexible
[18].
Specialists are trying to use experimental techniques and numerical simulation to
better understand the problem. However, there are currently no reliable experimental
techniques for quantifying blood flow patterns and WSS in intracranial aneurysms. Although measurements of hemodynamic parameters in living patients are just becoming
feasible, they are still very difficult to perform. In general, experimental studies on intracranial aneurysms were performed using idealized geometries or animal-induced aneurysms
[19, 20, 21, 22, 23, 24].
On the other hand, with better imaging techniques, it is almost straightforward to
generate patient-specific aneurysm geometries, from surface reconstruction – Figs. 3c
and 3d show two of these surfaces – that could be used for numerical simulations of
the blood flow. Moreover, numerical simulations provide more complete data of all the
important variables related to aneurysms and arteries hemodynamic, therefore making it
an attractive tool for investigating the blood flow in aneurysms.

30
1.2

The Role of Computational Fluid Dynamics on the Study of Aneurysms
Computational Fluid Dynamics (CFD) has been widely used to describe the behavior

of blood flow in arteries and idealized or patient-specific aneurysms geometries. With
the development of computational imaging techniques, the geometry of patient-specific
intracranial aneurysm can be obtained, allowing to perform numerical simulations of the
flow in realistic blood vessels and aneurysms. Several authors have used this technique to
perform their simulations [16, 25, 26, 27, 28, 29, 30, 31, 32, 33]. Since the flow in aneurysms
presents complex geometries, unsteady flow and complex rheological behavior, in the early
simulations, limited computational power prevented the use of numerical techniques to
analyze the flow in aneurysms for a large number of patients. However, with the large and
fast increase in processing power of current computers, this technique is becoming suitable
for studying particular cases of aneurysms. Currently, numerical simulations allow the
study of patient-specific aneurysms and, in the future, proper analysis of their results may
guide to their treatment and pathogenesis. In addition, using their inherent versatility, it
is possible to take into account several factors that may influence the flow hemodynamic,
for example, different blood rheology models [30] and different boundary conditions [34].
Shojima et al. [16] performed numerical simulations on different geometries of patientspecific aneurysms, ruptured and unruptured, to analyze the influence of WSS on rupture.
The authors concluded that a minimum level of WSS should be maintained at the interface
– WSS ≈ 2.0 Pa – to preserve the endothelial structure of the wall tissue whereas if WSS
is lower than 1.5 Pa endothelial cells could degenerate. Therefore, WSS is one of the
main factors responsible for cell degeneration and consequent structural weakness of the
aneurysm wall. In addition, low levels of WSS in the dome may be responsible for the
circumferential growth of the aneurysm, due to cell degeneration [14].
Cebral et al. [35] performed simulations using data of 62 aneurysms, ruptured and
unruptured, collected from patients with aneurysms at different locations on the circle
of Willis, and performed a statistical analysis correlating the type of flow – based on
different characteristics such as area and direction of the jet colliding at the entry of
the aneurysm, formation of vortex structures inside the dome – with the risk of rupture.
The authors concluded that the area and direction of the jet colliding with the aneurysm
dome are important for predicting rupture, but caution is recommended, since other
important factors were not taken into account in their simulations, such as effects of
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the wall elasticity. The same authors, in a previous study [36] carried out an analysis
of the hemodynamic characteristics in aneurysms under diverse biological conditions,
concluding that the vascular geometry has a large influence on the flow fields, due to the
non-linearities present in the Navier-Stokes equations. We highlight at this point that all
the aforementioned numerical studies considered the aneurysm wall as rigid.
In some more recent studies, researchers numerically implemented the vessel wall
motion in the numerical model [27, 28, 37, 38, 39, 40, 41], therefore accounting for the
interaction between the blood flow and the artery and aneurysm wall flexibility. For
instance, Bazilevs et al. [28] compared the results of WSS in rigid wall and flexible wall
aneurysms, and found that there is an overestimation of the WSS value of up to 36% if
the vessel walls were considered rigid, indicating that, to obtain more accurate values of
the hemodynamic parameters, a rigid wall may be a very crude assumption. Furthermore,
they comment that the rupture event occurs on the wall tissue, then it must be related
to the wall tissue variables. Ultimately, from a materials engineering perspective, it will
occurs when the wall stress reaches a higher value than the rupture limit of the tissue.
Therefore, it is important to study the wall variables to gather a deeper understanding of
the aneurysm rupture event, which is not possible without a fluid (blood flow) and solid
(aneurysm wall) interaction methodology.
1.3

Objectives
Dr. Carlos Eduardo Baccin (Hospital Israelita Albert Einstein e Fundação Centro

Médico Campinas, São Paulo, Brazil) provided patient-specific aneurysm models, used in
this work. The objective is to use the results of the numerical simulations of the aneurysms
fluid-structure interaction problem to evaluate the numerical parameters related to rupture,
according to the literature – WSS and OSI – for two different models: rigid and flexible
wall. Since the aneurysms in this study were not ruptured, we will rely on the literature
to provide reference values for the parameters related to rupture. We also aim to perform
a comparison of the stress levels on the aneurysm wall resulting from the simulations with
the rupture stress values which were recently measured for the wall tissue of intracranial
aneurysms [42, 43].
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2

METHODOLOGY
Blood flow in aneurysms and arteries fits in a general class of physical problems

called Fluid-Structure Interaction (FSI): the blood flow and solid – artery and aneurysm –
variables are mutually dependent. This is a complex problem because, in general, both fluid
and solid problems have non-linear behavior that are coupled through a physical interface,
usually called fluid-solid interface or wet surface. To solve this problem numerically, we
first need to develop a suitable physical model.
In this section, we present a methodology behind the FSI simulations of the aneurysms:
the nature of a FSI problem and its computational approach, physical modeling of the FSI
problem yielding to the governing equations and boundary conditions; spatial, temporal
and governing equation discretization by the Finite Volume Method.
2.1

Fluid-Structure Interaction
Several problems in Nature deal with fluids and solids in contact. Usually, in the

most common problems of Fluid Mechanics, solid interfaces in contact with the fluid flow
are considered stationary, therefore the boundary conditions are directly applied for the
solution of the governing equations of the fluid motion. Similarly, in a Solid Mechanics
problem the flow acts on the domain by means of stress forces, which correspond to
boundary conditions for the solid. However, in many situations, this kind of modeling
consists in an approximation of the reality, in which one assume small or zero deformations
of the solid. There are many cases in which such approximations can not be made or they
would be very crude, leading to a coupled problem between the fluid and solid: the flow
forces deform the solid structure that modifies the flow domain. This type of problem is
called fluid-structure interaction.
FSI lies within a class of multi-physics problems in which models of different phenomena
need to be solved together because they are dependent on each other. Several problems
should be analyzed from this perspective: deflection of wind turbine blades, dynamics
of reciprocating compressor valves, movement of a ship sailing on the sea, vibration of
aircraft wings (phenomenon of flutter), fall of a leaf, beating wings of dragonflies and birds,
cross flow on a parachute and/or flags, blood pumped through the heart valves and, as
already mentioned, flow dynamics through intracranial aneurysms and arteries, which is
our interest in this work.

33
These types of problems are present in most engineering and biomedical applications,
and often their solutions are necessary for the proper design of several kinds of equipments.
Performing numerical simulation of this kind of problem has led to the development and
improvement of numerical techniques because it deals with dynamic meshes, non-linear
systems of Partial Differential Equations (PDE) with complex boundary conditions and
strong coupling between the equations. Currently, some techniques are commonly used for
solving those problems. The next section gives some highlights of these techniques.
2.1.1

Computational Fluid-Structure Interaction

The equations governing FSI problems have non-linear terms, they are coupled and
have an intrinsically temporal characteristic, moreover in most cases they must be solved in
complex geometries. Due to such characteristics, an analytical solution is almost impossible
to be found in most cases by using the existing mathematical techniques, thus the only
choice is to rely on computational methods. The most common mesh-numerical methods,
such as the Finite Volume Method (FVM), Finite Element Method (FEM) and Finite
Differences Method (FDM), are designed to solve the governing equations using a temporal
marching procedure in which the discretized equations are applied to elements or control
volumes (computational mesh) into which the calculation domain is subdivided, yielding a
system of linearized algebraic equations [44].
From the numerical point of view, two different methodologies are usually used to solve
the system of partial differential equations of a FSI problem [45, 46]:
• Monolithic methodology: all the governing equations are solved together after their
discretization in a fully coupled way that leads to only one system of linearized
algebraic equations;
• Partitioned methodology: the equations for the solid and fluid domains are discretized
and solved independently, in which the coupling is re-enforced through the conditions
at the fluid-solid interface;
Another classification commonly found in the literature is [46]:
• Conforming mesh methods: the conditions at the solid-fluid interface are treated as
physical conditions in the discretized equations. Thus, displacements of the interface
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due to the solid deformations and/or rotations change the fluid field which must be
taken into account and, therefore, dynamic mesh techniques must be used;
• Non-conforming mesh methods: in this technique, the conditions at the fluid-solid
interface and its location are accounted as restrictions of the governing equations, so
they can be solved without updating the mesh.
It is important to state that the discretization process follows the same general
procedure of classical discretization methods such as the FVM and FEM, for example. The
partitioned methodology fits within the conforming mesh methods because the movement
of the fluid-solid interface changes the fluid domain, thus an algorithm for updating the
fluid computational mesh must be used. The Immersed Boundary Method [47] can be a
typical non-conforming mesh method.
Computational methods in FSI showed great development in the last two decades
and many numerical simulation softwares currently solve dynamic mesh problems and
multi-physics. An open-source package that is receiving much attention in academic and
industrial environments for simulations in CFD is OpenFOAM® (Open Field Operation
and Manipulation). One of its branches, the foam-extend package, is used here to perform
the aneurysm simulations because one of its solvers is intended for FSI problems in a
partitioned manner.
In the future, simulations of this type, with the most appropriate conditions as possible,
could be used to analyze patient-specific aneurysms and assess whether they should be
treated or not. In this sense, we opted to develop all the numerical steps with free and
open-source software. This choice has several positive consequences:
1. If needed – since the source code of the applications used is publicly available –
improvements and their implementation within the software can be made by any
user with the ability to do it;
2. If someone wishes to follows the same approach, it only needs to download and use
it, accelerating the process of improving the results and repeatability;
3. The whole methodology can be performed without commercial complications (interoperability);
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This choice also presents some downsides: for example, maybe the methodology needed
is not fully implemented or is limited, therefore not all conditions could be tested. However,
as we explain later on, we did not encounter such issues.
2.2

Physical and Mathematical Modeling
We model the geometry of the aneurysm problem as a domain Ω, with boundary Γ,

composed of a solid domain Ωs – the artery wall – and a fluid domain Ωf – the blood
flowing –, i.e. Ω = Ωs ∪ Ωf , with boundaries indicated by Γs and Γf , respectively, as shown
schematically in Fig. 6 which also shows the physical conditions applied to each boundary.
The figure also shows the fluid-solid interface Γfs = Γf ∩ Γs . The fluid has properties
represented by its density ρf and dynamic viscosity µf (with kinematic viscosity ν f ), while
the properties of the solid material are represented by its density ρs , Young’s modulus E
and Poisson’s ratio ν s . Below, we present the physical and mathematical modeling of the
motion for each sub-domain.
Figure 6 – Solid, Ωs , and fluid domains, Ωf , fluid-solid interface Γfs and boundaries of each region with its
respective physical boundary condition.
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2.2.1

Fluid Model for the Blood

Physical Modeling
We consider the blood as an incompressible Newtonian fluid with constant dynamic
viscosity, in an isothermal laminar flow regime – because the velocities found in an
aneurysm flow yield a Reynolds number, Re, of about 600 to 700 based on the parent
artery diameter. The blood density was considered to be 1,000 kg/m3 and its kinematic
viscosity 3.3 × 10−6 m2 /s [48].
Human blood has a mixture of different solid components (red and white blood cells,
for example) suspended in a liquid formed by several different substances [49]. Different
studies showed that is important to consider a non-Newtonian model for blood rheology
in the overall human circulation [50, 51, 52]. However, Perktold et al. [53] showed that,
for a bifurcation of the internal carotid, non-Newtonian effects are negligible for the flow
velocity field. Furthermore, Valencia et al. [54] showed that predictions of flow variables on
the aneurysmal wall using non-Newtonian models were similar to the predictions with the
Newtonian model. Finally, several numerical studies consider the Newtonian fluid model,
specially if the fluid-structure interaction is taken into account [12, 27, 28, 37, 38, 39, 48, 55],
probably due to the extra complexity brought to the whole problem if a non-Newtonian
behavior is considered.
Furthermore, for this study, we are also forced to use the Newtonian model because
currently it is the only fluid rheology model implemented for the FSI framework of
foam-extend. Nevertheless, since this is a partitioned framework as explained later
in Section 2.3.3, implementation of different models for the fluid rheology is relatively
straightforward due to modularization.
Mathematical Modeling
In the fluid domain, the governing equations are derived from the mass conservation
principle and the balance of linear momentum. Since the fluid domain change in time due
to the artery flexibility, i.e. Ωf = Ωf (t), we employ a moving volume integral formulation
for the fluid governing principles: the so-called Arbitrary Lagrangian-Eulerian (ALE)
description [56, 57]. This formulation introduces, combined with the material, ξ, and
spatial (Eulerian) coordinates, x, a new coordinate frame to describe a control volume
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motion, V = V (t): the referential coordinates, χ, as depicted in Fig. 7. Therefore, the
equations presented below hold for a moving control volume V = V (t), with surface
S = S(t), in the fluid flow. All the equations presented here were demonstrated by the
author in Appendix A.
Figure 7 – Schematic two-dimensional representation of the coordinate systems used to describe a fluid
flowing through a moving control volume V = V (t): x is the fixed or spatial coordinate system, ξ is the
fluid particle and χ is the referential coordinate system, fixed to the moving control volume.
Fluid flowing with
velocity field v f
V (t)

χ2

ω
χ1

x2

Fluid “particle” ξ
x1
Eulerian (spatial)
coordinate system
Source: prepared by the author.

One of the most important variables introduced in the ALE description is the convective
velocity c, defined as:
c = vf − ω

(1)

where ω is the velocity of the surface of the control volume or, equivalently, the mesh
velocity – see Fig. 7 – and v f is the fluid flow velocity field. The most important modification
that the ALE description brings to the equations of motion is related to this new variable:
it changes the velocity that multiplies the advective transport term. In this new description,
d
the material derivative
is related to the spatial gradient of the flow variables by the
dt
convective velocity (see Appendix A).
The equations governing the fluid motion are:
• Continuity equation for incompressible flows, derived from mass conservation principle, in differential form:




∇ • ρf v f = 0

(2)
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where “∇” is the nabla operator. Equation (2) can also be written in the integral
form (see Appendix A):
I
S(t)

ρf v f • ndS = 0

(3)

of special interest to the finite volume discretization presented below in Section 2.3.2.
Is important to note, as explained in details in Appendix A, that for a moving frame
of reference, mass conservation is written as in Eq. (3) if the moving control volume
V (t) satisfies the space or geometric conservation law [58]:
∂
∂t

Z
χ

V (t)

dV =

I

ω • ndS

S(t)

(4)

which shows that the volume of control volume V changes due to the movement of
its surface S. If Eq. (4) is not satisfied by the numerical method that solves Eq. (3),
source term could appear on it, leading to the divergence of the numerical procedure.
• Momentum equation, derived from the balance of linear momentum: in integral
conservative ALE form, as shown in Appendix A, is written as:
Z
I
I
∂ Z
fbf dV
σ f • ndS +
ρf v f c • ndS =
ρf v f (x, t)dV +
∂t χ V (t)
V (t)
S(t)
S(t)

(5)

where fbf represents the body forces field per volume and σ f is the Cauchy stress tensor,
both for the fluid flow; the bar with χ on the temporal term means that the derivative
is calculated with χ fixed; n is the unit normal vector to S pointing outward. Note the
convective velocity in the advective term.
For a Newtonian fluid, the constitutive equation relating the Cauchy stress tensor with
the velocity field is:



2 
σ f = −pI + µf ∇v f + ∇T v f − µf ∇ • v f I
|
{z 3
}

(6)

τ

where I is the second order identity tensor, p is the pressure field and the under brace
indicates the viscous part of σ f , τ .
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Substituting Eq. (6) into Eq. (5) and using Eq. (2) after rearranging we obtain:
I
I
I
∂ Z
f f
f f •
ρ v (x, t)dV +
ρ v c ndS = −
pndS +
µf ∇v f • ndS
∂t χ V (t)
S(t)
S(t)
S(t)

(7)

These forms of the mass conservation and momentum balance principles, Eqs. (3) and (7)
respectively, will be very useful for the presentation of the Finite Volume discretization.
Boundary and Initial Conditions
Inspecting the governing equations, we identify the flow velocity and pressure field as
the unknowns, both as functions of spatial and time independent variables. Therefore,
appropriate boundary conditions must be given for them.
A trivial initial condition is usually used, however we chose to use the numerical
solution of the flow velocity and pressure fields from a simulation considering the aneurysm
wall as rigid. As we will see in Section 2.3.3, since the coupling technique is based on
a Newton method for solving non-linear systems of equations, using an initial condition
closer to the solution greatly improves convergence.
The conditions at each domain boundary for velocity and pressure are:
• Inlet: the inlet is a cross section located in the parent artery of the aneurysm – see
Fig. 6 – which depends on the aneurysm branch location. The condition imposed is
a specified time-varying velocity, corresponding to the flow pulse from the beginning
of systole until the end of the diastole. Such waveform profile is shown in Fig. 8.
Since the aneurysms studied here are located in different bifurcations of the brain
vessels tree, we calculated the inlet velocity considering first the pulsatile normalized
blood flow rate profile shown in Fig. 8 as the flow waveform for the different vessels
of the brain arteries tree. This profile was measured in the internal carotid by Ford
et al. [59] where the normalization is made with respect to the temporal mean blood
flow rate of each measured profile. Therefore, to find the dimensional profile we
multiplied the normalized one by the mean blood flow rate of the artery of interest.
The mean blood flow rate, q̄a , for different portions of the brain vessels tree was
provided by Zarrinkoob et al. [60] who measured it as a percentage of the total blood
flow rate to the brain vessels for normal subjects (11.95 ± 2.05) ml/s, as shown in
Fig. 9, which presents the mean values and the standard deviation. Finally, the
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Figure 8 – Experimental normalized flow rate for the internal carotid – normalization with respect to the
temporal mean blood flow rate of each measured profile.
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Source: Ford et al. [59].

velocity profile can be computed using the known cross sectional area of the inlet
section (calculated from the fluid mesh). The pressure condition at the inlet is the
locally parabolic one, i.e., pressure gradient is set to zero at the inlet;
• Outlets: the outlets are located on the vessels after the aneurysm bifurcation. Even
for incompressible flow, it is important to use the real level of pressure in the FSI
Figure 9 – Mean blood flow rate through the arteries of the brain as a percentage of the total blood flow
rate entering the brain: (11.95 ± 2.05) ml/s, with each respective standard deviation.
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right and left
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Source: prepared by the author with data from Zarrinkoob et al. [60].
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context because this information is interpolated as a boundary condition for the solid
problem. Therefore, we specified a constant pressure, equal to the average pressure
level in the human body ≈ 100 mmHg (13,333 Pa);
• Wall: This boundary corresponds to the FSI interface, Γfs . We present the details of
this boundary condition below in Section 2.2.3.
2.2.2

Solid Model for the Aneurysm and Artery Walls Tissue

Physical Modeling
The solid domain of the problem is the artery and aneurysm walls with a specified
uniform thickness found in the literature and we chose the elastic isotropic model to
describe its mechanical behavior. We will analyze both the linear and non-linear (for large
deformations) elastic models.
The artery wall tissue is composed of three different layers: intima, media and adventitia;
each one having different cells in its constitution [61]. Regarding its rheology, the artery
tissue does not behave as a Hookean solid, i.e., obeying Hooke’s law [61, 62], on the
contrary, it presents a non-linear behavior of the artery wall: models such as elastic
non-linear (for large deformations) or a hyperelastic solid are usually used [27, 39, 63]. A
good presentation of the constitutive relation of an artery wall can be found in Fung [61].
Recently, some studies described the mechanical behavior of a set of intracranial
aneurysms’ wall through traction tests to failure performed using strips of the aneurysm
wall. Figure 10 presents the average stress-strain curve of an aneurysm tissue for different
status of the aneurysm: unruptured (stiff tissue) and pre-ruptured (intermediate) or
ruptured aneurysms (soft), as reported by Costalat et al. [42], where it is possible to see a
clear non-linear behavior.
The mechanical properties of the wall tissue were considered uniform and constant:
ρs = 1,000 kg/m3 , E = 1 MPa and ν s = 0.45 [48]. Depending on the case, a uniform
thickness of 0.1 mm or 0.15 mm for the aneurysm and artery walls were used. We relied
on values found in the literature because the measurement these properties, like Young’s
modulus and Poisson’s ratio for example, of living tissues is still difficult. Moreover, the
wall thickness is also hard to measure due to poor resolution of the images used.
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Figure 10 – Average strain-stress curves constructed from traction tests of rectangular strips of an
intracranial aneurysm wall tissue for different stages of the aneurysm: unruptured (stiff) and pre-ruptured
(intermediate) or ruptured (soft).
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Mathematical Modeling
In Solid Mechanics, the Lagrangian description is usually used, therefore the differential
operators in the following equations are calculated as functions of the material coordinates,
ξ. This approach is usually called total Lagrangian [56]: all variables such as stresses
and deformations are referred to the referential domain, which coincides with the initial
configuration of the solid (the solid at the initial time). Hence, in the total Lagrangian
approach, the stress and deformation are represented by the nominal stress tensor, P , a
multiaxial extension of the engineering stress, and the deformation gradient tensor, F ,
respectively [56]. The last one is defined as the Jacobian matrix of the solid motion, and
is expressed as a function of the solid displacement, u (see Appendix B):
F = I + ∇0 u

(8)

We use the lower script “0” for differential operators calculated at the initial material
configuration. Therefore, using index notation:
∇0 (•) ≡ ei

∂(•)
∂ξi

(9)

with a Cartesian coordinate system for the initial configuration with basis vector ei .
The balance of linear momentum is a widely used principle in Solid Mechanics, and it
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is written in the following form for a deformable solid under defined boundary conditions:
ρs0

∂ 2u
= ρs0 g + ∇0 • P
2
∂t

(10)

where g is the gravitational acceleration (accounting as a body force). It is important
to note that Eq. (10) can also be written as a function of the Cauchy stress, σ s , leading
to the same form but, instead of P , it would appear σ s and the initial solid density, ρs0 ,
would be substituted by the current density, ρs . The reader is referred to Belytschko et al.
[56] for any further detail on this matter.
To close the problem we invoke a constitutive relation for the solid, which is intrinsic
to the material itself. There are several constitutive equations suitable for different solid
behavior, for example: elastic, hyperelastic, hypoelastic, plasticity, viscoelasticity. These
models are described in detail in Belytschko et al. [56]. Before presenting the equation
for the aneurysm model, we must mention other forms of stress and strain measurements.
Tensors such as P and F are not suitable to construct constitutive relations [56] (P is not
symmetric and F does not vanish for the solid rotation movement). However, the second
Piola-Kirchhoff stress tensor, S, and the Green-Lagrange strain tensor, E, respectively,
are more suitable for that purpose [56]. These two tensors are not common in Mechanical
Engineering applications, but they are found in specific applications. Figure 11 shows the
different measurements of strain and stress commonly found in Mechanical Engineering
for one dimensional body deformation. We can see that the Green-Lagrange strain tensor
presents a non-linear behavior. For further information about these variables, the total
Lagrangian formulation and the equations presented below in this text consult Appendix B,
where all the demonstrations are performed.
It is possible to show that the nominal stress is related to the second Piola-Kirchhoff
stress in the following way (see Appendix B):
P = S •F

(11)

and the tensor S is related to the Cauchy stress through the equation:
σs =

1
F •S •FT
det(F )

(12)
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Using the definition of the Green-Lagrange strain tensor, it is possible to show that
(consult Appendix B):
E=


1
∇0 u + ∇T0 u + ∇0 u • ∇T0 u
2

(13)

Here, we note that the strain tensor E has a linear part (the first two terms in the
right-hand side of Eq. (13)) and the last term represents the non-linear part. This makes
it suitable for measuring large deformations in elastic solids characterizing a non-linear
behavior. In their review, Isaksen et al. [48] show that the non-linear elastic solid is the
most used model for aneurysms and vessels walls. But still there are researchers trying
to find the best solid model - see for example Torii et al. [27]. In this work, we use a full
non-linear elastic model: the often called Saint Venant-Kirchhoff solid. For the isotropic
case, the constitutive relation is given by:
S = 2µs E + λs tr(E)I

(14)

where µs and λs are the Lamé’s constants related to Young’s modulus and Poisson’s ratio
of the material:
µs =

E
2(1 + ν s )

(15)

Figure 11 – Different measurements of stress and strain for the uniaxial case.
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λ =

s

νsE
(1+ν s )(1−ν s )

plane stress state

νsE
(1+ν s )(1−2ν s )

plane strain and 3D cases

(16)

Substituting Eqs. (8), (11), (13) and (14) into Eq. (10), after rearrangement, we find:
ρs0

h
i
∂ 2u
• [(2µs + λs )∇ u] =∇ • − (µs + λs ) ∇ u + µs ∇T u + λs tr(∇ u)I +
(ξ,
t)
−
∇
0
0
0
0
0
0
∂t2




1
∇0 • µs ∇0 u • ∇T0 u + λs tr ∇0 u • ∇T0 u I +
2




∇0 • (S • ∇0 u)
(17)
where we dropped the body forces term since they are negligible. The first term at the
right-hand side originates from the linear part of the Green-Lagrange strain tensor and the
underlined terms hold the non-linear characteristics of this type of solid. Equation (17),
together with Eq. (14), can be solved for the solid displacement field u.
Elastic Linear Model
The non-linear elastic model presented above is a generalization of Hooke’s law for large
deformations. Since we will also use the elastic linear model to analyze the deformations
in the aneurysm wall, we present here its constitutive equations derived as particular cases
of the equations presented above.
The Green-Lagrange strain tensor, Eq. (13), is developed for large deformations, but if
the deformations are small, then the quadratic term in Eq. (13) will be small compared to
the linear terms. Therefore, neglecting the non-linear term, yields the classical Cauchy
strain tensor for small deformations [61]:
ε=


1
∇0 u + ∇T0 u
2

(18)

In this case, it can be shown that the second Piola-Kirchhoff stress tensor reduces to
Cauchy stress tensor [56]. Therefore, the constitutive equation, Eq. (14), reduces to the
isotropic Hooke’s law:
σ s = 2µs ε + λs tr(ε)I

(19)

Following the same substitutions of last section, it can be shown that the motion governing
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equation of an elastic linear solid is:
ρs0

h
i
∂ 2u
• [(2µs + λs )∇ u] = ∇ • − (µs + λs ) ∇ u + µs ∇T u + λs tr(∇ u)I
(ξ,
t)
−
∇
0
0
0
0
0
0
∂t2
(20)

Boundary and Initial Conditions
Inspecting the governing equations, the solid displacement field is the only unknown for
the solid problem, being space and time-dependent. Therefore, proper boundary conditions
are provided to close the problem.
The initial condition, as for the fluid case, is the numerical solution of the simulation
considering only the wall as part of the problem. Using the stress distribution on the wall
from the flow solution, a displacement field is obtained and hence used as initial condition.
The following boundary conditions were used:
• For the adjacent sections of the arteries – see Fig. 6 –, the displacement was set to
zero;
• Internal and external surfaces of the aneurysm and artery walls: on the internal
and external surfaces of the solid domain a Neumann boundary condition was used,
derived from the elastic linear constitutive relation:
h

ts = (2µs + λs )∇0 u + µs ∇T0 u + λs tr(∇0 u)I − (λs + µs )∇0 u

i

•

ns

(21)

where ts is the traction – force per unit area – on the surface, which depends on the
stresses and pressure acting on the surface and ns is the unit normal vector to the
surface pointing outwards. Rearranging Eq. (21) yields:
h

(∇0 u) • n =

ts − µs ∇T0 u + λs tr(∇0 u)I − (λs + µs )∇0 u
2µs + λs

i

•

ns

(22)

that corresponds to a displacement gradient specification also known as a Neumann
boundary condition. The gradients in the right hand side of Eq. (22) are calculated
explicitly.
On the inner surface of the aneurysm and artery walls – the FSI interface –, ts
is evaluated using the dynamic condition at the FSI interface, as will be show in
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Section 2.2.3.
On the outer surface, Eq. (22) still applies, however the traction ts is due only to an
uniform pressure applied on it, according to:
ts = −pns

(23)

where p on the outer surface is approximately 5 mmHg and corresponds to the
intracranial pressure.
2.2.3

Physical Condition on the FSI interface

Regarding the boundary condition on the fluid-solid interface, the formulation presented
is usually called Dirichlet-Neumann formulation of the FSI problem because the flow
equations are solved for a specified velocity at Γfs due to the kinematic condition that
guarantees the continuity of velocity at this boundary:
(v )Γfs = (v )Γfs =
f

s

du
dt

!

(24)
Γfs

whereas the solid equation is solved with an imposed traction on Γfs due to the dynamic
condition of traction continuity at the interface, expressed as:

|

σ f • nf
{z
tf


Γfs

+ (σ s • ns )Γfs = 0

}

|

{z
ts

(25)

}

and therefore, this last condition gives ts of Eq. (22), which is a Neumann boundary
condition. In Eq. (25), nf and ns are the normal vectors on Γfs pointing outwards,
respectively, of the solid and fluid domain.
2.3

Numerical Methods
To solve the system of equations governing the FSI problem – Eqs. (3), (7) and (17)

– under the boundary conditions presented in the Sections 2.2.1 to 2.2.3 we chose the
Finite Volume Method [44, 65] since is one of the most used numerical methods for CFD
applications and is beginning to be used for Solid Mechanics problems [66, 67]. We used
the open-source package OpenFOAM-Extend [68] or foam-extend, as it is usually called,
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which has a specific extension providing a solver for FSI problems. We present next
the discretization procedure in two parts: the discretization of the spatial and temporal
domains and the discretization of the equations presented in the Section 2.2. To couple the
fluid and solid problems in a partitioned context, the solver uses a method called Interface
Quasi-Newton-Implicit Jacobian Least-Squares (IQN-ILS) [69].
2.3.1

Spatial and Temporal Discretization

The temporal discretization was performed splitting the time domain into a finitenumber of uniform time-steps ∆t and the governing equations were solved in a timemarching manner. The partitioned methodology implies the spatial discretization of the
solid and fluid domains separately, yielding two computational meshes. The aneurysms
geometries were obtained from reconstructed surfaces of digital subtraction angiography
(DSA) provided by Dr. Carlos Eduardo Baccin and extracted using the open-source
library Vascular Modeling Toolkit (VMTK® ). According to its website “VMTK® is a
collection of libraries and tools for 3D reconstruction, geometric analysis, mesh generation
and surface data analysis for image-based modeling of blood vessels”. We used VMTK®
to segment the vessels and to generate the aneurysm surface. The surface can then be
exported in a STL format file. The surfaces are the boundaries of the fluid domain and
its computational mesh was created using VMTK® , Netgen (an open-source automatic
tetrahedral mesh generator) and some utilities of the foam-extend package. The use of
several softwares for generating one mesh was necessary to guarantee an initial mesh with
good quality and boundary layer refinement at the aneurysm wall. The solid mesh was
created extruding the aneurysm surface on its normal outward direction using the foamextend utility extrudeMesh, which generates a mesh with triangular prismatic elements.
Figure 12 shows a schematic two-dimensional (2D) representation of the resulting meshes.
The DSA file is a 3D pixelized image that is used to identify the brain vessels tree.
Figure 13 shows a volume rendering representation of the image (visualized with ParaView® ,
an open-source library for data visualization, as explained in Section 2.5) for aneurysm case
13 studied here. We first used VMTK® utility vmtkimagevoiselector to slice a cube of the
DSA image, known as the Volume of Interest (VOI), that enclosures only the aneurysm and
its closest surrounding vessels. Then, we used VMTK® utility vmtklevelsetsegmentation
to extract only the image of the aneurysm and its surrounding vessels from the VOI 3D
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Figure 12 – Schematic 2D representation of an aneurysm and arteries meshes for (a) the fluid domain and
(b) the solid meshes in the partitioned context, showing each FSI interface and the boundary conditions
applied to each domain.
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image. Figure 14 shows the volume rendering representation of the VOI of case 13 where
we can identify the aneurysm. Finally, a surface is constructed from the aneurysm image
with the utility vmtkmarchingcubes as shown in Fig. 15a as a gray surface.
Before meshing, the surface quality is improved with the utility vmtksurfacesmoothing
and the inlets and outlets are “clipped”, i.e. the surrounding arteries are cut with
vmtksurfaceclipper to correctly apply the inlet and outlets boundary conditions, yielding
the final surface as a STL file used for meshing. The final surface of the two cases studied
here are presented in Fig. 16 with a bounding box, showing its dimensions in millimeters.
We denominated these aneurysms as “case 13” and “case 17”, because it is their original
enumeration in the set of aneurysms provided by Dr. Baccin. Table 3 provides the
geometric characteristics of the aneurysms such as height hd , neck diameter dn , parent
artery, aspect ratio defined in Section 1.1 and mean blood flow rate in the parent artery
provided as explained in Section 2.2.1. Moreover, according to Dr. Carlos E. Baccin who
provided the images, both cases are unruptured aneurysms.
Finally, the fluid and solid meshes are created from these surfaces as explained above.
The fluid mesh has tetrahedral control volumes (or cells) with triangular prismatic cells
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Figure 13 – Volume rendering representation of the image of a DSA of aneurysm case 13 – located at the
ICA bifurcation – and the brain vessels (screen-shot taken using the visualization library ParaView® ).
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Source: prepared by the author with DSA images provided by Dr. Carlos E. Baccin.

at the adjacent region of the aneurysm and arteries surfaces whereas the solid mesh is
composed only by triangular prismatic cells. The final fluid and solid meshes for case 13,
for example, is shown in Fig. 17, in different colors and with a detail where we can see the
prismatic layer adjacent to the aneurysm wall for better resolution in the boundary-layer
region and the solid mesh. The fluid and solid meshes of case 13 have 628,565 and 117,744
cells, respectively, and case 17 have 490,567 and 116,448 cells, respectively, for the fluid
and solid meshes, respectively.
Table 3 – Geometric parameters of the aneurysms studied here: parent artery and its diameter da , neck
diameter dn , dome height hd and diameter dd , aspect ratio Ar and mean blood flow rate through its
parent artery, q̄a .
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Source: prepared by the author.
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Figure 14 – Volume rendering representation of the VOI: the volume of interest is extracted from the
DSA image (at the upper left corner, in yellow) and includes the aneurysm and its surrounding vessels
(screen-shot taken using the visualization library ParaView® ).
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Source: prepared by the author with DSA images provided by Dr. Carlos E. Baccin.
Figure 15 – Aneurysm and arteries surface extracted with VMTK® : (a) complete extracted surface and
portion clipped with the utility vmtksurfaceclipping in red; (b) the final triangulated surface used
subsequently for meshing (corresponds to the red portion of the surface on the item (a)).
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Source: prepared by the author.
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Figure 16 – Aneurysm geometries used: (a) case 13, an aneurysm occurring on the ICA bifurcation and
(b) case17, an aneurysm occurring on the Anterior Communicating Artery (ACoA).
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Figure 17 – Fluid and solid meshes of case 13, in blue and red, respectively, with layers of refined
prismatic elements adjacent to the FSI interface.
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Source: prepared by the author.

Fluid Mesh Motion
The fluid mesh must be updated according to the movement of the solid (artery and
aneurysm), therefore is recommended to use a dynamic mesh methodology to avoid large
distortions of the cells. We used a method based on the Laplace equation’s solution for
the velocity of cell centroids, technique usually referred to as Laplace smoothing. This
technique consists of solving the following equation:
∇ • (γ∇ω) = 0

(26)

where γ is a “mesh diffusivity”; ω is the control volume centroid velocity. Jasak and
Tuković [70] and Jasak and Tuković [71] highlight that in the automatic mesh motion
is important to keep the quality of the mesh, since large deformations of the moving
boundaries can lead to extreme distortions of the cells, producing a solution with poor
accuracy. Jasak and Tuković [70] present different ways of performing the control of the
dynamic mesh quality using different functions for the diffusivity γ based on the distance
to the closest moving boundary or a quality metric of the cells. We used a distance-based
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approach where γ is given by:
γ=

1
l2

(27)

where l is the cell centroid distance to a selected moving boundary which is, for the
aneurysms simulations, the aneurysm wall - the fluid-solid interface. As presented by
Jasak and Tuković [70] this approach leads to a more “rigid” mesh close to the selected
boundary because γ is higher, preserving the original quality of the cells. Since we used
a refined layer of prismatic elements close to the aneurysm and vessels walls, this is the
desired behavior.
To solve Eq. (26), the Finite Volume Method is used and its discretization is performed
below in Section 2.3.2. The boundary conditions for ω are: on inlets and outlets we specify
zero velocity conditions (Dirichlet boundary condition). For the aneurysm wall, which is
the fluid-solid interface, the velocity boundary condition is interpolated from the solid
displacement of the last coupling iteration.
After solving Eq. (26), the cell centroid velocity, ω, is interpolated from the cell centroid
to the geometric nodes. We call this interpolated velocity ωnode . Finally, the mesh nodes
coordinates are updated by:
xnew = xold + ωnode ∆t

(28)

where ∆t is the time-step of the fluid numerical simulation, xnew and xold are the mesh
nodes position after and before solving the equation, respectively.
This procedure is used only for the fluid mesh because is not necessary to update
the solid mesh once the formulation is the total Lagrangian (see Section 2.2.1), i.e. the
motion is described with respect to the reference configuration. From the computational
perspective, the solid solver implementation in foam-extend uses a non-moving mesh
approach, i.e. it integrates the equations over the reference configuration.
2.3.2

Discretization of the Mathematical Model

OpenFOAM-Extend (or foam-extend) is an open-source library of classes written in C++
language (the acronym FOAM standing for “Field Operation and Manipulation”), created
for executing applications in computer simulation of Continuum Mechanics problems.
The applications are divided into two groups: solvers and utilities. The solvers contain
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algorithms for solving the governing equations of problems in Continuum Mechanics. The
utilities, in turn, are related primarily to pre- and post-processing operations: creation and
manipulation of meshes, parallel processing, simulation data conversion and processing,
etc. It is also possible to use other external post-processing tools such as ParaView® .
Figure 18 outlines the general structure of the foam-extend. There is a third group
of libraries that include generic functions and numerical models commonly used in the
discretization process and/or solution of the governing equations, for example, turbulence
models, non-Newtonian fluids, and dynamic mesh tools.
Figure 18 – Structure of foam-extend, providing solvers and utilities for the general steps of a numerical
simulation.
Open-source Field Operation and Manipulation C++ library
(OpenFOAM)

Utilities: mesh creation
and manipulation, etc.

Solvers for PDE’s of
Continuum Mechanics

ParaView and utilities
for post-processing

Pre-processing

Solve PDE’s

Post-processing

General steps of a CFD simulation

Source: prepared by the author.

OpenFOAM-Extend uses the FVM with collocated variables arranged in a cell-centered
discretization of the governing equations, meaning that the unknown variables are stored at
the computational nodes. A finite-volume mesh is composed of non-overlapping polyhedral
cells with polygonal flat faces and each internal face is shared by two cells; external
faces, which compose the boundaries of the domain, belong to only one cell. The meshes
presented in Section 2.3.1 follow these conditions. Figure 19b shows a typical polyhedral
cell with volume VC and the centroid, or computational node, located at the point C; and
Fig. 19a shows a 2D polygonal cell with its neighbours cells F ’s and their face centroids
f ’s. The geometric parameters shown in these figures are needed in the finite volume
discretization of the governing equations. A more detailed presentation of the FVM
discretization can be found in Appendix C.
The FOAM code was started in the 1990s by a group of doctoral students at Imperial
College, including Dr. Henry Weller and Dr. Hrvoje Jasak. Currently, the “OpenFOAM”
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Figure 19 – (a) Polygonal control volume with centroid C of a 2D finite volume mesh, and its neighbours
Fi ; (b) Polyhedral control volume VC with its geometric parameters used on the finite volume
discretization.
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Source: prepared by the author.

word is a registered trademark of the ESI Group, while continuing to have their code
open-source under the terms of the GPL license (foam-extend-4.0, the latest release, uses
version 3 of this license).
To “open the CFD toolbox OpenFOAM to the extensions provided by the community in
the spirit of open-source development model”, a branch of OpenFOAM® , the Extend Project,
was born with Dr. Hrvoje Jasak and others contributors. The foam-extend project, as it is
called has the same structure of the original project and, according to the ReleaseNotes
provided with the package, “foam-extend contains bug fixes and performance improvements
beyond extensions and additional features provided by community contributors”. Some of
these additional extensions are “missing, lost, disabled or unused by releases of the ESI
Group”, such as “turbomachinery applications, dynamic mesh with topological changes and
support for its use with the FVM, implementation of the Finite Element Method (mainly
for polyhedral mesh deformation), Finite Area Method and large contributions in Solid
Mechanics modeling”, and others (a complete list of the latest version, foam-extend-4.0,
can be obtained from the ReleaseNotes of the package); it also contains FSI algorithms
implemented as some of its solvers: icoFsiFoam, icoFsiElasticNonLinULSolidFoam and
fsiFoam (this last one provided as an extension – Tuković et al. [72]). The former is used
for weakly coupled FSI problems and the other two for strongly coupled ones. As we
discuss in Section 2.3.3, the aneurysm FSI problem is strongly coupled. For this reason, we
used in this work the solver fsiFoam of version foam-extend-4.0, which has implemented
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the method Interface Quasi-Newton-Implicit Jacobian Least-Squares (IQN-ILS) for FSI
coupling, which is also presented in Section 2.3.3.
Fluid Model Discretization
The finite volume discretization starts with the integral form of the governing equations
for a control volume VC and uses Gauss’ divergence theorem to transform the volume
integrals over VC into sums of surface integrals over control volume faces. Then, to evaluate
the face integrals, the classical approach is to express the fields as a linear function of
space around the control volume centroid - its computational node - leading to a secondorder accurate spatial discretization (see Appendix C). Our main focus here is on the
discretization of Eqs. (3), (7) and (26) on a moving grid, but the complete discretization
process can be found in Appendix C, where we demonstrate the finite volume discretization
in detail and for further details one can consult specific literature as Moukalled et al. [44]
and Versteeg and Malalasekera [73]. Furthermore, the procedure is valid only for internal
cells; cells having one or more faces that belongs to the boundaries of the domain must
have a special discretization for its boundary faces which depends on the type of the
boundary condition. Therefore, the specific discretization procedure for boundary faces
will not be presented here, but can be found in specific texts of the FVM [44, 74].
The semi-discretized momentum equation, i.e. with cell face values for the velocities of
the advective and diffusive terms, and the temporal term discretized using a second-order
backward Euler implicit scheme, is:
ρC
=

i
3VCn (vCf )n − 4VCn−1 (vCf )n−1 + VCn−2 (vCf )n−2 X h
+
ṁf − (ρf ω)f • sf (v f )nf =
2∆t
f
X
f

µff



n
∇v f
f

• sn
f

+

(∇p)nC

(29)

VCn

where the subscripts f and C represents values evaluated at a control volume faces and
centroid, respectively (see Fig. 19); the superscript n represents the current time level;
ṁf = ρf (v f )f • sf is the mass flow rate through face f which must satisfy the mass
conservation principle, Eq. (3), sf is the normal vector to face f pointing outward and
n is the unit normal vector to f . V̇f = ωf • sf is the volume swept by face f due to the
spatial mesh motion per unit time; it is important to note that V̇f is computed to satisfy
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the discretized version of the geometric conservation law, Eq. (4):
X
X
∆VC
=
V̇f ≡
ω f • sf
∆t
f
f

where

∆( )
∆t

(30)

is a discretization operator for the first order temporal derivative, using a

second-order backward Euler scheme, as used for Eq. (29), it is written as:
3V n − 4VCn−1 + VCn−2
∆VC
≡ C
∆t
2∆t

(31)

as explained by Tuković and Jasak [75].
Both flow rates, ṁf and V̇f , are evaluated using available values of the flow and mesh
velocities from the last iteration to linearize the advective term (that is why we do not
use superscript n on them). Note that Eq. (29) is a vector equation, i.e., it has 3 scalar
equations, one for each component of v f .
To complete the discretization procedure, face values in Eq. (29) are interpolated from
cell centroid values. The velocity in the advective term, (v f )nf , is interpolated using the
second-order upwind scheme adapted for unstructured grids [44]:
h

(v f )f = vCf + 2∇vCf − (∇v f )f

i

•

(32)

dCf

where dCf is the vector joining C and f ; the velocity gradients in Eq. (32) are discretized
using the least-squares method [44]. Once the gradients are discretized, (v f )f can be
expressed in terms of the centroid values of the control volumes sharing face f :
(v f )f = wC vCf + wF vFf

(33)

where wC and wF are weights that depends on the interpolation scheme, accounting for
the influence of vCf and vFf on (v f )f , respectively.


The velocity gradient normal to face f , ∇v f



•

f

snf , is interpolated using a skewness

and non-orthogonal corrected scheme as follows (see Appendix C):
∇φf • sf =

φF − φC
df n
|

{z

}

Orthogonal contribution

+

kf F • (∇φ)F − kf C • (∇φ)C
df n
|

{z

}

Non-orthogonal and skewness correction

(34)
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where kdf n k = df n nf with df n = nf • (xF − xC ), where xC and xF are the Cartesian
position vector of C and F . The correction term is due to the non-orthogonality and
skewness of the unstructured mesh and is treated explicitly while the orthogonal term is
evaluated implicitly. The dynamic viscosity µff is considered constant for the blood, but if
needed could be linearly interpolated.
Substituting Eqs. (33) and (34) into Eq. (29) and after some manipulations follows the
algebraic equation:
avC (vCf )n +

avF (vFf )n = bvC − (∇p)nC VCn

X

(35)

F ∼N B(C)

which is the discretized momentum equation for one finite volume or cell in vector form
where the coefficients avC and avF are functions of the flow velocity. Note that the sum in
Eq. (35) is computed over the neighbours of control volume C (see Fig. 19a). Since the
foam-extend implementation considers the equations in a Cartesian coordinate system,
the flow velocity can be written as: v f = vxf i + vyf j + vzf k, where i, j and k are vectors of
the canonical basis. Therefore, the discretized momentum equation for each component of
velocity is:
avCx (vxf )nC +

aF (vxf )nF = bvCx − VCn (∇px )nC

X v
x
F

v

aCy (vyf )nC +

X vy

v

aF (vyf )nF = bCy − VCn (∇py )nC

(36)

F

avCz (vzf )nC +

aF (vzf )nF = bvCz − VCn (∇pz )nC

X v
z
F

where the (∇pi )C is the pressure gradient on direction i at the centroid C, with i = x, y, z.
Assembling the last equations for all control volumes in the fluid mesh yields three systems
of algebraic linearized equations:
Avx (vxf )n = bvx − VCn

n

∇px

 o

Avy (vyf )n = bvy − VCn

n

∇py

 o

Avz (vzf )n = bvz − VCn

n

∇pz

 o

C
C

(37)

C

where A is the matrix of coefficients aC and aF ; each line of matrices A’s presents the
coefficient aC at the diagonal element and, at the other line elements, the coefficients aF ;
vxf , vyf and vzf are the velocity solution vectors in each direction; b is the vector of the
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source term coefficients and {(∇pi )C } is the vector obtained from the discretization of the
pressure gradient term, discussed below.
Foam-extend solves Eq. (37) in a segregated manner, i.e, each system is solved separately.
As explained in Appendix C, Eqs. (3) and (29) represents a complex coupling problem
between pressure and velocity which is solved by foam-extend using the segregated Pressure
Implicit with Splitting Operators (PISO) algorithm proposed by Issa [76] (other coupling
algorithms are available, consult the software User Guide for further information). This
algorithm solves a pressure equation derived from the continuity equation, Eq. (3), and
the discretized momentum equation, Eq. (35).
To derive the pressure equation, first we write the finite volume discretization of the
continuity equation:
X

ρf (v f )f • sf =

f

X

ṁf = 0

(38)

f

Then, the face velocities, (v f )f , are evaluated from Eq. (35), which can be written for
a computational node C as follows:
h

i

vCf + HC v f = BvC − DvC (∇p)C

(39)

where the vector operators are:
h

i

HC v f ≡

X avF
F

BvC

avC

vFf

(40)

bvC
≡ v
aC

(41)

VC
avC

(42)

DvC ≡

Interpolating the flow velocity from cell centroid to face centroid is a delicate operation
and it was responsible for early problems in the collocated formulation of the FVM [44, 77].
Using a linear interpolation for (v f )f decouples velocity and pressure, originating the
known checkerboard problem. A solution was proposed by Rhie and Chow [78] and
today is known as the Rhie-Chow interpolation. The original procedure starts with a
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pseudo-momentum equation for the face centroid which “mimics” Eq. (39):
h

i

(v f )f + Hf v f = Bvf − Dvf (∇p)f
h

(43)

i

where Hf v f and Dvf are linearly interpolated from their counterparts in the centroid
of the cells sharing face f , as proposed in the original formulation. However, it is known
that, if a very small time-step is used, a linear interpolation approach can produce the
checkerboard problem [77, 79, 80]. Therefore, we used a consistent formulation presented
in Tuković and Jasak [75] and implemented in foam-extend. This consistent formulation
h

i

uses a modified interpolation for the terms Hf v f and Dvf and was proposed by Yu et al.
[80] which avoids the mentioned behavior for small time-steps.
Substituting Eq. (43) into Eq. (38) and rearranging yields the semi-discretized pressure
equation:
−

X

(ρf )f Dvf (∇p)f • sf =

f

X

n

h

i

(ρf )f Hf v f − Bvf

o

•

sf

(44)

f

where the right-hand side term is evaluated explicitly whereas the left hand side is made
implicit. The pressure gradient normal to face f , (∇p)f • sf , is discretized implicitly using
the skew-corrected approach, Eq. (34), which, after algebraic manipulations, can be written
as a linearized algebraic equation for the pressure:
apC pnC +

X p
a pn

F F

= bpC

(45)

F

which is the discretized pressure equation for one control volume VC . This equation can be
assembled for the whole fluid mesh, yielding a system of linearized system of equations:
Ap pn = bp

(46)

The PISO algorithm starts by solving the systems given by Eq. (37) using an available
pressure field (at the first time-step, using an initial condition or, for later time-steps,
using the values from the last iteration), generating a momentum-satisfying velocity field,
which is considered a predictor. This predictor field is used to solve the pressure system,
Eq. (46), yielding a pressure field which satisfies both momentum and continuity equations.
Finally, the velocity field is updated using the new pressure solution through Eq. (39)
generating a divergence-free, i.e. continuity satisfying, velocity field. The original PISO
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algorithm proposed by Issa [76] recommends only two iterations over the pressure equation
to achieve reasonable solution accuracy.
The system given by Eq. (37) is solved by using a preconditioned Bi-Conjugate
Gradient method for asymmetric matrices [81], with convergence criterion based on a
scaled normalized residual tolerance equal to 1 × 10−6 – Appendix D explains how foamextend calculates the scaled normalized residual; the preconditioning matrix is a diagonal
incomplete Cholesky for asymmetric matrices; the pressure system assembled from Eq. (44)
is solved using a geometric agglomerated algebraic multi-grid solver, with scaled normalized
residual tolerance equal to 1 × 10−6 .
Mesh Equation Discretization
The Laplace equation, Eq. (26), used for updating the computational and geometric
nodes of the fluid mesh is also solved using the FVM. Applying the finite volume discretization to Eq. (26), i.e. integrating this equation over a moving control volume VC
yields:
Z
VC

∇ • (γ∇ω) SdV = 0 ⇒

I
sf

(γ∇ω) • ndS = 0 ⇒

X

γf (∇ω)f • sf = 0

(47)

f

The face normal gradient is discretized using Eq. (34) with non-orthogonal and skewness
correction. After substitution of Eq. (34), written for ω, in Eq. (47) and rearranging yields
the discretized mesh velocity equation for VC :
aωC ωCn +

X

aωF ωFn = bωC

(48)

F

As for the fluid velocity, ω is a vector and, in the Cartesian coordinate system, can be
decomposed as: ω = ωx i + ωy j + ωz k, where i, j and k are vectors of the canonical basis.
Therefore, the discretized mesh velocity equation for each component of ω is:
aωCx (ωx )nC +

aF (ωx )nF = bωCx

X ω
x
F

ω

aCy (ωy )nC +

X ωy

ω

aF (ωy )nF = bCy

F

aωCz (ωz )nC +

aF (ωz )nF = bωCz

X ω
z
F

(49)
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which can be assembled for all control volumes in the fluid mesh yielding three systems of
algebraic linearized equations:
Aωx (ωx )n = bωx
(50)

Aωy (ωy )n = bωy
Aωz (ωz )n = bωz

The systems in Eq. (50) are solved by a linear solver using a geometric agglomerated
algebraic multi-grid solver, with scaled normalized residual tolerance equal to 1 × 10−6 –
consult Appendix D for residual calculation.
Solid Model Discretization
Equation (17), governing the artery motion, is also discretized using the FVM. Integrating this equation over a polyhedral cell VC – see Fig. 19b – gives:
Z
VC

∂ 2u
ρs0 2
∂t

(ξ, t)dV −

Z

∇0 [(2µ + λ )∇0 u]dV =
•

VC

s

s

Z
VC

(∇0 • Ql + ∇0 • Qnl ) dV

(51)

where:
Ql = − (µs + λs ) ∇0 u + µs ∇T0 u + λs tr(∇0 u)I

(52)





1
Qnl = µs ∇0 u • ∇T0 u + λs tr ∇0 u • ∇T0 u I + S • ∇0 u
2

(53)

are the linear and non-linear parts. We can invert the order of the temporal derivative
because VC is a material control volume and

∂2u
∂t2

is evaluated keeping the material coordi-

nates constant; then, using the mid-point rule to evaluate the integral with second-order
accuracy as follows:
Z
VC

2
s∂ u
ρ0 2
∂t

(ξ, t)dV =



 ∂2
s
ρ0
C ∂t2

!

Z

=

udV

VC

|

{z

≈uC VC

∂
(ρs0 )C VC

2

uC
∂t2

(54)

}

The second order derivative is discretized using a second-order accurate backward
scheme, to unify the discretization of the temporal terms between the fluid and solid model
discretization. As presented by Tuković et al. [72], this is achieved using the second-order
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discretization of the first-order temporal derivative, as follows:
∂ 2 uC
∂t2

!n

"

∂
≡
∂t

∂uC
∂t

!#n

≈

3



∂uC
∂t

n

−4



∂uC
∂t

n−1

+



∂uC
∂t

n−2

≡

2∆t

∆2 uC
∆t2

!n

(55)

∆2 ( )
to represent the discretized operator of the temporal
∆t2
term. The first-order derivatives that appear in Eq. (55) are evaluated using a second-order

where we used the notation

backward Euler scheme, as presented in Appendix C:
∂uC
∂t

!n

≈

3unC − 4un−1
+ un−2
C
C
2∆t

(56)

Applying Gauss’ divergence theorem into the second integral on the left hand side
of Eq. (51) and applying the discretization process for a diffusion-like term explained in
Appendix C we obtain:
(ρs0 )C VC

∆2 uC
∆t2

!n

−

X

(2µ + λ
s

s

)f (∇0 u)nf

•

sf =

Z
VC

f

(∇0 • Ql + ∇0 • Qnl ) dV

|

{z

Evaluated explicitly

(57)

}

The normal gradient in the second term on the left side of Eq. (57) is interpolated using a
non-orthogonal and skewness corrected scheme as shown in Eq. (34). The terms on the
right hand side are explicitly evaluated by foam-extend, i.e. using values already available
to make it possible to solve the problem by a segregated approach, since these terms
carries the coupling between the components of the displacement.
Substituting Eqs. (34) and (55) in Eq. (57), we can write a linearized algebraic equation
for a control volume VC of the solid mesh in vector form:
auC unC +

X

auF unF = buC

(58)

F ∼N B(C)

If we decompose u in the Cartesian coordinate system as: u = ux i + uy j + uz k, where
i, j and k are vectors of the canonical basis. Therefore, the discretized solid displacement
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equation for each component of u is:
auCx (ux )nC +

aF (ux )nF = buCx

X u
x
F

auCx (uy )nC +

X uy

u

aF (uy )nF = bCy

(59)

F

auCx (uz )nC +

X uy

aF (uz )nF = buCz

F

which can be assembled for all control volumes in the solid mesh yielding three systems of
algebraic linearized equations:
Aux (ux )n = bux
Auy (uy )n = buy

(60)

Auz (uz )n = buz
The systems in Eq. (60) are solved by a linear solver using a preconditioned Conjugate
Gradient method for symmetric matrices, with scaled normalized residual tolerance equal
to 1 × 10−9 – see Appendix D for residual calculation –, with the preconditioning matrix
a diagonal incomplete Cholesky.
2.3.3

Coupling FSI Method: IQN-ILS

The partitioned methodology consists of solving the flow problem, Eqs. (2) and (7),
the solid problem, Eq. (17), and the mesh motion equation, Eq. (26), separately and
sequentially with the conditions at the fluid-solid interface, Eqs. (24) and (25), obtained
interpolating each solution at this interface. One of the main advantages of this approach is
the ability to re-use algorithms already developed, allowing different discretization for each
domain if needed. Therefore, two computational meshes are provided and the rest of the
work consists of building an algorithm that performs interpolation, or mapping, of variables
between the FSI interface of each mesh. Figure 20 shows an example of a computational
mesh of an aneurysm domain Ω for a FSI problem treated in a partitioned manner: the
fluid and solid meshes are separated and have the FSI interface, Γfs in common; we call
Γfsf luid the fluid mesh boundary that corresponds to the FSI interface and Γfssolid for the solid
mesh. The same figure also shows the interpolation of variables between these surfaces:
after solving the governing equations of the flow, the pressure p and traction tf fields are
interpolated from Γfsf luid to Γfssolid ; on the other hand, once the solution of the governing
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equation of the solid is known, the displacement u and velocity v s at Γfssolid are interpolated
to Γfsf luid .
Figure 20 – Schematic two-dimensional representation of the fluid and solid meshes of an aneurysm
geometry showing each FSI interface and the interpolated variable between the solid and fluid mesh
interfaces.

Fluid Mesh

Γfs
solid
Solid Mesh

p,tf

vs

Γfs
f luid

u

Source: prepared by the author.

Although flexible, partitioned methodologies are very unstable [45], specially for
problems with strong physical couplings between the fluid and structure, e.g., high fluid
and solid density ratio, which occurs when the solid is very light compared to the fluid,
and/or incompressible flow leads to unconditionally instability of the computational solution
[82, 83]. In general, coupling schemes are applied in these situations to improve solution
stability, which is not necessary in monolithic methods as all variables are evaluated at
the same time. Two computational coupling schemes are found:
• Weak coupling: in this type of scheme, the solution of the solid equation, the mesh
motion and the flow equations are obtained sequentially only once per time-step, i.e.,
there is no internal loop to verify if the FSI interface displacement is correct. They
are recommended for weak physical coupling between the fluid and solid domains;
when the solid is very stiff, for example, in aeronautics applications like flutter of
wings, where the wing has a stiff and heavier solid structure compared to the fluid
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which is generally air. Figure 21a shows the sequence of interactions for this type of
coupling;
• Strong coupling: in this scheme, at each time-step a coupling loop is implemented
to seek the equilibrium between the displacements of the fluid and solid mesh FSI
interface: with the FSI interface at position x|Γfsf luid , the solution of the fluid governing
equations yields a traction distribution on the solid interface which, in turn, responds
with a new displacement field and a new interface position x|Γfssolid , and if the result
is correct then x|Γfssolid = x|Γfsf luid ! However, this may not happen because, due to the
strong physical coupling, solving only once the governing equations may not lead
to the correct position of the FSI interface, on the contrary, the displacements are
generally very large for the first calculations. In general, to achieve this convergence,
relaxation factors must be applied and several coupling iterations over the governing
equations are performed until, finally, the condition:




(61)

x|Γfssolid − x|Γfsf luid < 0

where 0 is a tolerance specified a priori, is satisfied. Figure 21b shows the sequence
of interactions for this type of coupling. Information is exchanged between fluid
and solid domains while the condition represented by Eq. (61) is not met, through
interpolations as depicted in Fig. 20, and Eqs. (3), (7), (17) and (26) are solved in
each coupling iteration.
Figure 21 – Interactions of FSI coupling approaches of the partitioned methodology: (a) weak FSI
coupling, where the solution of the solid problem is passed directly to the next time-step and (b) strong
FSI coupling where a k number of iterations are performed over the governing equations within one
time-step to verify if the FSI interface displacement is correct; n and n + 1 represents two consecutive
time-steps.
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Although relaxation procedures – fixed or Aitken’s dynamic relaxation [84, 85] – are
commonly applied in the coupling loop, for very strong interaction, which is the case of the
aneurysm problem, we chose to use a more robust procedure, proposed by Degroote et al.
[69] and implemented in foam-extend, called Interface Quasi-Newton-Implicit Jacobian
Least-Squares (IQN-ILS). This procedure solves a residual form of the equation that
governs the position of the FSI interface in each time-step, using quasi-Newton iterations
and approximating the product of the inverse of the Jacobian by the residual vector
through a least-squares method, as explained below.
Let us call F a symbolic representation that gathers all operations of the “fluid solver”
in a partitioned FSI procedure, i.e., the solution of the systems of equations derived in
Section 2.3.2 of the fluid model, and interpolates the stresses from Γfsf luid to Γfssolid , thus, its
input is the new position of Γfsf luid , d = x|Γfsf luid , and its output is the traction and pressure
transmitted to the solid, y =

n



o

p, tf |Γfssolid . Therefore, the operator F can be written as:
y = F (d)

(62)

On the other hand, we can also define a solid operator, S, that gathers all operations of the
solid solver: solving the system of equations presented in Section 2.3.2 of the solid model,
Eq. (60), and interpolates the displacement of Γfssolid to Γfsf luid . Therefore, its mathematical
form is written as:
d = S (y)

(63)

Figure 22 shows a schematic representation of F and S. The representations of S and
F are convenient because they can be any “black-box” solvers for solid and fluid problems,
respectively. Hence, the IQN-ILS method does not need to know their internal structure,
it only uses the FSI interface information.
With this terminology, the FSI problem, i.e. finding the FSI interface position d, is
written by substituting Eq. (62) in Eq. (63) yielding the following equation:
d = S [F (d)] = S ◦ F (d)

(64)

a fixed-point formulation of the FSI problem [84]. The notation “◦” represents a composition of two functions, i.e., the result of F is applied to S. Equation (64) can also be
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written in a residual form:
R (d) = S ◦ F (d) − d = 0

(65)

where d is the FSI interface position and this last equation represents a non-linear system
of equations for the coupled problem. Note that the coordinates of the FSI interface are
the only explicit variable in this system.
If Newton-Raphson iterations were chosen to solve Eq. (65), the non-linear system can
be linearized and written as follows:
∂R
∂d
where

∂R
∂x

∆dk = −rk

(66)

dk

is the Jacobian matrix of R; ∆dk = dk+1 − dk is an increment of the interface

position d for a Newton-Raphson iteration represented by index k; the residual is evaluated
by:
rk = R (dk ) = S ◦ F (dk ) − dk = d̃k+1 − dk

(67)

with the tilde indicating a variable at the end of one iteration, i.e., d̃k+1 = S ◦ F (dk )
is the result of solving the fluid and solid problems sequentially on iteration k. In one
time-step, the Newton-Raphson iterations have converged when krk k2 < 0 , where 0 is
a predefined tolerance (note that this residual is essentially the one shown in Eq. (61)).
However, Eq. (66) could only be solved directly if the Jacobian

∂R
∂d

was known; since the

Jacobians of F and S may be unknown - because the method supposes initially that F
and S are “black-box” solvers, then their internal structure is probably unknown - we
cannot calculate

∂R
.
∂d

Degroote et al. [69] propose to solve Eq. (66) using quasi-Newton

Figure 22 – Representation of the fluid and solid “black-box” solvers showing their input and output
variables.
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iterations as follows:

−1



dk+1

∂R
= dk + 
∂d



(−rk )

(68)

dk

Since the residual rk is known at every iteration and dk is also known from the last
iteration, to obtain dk+1 , the inverse of the Jacobian,



∂R
∂d dk

−1

, needs to be calculated.

Degroote et al. [69] approximate it using a least-squares method proposed by Vierendeels
et al. [86] and reproduced . Finally, once the quasi-Newton iterations converged, the new
position field of the FSI interface, dk+1 , is passed to the next time-step.
The implementation, in foam-extend, of the procedure to approximate the inverse
Jacobian in Eq. (68) has some small differences compared to the exact steps presented
in Degroote et al. [69] regarding only intermediate calculations. We present here as it is
implemented on foam-extend, version 4.0. Each coupling iteration, k – a quasi-Newton
one – produces a new residual vector rk and a new position vector for the computational
nodes of the interface, d̃k+1 ; these vectors are also available from previous iterations
i = 0, ..., k − 1. Defining the vectors:
∆ri = ri − r0

(69)

∆d̃i+1 = d̃i+1 − d̃1

(70)

fs

they belong to IRN with N fs the number of degrees of freedom on the FSI interface; for
the current time-step level indicated as n, these vectors can be added as the columns of
matrices defined as:
Vnk

Wnk



= ∆rk−1 ∆rk−2 · · · ∆r1 ∆r0



= ∆d̃k ∆d̃k−1 · · · ∆d̃2 ∆d̃1



(71)



(72)

The matrices similar to these equations for the previous q time-steps n − 1, n − 2, ..., n − q
can also be used; according to Degroote et al. [84], this remarkably improves convergence of
the method. Thus, the matrices in Eqs. (71) and (72) can be expanded adding information
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of previous q time-steps to their rightmost end:


Vk =

Wk =

Vnk

V

n−1



Wnk

W

n−1

··· V

n−(q−1)

··· W

n−(q−1)

V

n−q

W



n−q

(73)



(74)

According to Degroote et al. [69], the value of q can accelerate convergence, but its value
for the fastest convergence is problem dependent. Note that we dropped the coupling
iteration index of matrices from older time-steps, since these are complete, i.e., their
columns corresponds to all coupling iterations of each previous time-step. We indicate the
number of columns in Vk and Wk as v; the number of lines is N fs , and usually v  N fs .
The final residual vector should be 0, i.e. indicating convergence. If one defines the
vector ∆r = 0 − rk , it can be expressed as a linear combination of the available ∆rk :
∆r ≈ Vk ck

(75)

where ck ∈ IRv is the vector formed by the coefficients of the linear combination, which
must be determined solving system (75). However, Vk is a rectangular matrix with number
of rows, N fs , usually much larger than the number of columns, v. Therefore, Eq. (75)
is an overdetermined system and hence the least-squares method is used to find ck that
minimizes the function:
(76)

k∆r − Vk ck k2

A good description of least-squares methods can be found in Golub and Van Loan [81].
For the IQN-ILS method, the QR-decomposition of Vk is used:
V k = Qk R k
calculated through the modified Gram-Schmidt method [81]; Qk ∈ IRN
nal matrix, i.e.Q−1 = QT , and Rk ∈ IRN

fs ×v

(77)
fs ×N fs

is an orthogo-

is upper triangular. Substituting Eq. (77)

into Eq. (75) leads to:
Rk ck = QTk ∆r
which can be solved for ck using back substitution.

(78)
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Equivalent to ∆r is the vector ∆d̃ = dk+1 − d̃k+1 , where dk+1 is the converged FSI
interface displacement (equivalent to zero residual) and is written as a linear combination
of the elements of Wk using the coefficients ck obtained from Eq. (78):
∆d̃ = Wk ck

(79)

From Eq. (67) and the definitions of ∆r and ∆d̃ yields:
∆r = ∆d̃ − ∆d

(80)

where ∆d = dk+1 − dk . Substituting Eq. (79) into the last equation follows:
∆d
|{z}

=dk+1 −dk

= Wk ck − |{z}
∆r

(81)

=−rk

Since vector ck is a function of ∆r, then Eq. (81) can be seen as an approximation of
the Jacobian matrix-residual vector product of Eq. (68). Writing Eq. (81) in the form:
dk+1 = dk + Wk ck + rk

(82)

clarifies the comparison with Eq. (68). The form of Eq. (82) is computationally less
expensive if the inverse Jacobian is explicitly written by comparison of Eq. (82) with
Eq. (68), which results in:
−1



∂R

∂d



T
= Wk R−1
k Qk − I

(83)

dk

where I is the identity matrix of IRN

fs ×N fs

. Clearly, Eq. (82) involves less operations than

Eq. (83) – only one matrix-vector product in the former case, whereas two matrix-matrix
products in the latter case. Finally, with Eq. (82), a new value of the FSI interface
position is obtained and can be passed along once convergence has been reached. Note
that, for constructing Eq. (82), the most expensive computational operations are the
QR-decomposition of Vk and the solution of the upper triangular system.
As we explained before, the reuse parameter, q, accelerates convergence. However,
because there is no information to reuse at the first time-step, to avoid divergence at
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the initial coupling iterations, the method includes fixed relaxation to be performed
within the first time-step. Therefore, during the initial coupling iterations of the first
time-step, once the residual rk has been calculated, the new interface position is computed
as dk+1 = dk + αrk
Degroote et al. [69] and Degroote et al. [84] compared the performance of the IQN-ILS
method with a monolithic and other partitioned methods, respectively. While the first
study was not very conclusive, the second study showed that, for example, the IQN-ILS
performs better than Aitken’s dynamic relaxation. We also highlight that, in these studies,
the numerical experiments presented were not very representative of engineering problems
arising in current industrial and biomedical applications – flow in flexible 3D pipes and
flexible beam behind a cylinder in cross flow, for example –, therefore, it is still important
to assess its performance in more complex problems.
2.3.4

Solution Procedure

Finally, the complete solution procedure for the simulation of the flow in aneurysms
with flexible wall assumption, i.e. accounting for the fluid-solid interaction, is shown in
Fig. 23 which shows a flowchart of the solution procedure where the fluid and solid “solvers”
presented in Section 2.3.3 are shown in yellow boxes which enclosures its operations. A
description of the flow chart is:
1. Fluid and solid fields are initialized: for the flow problem, the numerical solution of
the flow with rigid wall assumption, (v f )0 and p0 , is used as initial condition, obtained with the solver pisoFoam of foam-extend using the same boundary conditions
described in Section 2.2.1 for the inlet and outlets; while for the solid problem, we
used the wall shear stress and pressure fields of the flow problem with rigid wall to
generate an initial displacement field, u0 using the solver solidFoam of foam-extend.
It is important to note that using an initial condition (different than a trivial one)
closer to the final solution is recommended since the coupling technique is based on
a quasi-Newton method, as explained in Section 2.3.3.
2. Start coupling loop:
(a) Update the displacement of the FSI interface using the IQN-ILS procedure as
presented in Section 2.3.3;

74
(b) Updating the fluid mesh: using the last displacement and velocity of the FSI
interface as boundary condition, solve Eq. (50) for mesh velocities;
(c) With the mesh velocities, solve the discretized Navier-Stokes equations: first,
solve the discretized momentum equations for flow velocity components, Eq. (37),
sequentially and separately, with an available pressure and velocity fields (in
the first time-step, n = 0, use initial condition values; after the first time-step,
n > 0, use values of the last coupling iteration); then start the PISO loop:
i. With the momentum-satisfying velocity field, solve the pressure system of
equations, Eq. (46);
ii. Correct the flow velocity field with the new continuity-satisfying pressure
and mass flow rate fields using Eq. (39) and iterate over the pressure
equation: we used 3 iterations, one more than the suggestion of the original
procedure by Issa [76] because of the non-orthogonal correction used for
the pressure equation; once the number of iterations, nIter, is greater than
the informed number of correctors step, nCorr = 3, skip the PISO loop;
(d) Interpolate the fluid traction tf = nf • σ f from Γfsf luid to Γfssolid , to be used as
Neumann boundary condition – see Eq. (22) – for the solid problem;
(e) Solve the discretized momentum equation for the solid displacement, Eq. (60),
which yields a new position field for Γfssolid ;
(f) Calculate the FSI residual, Eq. (67), and check for convergence of the coupling
iterations – we used a scaled normalized residual tolerance equal to 1 × 10−4 –
see Appendix D for residual calculation in foam-extend. If converged, skip the
coupling loop, otherwise return to Item 2a;
3. Write flow velocity, pressure, solid displacement and other relevant fields to disk and
move to next time-step t ← t + ∆t, where the left arrow means attribution, until
the last one tend , is reached.

2.4

Hardware Support
The sequence presented in Fig. 23 is very time consuming for a machine running in

sequential mode. Therefore, all the simulations were performed using parallel processing
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Figure 23 – Flowchart of the algorithm to solve the FSI problem in a partitioned manner using the
IQN-ILS method, showing the operators F and S; nIter is the current number of PISO iterations and
nCorr is its maximum number; the left arrow means attribution.
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– available in the foam-extend. Because it demands a high processing power, all the
simulations were performed in the following clusters via a secure shell connection:
• GridUNESP: Computational resources of the São Paulo State University, running
the Linux based Operational System CentOS 6.8, and composed of the following
processing structure:
– 256 SUN X4150 servers;
– 2,048 cores Intel Xeon 2.83 GHz;
– 4,096 GB of RAM memory with 2GB per core;
– Infiniband interconection 4X DDR (20 Gbps).
• ACENET clusters: according to its User Guide web-page: “ACENET is a consortium
of Atlantic Canadian universities providing high-performance computing (HPC)
resources, visualization and collaboration tools to participating research institutions”.
We used three of the four clusters located at Dalhousie University in Halifax, Nova
Scotia, Canada. They run the Red Hat Enterprise Linux 6.4 and have the following
processing structure:
– 174 nodes and 2,196 total cores (AMD Opteron 280 (2.4GHz), AMD Opteron
8384 (2.7GHz) and AMD Opteron 6134 (2.3GHz));
– With 4GB up to 128GB of the RAM memory per node.
It is important to note that both cluster were used separately. To run in parallel
mode, the mesh must be decomposed into the respective number of needed processes. For
the domain decomposition, we used the utility decomposePar of foam-extend, and, once
the simulation finished, the utility reconstructPar was used to reconstruct the data for
visualization and post-processing. The particular issue with mesh decomposition is that
the fluid and solid meshes are decomposed in such a way that the FSI interface of each
mesh is distributed over all processors, therefore exchange of information between Γfsf luid
and Γfssolid is performed in each processor. Moreover, the partitioning is performed along
axis x of each case, as shown in Fig. 24 for case 13 for four processes – see Fig. 17.
The number of processes used was estimate evaluating the speedup of the simulation, a
parameter used to assess the scalability of a problem. The scalability measures if a given
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Figure 24 – Fluid and solid meshes of case 13 decomposed in four partitions (fluid mesh partitions are
darker whereas solid mesh partitions are slightly translucent and with black edges), each partition is
attributed to one processor of a computational node; the decomposition is performed in such a way that
the FSI interface, Γfs is distributed over all processors.
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Partition 3
Partition 4

Partition 1

Partition 2
x

Source: prepared by the author.

problem can be solved faster by increasing the number of processing units dedicated to
that task. The speedup, s, is then given by:
s=

Tsequential
Tparallel

(84)

where Tsequential is the time spent for a task running with only one processing unit and
Tparallel is the time of the same task if N processing units are used. In general, a fully
parallel task have a speedup equal to the number of processing units [87]. To have the
estimate of the speedup, we simulated only 20 time-steps for both cases 13 and 17 and
used Eq. (84) to measure s, which is plotted in Fig. 25 together with the linear curve for
the theoretical speedup. The maximum speedup for both cases occurs with 32 processes
for the meshes used. Note that the observed speedup is much lower than the theoretical
one. This is probably due to load balancing issues in the execution of the FSI simulation,
because solving the solid part of the problem is computationally less expensive than solving
the fluid part [88].
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Figure 25 – Theoretical and measured speedup, s, as function of the number of processing units, N for
the simulations of the geometry of cases 13 and 17.
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2.5

Data Analysis
Once completed the simulations, we evaluated the following quantities using ParaView® ,

an open-source software for post-processing of CFD simulations. This software has a large
number of filters that allow processing and displaying all field variables of the flow, of the
solid, and of the wall-fluid interface:
• Velocity field to determine where the flow impinges the aneurysm;
• WSS at the surface wall: the WSS is the magnitude of the traction due to the viscous
part of the Cauchy stress tensor, τ , of the flow on the wall, i.e.:


W SS = kW SSk2 = kτ • nf k


Γfs

(85)

• Wall stress: we evaluate the wall stress obtained by both linear and non-linear elastic
models for the aneurysm and arteries walls. Since σ s is a second order tensor, its
magnitude is defined as:
σ s = kσ s k =

√

σ s •• σ s

(86)

• OSI: this index measures the change of the WSS vector direction during the cardiac
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cycle and it is defined as [29]:


Z T

1
1− Z
OSI = 
2



0

0
T



W SSdt 

kW SSk2 dt






(87)

where T is the cardiac cycle duration and W SS is the WSS vector defined on the
aneurysm and arteries surface.
The WSS and OSI are the most common hemodynamic parameters related to intracranial aneurysm rupture, as explained in Section 1.1.
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3
3.1

RESULTS
Numerical Error and Mesh Independence Analysis
One of the requirements in any numerical simulation code is code verification [89].

Foam-extend is widely used in industrial and academic research and has been tested in
several fields. For FSI problems solved using an extension of the code, three benchmark
cases were provided with the latest release – flow in a 3D tube, flexible beam behind a
cylinder in cross flow and a beam in a cross flow. Regarding validation of the numerical
solution, unfortunately, we were not able to validate the results experimentally; the work
of setting up an experimental test for the aneurysm problem is left as a future work. The
other requirement is the verification of the numerical accuracy of the simulations presented
here. In the rest of this section, we analyze the numerical accuracy of our results through
a mesh-independence analysis.
We evaluated mesh-independence of the numerical solution qualitatively, comparing
the spatial distribution of WSS on the aneurysm surface, and quantitatively using the
surface area averaged WSS over the surface of the geometries presented in Section 2.3.1.
To perform this study, we solved the flow considering the rigid wall assumption.
Figure 26 shows the WSS on the surfaces for meshes with ∼ 300,000, ∼ 600,000 and
∼ 1,000,000 control volumes for the case 13. We see in the figure that there are small
qualitative differences regarding the WSS for meshes with ∼ 600,000 and ∼ 1,000,000
control volumes, i.e. the overall structure of the WSS field is already established for the
mesh with ∼ 600,000 control volumes, suggesting that this level of refinement is adequate.
Figure 27, on the other hand, shows how the area-averaged WSS over the whole mesh
surface varies with time, for two cardiac cycles. The area-averaged WSS is defined as:
1 Z
W SS S =
(W SS) dS
AS S

2

(88)

where S is the wall surface and AS its area. The norm of the integral was calculated
because WSS is a vector defined on the surface; the figure shows that there are only small
differences between the three meshes. Therefore, we conclude that the fluid mesh with
∼ 600,000 is sufficiently refined to provided accurate results, at least for the WSS field,
which is the main parameter studied here. Furthermore, this level of refinement is in close
agreement with the ∼ 800,000 tetrahedral control volumes recommended by Khan et al.
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Figure 26 – WSS magnitude distribution on the surface of the aneurysm of case 13 for fluid meshes with
(a) ∼ 300,000, (b) ∼ 600,000 and (c) ∼ 1,000,000.
(b)

(a)

(c)

Source: prepared by the author.

[90] who studied mesh and time-step resolution for numerical simulations with aneurysms
geometries.
Figure 28 presents the WSS distribution for the case 17 with fluid meshes with ∼
200,000, ∼ 500,000, ∼ 800,000 and ∼ 1,200,000 control volumes. Comparing the WSS
fields in Figs. 28b to 28d, it suggests that the overall structure of WSS is already established
with a number of control volumes > 500,000. Figure 29 shows W SS S for the case 17, for
two cardiac cycles. For meshes with ∼ 500,000, ∼ 800,000 and ∼ 1,200,000 the difference
between the curves is small compared to the absolute values of W SS S . Therefore, we
assume that for the case 17 a mesh with ∼ 500,000 is refined enough.
Although it would be more appropriate to still use meshes with a higher degree of
refinement – number of control volumes greater than 1,000,000 – however, we had to
take into account a balance between adequate accuracy and reliability with reasonable
computing time and resources requirements. For very fine meshes the required number
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Area-averaged WSS (Pa)

Figure 27 – Area-averaged WSS as a function of time for the whole surface for case 13 fluid mesh, with
total number of control volumes ∼ 300,000, ∼ 600,000 and ∼ 1,000,000 to test mesh independence of the
averaged WSS.
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of processing units increases considerably. Furthermore, the explicitness of the IQN-ILS
method for the FSI coupling requires the use of small time-steps to maintain stability
Figure 28 – WSS magnitude distribution on the surface of the aneurysm of case 17 for fluid meshes with
(a) ∼ 200,000, (b) ∼ 500,000 (c) ∼ 800,000 and (d) ∼ 1,200,000.
(a)

(b)

(c)

(d)

Source: prepared by the author.
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Area-averaged WSS (Pa)

Figure 29 – Area-averaged WSS as a function of time for the whole surface for case 17 fluid mesh, with
total number of control volumes ∼ 200,000, ∼ 500,000, ∼ 800,000 and ∼ 1,200,000 to test mesh
independence of the averaged WSS.
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of the technique. The range of time-step was chosen by observing the behavior of the
evolution in time of the numerical solution, which seems to be stable if the maximum
Courant number, Co, is smaller than 1. The Courant number is defined as the ratio:
Co =

k(v f )f k∆t
δ

(89)

where δ is a length defined for a cell; in one-dimensional meshes, for example, it is the
cell length in the x direction, i.e. δ = ∆x; since foam-extend has support for generic
polyhedral cells, δ is defined as the projection of dCF on the face normal direction, n, i.e.
δ ≡ df n = dCF • nf – consult Fig. 19b and Appendix C. The condition Co < 1 is a well
know condition for the stability of explicit temporal discretization techniques for advection
problems. Although we used an implicit temporal discretization of the governing equations
for the fluid and solid problems, the coupling iterations diverged when Co > 1. We did not
find any reference in the literature for this connection between the Co and the stability of
coupling FSI techniques, however the literature reports that the temporal discretization
approach for the solid and fluid equations has influence in the stability of partitioned
techniques [91, 92], which could indicate a relation with the Courant number. Therefore,
using Eq. (89) yields a time-step of 1 × 10−5 s for case 17 and 0.5 × 10−4 s for case 13.
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3.2

Simulations Results
In this section, we compare the solution of the aneurysm flow FSI problem for flexible

and rigid wall models. The results shown below were taken at peak systole, i.e. the
maximum blood flow rate at the inlet, which occurs at t ≈ 0.1 s – see Fig. 8. We will not
present the methodology applied to the rigid-wall simulations because it is similar to the
fluid model discretization derived in Section 2.3.2; the foam-extend solver used for the
rigid-wall simulations was pisoFoam with the same setup as for the fluid part of the FSI
simulations.
Figures 30 and 31 show the rigid wall versus linear elastic wall model comparison of the
WSS distribution and velocity field for case 13. The scale was set up using a reference value
of W SS ≈ 1.5 Pa, below which the WSS can degenerate endothelial cells and possibly
lead to rupture, as concluded by Shojima et al. [16]. In Fig. 30a we identify a large region
of low WSS on the back of the aneurysm dome, caused by a large recirculation zone due
to the direction of the flow jet that enters the aneurysm: the jet collides with the neck –
point A in Fig. 31a – causing a recirculating flow within the dome and, more precisely, in
the region indicated by point B in Fig. 31a, which is the cause of the lower levels of WSS.
However, in the flexible wall simulation, the low level of WSS in that region disappears –
see Fig. 30b, region A pointed by an arrow – because the flow pattern inside the aneurysm
dome has changed. In Fig. 31b, the flow jet entering the aneurysm dome is less intense
because part of its initial kinetic energy was lost due to the wall deformation, which
changed the flow pattern inside the aneurysm dome, increasing the flow velocity in region
B pointed by an arrow in Fig. 31b, hence increasing the WSS level on the aneurysm wall.
It is important to note in Fig. 30 that the levels of WSS on the aneurysm’s surrounding
arteries remain almost the same for both rigid and elastic linear wall which could suggest
that a rigid wall assumption is reasonable for modeling flows in arteries only.
The flow velocity solution and WSS field for the case 17 are presented in Figs. 32
and 33, respectively. Figures 32a and 32b show the WSS on the wall surface for rigid
and elastic linear wall assumptions, respectively. As we can see in the region indicated by
circle C in Fig. 32a, there is a large area of low WSS when the rigid wall assumption is
used, whereas this region is smaller when the elastic linear model is used – see Fig. 32b.
Therefore, there is again an underestimation of WSS for the rigid wall. This can be
explained by analyzing the velocity field, shown in Fig. 33: inside the aneurysm dome, the
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Figure 30 – Comparison of WSS on the surface of case 13 with (a) rigid wall and (b) linear elastic wall
models at peak systole (the white arrow at the top left corner indicates the direction of the view).
(b)

(a)

A
A
W SS < 1.5 Pa

Source: prepared by the author.
Figure 31 – Volume rendering representation of the velocity field of the aneurysm of case 13 for (a) rigid
wall assumption and (b) elastic linear wall model at peak systole; arrow A indicates the region of flow
impingement, for this case occurring at the aneurysm neck.
(a)

(b)
B

Inlet
(ICA)

A

B

Source: prepared by the author.

velocities are higher for the flexible wall case – see Fig. 33b –, thus increasing the WSS
levels on the aneurysm wall. Furthermore, the same behavior of case 13 occurs: the WSS
in neighbouring arteries are almost the same for both wall models.
Another important parameter associated with arterial disease is the OSI, presented in
Section 2.5. It has been investigated in several studies as one of the possible causes of
aneurysm rupture: Meng et al. [15], for instance, propose that high values of OSI with low
levels of WSS could lead to rupture; Lu et al. [29] performed numerical simulations on
ruptured and unruptured aneurysms geometries and showed that, for the ruptured group,
the average value of OSI was 0.0879 – compared to 0.0183 for the unruptured group. We
consider here OSI ∼ 0.08 as a high level of OSI. Figures 34a and 34b show the OSI field
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Figure 32 – Comparison of WSS on the surface of case 17 for (a) rigid wall and (b) linear elastic wall
models at peak systole (the white arrow at the top left corner indicate the direction of the view).
(b)

(a)
C: W SS < 1.5 Pa

C

Source: prepared by the author.
Figure 33 – Volume rendering representation of the velocity field of the aneurysm of case 17 for (a) rigid
wall assumption and (b) elastic linear wall model at peak systole.
(b)

(a)

Inlets (left and
right ACA)

Source: prepared by the author.

for case 13 with rigid wall and flexible wall models, respectively, and Figs. 34c and 34d
show the OSI for case 17.
There is an increase of the areas where the OSI is already high – red regions in the
figures –, with a larger maximum value (regions marked with a dot in Figs. 34a and 34b):
for case 13 with rigid wall assumption the maximum value of OSI is ∼ 0.40 and for the
linear elastic wall model the maximum value is ∼ 0.43; this difference is even larger for
case17. Considering that OSI measures the temporal variation of the WSS direction, it
seems that accounting for the wall movement changes this time variation, hence increasing
the OSI. We note that the OSI remains very low for the arteries around the aneurysm –
smaller than 0.05.
Figure 35 shows the Cauchy stress magnitude distribution – or true stress – on the
aneurysm and artery walls external surface for cases 13 and 17. We see in both cases
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that higher stresses occur in the aneurysm neck, probably due to the curvature of this
region, whereas the overall levels of σ s on the aneurysm dome remain low – even the
maximum value of σ s – if compared with the values for the strength limit provided by
Costalat et al. [42] and Cebral et al. [43] who performed mechanical tests to failure of
rectangular strips of aneurysm wall tissues. The averaged results from Costalat et al. [42]
were shown in Section 2.2.2 and are reproduced here in Fig. 36. Since both aneurysms
are unruptured cases, it is appropriate to compare with the blue curve of Fig. 36 because
it corresponds to the average curves of unruptured cases. Cebral et al. [43] performed
similar mechanical tests to failure for unruptured aneurysms and obtained higher values of
strength limit: from 0.75 MPa to 2 MPa, depending on the aneurysm case. Based only on
these two studies, the variability of strength limit of the aneurysm wall seems to be large.
Table 4 shows a summary of mean and maximum values of WSS – at peak systole –
Figure 34 – OSI field of (a) the aneurysm of case 13 with rigid wall assumption and (b) with elastic linear
wall model; (c) of the aneurysm of case 17 with rigid wall model and (d) with elastic linear wall model at
peak systole with indication of where occurs the highest values of OSI.
(b)

(a)

OSImax ∼ 0.40

(c)

OSImax ∼ 0.43

(d)

OSI ∼ 0.2

Source: prepared by the author.

OSI ∼ 0.3
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Figure 35 – Wall Cauchy stress – or true stress – on the aneurysms of (a) case 13 and (b) case17.
(a)

(b)
σ s ∼ 22.5 kPa

σ s ∼ 19.0 kPa

Source: prepared by the author.
Figure 36 – Average strain-stress curves constructed from mechanical tests to failure of rectangular strips
of an intracranial aneurysm wall tissue for different stages of the aneurysm: unruptured (stiff) and
pre-ruptured or ruptured (soft).
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Source: Costalat et al. [42].

and OSI only for the aneurysm surface. Averaged quantities are calculated as follows:
W SS a =

1 Z
(W SS) dS
Aa S

OSI a =

1 Z
(OSI) dS
Aa S

2

(90)

(91)

where Aa is the aneurysm surface area. The table also shows the maximum Cauchy stress
magnitude on the aneurysm wall. There is an overall increase in the value of WSS and
OSI for case 13 while for case 17 the WSS decreases and the OSI increases considerably
due to the larger area of high OSI. Depending on the criteria to define risk of rupture,
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this could change the final decision. Unfortunately, since we only analyzed two cases, we
cannot conclude that this is a general behavior – more cases should be studied to confirm
our suggestions. However, the results reinforce the fact that it would be more appropriate
to use a flexible wall model to analyze the aneurysm flow problems.
Table 4 – WSS and OSI mean and maximum values and maximum σ s on the aneurysm surface for cases
13 and 17 with different wall tissue model.

WSS (Pa)
Maximum Mean

OSI (–)
Maximum Mean

σ s (kPa)
Maximum

Case

Wall Model

Case 13

Rigid Wall
Linear Elastic

98.2
101.3

5.3
15.9

0.403
0.434

0.037
0.043

18.9

Case 17

Rigid Wall
Linear Elastic

22.8
21.7

3.1
2.3

0.192
0.396

0.008
0.089

22.5

Source: prepared by the author.

3.3

Comparison between the linear and non-linear elastic models
Simulations with the non-linear elastic solid model were also performed for the geometry

of the case 13. Figure 37 shows the WSS distribution on the aneurysm wall for the elastic
linear and non-linear models applied to the wall, respectively. The distributions suggest
that there is no evident difference between both cases, at least not as evident as happened
between the rigid and linear elastic assumptions – see Fig. 30 –, except for the region
D marked on the figure, where the levels of WSS are higher for the non-linear wall case.
However it seems that the overall structure of the field is the same, specially on the surface
of the arteries around the aneurysm.
Figure 38 shows the Cauchy stress magnitude field on the wall tissue using the linear
and non-linear elastic models, respectively. As with the WSS field, there are no large
differences between both fields. We can see only a small increase of σ s on the top of the
aneurysm dome, but it is still less than the levels of rupture limit in Fig. 36. These results
suggests that both models could be used to predict the variables related to aneurysm
rupture.
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Figure 37 – Comparison of WSS on the surface of case 13 for (a) linear elastic wall and (b) non-linear
elastic wall models at peak systole (the white arrow at the top left corner indicate the direction of the
view).
(a)

(b)

D

Source: prepared by the author.
Figure 38 – Wall Cauchy stress – or true stress – on the aneurysms of case 13 for (a) linear elastic model
and (b) non-linear elastic model.
(b)

(a)

Source: prepared by the author.
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3.4

Performance assessment of the IQN-ILS coupling method for the aneurysm
problem
As discussed in the Section 2.3.3, the flow within aneurysms with flexible walls is a

complex FSI problem due to the strong coupling between the fluid and solid phases, mainly
because the flow is assumed to be incompressible and the solid and fluid densities are
ρs
very close, i.e., f ≈ 1. This yields a challenging computational problem, specially if a
ρ
partitioned methodology is used to solve it. Therefore, as new techniques are created to
solve strongly coupled FSI, it is interesting to assess how good the technique is for this
specific problem. We try to do that here by evaluating the speed of convergence of the
method through the reuse parameter, q, because as explained in the Section 2.3.3, the
convergence rate depends on it. Furthermore, the reuse parameter is problem dependent.
Figures 39 and 40 shows the average number of coupling iterations and running time for
different values of q for both cases, respectively.

Average number of coupling iterations

Figure 39 – Average number of iterations in a set of 100 time-steps as a function of the number of reused
information from old time-steps of the IQN-ILS algorithm, q.
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Source: prepared by the author.

The average number of coupling iterations decreases as q increases, but for q > 15
the average number of coupling iterations shows no further decrease, possibly because
the information of time-steps before n − q does not influence the solution anymore. On
the other hand, after q = 15 the computing time starts to increase, probably because the
number of coupling iterations is large in the initial time-steps, while the algorithm does not
yet reuse data. This is valuable information if more simulations with aneurysms would be
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Figure 40 – Time of simulation for 100 time-steps, in minutes, for (a) case 13 and (b) case 17 as a
function of the reuse parameter, q.
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Source: prepared by the author.

performed, saving time on performing analysis of this kind, because the optimum number
of q does not change very much in other cases of aneurysms with similar simulation setup.
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4

DISCUSSION AND CONCLUSIONS
The results show that the flexible aneurysm wall model changes the values obtained for

the hemodynamic parameters that may lead to aneurysm rupture. This can be explained
once we know that the aneurysm fluid-solid problem is strongly coupled: the motion of
the artery changes the fluid domain sufficiently to alter the flow variables in a significant
way and, most importantly, the hemodynamic parameters usually related to aneurysms
rupture events; this became clear from the analysis of cases 13 and 17 flow solutions, which
showed changes in the velocity field. Moreover, the reference values used here to define
low or high values of WSS and OSI were obtained using numerical simulations with a rigid
wall assumption [16, 29]. Therefore, it would be prudent to re-evaluate these parameters
for ruptured cases using a flexible wall model. Finally, the rigid wall assumption seems
to be a very crude approximation in a scenario where WSS and OSI are obtained from a
numerical simulation of a patient-specific aneurysm would be used to assess the risk of
rupture and, in a medical context, define the treatment course of action.
Despite that, as highlighted in Section 1.2, there has been fewer studies considering
a flexible aneurysm and arteries wall tissue compared to studies using the rigid wall
assumption, probably because taking into account the tissue movement yields a strong
fluid-solid interaction problem, and numerical methods that are robust enough for solving it
evolved greatly only in the last two decades, together with a fast increase in computational
power and, hence, more studies of this type will appear from now on leading the way to,
maybe, begin to be used in the medical practice. Nevertheless, the numerical accuracy
and performance of new methods and techniques should be evaluated and tested with real
world cases.
With a numerical technique to solve the aneurysm FSI problem, it was also possible to
analyze the Cauchy stress on the aneurysm and artery tissue, a very important variable if
we wish to have further information about the rupture event, which cannot be obtained
in rigid wall aneurysm CFD simulations. From the engineering perspective, the rupture
occurs when the stress in the wall reaches the strength limit of the aneurysm wall. For
the cases studied, the maximum wall stress on the aneurysm dome were 18.9 kPa and
22.5 kPa for cases 13 and 17, respectively, with the linear elastic model, which is much
lower than the strength limit showed in Fig. 36: ≈ 250 kPa. However, we need to consider
some important factors that influence the wall stress distribution:
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• Constitutive model used for the wall tissue: we only analyzed one aneurysm case
with the linear and non-linear elastic wall models, which was not very conclusive
with respect to the effect that the wall model plays on the hemodynamic parameters.
Probably, because the non-linear elastic model used accounts for expected large
deformations of the solid, it predicts whether larger distortions occur on the aneurysm
wall, which could alter even more the flow field and yield great changes in the WSS
and OSI distributions. Furthermore, it would be very interesting to compare different
solid constitutive models of the wall tissue for ruptured cases of aneurysms, and
compare the levels of σ s with the strength limits presented by Costalat et al. [42]
and Cebral et al. [43], for example. More elaborate rheology models for solid – such
as hyperelastic, viscoelastic and plastic models – were not implemented in the FSI
framework of foam-extend;
• Wall thickness: the values chosen for our simulations – uniform thickness of 0.10 mm
and 0.15 mm – are based on the review by Isaksen et al. [48]. According to Scott
et al. [93], brain artery walls thickness lies between 0.1 mm to 0.2 mm, whereas
aneurysm walls are much thinner, around 0.025 mm at the rupture site, information
also confirmed by Cebral et al. [94], which goes further and concludes that not only
there is a wall thinning but also a larger stiffness at rupture sites. More recent
studies of the aneurysm wall tissue measured their thickness and found larger values
– from 0.2 mm to 0.6 mm [42, 43]. Therefore, there seems to be a large variability
of the wall thickness between different patients and a thickness distribution for an
aneurysm. Finally, an ideal simulation should consider non-uniform wall thicknesses
obtained from patient-specific images;
• Mechanical properties: while we used constant and uniform mechanical properties,
Scott et al. [93] showed that the aneurysm wall stiffness is higher than the stiffness
of brain arteries tissue, and Cebral et al. [94] showed that rupture sites are stiffer
than the rest of the aneurysm wall. However, measuring mechanical properties of
living tissue is still a complex task and we relied on values provided by the literature;
• Boundary conditions on the sections of the arteries – see Fig. 6 – are zero displacement,
which is not entirely correct since, actually, there is a network of arteries after it and
these are not fixed. Therefore, other boundary condition types more suitable for
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theses surfaces should be explored;
• Cyclic behavior of the blood velocity leads to a cyclic pressure and stress on the
aneurysm wall. From a materials engineering perspective, the wall would rupture
due to fatigue with smaller values of wall stress [95];
Further investigations of the influence of these parameters on the hemodynamic and
wall stress is left for future work, because most of them are not yet readily available to be
used in the FSI framework of foam-extend. Regarding the non-linear solid model, when it
is used, it takes more time to achieve convergence for the solid problem than using the
linear elastic model, probably because the source terms in Eq. (17) are larger than those
in Eq. (20). Therefore, it would be appropriate to solve it with a more robust technique
to deal with the non-linear terms.
Another issue in flow simulations of the human vascular system is related to the outlet
boundary conditions. We used a constant pressure condition equal to the average pressure
level of the human body. However, there is some discussion in the literature about which
would be the most appropriate boundary condition for outlets, because there is a network
of vessels after it. One example is found in Vignon-Clementel et al. [34], who propose to
use a time-varying pressure at outlets, proportional to the blood flow rate at the vessel,
to account for the influence of the downstream vessels. We tried to use this time-varying
profile but the simulations did not converge. This happened probably because the pressure
and traction fields on the FSI boundary are very important and fluctuations in their could
lead to divergence of the coupling iterations. While this is not entirely a limitation, this
kind of boundary condition could have a great influence on the flow and solid solution and
should be explored.
The coupling scheme IQN-ILS has proved to be a robust method to solve the strong FSI
problem such as the one addressed in this work. During the initial tests with aneurysms
geometries, we tried to run some simulations using dynamic relaxation – Aitken’s dynamic
relaxation, implemented in foam-extend –, however the tests did not reach convergence
for the geometries and conditions tested. It is also important to note that, as far as the
author know from the literature available, no tests of the IQN-ILS were performed on
real aneurysms geometries, only benchmark cases were tested. The analysis showed in
the Section 3.4 found an ideal number of reuse parameter of the IQN-ILS method for
the aneurysm problem, which can be used as a starting reference for further simulations.
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Some cases tested showed to be still unstable, mostly for meshes with poor quality, but
improving the mesh quality and working with the setup parameters of the FSI simulations
was enough to achieve convergence. One of the downsides of the method is its explicitness,
which requires the use of very small time-steps for stability, and since the time-scale order
of the cardiac cycle, ∼ 1 s, a large number of time-steps must be solved.
Although there is still a lot to develop in terms of numerical simulations of biological
fluid-structure interaction problems, it has an important role to play in advances on
numerical simulations of coupled problems for applications in Engineering and Medicine.
The results of this kind of simulations can help, in the future, the prognostic of intracranial
aneurysms and other similar anomalies related to the blood flow in the human vascular
system.
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A

Arbitrary Lagrangian-Eulerian Formulation

To write the physical laws that govern the motion of a continuum in space, we need
to specify a coordinate system to be used, in which the variables of the motion will
be described. The literature in Fluid Mechanics usually use the Eulerian formulation:
kinematic variables of the fluid flow are related to a spatial fixed system; whereas the general
literature of Solid Mechanics use the Lagrangian description in which solid variables are
related to a coordinate system fixed on the material. Each description has their strengths
and weaknesses [56, 57]. Unfortunately, problems involving moving boundaries and
interfaces are not completely suitable for treatment with any of these two formulations.
Thus, in FSI partitioned algorithms, hybrid techniques that combine the advantages of the
Lagrangian and Eulerian descriptions are preferred. Such techniques are called arbitrary
Lagrangian-Eulerian formulations, ALE [56, 57], arbitrary because the description is based
on an arbitrary moving control volume inside the domain.
The basic assumption in the ALE description is the use of another coordinate system,
besides the spatial and material coordinates commonly used in the Eulerian and Lagrangian
descriptions. Thus, in the ALE description, one define:
• x: spatial or Eulerian coordinates. Usually they are represented in the Euclidean
space by a Cartesian coordinate system, i.e., x = x1 e(1) + x2 e(2) + x3 e(3) = xi e(i)
(using Einstein’s tensorial notation) with e(i) the canonical basis; usually, for the
Cartesian coordinate system, the symbols i ≡ e(1) , j ≡ e(2) and k ≡ e(3) are used to
represent the vectors and x, y and z represent the coordinates directions 1, 2 and 3,
respectively;
• ξ = (ξ1 , ξ2 , ξ3 ): coordinate system of the material (solid or fluid) being studied,
i.e. fixed on it, also called Lagrangian coordinates. In general, its coordinate lines
(or coordinate surfaces) are conformed with the material domain boundaries at a
predefined instant t;
• χ = (χ1 , χ2 , χ3 ): referential coordinates used to track the domain motion; from the
computational point of view, corresponds to the mesh coordinates.
Each of these systems are related to each other through mappings or functions. We will
use these functions to derive the kinematic quantities describing the material motion. Our
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main focus on this text refers to the application of the ALE formulation to Computational
Fluid Dynamics using moving grids. Therefore, our material here is a fluid flowing, and
when we use the word particle we mean an infinitesimal volume element dVξ of fluid, where
the lower index indicates the of the particle in ξ coordinates; if ξ is a Cartesian system,
for example, then dVξ = dξ1 dξ2 dξ3 .
Since we defined different coordinates system, a spatial derivative can be calculated
with respect to each of the coordinates presented above. Therefore, the classical “nabla”
operator ∇ here is calculated with respect to spatial coordinates, i.e.:
∇(•) =

∂(•)
∂(•)
= e(i)
∂x
∂xi

(A.1)

whereas the nabla with respect to ξ and χ are represented with a lower index, respectively:
∇ξ (•) =

∂(•)
∂ξ

(A.2)

∇χ (•) =

∂(•)
∂χ

(A.3)

The presentation in this appendix will be as follows: first, we present the kinematic
description of a material motion and its derived quantities; then, the derivatives of a
generic function f are found for each coordinate system and, finally, the derivatives are
used to find the integral relations of the principles governing a fluid flow in a moving
domain. Because the process studied is time-dependent, here we suppose that time, t,
evolves the same way for each coordinate system. Figure A.1 shows graphically the relation
between the different systems used in the ALE description and Fig. A.3d shows a simple
example of it with a generic motion of the three coordinate systems.
The material motion description on spatial or Eulerian coordinates is represented as
follows:
Φ

(ξ, t) ∈ Ωξ × [ t0 , tn [ 7−−−−→ (x, t) = Φ (ξ, t) ∈ Ω × [ t0 , tn [

(A.4)

where Ωξ is the domain of the material being studied in ξ coordinates and Ω in spatial
coordinates; [ t0 , tn [ is the temporal domain during which the domain is being studied.
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Figure A.1 – Representation of the mappings between each reference system in the ALE description.

Material Domain, Ωξ
Φ

Ξ

Ψ

Mesh Domain, Ωχ

Spatial Domain, Ω

Source: prepared by the author.

Because time is the same for both variables, one can simply write:
x = Φ (ξ, t)

(A.5)

Function given in Eq. (A.5) represents the position of a particle located at ξ in the fluid
flow – note that if we fix ξ, in other words imagine you riding the particle, then you would
see only x varying with time. Using block-matrix notation to ease the manipulations, we
can write all the derivatives of Eq. (A.5) as:


∂x1
 ∂ξ1


∂x
∂x
∂x
(ξ, t)
(ξ, t) 

 ∂ξ12
∂Φ



∂ξ
∂t
≡
 =  ∂x
∂ (ξ, t) 
 3
T
0
1
 ∂ξ1






0



∂x1
∂ξ2

∂x1
∂ξ3

∂x1
∂t 

∂x2
∂ξ2

∂x2
∂ξ3

∂x3
∂ξ2

∂x3
∂ξ3

∂x2 
∂t 


0

0



(A.6)

∂x1 
∂t 



1



where we see all the possible derivatives of the Φ function. We explicitly showed the
independent variables of each derivative to avoid confusion about it (this will be very
∂x
helpful in future manipulations).
(ξ, t) represents the rate of change with time of the
∂t
position of particle ξ, i.e. while keeping ξ constant. By definition, this is the particle
velocity:
v (ξ, t) =
d
dt

∂x
∂t

≡
ξ

dx
dt

is the classical notation used for material derivative; some books also use

(A.7)
D
.
Dt

The
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spatial gradients in Eq. (A.6) represent the Jacobian matrix of transformation Φ:
JΦ ≡

∂x
(ξ, t)
∂ξ

(A.8)

To invert function Φ, the determinant of its Jacobian matrix, JΦ = det JΦ , must be
0 < JΦ < ∞. If this is valid, one can track where particle ξ was before time t, inverting
Φ (a vanishing Jacobian determinant would lead to a material element collapsing into a
point). Moreover, it can be shown that the Jacobian determinant gives the rate of change
of the volume of the material element [96]:
dV = JΦ dVξ

(A.9)

therefore it is usually named dilatation of the movement. Figure A.2 shows a fluid element
at instants t1 = 0 – undeformed configuration where ξ is represented by a Cartesian
coordinate system, then dVξ = dξ1 dξ2 dξ3 – and t2 = t1 + dt with the material coordinate
system conformed to the material and related to x by Eq. (A.5). [96] demonstrate that
the dilatation rate of change is given by:
dJΦ
= JΦ ∇ • v
dt

(A.10)

Figure A.2 – A material cubic element with volume dVξ change its shape and volume after dt to dV :
both volumes are related through the Jacobian determinant.
dV
JΦ

dVξ
x2

x1
x3
Source: prepared by the author.
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The relation between ALE coordinates and spatial coordinates is given by:
Ψ

(χ, t) ∈ Ωχ × [ t0 , tn [ 7−−−−→ (x, t) = Ψ (χ, t) ∈ Ω × [ t0 , tn [

(A.11)

which describes the motion of ALE coordinates defined on Ωχ . Differentiation of Ψ yields:
∂x
∂x
(χ, t)
(χ, t)

∂Ψ

∂χ
∂t
≡

∂ (χ, t) 
0T
1




(A.12)

where:
JΨ ≡

∂x
(χ, t)
∂χ

(A.13)

is the Jacobian matrix of function Ψ; the same explained before for JΦ still apply here, the
difference is that JΨ gives the change in volume of a referential element, i.e., an element
defined by ALE coordinates; thus, it is a valuable measure of quality of a moving grid.
Also, in Eq. (A.12), the time derivative, by definition, is the velocity of the moving volume:
ω (χ, t) =

∂x
(χ, t)
∂t

(A.14)

As in the material coordinates case, other kinematic quantities can be obtained from
Eq. (A.11), like acceleration, for instance. Like Eq. (A.10), it is also possible to demonstrate
the following relation for the rate of change of JΨ :
∂JΨ
∂t

= JΨ ∇ • ω

(A.15)

χ

Finally, we can also identify a map between material and ALE coordinates:
Ξ

(ξ, t) ∈ Ωξ × [ t0 , tn [ 7−−−−→ (χ, t) = Ξ (ξ, t) ∈ Ωχ × [ t0 , tn [

(A.16)

and its derivatives can be computed as in the other two cases:
∂χ
∂χ
(ξ, t)
(ξ, t)

∂Ξ

∂ξ
∂t
≡


∂ (ξ, t)
T
0
1




(A.17)
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Of the derivatives in Eq. (A.17), the most important is the velocity:
v̂ (ξ, t) ≡

∂χ
(ξ, t)
∂t

(A.18)

which, by definition, is the velocity of particles as seen by ALE coordinates reference.
Now that we already showed the most important kinematic quantities regarding each
coordinate system of the ALE formulation, we turn now to the problem of relating these
variables, specially the velocities. To do this, we will start with compositions of each
function. Function Φ can be decomposed into functions Ξ and Ψ (see Fig. A.1):
x=Ψ





χ , t = Ψ [Ξ (ξ, t) , t] = Φ (ξ, t) ⇒

(A.19)

|{z}

Ξ(ξ,t)

⇒ Φ (ξ, t) = (Ψ ◦ Ξ) (ξ, t)

(A.20)

where “◦” represents the composition of two functions, i.e. the result of one is applied to
the other. Differentiating the last equation with respect to (ξ, t) and applying the chain
rule yields:
∂ (Ψ ◦ Ξ)
∂Ψ
∂Ξ
∂Φ
(ξ, t) =
(ξ, t) =
(χ, t)
(ξ, t)
∂ (ξ, t)
∂ (ξ, t)
∂ (χ, t)
∂ (ξ, t)

(A.21)

Keep in mind that the derivatives in the last equation are symbolic representations of
matrices (see Eq. (A.6) where we explicit the 4 × 4 matrix). Substituting the derivatives
in Eq. (A.21) with Eqs. (A.6), (A.12) and (A.17), and using the definitions of velocities
and Jacobians presented before, follows:


JΦ (ξ, t)


0T



v (ξ, t)
1





JΨ (χ, t)
=
0T

 ∂χ
ω (χ, t)
∂ξ



1



(ξ, t) v̂ (ξ, t)

0

T

1




(A.22)

Matrix multiplication on the right side of the last equation yields::
JΦ = JΨ

∂χ
∂ξ

(A.23)

and
v (ξ, t) = ω (χ, t) + JΨ (χ, t) • v̂ (ξ, t)

(A.24)

116
Rearranging Eq. (A.24) and defining a velocity c given by:
c ≡ v (ξ, t) − ω (χ, t) = JΨ (χ, t) • v̂ (ξ, t)

(A.25)

that is the so-called convective velocity [56, 57]. As shown below, c appears on the advective
term of the governing equations of a fluid flow when a moving control volume is considered
within the flow. This velocity can be interpreted as the relative velocity between the
material and a moving control volume, but measured from the spatial coordinate system.
The ALE formulation can be seen as a generalization of the Eulerian and Lagrangian
descriptions because these two can be deduced as special cases of the former. The Eulerian
description appears when the ALE coordinate system is identified to the spatial coordinate
system, i.e. the mesh is fixed in space and the material passes through it, as depicted in
Fig. A.3b. Mathematically, this is equivalent to make Ψ equal to the identity operator, I,
which is a linear transformation represented by the identity matrix of order IR3×3 . If we
put Ψ ≡ I in Eq. (A.11) follows:
Ψ≡I⇒χ≡x

(A.26)

On the other hand, the Lagrangian formulation describes the material motion using a
referential system fixed on the material at a defined instant t, which is equivalent to
identify ALE and Lagrangian coordinates as Fig. A.3c shows. Then, using Ξ ≡ I in
Eq. (A.16) follows:
Ξ≡I⇒χ≡ξ

(A.27)

Eulerian description is traditionally used in Fluid Mechanics due to the high deformation
rate experienced by fluids in its motion. Lagrangian description is common in Solid
Mechanics applications. The ALE formulation, however, have applications in both. In
Computational Fluid Mechanics, solving the governing equations of a fluid flow in a domain
whose boundaries are moving – fluid-structure interaction problems, free surface flows, for
example – requires to use an automatic mesh update method and it must be accounted for
in the equations that are being solved. In Solid Mechanics, the applications usually are
also on the computational study of, for example, crack propagation, contact of different
solids, plastic forming processes of materials.
We present now how a general function fξ is described in each coordinate system,
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Figure A.3 – Comparison between the Eulerian, Lagrangian and ALE descriptions of a two-dimensional
material motion represented by the red grid (coordinates ξ) from instant t = t0 (undeformed
configuration) to t = t1 ; the dashed lines represent the referential system with coordinate lines χ; the
spatial coordinates x is fixed and represented by a Cartesian coordinate system.
(b) Material deformation at instant t = t1
on the Eulerian description;

(a) Material and mesh coordinates
undeformed at instant t = t0 ;
x2

x2

χ2

χ2

ξ2

ξ2

ξ1
ξ1
χ1

χ1
x1

(c) Material deformation at instant t = t1
on the Lagrangian description;
x2

x1

(d) Material deformation at instant t = t1
on the ALE description;
x2

χ2

χ2

ξ2

ξ2

ξ1

ξ1
χ1
χ1
x1

x1

Source: prepared by the author.

where fξ can represent any property or scalar variable of the fluid or the flow. Then:
fξ = fξ (ξ, t)

(A.28)

describes property fξ for particle ξ at time t (see, for example, Eq. (A.5) which describes
the “property” position of particle ξ). Using Eq. (A.5), we can regard fξ as a spatial
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function:
h

i

fξ = fξ (ξ, t) = f Φ (ξ, t), t = f (x, t)

(A.29)

| {z }
x

representing function f on each point in space at time t. Moreover, in the ALE formulation
context, f can also be regarded as a function of ALE coordinates:
h

i

fξ = fξ (ξ, t) = fχ Ξ (ξ, t), t = fχ (χ, t)

(A.30)

| {z }
χ

In Eqs. (A.28) to (A.30), f was represented with different symbols as subscripts to highlight
that the mathematical form of functions f , fξ and fχ can be different, but they represent
the same physical quantity; we will use this on the following manipulations to avoid
confusion, but we drop the subscript once the most important relations have been found.
Our objective now is to relate the derivatives of f in each coordinate system. To this
purpose, we look first to the second equality in Eq. (A.29) where we identify a composition
of f and Φ. Differentiating this composite function yields:
fξ (ξ, t) = f [Φ (ξ, t) , t] = (f ◦ Φ) (ξ, t) ⇒
⇒

∂fξ
∂ [f ◦ Φ]
∂f
∂Φ
=
(ξ, t) =
⇒
∂ (ξ, t)
∂ (ξ, t)
∂ (x, t) ∂ (ξ, t)
"(

⇒

∂fξ
∂ξ

)T

#

∂fξ
=
∂t

"(

∂f
∂x

)T



(A.31)


∂f JΦ (ξ, t) v (ξ, t)


∂t
0T
1
#

leading to the following relations after matrix-vector multiplication:
∂fξ
∂f
=
JΦ (ξ, t)
∂ξ
∂x

(A.32)

which relates the gradient of f in each coordinate system; and:
∂fξ
∂f
∂f
• v (ξ, t)
(ξ, t) =
(x, t) +
∂t
∂t
∂x

(A.33)

which can be rewritten on the following form:
∂fξ
dfξ
∂f
(ξ, t) =
=
+ v • ∇f
∂t
dt
∂t

(A.34)
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∂f
is the spatial gradient of fξ . Equation (A.34) is the classical material
∂x
derivative encountered in Fluid Mechanics treatment using the Eulerian description.
because ∇f ≡

The same procedure presented above relating fξ and f can be performed for function
fχ . We start from Eq. (A.30):
fξ (ξ, t) = fχ [Ξ (ξ, t) , t] = (fχ ◦ Ξ) (ξ, t) ⇒
⇒

∂fξ
∂ [f ◦ Ξ]
∂fχ
∂Ξ
=
(ξ, t) =
⇒
∂ (ξ, t)
∂ (ξ, t)
∂ (χ, t) ∂ (ξ, t)

(A.35)

# ∂χ
(ξ, t) v̂ (ξ, t)
∂fχ 
 ∂ξ



∂t
T
0
1


"(

⇒

∂fξ
∂ξ

)T

#

∂fξ
=
∂t

"(

∂fχ
∂χ

)T



leading to the following relations after matrix-vector multiplication:
∂fξ
∂fχ ∂χ
•
=
(ξ, t)
∂ξ
∂χ ∂ξ

(A.36)

∂fξ
∂fχ
∂fχ
• v̂
(ξ, t) =
(χ, t) +
∂t
∂t
∂χ

(A.37)

and

Equation (A.37), similar to Eq. (A.34), relates the rate of fξ with changes in fχ , i.e. in
the ALE coordinates. However, the form of Eq. (A.37) is not very convenient because, in
general, physical quantities are described on spatial coordinates, thus it is necessary to
evaluate the gradient in terms of spatial derivatives. Substituting v̂ in Eq. (A.37) from
Eq. (A.25), once we assumed Ψ invertible, follows:
"

#

∂fξ
∂χ
∂fχ
(ξ, t) =
(χ, t) + c •
(x, t)
∂t
∂t
∂x

•

∂fχ
(χ, t)
∂χ

"

#

∂fχ
∂χ
∂fχ
=
(χ, t) + c •
(x, t) •
(χ, t)
∂t
∂x
∂χ
|

=

{z

∂f
(x,t)
∂x

}

(A.38)

∂fχ
∂f
(χ, t) + c •
(x, t) ⇒
∂t
|∂x {z }
∇f

⇒

∂fξ
∂fχ
(ξ, t) =
(χ, t) + c • ∇f
∂t
∂t

(A.39)
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Equation (A.39) is known as the fundamental equation of the ALE description: it relates
the material time derivative with the spatial gradient of f , but taking into account the
moving control volume reference system. Dropping the lower index of function f , follows:
df
∂f
=
(χ, t) + c • ∇f
dt
∂t

(A.40)

Let us see how the ALE description affects the governing equations of Fluid Dynamics.
The two basic governing equations for a fluid flow are derived from mass conservation
principle and the balance of linear momentum. If the fluid has density ρ and the flow
velocity field is v, then the governing equations can be written as:
dρ
+ ρ∇ • v = 0
dt

(A.41)

dv
= ∇ • σ + fb
dt

(A.42)

ρ

where σ is the Cauchy stress tensor and fb are the body forces acting on the fluid per
unit volume; note that the divergence operator appearing on these equations is a spatial
operator, while the density and velocity derivatives are material ones. In the Eulerian
description, these derivatives would be replaced by Eq. (A.34) to introduce derivatives
with respect to spatial coordinates. However, considering a moving frame of reference, the
material derivatives in Eqs. (A.41) and (A.42) are replaced by Eq. (A.40) with f as ρ and
v, respectively, leading to the differential non-conservative governing equations:

ρ

∂ρ
(χ, t) + c • ∇ρ = −ρ∇ • v
∂t

(A.43)

∂v
(χ, t) + c • ∇v = ∇ • σ + fb
∂t

(A.44)

Note that the advective term now accounts for the moving control volume velocity through
the convective velocity Eq. (A.25).
Of special interest to the Finite Volume Method are the integral governing equations,
written for a finite control volume V that can be fixed or moving in space. When the
volume is fixed, one identify the Eulerian description, whereas the moving volume relates
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to the ALE formulation, as already shown. For that matter, we will derive a relation
similar to the so-called Reynolds Transport Theorem, but applied to a control volume that
is moving in space. With the notation introduced here, Reynolds’ Transport Theorem for
an intensive transport variable φ is written:
I
Z
d Z
∂(ρφ)
(x, t)dV +
ρφ (x, t)dV =
ρφv • ndS
dt V (t)
∂t
S(t)
V (t)
|

{z

Rate of change of ρφ of

}

|

{z

}

Rate of change of ρφ in V

|

{z

Net flow of ρφ

(A.45)

}

through S out of V

the particles passing in
V

where S is the surface of control volume V . As showed on the equation, the first derivative
– a material derivative – represents the rate of change of the total ρφ of the material
particles in V at instant t; which is equal to the total rate of change of ρφ in V at t plus
the net flow rate of ρφ through surface S. A version of Eq. (A.45) to the general case of
an arbitrary moving control volume will be derived below.
We want to evaluate the rate of change of the quantity ρφ for an arbitrary moving
control volume V (t), i.e., the derivative:
∂ Z
ρφ (x, t)dV
∂t χ V (t)

(A.46)

Note that the integral in Eq. (A.46) is evaluated with respect to spatial coordinates, but
the derivative is evaluated keeping χ constant, explicitly indicated into the last equation
with the vertical bar. Therefore, derivation and integral operations can not be inverted.
However, since the moving volume is fixed to the ALE coordinates, we can use mapping
Eq. (A.11) to change the integration variable and, consequently, invert the derivative and
integral operations:
∂ Z
∂ Z
ρφ (x, t)dV =
ρφ [x (χ, t) , t] JΨ dVχ
∂t χ V (t)
∂t χ Vχ


=

Z
Vχ





∂(ρφ)
∂JΨ 
JΨ + ρφ
dVχ
∂t χ
∂t χ

(A.47)
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and substituting Eq. (A.15) into the last equation yields:




Z
∂ Z
∂(ρφ)

JΨ + ρφJΨ ∇ • ω dVχ
ρφ (x, t)dV =
∂t χ V (t)
∂t χ
Vχ (t)




∂(ρφ)

=
∂t
Vχ (t)
Z



=

Z
V (t)



∂(ρφ)
∂t

+ ρφ∇ • ω  JΨ dVχ
χ

(A.48)

| {z }
dV



+ ρφ∇ • ω dV
χ

In the last step, we turn the integrand back to spatial coordinates. However, the time
derivative inside the integral is evaluated with respect to ALE coordinates. Spatial
coordinates can be introduced in the integrand using the equation:
∂(ρφ)
∂t

=
χ

∂(ρφ)
∂t

+ ω • (∇ρφ)

(A.49)

x

which can be derived using the composition of a generic function fχ – in this case, fχ = ρφ
– as presented above. Therefore, the time derivative in the last equality of Eq. (A.48) can
be written:




Z
∂ Z
∂(ρφ)

ρφ (x, t)dV =
∂t χ V (t)
∂t
V (t)

=

Z
V (t)

"

∂(ρφ)
∂t

+ ρφ∇ • ω dV
χ

#

(A.50)

+ ω • ∇(ρφ) + ρφ∇ • ω dV ⇒
x

|

{z

∇ • (ρφω)

}

Z
Z
∂ Z
∂(ρφ)
⇒
ρφ (x, t)dV =
dV +
∇ • (ρφω)dV
∂t χ V (t)
∂t x
V (t)
V (t)

(A.51)

where we used the vector identity ∇ • (cA) = c∇ • A + A • ∇c for a scalar c and a vector
field A. Finally, using Gauss’ divergence theorem, follows:
Z
I
∂ Z
∂(ρφ)
ρφ (x, t)dV =
dV +
ρφω • ndS
∂t χ V (t)
∂t x
V (t)
S(t)

(A.52)

Equation (A.52) does not involves the material itself, it only shows how a time derivative
of an integral over a moving volume relates to the derivatives with respect to spatial
coordinates. From Eq. (A.52) a very important relation can be obtained for the volume of
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V , which can be written as:
V (t) =

Z
V (t)

dV

(A.53)

Therefore, in Eq. (A.52), we can recover integral A.53 making φ equal to the specific
volume

V
m

as follows:
!
I
Z
V
∂ Z
∂
V
V
ρ dV =
dV +
ρ
ρ ω • ndS ⇒
∂t χ V (t) |{z}
m
m x
S(t) m
V (t) ∂t
|{z}
|{z}

(A.54)

Z
I
∂ Z
∂(1)
⇒
dV =
dV +
ω • ndS
∂t χ V (t)
V (t) ∂t x
S(t)

(A.55)

=1

=1

=1

| {z }
=0

I
∂ Z
dV =
ω • ndS
⇒
∂t χ V (t)
S(t)

(A.56)

which is known as the geometric or space conservation law [58], it says that the volume of
V changes according to the volumetric flow rate due to the movement of its surface S.
Since volume V (t) is arbitrary, we can suppose that it is equal to a material volume
considered on Reynolds’ Transport Theorem Eq. (A.45) at instant t. In this case, the
integral:
Z
V (t)

∂(ρφ)
dV
∂t x

(A.57)

represents the same quantity in both Eqs. (A.45) and (A.52). Thus, combining both
equations follows:
I
I
∂ Z
d Z
ρφω • ndS +
ρφv • ndS
ρφ (x, t)dV =
ρφ (x, t)dV −
dt V (t)
∂t χ V (t)
S(t)
S(t)

(A.58)

I
d Z
∂ Z
ρφ (x, t)dV =
ρφ (x, t)dV +
ρφ (v − ω) • ndS
dt V (t)
∂t χ V (t)
S(t)

(A.59)

|

{z

Rate of change of ρφ of

}

|

{z

}

Rate of change of ρφ in V at t

|

{z

Net flow of ρφ

the particles passing in

through S out of

V at instant t

V at instant t

}

where c = v − ω is the convective velocity. Equation (A.59) is Reynolds’ transport theorem
for a moving control volume. We use this equation below to derive the integral governing
equations for a flow in a moving domain.
Let us begin with the principle of mass conservation. For a fluid with density ρ = ρ (x, t)
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flowing with a velocity field v, a material volume V has total mass given by:
m=

Z
V (t)

ρ (x, t)dV

(A.60)

and the mass conservation principle states:
d Z
dm
=
ρ (x, t)dV = 0
dt
dt V (t)

(A.61)

Substituting φ = 1 in Eq. (A.59) and considering Eq. (A.61) follows:
I
d Z
∂ Z
ρ (x, t)dV +
ρ (x, t)dV =
ρ (v − ω) • ndS = 0
dt V (t)
∂t χ V (t)
S(t)

(A.62)

which is the integral conservative version of Eq. (A.43). For an incompressible fluid, ρ is
constant and Eq. (A.62) reduces to:
ρ

I
∂ Z
dV + ρ
(v − ω) • ndS = 0
∂t χ V (t)
S(t)

(A.63)

which can be rearranged on the following form:




I
I
∂ Z


•
v • ndS = 0
dV −
ω ndS + ρ
ρ
∂t χ V (t)
S(t)
S(t)

(A.64)

the term in brackets must be zero according to the space conservation law, Eq. (A.56).
Demirdžić and Perić [58] highlights that, in a dynamic mesh numerical method, satisfaction
of the geometric conservation law by the moving mesh is important to avoid generation of
source terms in the mass conservation equation, which can cause divergence of a numerical
procedure to solve the flow governing equations. Therefore, if the control volume movement
satisfies Eq. (A.56), mass conservation principle reduces to:
ρ

I
S(t)

v • ndS = 0

(A.65)

The balance of linear momentum for a material volume in a fluid flow is written as:
X

f=

dp
d Z
=
ρv (x, t)dV
dt
dt V (t)

(A.66)
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where p is the total linear momentum of the particles within the volume;

P

f is the sum

of all forces acting on the flow, on this case, the surface forces acting on S(t) due to the
Cauchy stress tensor σ and the body forces fb acting on the volume. Therefore:
I
Z
d Z
ρv (x, t)dV =
σ • ndS +
fb dV
dt V (t)
S(t)
V (t)

(A.67)

Using Eq. (A.59) on the left hand side of Eq. (A.67) with φ = v leads to:
I
I
Z
∂ Z
ρv (x, t)dV +
ρv (v − ω) • ndS =
σ • ndS +
fb dV
∂t χ V (t)
S(t)
S(t)
V (t)

which is the integral conservative version of Eq. (A.44).

(A.68)

2

126
B

Total Lagrangian Formulation for a Solid Motion

We present here the total Lagrangian formulation of the equation governing the motion
of a solid with density ρs , Young’s modulus E and Poisson’s ratio ν s . The field variables of
the motion are described using the material coordinates, ξ, at the reference configuration the solid at t = 0 - instead of the current configuration; if the latter was used, then the
description is called updated Lagrangian. The motion itself is described by:

f

x = x (ξ, t)

(B.1)

Figure B.1 shows an example of a solid deformed by a force f with its initial configuration
defined by a set of Cartesian coordinates as ξ = x(ξ, 0) and the current configuration the solid deformed at instant t.
Figure B.1 – Motion of a solid deformed by a force f , showing the initial (reference) configuration (left)
and the current configuration (right).

dξ

dξ

f

dx

dx

x2

x1

Initial Configuration
ξ = x(ξ, 0)

Initial Configuration
ξ = x(ξ, t)

Source: prepared by the author.

Typical measurements of stress and strain are made with respect to the initial configuration: the nominal multiaxial stress, P , and the deformation gradient tensor, F , defined
as the Jacobian matrix of the solid motion:
F =

∂x
(ξ, t)
∂ξ

(B.2)
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With the solid displacement, u, given by:
u = x (ξ, t) − x (ξ, 0) = x − ξ
then, Eq. (B.2) gives:
F =

∂ (u + ξ)
= ∇0 u + I
∂ξ

(B.3)

(B.4)

where we use the subscript “0” for differential operators calculated at the initial material
configuration, then, using Einstein’s index notation:
∇0 (•) ≡ e(i)

∂(•)
∂ξi

(B.5)

with a Cartesian coordinate system for the initial configuration with basis vector e(i) and I
is the second order identity tensor I = δij ei ej , in dyadic notation, with δij the Kronecker
delta.
The total Lagrangian formulation of the solid governing equation will be derived from
Newton’s Second Law, one of the most used principles in Solid Mechanics, which is written
as [56]:

2
s∂ u
ρ0 2
∂t

| {z }

Inertial forces

=

ρs g

0
|{z}

Body forces

+ ∇0 • P

(B.6)

| {z }

Surface forces

where ρs0 is the solid density of the initial configuration and g is the gravitational acceleration. As shown in the equation, ∇0 • P originates from the surface forces acting on a solid
∂ 2u
material element, and
is the solid acceleration.
∂t2
Figure B.2 depicts a solid deformation with an acting force df acting on a section dA.
Based on the figure, the multiaxial nominal stress, P , on the section area, is defined by:
df = t0 dA0 = n0 • P dA0

(B.7)

where dA0 is the section area at the initial configuration and n0 the unit normal vector of
section dA0 ; t0 is the traction on the undeformed configuration.
To find an equation that describes the solid motion, we must relate the nominal
stress tensor in Eq. (B.6) to the solid displacement, u. This can be achieved invoking a
constitutive equation for the solid, a tensorial relation describing the material deformation
under applied stresses. There are several constitutive equations suitable for different solid
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Figure B.2 – Deformation of a solid: detail of a section under the application of a force df .
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df

n
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Initial Configuration
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(deformed)

Source: prepared by the author.

behavior: elastic, hyperelastic, hypoelastic, plasticity, viscoelasticity, etc. These models
are described in detail in Belytschko et al. [56]. However, we must mention other forms of
stress and strain measurements. Tensors such as P and F are not suitable to construct
constitutive relations [56] because, among other reasons, P is not symmetric and F does
not vanish for rotation of the solid. The second Piola-Kirchhoff stress tensor, S, and the
Green-Lagrange strain tensor, E, respectively, are more suitable for that purpose [56].
The second Piola-Kirchhoff stress tensor is defined by (see Fig. B.2):
df = F −1 • t0 dA0 = n0 • SdA0

(B.8)

Combining Eqs. (B.7) and (B.8), follows:
P = S •FT

(B.9)

a relationship between P and S, which will be used in Eq. (B.6). The Green-Lagrange
strain tensor is defined by [56]:
2dξ • E • dξ =

•
dx
| {zdx} −

dξ • dξ

(B.10)

| {z }

Square of the

Square of the

length dx in

length dξ in

the deformed

the initial

configuration

configuration

Figure B.1 shows the vectors of a line segment at initial and current configuration, dξ
and dx, respectively. From definition Eq. (B.10) and the motion equation, Eq. (B.1), is
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possible to demonstrate that [56]:
E=


1 T
F •F − I
2

(B.11)

Writing Eq. (B.11) in Einstein’s index notation and substituting Eqs. (B.2) and (B.3) into
it, a final form of E as function of u can be derived:
E=



1 T
1 T
F • F − I ⇒ Eij =
Fik Fkj − δij ⇒
2
2

1
⇒ Eij =
2
1
Eij =
2

∂xk ∂xk
− δij
∂ξi ∂ξj
"

∂uk ∂ξk
+
∂ξi
∂ξi

!

!

⇒
∂uk ∂ξk
+
∂ξj
∂ξj

|{z}
δki

!

#

− δij ⇒

|{z}
δkj

1 ∂uk ∂uk ∂uk
∂uk
Eij =
+
δkj + δki
+ δki δkj −δij ⇒
2 ∂ξi ∂ξj
∂ξi
∂ξj | {z }
"

#

(B.12)

δij

1
Eij =
2

∂ui ∂uj ∂uk ∂uk
+
+
+ δij − δij
∂ξj
∂ξi
∂ξi ∂ξj

1
Eij =
2

∂ui ∂uj ∂uk ∂uk
+
+
∂ξj
∂ξi
∂ξi ∂ξj

!

⇒

!

With the last equality in Eq. (B.12) it is easy to see that E is a symmetric second order
tensor, i.e., Eij = Eji . Converting the last equality into vector notation, we finally find:
E=


1
∇0 u + ∇T0 u + ∇0 u • ∇T0 u
2

(B.13)

It is interesting to note in Eq. (B.13) that the first two terms on the right hand side
correspond to the strain when small deformations occur in the solid, i.e., linear elastic
deformations, while the last term is a non-linear contribution, due to larger deformations
in the solid.
The constitutive relation that we will discuss here is valid for the so-called Saint-VenantKirchhoff material, presenting an elastic non-linear behavior. Its constitutive equation
relates the second order tensors S and E through an extension of Hooke’s law:
Sij = Cijkl Ekl

(B.14)
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(we will use Einstein’s notation when dealing with algebraic operations on tensors to
highlight their order). Cijkl is a fourth order tensor called elastic modulus; for an isotropic
solid, Cijkl can be written in terms of the second order identity tensor, I = δij ei ej :
Cijkl = λs δij δkl + µs (δik δjl + δil δjk )

(B.15)

where λs and µs are the Lamé’s constants of the solid related to Young’s modulus and
Poisson’s ratio of the material:
µs =

λ =
s

E
2(1 + ν s )





νsE
(1+ν s )(1−ν s )

plane stress state




νsE
(1+ν s )(1−2ν s )

plane strain and 3D cases

(B.16)

(B.17)

Substituting Eq. (B.15) into Eq. (B.14) yields:
Sij =λs δij δkl Ekl + µs δik δjl Ekl + µs δil δjk Ekl

(B.18)

Sij =λ Ekk δij + µ Eij + µ Eji
s

s

s

Since E is a symmetric tensor:
Sij = 2µs Eij + λs Ekk δij

(B.19)

or, converting to vector notation:
S = 2µs E + λs tr(E)I

(B.20)

we find the constitutive equation for a solid with non-linear elastic behavior (large deformations).
We now have all the necessary equations to turn Eq. (B.6) into an equation in which
the dependent variable is u. Substituting Eqs. (B.4) and (B.9) into Eq. (B.6) follows:
ρs0
⇒

∂ 2u
=ρs0 g + ∇0 • (S • I + S • ∇0 u) ⇒
∂t2

2
s∂ u
ρ0 2
∂t

=ρs0 g

+ ∇0 • S + ∇0 • (S • ∇0 u)

(B.21)
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where we used S • I = S. Then, substituting Eqs. (B.13) and (B.20) into the last equality:
ρs0
⇒

∂ 2u
=∇0 • [2µs E + λs tr(E)I] + ∇0 • (S • ∇0 u) + ρs0 g ⇒
∂t2

∂ 2u
ρs0 2
∂t

"





=∇0 • µs ∇0 u + ∇T0 u + µs ∇0 u • ∇T0 u+
(B.22)
#



λs 
λs 
+ tr ∇0 u + ∇T0 u I + tr ∇0 u • ∇T0 u I +
2
2

+ ∇0 • (S • ∇0 u) + ρs0 g
Last equation must be rearranged in such a way that, when solved using the Finite Volume
Method, the convergence rate will be accelerated, according to Jasak and Weller [97].
Adding and subtracting (µs ∇0 u + λs ∇0 u) to the first divergent of the last equality, after
manipulating we finally find:
ρs0

h
i
∂ 2u
• [(2µs + λs )∇ u] =∇ • − (µs + λs ) ∇ u + µs ∇T u + λs tr(∇ u)I +
(ξ,
t)
−
∇
0
0
0
0
0
0
∂t2

∇0


•

s



µ ∇0 u

•

∇T0 u





1
+ λs tr ∇0 u • ∇T0 u I +
2


∇0 • (S • ∇0 u) + ρs0 g
(B.23)
which is the equation solved by the FSI solver of foam-extend for the solid part of the FSI
problem.
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C

The Finite Volume Discretization

We present here the FVM discretization of a partial differential equation representing
the transport of an intensive variable φ in a flow domain Ωf – with boundary surface
Γf = ∂Ωf – with velocity field v of a fluid with density ρ. In the conservative form, this
equation is written as:
∂
(ρφ) +
∂t
| {z }

Temporal term

∇ • (ρvφ)
|

{z

}

Advective transport term

=





∇ • ρΓφ ∇φ
|

{z

}

Diffusive transport term

+

φ

S
|{z}

(C.1)

Source/sink terms

where Γφ is the diffusivity of φ ([Γφ ] = m2 /s), “∇” is the nabla operator. We suppose that
field v is known. Equation (C.1) identifies four terms:
• The temporal term, which represents the change of φ in time;
• The advective term: it represents the net advective flux of φ, i.e. the flux due to the
flow velocity v over an infinitesimal control volume;
• The diffusive term: it represents the molecular transport of φ through the surface of
an infinitesimal control volume;
• Source and/or sink terms of φ in the flow domain.
A set of boundary and initial conditions must be provided to close the problem and
solve Eq. (C.1) for φ.
The FVM discretization process has the following steps:
1. Spatial domain discretization into finite volumes (computational mesh) and temporal
domain discretization into a sequence of time-steps;
2. Spatial and temporal discretization of the transport equation;
3. Application and discretization of boundary and initial conditions;
4. Solution of the linearized system of equations.
Let us consider that the spatial domain Ωf is discretized in a finite number, NCV , of
non-overlapping control volumes of polyhedral shape, with an arbitrary number of planar
faces and each face must be shared by only two adjacent cells. A typical control volume
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has its centroid at point C, and volume VC as shown in Figure C.1b, and Fig. C.1a shows
a finite volume and its neighbors. Fig. C.1b also shows the geometric entities of the cell
used in theFVMdiscretization: a face f , the unit normal pointing outward face f , nf , and
the vector joining C and the centroid of a neighbor cell F , dCF . Centroid C has Cartesian
coordinates xC , defined by:
xC =

Z
1 Z
xdV ⇔
(x − xC )dV = 0
VC VC
VC

(C.2)

The cell-centered FVM stores the variables at this point [44].
Figure C.1 – (a) Polygonal control volume of a finite volume computational mesh, and its neighbors; (b)
Polyhedral control volume VC .
(b)
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Source: prepared by the author.

With the domain decomposed into a finite number of control volumes, the FVM
integrates Eq. (C.1) in the volume VC , leading to:
Z
VC

Z
Z
Z


∂
φ
•
•
(ρφ)dV +
∇ (ρvφ)dV =
∇ ρΓ ∇φ dV +
S φ dV
∂t
VC
VC
VC

(C.3)

We consider that control volume VC does not change in time, (the methodology for
moving computational meshes is essentially the same, the initial equation must be properly
formulated, as presented in the main text, Section 2.3.2). Therefore, the order of the
temporal derivative can be inverted:
Z
Z
Z


∂ Z
ρφdV +
∇ • (ρvφ)dV =
∇ • ρΓφ ∇φ dV +
S φ dV
∂t VC
VC
VC
VC

(C.4)
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Applying Gauss’ divergence theorem, the volume integrals of the advective and diffusive
terms can be transformed in surface integrals over the control volume surface SC = ∂VC :
I
I
Z
∂ Z
ρφdV +
ρφ (v • n)dS =
ρΓφ (n • ∇φ)dS +
S φ dV
∂t VC
∂VC
∂VC
VC

(C.5)

where n is the outward unit normal vector of control surface S. The surface integrals can
be split into a sum of integrals over the planar faces of the cell (see Fig. C.1b):
Z
X Z
X Z
∂ Z
ρφdV +
ρφ (nf • v)dS =
ρΓφ (nf • ∇φ)dS +
S φ dV (C.6)
∂t VC
Sf
Sf
VC
f ∼nb(C)
f ∼nb(C)

where Sf is the area of face f ; the notation f ∼ nb(C) represents faces neighboring the
centroid C, i.e., the faces of the cell C, as shown in Fig. C.1a. So far we adapted Eq. (C.3)
to the polyhedral control volume. The discretized equation, i.e., Eq. (C.6) transformed
into an algebraic equation for cell centroid values, φC = φ(xC ), is obtained assuming a
linear spatial variation of φ around the cell centroid xC , i.e.:
φ (x) = φ (xC ) + (∇φ)C

•

(x − xC )

(C.7)

This linear function is second-order accurate, which is adequate because the transport
equation, Eq. (C.1), is a second-order partial differential equation. The referred secondorder accuracy can be verified writing the Taylor series expansion of function φ = φ(x):

1
(x − xC )2 •• (∇∇φ)C +
2!
!
1
n • •
•
(∇∇∇φ)C + · · · + (x − xC ) |• •{z... •} ∇∇...∇
+ ···
| {z } φ
n!
C
n times
n times
(C.8)

φ(x) =φ (xC ) + (x − xC ) • (∇φ)C +
1
(x − xC )3
3!

• •
• •

where (x − xC )n represents the nth outer product of vector x − xC with itself, resulting in
a nth order tensor;

• •
• •

... •• represents the inner product of two nth order tensors, resulting

in a scalar. Truncating the series after the first order term yields:


φ(x) = φ(xC ) + (x − xC ) • (∇φ)C + O kx − xC k2
where we see that the error is of order kx − xC k2 .



(C.9)
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Using the approximation Eq. (C.7), the surface integrals in Eq. (C.6) are evaluated
with second-order accuracy [44], leading to:
Z

X
X 
∂ Z
ρφdV +
[ρf (vf • sf )] φf =
ρΓφ (∇φf ) • sf +
S φ dV
f
∂t VC
VC
f ∼nb(C)
f ∼nb(C)

(C.10)

where the lower index f indicates a variable evaluated at the face centroid.
Applying Gauss’ divergence theorem allowed to write the advective and diffusive terms
as functions of φ values at face centroids. However, the variables that must be used are
stored at cell centroids. The FVM interpolates the face variables, φf and ∇φf , from
adjacent cell centroids variables, as shown in Fig. C.1a. These procedures are presented
below.
C.1

Spatial Discretization

Advective Term
The advective term is:
Advective Flow Rate of φ =

X

[ρf (vf • sf )] φf =

f ∼nb(C)

X

ṁf φf

(C.11)

f ∼nb(C)

where ṁf = ρf (vf • sf ) is the mass flow rate through face f . The FVM evaluates explicitly
the mass flow rate interpolating ρf from known values available at adjacent cell centroids;
this is important, for example, for the solution of the Navier-Stokes equations, to linearize
the discretized momentum equations; φf , on the other hand, is evaluated implicitly, i.e. it
is interpolated from cell centroid values, φC and φF .
The interpolation profile for φf must be carefully chosen because it is responsible for
anomalous behavior of the flow solution if wrongly specified. First-order accurate profiles
– “Upwind”, for example – are responsible for numerical diffusion on the solution, while
higher order profiles – Central Difference and second-order Upwind schemes – can cause
“wiggles” on the solution – consequences of numerical dispersion causing an unbounded
behavior of the solution – and the magnitude of these “wiggles” can lead to divergence
of the solution process [44, 73]. Higher order and high resolution bounded schemes are
recommended.
We describe below the scheme used for the aneurysms simulations presented on the
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main text. In foam-extend, the scheme is available under the keyword linearUpwind: a
combination of a linear profile for φf with the classical Upwind scheme. Therefore, this
scheme is second-order accurate and presents less numerical dispersion than the Central
Difference scheme. For unstructured meshes, φf is written as follows:
φf = φC + (2∇φC − ∇φf ) • dCf

(C.12)

where dCf = xf − xC is the vector joining centroid C and face f , xf . In Eq. (C.12) is
necessary to evaluate the gradient of φ at C and f . We will discuss the discretization of
gradients below, along with the diffusive term discretization.
Once applied the advective scheme for φf , it can be written as:
φf = wC φC + wF φF

(C.13)

where wC and wF are weights that depends on the chosen interpolation scheme, accounting
for the influence of φC and φF on the value of φf , respectively. For example, in the classic
one-dimensional Upwind scheme, wC = 1 and wF = 0 or vice-versa, depending on the flow
direction.
In foam-extend, the advective term is identified by the function div() and its discretization must be specified in the sub-dictionary divSchemes of the dictionary fvSchemes on
the following sequence: the discretization method - Gauss integration, for example, if the
standard discretization practice is chosen -, the interpolation profile for φf and, if required,
the discretization scheme for the gradient of φ, as follows:
divSchemes
{
default
div(phi,U)
}

none
Gauss <interpolation> <gradientDiscretization>

where phi is the keyword in foam-extend for the mass flux at the cell faces, i.e., phi ≡ ρv
for incompressible flows.
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Diffusive Term
The diffusive term is:
Diffusive Flow Rate of φ =

X

(ρΓφ )f (∇φ)f • sf

(C.14)

f ∼nb(C)

First, the density and diffusivity of φ of the fluid need to be evaluated. Using known
values available from last iterations – or for the incompressible case, ρ is a constant – these
properties are interpolated from centroid values, as follows:
ρf =gC ρC + gF ρF
Γφf

=gC ΓφC

+

(C.15)

gF ΓφF

if a linear interpolation is chosen, where gC and gF are interpolation factors which can be
calculated as a ratio in terms of distances between cell and face centroids given by [44]:
gC =

df F
dCf
; gF =
= 1 − gC
dCf + df F
dCf + df F

(C.16)

The gradient of φ normal to face f , ∇φf • sf , is proportional to the directional derivative
of φ on the direction of vector sf = Sf nf :
∇φf • sf = Sf ∇φf • nf = Sf

∂φ
∂nf

!

(C.17)
f

!

∂φ
If centroids C and F lied on the direction of nf , the directional derivative
∂nf f
could be
evaluated,
with
second-order
accuracy,
using
the
Central
Differences
scheme,
i.e.
!
∂φ
φF − φC
=
, where kdCF k is the distance between C and F . However, for an
∂nf f
kdCF k
unstructured mesh of polyhedral elements, this is not always satisfied – see, for example,
in Fig. C.1b the directions of nf and dCF which do not coincide – therefore, the gradient
normal to a face cannot be directly evaluated using the values of φC and φF because an
error would be introduced. A solution to address the problem is to decompose vector sf
into two components:
sf = β + κ

(C.18)
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dCF
. Moukalled et al. [44] presents
kdCF k
three ways of decomposing the vector sf : minimum correction approach, orthogonal

where β = βef lies on the direction of dCF , i.e. ef =

correction approach and over-relaxed approach. With this decomposition, the gradient
normal to the face is written as:
∇φf • sf = ∇φf • β + ∇φf • κ
= kβk∇φf • ef + ∇φf • κ
= kβk
Central Differences can be used to evaluate
∇φf • sf = kβk

∂φ
∂ef


∂φ
∂ef

(C.19)

!

+ ∇φf • κ
f


f

, yielding:

φF − φC
+ ∇φf • κ ⇒
kdCF k

⇒ ∇φf • sf = gDiff f (φF − φC ) +
|

{z

∇φf • κ
|

}

{z

(C.20)

}

Non-orthogonal correction

Orthogonal contribution

kβk
is a “geometric diffusivity” [44]. If the over-relaxed approach is
kdCF k
chosen (one of the options implemented in foam-extend), then the importance of the

where gDiff f =

orthogonal term is increased as the non-orthogonality increase. This is accomplished
selecting κ to be normal to the normal direction of face
! f , as depicted in Fig. C.2. In this
•
sf sf
case, as shown in Moukalled et al. [44], β =
dCF and κ is calculated according
sf • dCF
to Eq. (C.18), κ = sf − β. For an orthogonal mesh case, sf = β and the term ∇φf • κ
would vanish. This term is usually called non-orthogonal correction or “cross diffusion”
term.
Figure C.2 – Choice of decomposition of normal vector sf according to the over-relaxed approach.

sf
n
ef
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θ
β

Source: prepared by the author.

κ
F
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!

∂φ
However, to evaluate
with second-order accuracy with Central Differences,
∂ef f
the line joining C and F must intercept face f at its centroid. This is not the general case,
as we can see in Fig. C.1b, where the line segment CF does not intercept centroid f . This
is called skewness of the mesh, and is a source of errors. In foam-extend, a discretization
for ∇φf • sf presented by Tuković et al. [72] with non-orthogonal and skewness correction
was chosen for our simulations of aneurysms – in foam-extend, this scheme is called
skewCorrected. This scheme can be derived based on the vector quantities defined in
Fig. C.3: vectors kf C and kf F . Tuković et al. [72] presents the discretization procedure
for this scheme:
∇φf • sf =

φF − φC kf F • (∇φ)F − kf C • (∇φ)C
+
df n
df n

(C.21)

where df n = dCF • nf .
Figure C.3 – Two adjacent control volumes with skewness and non-orthogonality between them, with
vectors definitions used to calculate the gradient normal to face f , ∇φf • sf with corrections.
nf
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0

F
f
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Source: Tuković et al. [72].

In foam-extend setup, the diffusive term is identified by the function laplacian()
and its discretization must be specified in the sub-dictionary laplacianSchemes of the
dictionary fvSchemes on the sequence: the discretization method – Gauss integration is
the only option available for this term –, the interpolation profile for the diffusivity and
the discretization scheme for the surface normal gradient ∇φf • sf , as shown below:
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laplacianSchemes
{
default
laplacian(nu,U)
}

none
Gauss <interpolation> <surfaceNormalGradient>

Gradient Discretization
As shown above, both discretization of the advective and diffusive terms require the
discretization and/or evaluation of a gradient at cell centroid, ∇φC , and at the face centroid,
∇φf . We present below one of the discretization procedures available in foam-extend.
One of the variants of Gauss’ divergence theorem is the identity involving the gradient
field of a variable φ in a volume VC :
Z
VC

∇φdV =

I

φndS

S=∂VC

(C.22)

The Mean Value theorem (MVT) applied to function φ = φ(x) in VC is written as:
1 Z
∇φC =
∇φdV
VC VC

(C.23)

Combining Eqs. (C.22) and (C.23)), and substituting the FVM linear approximation of φ,
Eq. (C.7), is possible to show that, for the polyhedral cell with faces f , the gradient of φ
at its centroid C is:
∇φC =

1
VC

X

φf sf

(C.24)

f ∼nb(C)

where the values φf is interpolated from adjacent computational nodes.
In foam-extend, the gradient is identified by the function grad() and its discretization
must be specified in the sub-dictionary gradSchemes of the dictionary fvSchemes on the
sequence: the discretization method and the interpolation profile:
gradSchemes
{
default
none
grad(U)
Gauss <interpolation>
}
Other techniques for the gradient discretization – the least squares method, for example,
which is also available in foam-extend – are presented by Moukalled et al. [44].
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Source/Sink Terms
Using the Mean Value theorem, the volume integral of the source term in Eq. (C.10) is
written as:

1 Z
S̄ =
S φ dV
V C VC

(C.25)

φ

S̄ φ , generally, is considered a linear function of the dependent variable: S̄ φ = SCφ φC + SFφ .
The source/sink term is particular to each differential equation and some of them could
require special treatment as, for example, the pressure gradient in the momentum equations
for a flow.
Before continuing with the temporal discretization, we rewrite Eq. (C.10) in the form:


X
X
∂
(ρC φC VC ) +
[ρf (vf • sf )] φf =
(ρΓφ )f ∇φf • sf + SCφ φC + SFφ VC
∂t
f ∼nb(C)
f ∼nb(C)

(C.26)
where we applied the Mean Value theorem for the volume integral inside the temporal
derivative. The underlined terms depend on cell centroid variables, φC and φF , once
applied the discretization procedures presented above. Therefore, we rewrite Eq. (C.26)
into the compact form:
∂
(ρC φC VC ) + H {φC , φF } = 0
∂t

(C.27)

where:
H {φC , φF } =

X

[ρf (vf • sf )] φf −

f ∼nb(C)

X





(ρΓφ )f (∇φf ) • sf − SCφ φC + SFφ VC (C.28)

f ∼nb(C)

The last form of the transport equation will be useful in the presentation below.
C.2

Temporal Discretization

The procedure to discretize the temporal derivative is based on the Finite Differences
Method and is a second-order Euler backward scheme because it approximates the time
derivative using information of two old time-steps. Since this scheme is second-order
accurate, it keeps the consistency with the spatial discretization procedures and the
overall FVM discretization. We consider here a temporal domain discretization with fixed
time-steps, ∆t.
Let’s expand function ΦC = ΦC (t) in Taylor series around instants (t − ∆t) and
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(t − 2∆t), where ΦC = ρC φC :
1 ∂ 2 ΦC
∂ΦC
(t)∆t +
(t) (∆t)2 + O(∆t3 )
2
∂t
2! ∂t
∂ΦC
4 ∂ 2 ΦC
ΦC (t − 2∆t) =ΦC (t) − 2
(t) ∆t +
(t) (∆t)2 + O(∆t3 )
∂t
2! ∂t2
ΦC (t − ∆t) =ΦC (t) −

To ensure second-order accuracy for the approximation of

∂ΦC
(t),
∂t

(C.29)

the second-order deriva-

tive must be eliminated of the above equations; therefore, multiplying the first equation
by 4 and subtracting it from the second, follows:
∂ΦC
(t) ∆t + O(∆t3 ) ⇒
∂t
(C.30)
3ΦC (t) − 4ΦC (t − ∆t) + ΦC (t − 2∆t)
∂ΦC
2
(t) =
+ O(∆t )
⇒
∂t
2∆t

4ΦC (t − ∆t) − ΦC (t − 2∆t) =3ΦC (t) − 2

Representing variables at time t by an upper index n, last equation is rewritten as:
n−1
n−2
+ ρn−2
∂ (ρC φC )
3ρn φn − 4ρn−1
C φC
C φC
(t) = C C
+ O(∆t2 )
∂t
2∆t

(C.31)

The temporal discretization also requires a choice regarding at which instant the spatial
terms, H{φC , φF }, must be evaluated. For the aneurysms simulations, we chose to evaluate
these terms implicitly, to ensure stability of the fluid flow solution regardless the time-step
chosen [44].
Therefore, the discretized equation in time is written as:
n−1
n−2
3ρnC φnC − 4ρn−1
+ ρn−2
C φC
C φC
+ H {φnC , φnF } = 0
2∆t

(C.32)

Finally, substituting Eqs. (C.13), (C.20) and (C.28) into the last equation, we obtain the
linearized equation for φC in the control volume VC :
"

n−1
n−2
X
3ρnC φnC − 4ρn−1
+ ρn−2
C φC
C φC
VC +
[ρf (vf • sf )] (wC φnC + wF φnF ) =
|
{z
}
2∆t
f ∼nb(C)

#

ṁf

=

X
f ∼nb(C)



φ

ρΓ

 h
f

gDiff f (φnF

−

φnC )

i

+ ∇φf • κ +



SCφ φnC

+

SFφ



VC

(C.33)
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Rearranging the last equation, we find an algebraic linearized equation for VC :
aφC φnC +

X

aφF φnF = bφC

(C.34)

F ∼N B(C)

where the notation F ∼ N B(C) indicates all control volumes F neighboring C. The
coefficients in Eq. (C.34) are given by:
aφC =


X 
3ρnC VC
+
wC ṁf + ρf Γφf gDiff f − SCφ VC
2∆t
f ∼nb(C)

(C.35)

aφF =wF ṁf − ρf Γφf gDiff f
bφC =SFφ VC +

X
f ∼nb(C)

ρf Γφf ∇φf • κ +

n−1
4ρC
VC
2∆t

!
n−1
φC
−

ρn−2
C VC
2∆t

!

φn−2
C

Equation (C.34) is a discrete form of the transport partial differential equation, Eq. (C.1)
for a finite control volume. Assembling the discrete equations for each control volume in
the computational mesh, follows a linear system of algebraic equations:
Aφ φ = bφ

(C.36)

where Aφ ≡ (aφC )NCV ×NCV is the matrix of the coefficients aφC and aφF ; NCV is the number
of control volumes in the mesh; each line of the matrix presents the coefficient aφC at the
diagonal element and, at the other line elements, the coefficients aφF ; φ ∈ IRNCV ×1 is the
solution vector and bφ ∈ IRNCV ×1 is the source coefficients vector.
Appropriate boundary conditions (BC) must be discretized too. Each type of BC
generally has its own discretization procedure; Moukalled et al. [44] presents the implementation of the most common BC’s for each term of the transport equation. In general,
this implementation yields the update of coefficients Eq. (C.35).
Finally, it is important to note that Eq. (C.36) represents the spatial discretization of
the transport equation for the whole domain Ωf at one time-step. To march the solution in
time, the system must be solved for each time-step, since the temporal scheme is implicit.
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C.3

Pressure-Velocity Coupling

The generic transport equation, Eq. (C.1) is generally used to present the discretization
process of the FVM. This presentation is convenient because the partial differential
equations that describe the fluid flow phenomena – and also the motion of solids, with
some small differences, like the absence of an advective term – can be written in the form
of Eq. (C.1).
Note that we considered the flow velocity field v known. However, in general, v is
calculated solving the continuity equation - conservation of mass - and the momentum
equation that govern an isothermal fluid flow. Considering the flow of an incompressible
Newtonian fluid with density ρ and dynamic viscosity µf , this system of PDE is called
Navier-Stokes equations. In vector notation and for a fixed infinitesimal control volume,
they are written, respectively:
∇ • (ρv) = 0

(C.37)

h 
i
∂ (ρv)
+ ∇ • (ρvv) = −∇p + ∇ • µf ∇v + ∇T v + ρb
∂t

(C.38)

where p is the hydrostatic pressure field, b are body forces acting on the flow, per mass
unit. Rearranging Eq. (C.38) yields:




∂ (ρv)
+ ∇ • (ρvv) = ∇ • µf ∇v − ∇p + ∇ • µf ∇T v + ρb
∂t

(C.39)

It is evident, from Eq. (C.39), the similarity between it and the transport equation if
we put φ ≡ v – intensive version of linear momentum –, and the last three terms on
the right side of Eq. (C.39) are source terms for the transport of momentum in the flow.
Equations (C.37) and (C.38)) form a system of PDE with the velocity v and pressure fields
p as unknowns. Equation (C.38) is actually a vector equation, i.e. can be decomposed into
3 scalar equations for each velocity component and the continuity equation can be seen as
a restriction imposed to the velocity field because, in the incompressible case, the density
ρ is not an unknown. However, if the momentum equations give the velocity components,
then the continuity equation should provide a way to find the pressure field. Nevertheless,
this is not the case because p is implicit in Eq. (C.37). The effect of pressure in mass
conservation is lost towards the incompressible limit, because the fluid density is constant
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on that limit; on the other hand, for the compressible case, density and pressure are related
through an equation of state and the continuity equation provides a manner to find the
density field. Therefore, the strong, but implicit, coupling between velocity and pressure
for incompressible flows produces difficulties in solving system of Eqs. (C.37) and (C.38).
Besides, note that the non-linearity in Eq. (C.38), due to the advective term, is not the
hardest problem, since the FVM solves the discretized equation using an iterative process,
updating the system coefficients using available values.
We present below two segregated algorithms to solve the system formed by Eqs. (C.37)
and (C.38): the so-called Semi-Implicit Method for Pressure Linked Equations (SIMPLE)
presented by Patankar [65] and PISO proposed by Issa [76].
The SIMPLE algorithm starts with the solution of the discretized momentum equations
for each velocity component in a Cartesian coordinates system, i.e. v = vx i + vy j + vz k,
where i, j and k are the vectors of the canonical basis. Applying the Finite Volume
discretization to the momentum equation, follows, for the current time-step:
avCx (vx )C +

vx

avFx (vx )F = b̂C

X
F ∼N B(C)

v

aCy (vy )C +

vy

v

aFy (vy )F = b̂C

X

(C.40)

F ∼N B(C)

avCz (vz )C +

vz

avFz (vz )F = b̂C

X
F ∼N B(C)

We will represent these three equations in the compact matrix form:


vx
aC







0
v

0

aCy

0

0






vx


0 
(vx )C 

aC





X


+
 0
0
(v
)
y
C








F
∼N
B(C)

vz 




a
(vz )C
0
C

⇒ avC vC +

0
v

aCy
0

X







0 
(vx )F 






0
(v
)
y F







vz 


a
(vz )F 
C

v

avF vF = b̂C

=

 
vx 




b̂C 



 v 

y

b̂C 






 vz 




⇒

(C.41)

b̂C

(C.42)

F ∼N B(C)

where the coefficients, according to the discretization procedures presented before, are
given by:
avC =
avF


X 
3ρnC VC
+
wC ṁf + µff gDiff f
2∆t
f ∼nb(C)

= wF ṁf −

µff gDiff f

(C.43)
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v
b̂C

= ρC (b)C VC +

µff ∇vf

X

•

Tf

f ∼nb(C)

{z

|

4ρC VC
ρC VC
+
vCn−1 −
vCn−2
2∆t
2∆t








}

Cross diffusion contribution

+

−(∇pC )VC
|

{z

X

µff ∇T vf • sf

(C.44)

f ∼nb(C)

}

Pressure gradient

|
evaluated explicitly

{z

Cross derivative term

}

(evaluated explicitly)

where gDiff f =

Ef
dCF

is the geometric diffusivity if the over-relaxed approach is used in

the surface normal gradient discretization; ṁf = ρf vf • sf is the mass flow rate through
cell faces – evaluated using values from the last iteration; this eliminates the non-linear
problem of solving Eq. (C.38). In the third equation of Eq. (C.43), the main differences
with the general transport equation are the pressure gradient and the cross derivatives –
originated from the viscous force term of the momentum equation; these are accounted as
source terms and evaluated explicitly, i.e. using values of the last iteration. It is important
to keep in mind that Eq. (C.42) does not imply that the momentum equations are solved
together as an assembled large system, on the contrary, the segregated SIMPLE and PISO
algorithm assumes that they are solved separately.
The mass flow rate through each cell face, ṁf = ρf vf • sf , deserves some comments.
The collocated FVM assumes that all the variables are stored at cell centroids. However,
to evaluate ṁf , we need the velocity at the face centroid. We have already shown that
this is usually performed with a linear interpolation from centroid values to face centroid.
However, due to the coupling between velocity and pressure, a linear interpolation from vC
and vF to vf can decouple the two fields, leading to the well-known “checkerboard problem”
of the collocated arrangement. One solution is to use the Rhie-Chow interpolation [78] for
the velocity field. This interpolation accounts for the influence of pressure in the velocity
field after constructing a pseudo-momentum equation for the velocity at cell faces.
Before presenting the SIMPLE algorithm, we will rearrange Eq. (C.42) in a more useful
form to the following procedures:
vC +

avF
bvC
VC
v
=
− (∇pC ) v ⇒
v F
v
a
aC
aC
F ∼N B(C) C
X

⇒ vC + HC [v] = BvC − DvC (∇pC )

(C.45)

(C.46)
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v

where b̂C = bvC − (∇pC ) VC and the vector operators are:




X
avF

 0
HC [v] ≡
v
≡
v F

a
F ∼N B(C) C
F ∼N B(C) 
0

C

X

BvC ≡







0 
(vx )F 







0  (vy )F 






vz

aF /avz 


(v
)
z
F
C

0

avFx /avx
v

aFy /avy
C

0






bvCx /avx 



C 





bvC
≡ bvC /avC
v


aC


 v




v
bC /aC 

y




z



0

0 

VC/avy

0 


VC/avx


VC

DvC ≡ v ≡  0

aC

0

(C.48)

y

z

C

(C.47)

C

0




VC/avz

(C.49)



C

The HC [v] operator is related to the influence of the advective and diffusive transport
of momentum for the value at C; BvC gives the influence of all the source terms except
pressure; and DvC is a diffusivity relating the influence of pressure in the velocity field.
Finally, the SIMPLE algorithm has the following steps:
1. If t = 0 (n = 0), define initial values for the velocity and pressure fields, v 0 and p0 ,
respectively, and calculates the mass flow rate through cell faces, ṁnf . If t > 0, use
the data from the last time-step;
2. Using the available pressure field, pn , solve the momentum equations discretized for a
predicted velocity field, vC∗ , which does not satisfies the continuity equation, because
the pressure field is probably not correct. Therefore, vC∗ satisfies the following
equation:
vC∗ + HC [v ∗ ] = BvC − DvC (∇pnC )

(C.50)

3. Calculate the mass flow rate in each cell face, ṁ∗f . Therefore, is necessary to
interpolate vC∗ to each cell face centroid using the Rhie-Chow interpolation, given by
[44]:


vf∗ = vf∗ − Dvf ∇pnf − ∇pnf



(C.51)

where the over bar indicates a linear interpolation, i.e. vf∗ = gC vC∗ +gF vF∗ ; accordingly,
Dvf = gC DvC + gF DvF ; the pressure gradient at the face centroid must be corrected,
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and is given by:
#

"

∇pnf


pn − pnC  n
− ∇pf • eCF eCF
= ∇pnf + F
kdCF k
|

where eCF =

dCF
kdCF k

{z

(C.52)

}

Correction term

is the unit vector in the direction of the line joining C and F

and ∇pnf = gC ∇pnC + gF ∇pnF . Equation (C.51) is derived in Moukalled et al. [44]
from a momentum equation like Eq. (C.46) written for the velocity at face f .
With the correct interpolated velocity, Eq. (C.51), a “momentum satisfying” mass
flow rate at the cell faces can be calculated:


ṁ∗f = ρf vf∗ • sf = ρf vf∗ • sf − ρf Dvf ∇pnf − ∇pnf



•

sf

(C.53)

4. In this step, a “continuity satisfying” velocity and pressure fields will be calculated.
This is achieved through a pressure correction field that can be found from the
continuity equation, Eq. (C.37), which if discretized, using the FVM, can be written
in terms of the mass flow rate over a control volume:
∇ • (ρv) = 0 ⇒

X

ṁf = 0

(C.54)

f ∼nb(C)

However, ṁf is the correct mass flow rate, thus we can write:
ṁf = ṁ∗f + ṁ0f

(C.55)

where ṁ0f is the correction mass flow rate; in a similar way, the correct velocity and
pressure at cell centroids are:
vC = vC∗ + vC0

(C.56)

pC = pnC + p0C
Combining Eq. (C.54) with Eq. (C.55) follows:
X
f ∼nb(C)

ṁf = 0 ⇒

X
f ∼nb(C)

ṁ0f = −

X
f ∼nb(C)

ṁf ∗

(C.57)
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The correction mass flow rate, ṁ0f , is calculated using the correction for the velocity
field at the face centroid, vf0 , which is interpolated using cell centroid corrections,
vC0 and vF0 , with Eq. (C.51). Then, substituting ṁ0f in Eq. (C.57) follows:
X

h



−ρf Dvf ∇p0f



•

i

sf = −

f ∼nb(C)

X

ṁ∗f +

h

−ρf Hf [v 0 ] • sf

X

i

(C.58)

f ∼nb(C)

f ∼nb(C)

an equation for the pressure correction where is implicit mass conservation. In the
SIMPLE algorithm, the underlined term of Eq. (C.58) is neglected – this assumption
is actually what differentiate each algorithm of the SIMPLE family. Thus, the
equation has only the pressure correction as unknown. After this simplification
and discretization of the surface normal pressure gradient using one the approaches
presented in Appendix C.1, Eq. (C.58) can be written as:
0

apC p0C +

X

0

0

apF p0F = bpC

(C.59)

F ∼N B(C)

an algebraic equation for the pressure correction at cell centroids. Equation (C.59)
can be assembled, for the whole computational mesh, in a linear system of algebraic
equations. Solving this system yields the pressure correction field, which is used to
correct the momentum satisfying velocity field using Eq. (C.56) with:
vC0 = −DvC (∇p0C )

(C.60)

Eq. (C.60) may be different because is related to the neglected terms in Eq. (C.58).
The mass flow rate and pressure are also corrected:
∗
0
ṁ∗∗
f = ṁf + ṁf

p∗C = pnC + λp p0C

(C.61)

where ṁ0f = ρf vf0 • sf and 0 ≤ λp ≤ 1 is the pressure relaxation factor. Relaxation
can also be used for the momentum equations, and is usually recommended to
accelerate the convergence rate of the SIMPLE algorithm.
Figure C.4 shows the flowchart for the SIMPLE loop presented above. The loop is
stopped when the residuals of the momentum and continuity equations are smaller than
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the specified tolerance, . Once the velocity and pressure field are converged to the solution,
other transport equations, particular to the problem studied, can be solved.
The SIMPLE algorithm has several variants, which differs from the original one
depending on how the underlined term in Eq. (C.58) is treated. Another important
pressure-velocity coupling algorithm is the Pressure Implicit with Splitting Operators
(PISO), which incorporates a SIMPLE loop with subsequents corrections steps where only
the pressure correction equation is solved implicitly. The correction steps are explained
below.
Usually, the literature presents the PISO algorithm in terms of the pressure correction
equation [44, 73], like SIMPLE . Therefore this approach will be presented here. However,
it can also be presented in terms of a pressure equation (and it was in the original proposal
by Issa [76]) as shown in the main text because it is the one implemented in foam-extend.
However, both approaches are equivalent and are part of the so-called projection methods
[77].
Finally, the correction steps of the PISO algorithm are:
1. Once the corrected values for velocity, mass flow rate and pressure are calculated at
∗
the last part of a SIMPLE loop, i.e. vC∗ ∗, ṁ∗∗
f and pC , respectively, they are used to

update the coefficients of the momentum equations, which then are solved explicitly
to obtain updated values of the velocity components. We will indicate intermediate
variables in each correction step with a tilde. Thus, the updated velocity is given by:
ṽ rC = −HC [v ∗∗ ] + BvC − DvC (∇p∗C )

(C.62)

where the upper index r represents the correction step. Remember that in Eq. (C.62)
the operators HC , BvC and DvC are calculated with the updated coefficients. The
following steps are exactly the same as in the SIMPLE loop.
2. Velocity ṽ rC is interpolated using the Rhie-Chow formula and the new mass flow rate
is calculated at cell faces:
˜ rf = ρf ṽ rf • sf
ṁ

(C.63)

3. The continuity equation is discretized to obtain a system of equations for a new
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0

pressure correction, prC :
0

0

apC prC +

0

0

0

apF prF = bpC

X

(C.64)

F ∼N B(C)

Solving last system yields a new pressure correction field, which is used to correct
the velocity field using:
0

0



vCr = −DvC ∇prC



(C.65)

4. With the correction velocity, the mass flow rate correction can also be computed,
and finally the fields are updated at the end of a correction step, r:
0

vCr+1 = ṽ rC + vCr

˜ rf + ṁrf0
ṁr+1
= ṁ
f

(C.66)

0

pr+1
= prC + prC
C
0

0

where ṁrf = ρf vfr • sf .
In the original PISO algorithm, Issa [76] shows that solving only once the momentum
equation implicitly and iterating twice over the pressure equation are enough to yield an
accurate solution. However, the steps above can be repeated as many times as desired, the
loop stopping when the iteration number reaches a specified number of correctors, nCorr.
When an outer loop is performed over the SIMPLE and correction steps, the algorithm
has been called PIMPLE, because it is a combination of SIMPLE and PISO algorithms.
Figure C.5 shows the flowchart of the complete algorithm, indicating the SIMPLE steps
as well as the correction loop where the momentum equations are solved explicitly.
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Figure C.4 – SIMPLE algorithm; index n represents the current time-step, t; the measurements of the
Residual depends on the software, but usually includes residuals of pressure, velocity and mass balance for
convergence.
Start

Set initial values
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f
n
∗∗
vC
= vC
pnC = p∗C

n , pn
vC
C

Residual <  ?

ṁn
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Source: prepared by the author.
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Figure C.5 – PIMPLE algorithm: nOuterCorr is the number of outer corrector steps, i.e. including
SIMPLE and PISO loops; nCorr is the number of correctors of the PISO loop only; index n represents
the current time-step, t.
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n ṁn pn
vC
C
f

Update fields:
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D

Residuals in foam-extend

In every iterative solution process, it is important to keep tracking the main variables
that are being solved. To this end, many techniques have been proposed [44, 73, 77]. In
most common available CFD softwares, the iterative process of solving the linear system
of equations originated from the discretization process is stopped based on a predefined
criterion usually depending on the residual value for that system in an iteration. For a
linear system of the form:
Ax = b

(D.1)

where A is a matrix that belongs to IRN ×N , x ∈ IRN is the solution vector and b ∈ IRN
when is solved using an iterative method, its residual, in iteration m, is defined as:
rm = b − Axm

(D.2)

In most solvers a normalized version of rm is used. Besides, since rm depends on the
value of x in iteration m, the normalized residual is, in general, scaled with respect to a
reference value.
In foam-extend, to verify convergence of the linear solvers, the software uses a L1-norm
to normalize rm and a scaling factor computed by the following procedure: set a reference
value as the average of xm , as follows:
N
P

xref ≡ x =

i=1

xm
i

N

(D.3)

m
where xm
i is the component i of x . Then, define the following vectors:

wA = Axm

(D.4)

pA = Axref

(D.5)

where xref ∈ IRN with components equal to xref . Finally, the scale factor is calculated as:
Fs = k(wA − pA ) + (b − pA )k1 =

N
X
i=1

[|(wA )i − (pA )i | + |bi − (pA )i |]

(D.6)
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Using the scale factor of Eq. (D.6), the scaled normalized residual, Rsm , is computed
using a L1-norm:
Rsm

krk1
=
=
Fs

N
P

|bi − Aij xj |

i=1

Fs

(D.7)

Note that while the solution evolves in the iterative process, the numerator in Eq. (D.7)
goes to zero, whereas the denominator reduces to a constant value. The form of the scaled
normalized residual given by the last equation is used for all the linear solvers chosen to
solve the systems of equations for velocity and pressure field, mesh motion equation and
the solid equation.
On the other hand, the coupling iterations – or quasi-Newton iterations, in the case
of the IQN-ILS method – uses a convergence criterion based on a L2-norm of the FSI
residual vector, r, which, for a coupling iteration k, is defined as in Eq. (61):
rk = x|Γfssolid − x|Γfsf luid

(D.8)

Therefore, the scaled normalized residual for the coupling iterations is given by:
"


Rsfs


k

krk k2
=
=
Fsfs

N
Pfs

i=1

#1/2

(rk )2i
Fsfs

(D.9)

where Fsfs is the maximum value, for all k coupling iterations, of the L2-norm of total the
displacement vector of the FSI interface, utot,Γfs , i.e.:
Fsfs = maxk kutot,Γfs k2

(D.10)

