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Resumo

A matéria escura é responsável por cerca de 85% de toda a matéria do universo. Sabe-se que ela
possui um longo tempo de vida, que é neutra e interage com a matéria comum apenas gravitacion-
almente. Muitos modelos foram aventados para descrever as possíveis partículas de matéria escura,
muitos deles baseados em extensões do modelo padrão para partículas elementares. Em particular,
há os modelos de partículas massivas interativas por força forte, os SIMPs, que estendem o modelo
padrão com um setor escalar extra contendo todas as partículas de matéria escura, cuja estabilidade
é garantida por uma simetria discreta, a qual respeitam. Essa simetria também estende as possível
interações entre as partículas de matéria escura para além da usual auto-aniquilação de pares e do
contexto do problema de Lee-Weinberg, descrito pelas partículas massivas interagentes por força
fraca, os WIMPs. Neste trabalho postulamos a existência de um setor escalar com uma simetria
discreta Z3, consequente de uma quebra de simetria U (1)DM global. Esta simetria permite que
processos de semi-aniquilação e aniquilação 3 → 2 também ocorram, além do usual processo
de auto-aniquilação. Estudaremos esses três cenários, encontrando as soluções das equações
de Boltzmann e comparando suas respectivas abundâncias com o resultado observacional, para
podermos avaliar nosso modelo. Começaremos por revisar importantes conceitos da cosmologia
padrão e por apresentar o modelo. Então revisaremos as soluções numéricas para as equações, e
apresentaremos nossos próprios resultados para soluções semi-analíticas dos processos de semi-
aniquilação e de aniquilação 3→ 2. Concluiremos por apresentar nossos próprios resultados para
a solução da equação de Boltzmann para o processo 3 → 2 usando uma seção de choque que é
dependente da temperatura, calculada com o pacote CalcHEP.

Palavras-chaves: Matéria escura, SIMPs, equação de Boltzmann.
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Abstract

Dark matter accounts for approximately 85% of all the matter in the universe. It is known to
have a long lifetime, to be neutral and to interact with ordinary matter almost only gravitationally.
There have been several models to suggest possible particles for the dark matter, many of them
relying on extensions to the standard model of elementary particles. In particular, there are SIMP
(strongly-interacting massive particles) models, which extend the standard model by an extra scalar
sector containing the dark-matter particles, whose stability is provided by a discrete symmetry.
This symmetry also extends the possible interactions between the dark-matter particles to beyond
the usual pair annihilation and Lee-Weinberg scenario described by the WIMP (weakly-interacting
massive particles) models. In our study, we postulate the existence of an extended dark sector with
a Z3 discrete symmetry, which is the consequence of a global U (1)DM symmetry breaking. This
symmetry allows the semi-annihilation and 3→ 2 annihilation processes to take place, besides the
usual self-annihilation process. We will study each of these three scenarios, solving the respective
Boltzmann equations and comparing the correspondent relic abundance to the observed one, in
order to verify the liability of each of them. We will start by reviewing important aspects of
standard cosmology and presenting our model. Then we will review the numerical solutions for
the equations, and present our own results for semi-analytical solutions to the semi- and 3 → 2
annihilation processes. We will end by presenting our own results on solving the 3→ 2 Boltzmann
equation for a temperature-dependent cross-section, calculated with the CalcHEP package.

Keywords: Dark matter, SIMPs, Boltzmann equation.
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Introduction

Dark matter is responsible for about 85% of all the matter in the universe [1], but its constitution
still remains uncertain. Many models have been suggested to explain such neutral and long-lived
particles, most of them relying on extensions to the standard model of elementary particles and in
the popular WIMP (weakly-interacting massive particles) scenario [2].

In this work we will review such a scenario, but later introduce it as a particular case within a
more general model that also includes the SIMP (strongly-interacting massive particle) scenario.
This model extends the standard model by a hidden scalar sector which is endowed with a Z3
symmetry, resultant of the breaking of a global U (1)DM symmetry. This discrete symmetry not
only provides the dark-matter particles with stability, but also introduces new types of interactions
which can take place.

This model introduces a Goldstone boson, due to the homonymous theorem, and two Higgs-like
particles, one of which is identified as the standard-model particle, and one complex field. The
latter is then identified as the dark-matter particle, since its transformation under the Z3 group in
non-trivial, preventing the particle to decay.

Beyond the usual self-annihilation process, which is the mutual annihilation of a particle
and antiparticle dark-matter pair into a standard model pair, this model also introduces the semi-
annihilation and 3→ 2 annihilation processes. Through the first, a pair of dark-matter particles
annihilates into a pair of one dark-matter and a standard-model particles. Through the latter, in
turn, a trio of dark-matter particles annihilates into a pair of dark-matter particles, and the particles
which interact via such an annihilation process are called the SIMPs.

These new interactions may have influenced in the determination of the dark-matter abundance
we can measure nowadays and in this work we will investigate how do these interactions reproduce
the observed relic-abundance values.

The first chapter introduces the mathematical tools with which we will calculate the relic
abundance of dark matter in the universe. This chapter addresses important aspects of the standard
cosmology, such as the expansion of the universe, the cosmological principle and the Friedmann-
Lemaître-Robertson-Walker metric, and the Friedmann equations. It also introduces aspects
of thermodynamics and kinetic theory, such as the kinetic and chemical equilibrium and the
Boltzmann equation.

The second chapter introduces some of the most important evidences that led to the discovery
of dark matter, as well as addresses the need of physics beyond the standard model to explain
the dark-matter particles. Most importantly, the second chapter addresses the departure of dark
matter from the chemical equilibrium state and the freeze-out, the two most important factors
that determined the relic abundance of dark matter we currently measure in the universe. In this
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chapter we also introduce the WIMP miracle and then solve the Boltzmann equation for the usual
self-annihilation process.

The third chapter uses the tools introduced in the first one to the specific SIMP scenario
established in the second. It reviews the numerical and semi-analytical solutions to the cold-relic
scenario, but also introduces such semi-analytical solutions for the semi- and 3→ 2 annihilation
scenarios. It also introduces new results for the solution of the Boltzmann equation for a 2→ 3
temperature-dependent cross-section, calculated using CalcHEP.

Finally, conclusions are discussed in the respective final chapter. The appendix presents all the
codes used to solve the Boltzmann equations numerically, developed within the Mathematica 10.1
framework. The Bash and Python scripts used to, respectively, run the CalcHEP package and mine
its output data are also available in the appendix.

Notice that, throughtou the text, we use the natural system of units, and set ~ = c = k = 1

2



1
Universe in expansion

In this chapter we will briefly review concepts of the Standard Cosmology, addressing the expansion
of the universe, the FLRW metric, the Friedmann equations and abundances of species in the
universe. We will also introduce important aspects of the early-universe thermodynamics and
kinetic theory. Thus this chapter introduces the mathematical tools which we will use on the
proceeding chapters to calculate the relic abundance of dark matter.

1.1 Aspects of cosmology
The expansion of the universe was discovered by Hubble in the late 1920s [3], when his meas-
urements of galaxy spectra were found to be red-shifted. These results, according to the Doppler
effect in light, meant that the stars were receding from us. Indeed, it was measured that the longer
the distance between Earth and the galaxy, the faster it was moving away, following a quite linear
law,

v = H0d, (1.1)

the Hubble law, where v is the speed of the galaxies, d is our distance to them and H0 is the Hubble
constant, the current expansion rate of the universe. It is usual to express this constant in hundreds
of kilometres per second per megaparsec,

H0 = 100h km s−1 Mpc−1, (1.2)

where most recent measurements from the Planck collaboration determine h = 0.697 ± 0.015 [1].
Another remarkable characteristic of our universe is its homogeneity and isotropy, feats that

are based on the Cosmic Microwave Background’s (CMB) own homogeneity and isotropy [4, 5].
The temperature distribution on the CMB is such that if two antennae, separated by an angle
ranging from 10 arc seconds to 180◦, are less than 1 part in 104 [5]. If it were the case that the
expansion of the universe were not homogeneous or isotropic, any inhomogeneity and anisotropy
on the expansion would cause such effects of similar magnitude in the CMB. This remarkable
homogeneous distribution on the temperature of the CMB indicates that, by the time of its last
scattering, the universe was, to a very high degree, isotropic and homogeneous.

In order to describe such an homogeneous and isotropic universe which is also in expansion,
we need to use a specific metric gµν . In our universe, the invariant distance between the two points

3



4 CHAPTER 1. UNIVERSE IN EXPANSION

x and x + dx is given by [6]

ds2 = gµνdxµdxν . (1.3)

Considering that the universe is a network of curvilinear coordinates, the gµν metric elements
are the ones to determine all the elements of distance between every point in universe, fixing a
coordinate system and a curvature to the space. The homogeneity and isotropy of our universe are
in accordance to the cosmological principle, which states that, for a sufficiently large scale, the
universe will look the same in any spatial point and looking to any spatial direction. It is usual to
model such a universe with the Friedmann-Lemaître-Robertson-Walker metric (FLRW) [4, 5], so
that

ds2 = dt2 − a2(t)
(

dr2

1 − kr2 + r2dθ2 + r2 sin2 θdφ2
)
, (1.4)

where k is the curvature factor, t, r, θ, and φ are the time and space coordinates, and a(t) is the scale
factor, which brings the expansion of the universe to play. These coordinates are so said comoving,
for their spatial section does not change as the universe evolves in time; the time coordinate t is an
interval of the proper time measured by an observer at rest in this frame and, as the observer also
measures (r, θ, φ) to be the position of, say, a galaxy conglomerate, such coordinates remain the
same as the universe itself has expanded accordingly to a(t). In this context, the Hubble expansion
factor will be defined as

H =
ȧ
a
, ȧ =

da
dt
. (1.5)

Such factor determines how rapidly is the universe expanding.
In this context, due to the curvature and expansion of the universe, the metric is not a constant.

Due to this, the Christoffel symbol of the first kind is then defined as

Γµνσ =
1
2

[
gµν,σ + gνσ,ν − gνσ,µ

]
, (1.6)

whilst the one of the second kind is

Γ
µ
νσ = gµλΓλνσ . (1.7)

This allows us to define the derivative of a vector A to be

Aν;µ = Aν,µ + Γ
ν

µλAλ , Aν;µ = Aν,µ − Γ λ
µν Aλ , (1.8)

where the comma denotes

∂Aµ

∂xν
= Aµ

,ν . (1.9)

Throughout the chapter we will stick to this notation; the comma denotes a derivative on the local
coordinates x while the semi-colon denotes the covariant derivative.
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For the FLRW metric, in particular, the Γ has its only non-vanishing components as

Γ
0
i j = aȧĝi j , Γ

i
0 j =

ȧ
a
δi

j = Γ
i
j0, (1.10)

which is due to the fact that, with

gi j = a2(t)ĝi j , (1.11)

we get

ĝi j = 0, for i , j,

ĝrr =
1

1 − kr2 ,

ĝθθ = r2,

ĝφφ = r2 sin2 θ,

and

g00 = −1, gi0 = 0. (1.12)

Now, if we take a vector and apply two covariant differentiations [4], we can define

Aν;ρ;σ − Aν;σ;ρ = AβRβ
νρσ, (1.13)

where

Rβ
νρσ = Γ

β
νσ,ρ − Γ

β
νρ,σ + Γ

β
νσΓ

β
αρ − Γ

β
νρΓ

β
ασ . (1.14)

This is the Riemann curvature tensor, which has the property

Rβ
νρσ = −Rβ

νσρ. (1.15)

If we lower the first index of R,we get that

Rµνρσ = −Rµνσρ (1.16)

and

Rµνρσ = Rσρµν = Rρσνµ. (1.17)

These symmetries allow us to conclude that, from the 256 elements of R, only 20 are, in fact,
independent [6]. If we contract the first and last indices, we get a symmetric tensor

Rρσ = gµνRµνρσ = Rσρ, (1.18)

which is called the Ricci tensor. If we contract it again, we can get a scalar

gνρRνρ = Rν
ν = R . (1.19)
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For the FLRW metric, the non-zero components of the Ricci tensor are

R00 = −3
ä
a

(1.20)

and

Ri j =

[
ä
a
+ 2H2 +

2k
a2

]
gi j (1.21)

and the Ricci scalar becomes

R = −6
[

ä
a
+ H2 +

k
a2

]
. (1.22)

Given the geometry of our universe, contained within R curvature tensor and the R curvature
scalar, an explicit dynamics of the universe, concerning the evolution in time of the scale factor a,
will be determined by the Eistein equation,

Rµν −
1
2
Rgµν = 8πGTµν, (1.23)

where G is the Newton’s gravitational constant, T is the symmetric and divergenceless stress-energy
tensor for all the fields contained in the universe, such as ordinary matter, radiation and dark matter.
In turn, due to the homogeneity and isotropy of the distribution of matter and radiation on the
universe will be characterised by a perfect fluid of energy density given by ρ and pressure given by
p,

T =



ρ 0 0 0
0 −p 0 0
0 0 −p 0
0 0 0 −p



. (1.24)

The different components of the Einstein equation give the different Friedmann equations. If we
take

R00 −
1
2
g00R = 8πGT00, (1.25)

so that, we have one of the Friedmann equations

H2 +
k
a2 =

8π
3

Gρ. (1.26)

If we divide this equation by the squared Hubble factor, then

k
a2H2 =

ρ

3H2/(8πG)
− 1 = Ω − 1, (1.27)

where we defined the ratio

Ω =
ρ

3H2/(8πG)
=

ρ

ρc
, ρc =

3H2

8πG
, (1.28)
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with ρc as the critical energy density, which is the one to account for the curvature of the universe.
Since H2a2 is always positive, the sign of k will be related to either ρc is greater than ρ or not.
With this,




Ω > 1 k = +1 (closed),
Ω = 1 k = 0 (flat),
Ω < 1 k = −1 (open).

(1.29)

The spatial components of the Einstein equations give

2
ä
a
+ H2 +

k
a2 = −8πGp. (1.30)

This equation is not independent from the other, for the two are related to each other by Bianchi
identities. If we take the difference from the two, we obtain

ä
a
= −

4π
3

G(ρ + 3p). (1.31)

Currently, ȧ > 0, so that, if ρ + 3p > 0,meaning that ä < 0, then our universe has always been in
expanding state and, at some time in the past, a must have been zero.

In turn, Ω may be split into the individual contributions of everything that exists in the universe,
i. e. ordinary barionic matter, dark matter and dark energy, respectively,

Ω = Ωb +ΩDM +ΩΛ. (1.32)

It is been measured that, in fact, the universe is flat, as Ω is very close to one [1, 7]. To this number,
ordinary matter is estimated to contribute with Ωbh2 = 0.02217 ± 0.00033 [1], while dark matter
contributes with ΩDMh2 = 0.1186 ± 0.0031 [1] and dark energy with ΩΛh2 = 0.693 ± 0.019
[1]. The value ΩDMh2 is commonly referred to as the relic abundance of dark matter. Any relic
abundance calculated for an specific model for dark matter must give results that match with the
one above.

1.2 The universe in equilibrium
When a system of particles is in a thermal-equilibrium state, it means the system respects two other
types of equilibrium: the kinetic equilibrium, when the elastic collisions between the particles are
plenty and effective on transferring kinetic energy between the particles and keep the species in
a same temperature; and the chemical equilibrium, when, even though there could be inelastic
collisions that change the particle number of the species, such as mutual annihilation of particles
and antiparticles, are balanced by their respective inverse processes.

In this section we will study the early universe as a mixture of different species of particles
which are in thermal equilibrium.

1.2.1 The early universe

During the early evolution of the universe, the temperature of the species and their number
densities were very high, so that collisions between the particles were extremely frequent. As
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soon as particles were produced, the rapid interactions would give them the conditions to quickly
come into an equilibrium state with the other particles [8]. A species in such a state is said to be in
kinetic equilibrium with the medium, i. e all the other particles in the mixture of particles of the
early universe.

The species is kinetic then described as a system of dilute, weakly-interacting particles in
equilibrium with a thermal energy reservoir of temperature T. The probability distribution function
of the system, either constituted by fermions or bosons, is given by the Fermi-Dirac (+) or
Bose-Einstein (−) distributions, respectively,

f (~p) =
1

exp
{ E(~p) − µ

T

}
± 1

, (1.33)

where E is the energy of the particles, ~p is its momentum and µ is the chemical potential of the
species.

If this species is also in chemical equilibrium with the medium,

µ +
∑

i ∈ initial state

µi =
∑

j ∈ final state

µ j (1.34)

must hold for any interaction which involves the other i species in the initial state and the j species
in the final state.

Given that the g is the number of degrees of freedom of a particle of the species, the particle
number density will be given by

n =
g

(2π)3

∫ ∞

0
d3p f (~p), (1.35)

the energy density will be given by

ρ =
g

(2π)3

∫ ∞

0
d3p E(~p) f (~p), (1.36)

and, the pressure,

P =
g

(6π)3

∫ ∞

0
d3p
|~p|2(~p)

3E
f (~p). (1.37)

These can be expressed in terms of the energy E(~p) =
(
|~p|2 + m2)1/2,

ρ =
g

2π2

∫ ∞

m

(E2 − m2)1/2

exp
{ E − µ

T

}
± 1

E2dE, (1.38)

n =
g

2π2

∫ ∞

m

(E2 − m2)1/2

exp
{ E − µ

T

}
± 1

EdE, (1.39)

P =
g

6π2

∫ ∞

m

(E2 − m2)3/2

exp
{ E − µ

T

}
± 1

dE. (1.40)
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At very early times, the temperature of the universe was really high, much greater than the
masses of the particles. In this relativistic limit, for T � m, we can set m ' 0. Also, for
non-degenerate fermions, T � µ, so that µ ' 0, the integrals result in

ρ =




π2

30
gT4 (bosons)

7
8
π2

30
gT4 (fermions),

(1.41)

n =



ζ (3)
π2 gT3 (bosons)

3
4
ζ (3)
π2 gT3 (fermions),

(1.42)

P =
ρ

3
. (1.43)

As the universe expands, however, the temperature of the universe decreases and when the
non-relativistic, m � T, applies. The particle number density, energy density and pressure become

n = g

(
mT
2π

)3/2

exp
[
−

m − µ
T

]
, (1.44)

ρ = mn, (1.45)

P = nT. (1.46)

There are no differences between the bosonic and fermionic contributions.
There is also another case, the one of an ultra-relativistic gas. The energy of the particle will be

dominated by its momentum,

E2 ' p2 � m2, (1.47)

so that the energy density, particle number density and pressure turn to

n =
g

π2T3, (1.48)

ρ = 3nT, (1.49)

P =
ρ

3
. (1.50)

But now that we know the number and energy densities and the pressure of our system, we
have yet to determine its entropy density. We will start by determining the grand partition of a
general system whose N particles are in positions ~xi and have a momentum ~pi [9],

Q =
∑

N

1
N!

[∫
d3x′ d3p′ exp[λ(~x′, ~p′)]

] N

,
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so that

Q = exp
[∫

d3x′ d3p′ exp[λ(~x′, ~p′)]
]
, (1.51)

where λ(~x′, ~p′) is a Lagrangian multiplier. With this, we can determine the distribution function,
as the distribution function is identified as the functional derivative of ln Q,

f (~x, ~p) =
δ ln Q

δλ(~x, ~p)
= exp[λ(~x, ~p)](2π)3, (1.52)

and the Lagrange multiplier is thereby identified as

λ(~x, ~p) = ln[ f (~x, ~p)]. (1.53)

The Boltzmann entropy, defined as [9]

S =
1

(2π)3 ln Q −
1

(2π)3

∫
d3x d3p λ(~x, ~p), (1.54)

will thus be given by

S =
1

(2π)3

∫
d3x d3p f (~x, ~p)

[
1 − ln[ f (~x, ~p)]

]
. (1.55)

By dropping the integration over space, we end up getting the entropy density,

s =
∫

d3p
(2π)3 f (~x, ~p)

[
1 − ln[ f (~x, ~p)]

]
, (1.56)

which in turn leads us to the the entropy-density flow,

ji
ent =

∫
d3p

(2π)3 ui f (~x, ~p)
[
1 − ln[ f (~x, ~p)]

]
, (1.57)

and the entropy-density four-flow,

sµ =
∫

d3p
(2π)3

pµ

p0 f (1 − ln f ). (1.58)

An observer at rest with the particle-species system measures an entropy flow

s = s0 = −

∫
f (ln f − 1)

d3p
(2π)3 (1.59)

If particles of the system are in equilibrium, and non-relativistic, their momentum and position
distribution is described by the Boltzmann distribution function,

f = exp[α − E β], (1.60)
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where

α = µT, β =
1
T
, (1.61)

µ is the chemical potential of the species, T is the temperature of their system and E, the energy of
the particles. This gives us

s =
1
T

∫
f E

d3p
(2π)3 −

∫
α f

d3p
(2π)3 +

∫
f

d3p
(2π)3 . (1.62)

The last term above can be rewritten in terms of the pressure, as we integrate eq. () by parts,

1
3

∫
f

p2

E
d3p

(2π)3 = −
1

3β

∫
d3p

(2π)3 p
d

dp
exp[α − βE] =

n
β

(1.63)

The second term is rewritten in terms of the chemical potential, so that

s =
ρ − µn + P

T
(1.64)

and, for a system whose chemical potential can be disregarded, the entropy density can be finally
written as

s =
ρ + P

T
. (1.65)

Considering the volume of the universe as V = a3 and the total entropy density as S = sV, this
entropy density is naturally in accordance to the second law of thermodynamics,

TdS = PdV + dρV. (1.66)

Notice that we have derived this equation from the non-relativistic case, following Bernstein [4],
but it is usual to define the entropy density as eq. (1.65) for any species, including the relativistic
ones [5].

With the expressions we have just derived, it is possible to make a simple analysis to understand
whether the early universe is dominated by radiation or matter. Considering that our early universe
is expanding with no variation of total entropy [8], the second law of thermodynamics gives

0 = PdV + dρV. (1.67)

For a non-relativistic species, we have just derived that

PNR = nNRT, ρNR = mnNR, (1.68)

so that the second law gives us

ρNR ∝ a−3. (1.69)
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For the ultra-relativistic species, however,

PR =
ρR

3
, ρR = 3nRT, (1.70)

so that

ρR ∝ a−4. (1.71)

With this we may conclude that

ρNR

ρR
∝ a. (1.72)

As we go back in time, i. e. as a → 0, the fraction of non-relativistic particles decreases and the
universe is thereby dominated by relativistic species and radiation.

If we are to consider the total ρ and P for the relativistic species, we can express such quantities
in terms of the photon temperature, T, summing over all the relativistic species for

ρR = T4
∑

i∈ relativistic

(
Ti

T

)4
gi

2π2

∫ ∞

xi
du

(u2 − x2
i )1/2

exp(u − yi) ± 1
, (1.73)

and

PR = T4
∑

i∈ relativistic

(
Ti

T

)4
gi

6π2

∫ ∞

xi
du

(u2 − x2
i )3/2

exp(u − yi) ± 1
, (1.74)

where xi = mi/T and yi = µi/T. The Ti temperature of the species i comes from the fact that we
are considering the possibility that certain species may have a thermal distribution with different
temperatures [5]. Performing these integrations, we obtain

ρR =
π2

30
g∗T4, (1.75)

PR =
ρR

3
=
π2

90
g∗T4, (1.76)

where

g∗ =
∑

i∈ bosons

gi

(
Ti

T

)4

+
∑

i∈ fermions

7
8
gi

(
Ti

T

)4

(1.77)

counts the total number of degrees of freedom for these effectively massless species and the 7/8
factor is due to the difference between the fermion and boson contributions, as seen in eqs. (1.41).

These relativistic degrees of freedom, g∗ change with time, since they count only the species
whose masses are much smaller than the temperature, and the temperature of the universe decreases
with time. For relatively lower temperatures, T � MeV, the only relativistic species are the
neutrinos and the photon, so that g∗ = 3.36 [5]. For relatively higher temperatures T & 300 GeV,
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Figure 1.1: The evolution of g∗ and g∗s as a function of the temperature for the standard model of elementary
particles. Picture from Kolb & Turner [5].

the whole standard model was relativistic, which includes the 8 gluons, the W±, Z0 bosons, all
generations of quarks and leptons and the Higgs doublet [5].

The entropy density, in turn, was also dominated by the relativistic contributions. Hence,
considering our last results for a universe dominated by radiation, we will have its entropy density
as

s =
2π2

45
g∗sT3, (1.78)

where g∗s takes on every fermion and boson species that contribute to the entropy density

g∗s =
∑

i ∈ bosons

gi

(
Ti

T

)3

+
7
8

∑
i ∈ fermions

gi

(
Ti

T

)3

, (1.79)

where Ti is the temperature of a given species. Most of the time, however, all the species have the
same temperature and we can take g∗s = g∗. The figure 1.1 shows the evolution of g∗ and g∗s as the
universe evolves thermally, considering the standard model for elementary particles [5].

Now, we will make a last consideration, which will be useful in the coming chapters. If
the particles were not relativistic during this early era of the universe, their velocities would be
determined by the Boltzmann distribution function [10], given by

f (~v) =
( m
2πT

)3/2
exp

(
−

m |~v |2

2T

)
. (1.80)

This is to say that the probability of finding a particle with velocity between vi and vi + dvi is,
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exactly

d3w =
( m
2πT

)3/2
exp

(
−

m |~v |2

2T

)
d3v . (1.81)

For an ideal gas, such probability is somewhat simpler, for, swapping to spherical coordinates, the
v is only a function of its own magnitude, so that

dw = 4πv2
( m
2πT

)3/2
exp

(
−

mv2

2T

)
dv, (1.82)

where now v denotes the speed of the particle. But, as we identify it from the equation above, the
distribution function for the ideal gas is in fact given by

f (v) = 4πv2
( m
2πT

)3/2
exp

(
−

mv2

2T

)
. (1.83)

Given a ideal-gas system at temperature T, the mean speed of the particles, 〈v〉 , of the system will
be given by the integral

〈v〉 =

∫
dv f (v)v = 4π

( m
2πT

)3/2 ∫ ∞

0
dv exp

(
−

mv2

2T

)
v3. (1.84)

Substituting y = −mv2/2T,we have

〈v〉 = 4π
( m
2πT

)3/2
(

2T
m

)2 1
2

∫ ∞

0
dy exp(−y)y, (1.85)

where the integral is readily identified as Γ(2) = 2Γ(1) = 2. This gives us, finally,

〈v〉 =

(
8T
πm

)1/2

. (1.86)

This result will be useful to parametrise 〈σv〉self, 〈σv〉semi and 〈σv2〉3→2 in the last chapter, as a
preliminary way to solve the Boltzmann equation.

1.2.2 The present universe

These relations for the particle number density and the energy density for the early universe can
be used to determine the current value for the entropy density of the universe, which will later be
essential to determine the current abundances of dark matter in the universe.

According to equation eq. (1.65) for the entropy density, and the equation for the pressure of a
relativistic species, just found above, we have

s =
ρ + p

T
=

4
3
ρ

T
(1.87)
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The current entropy density of the universe, however, is dominated by the relativistic-species
contributions to it, i. e. by the photon and neutrino contributions. Respectively,

s0 = sγ,0 + sν,0 =
4
3

(
ργ,0

Tγ,0
+
ρν,0

Tν,0

)
(1.88)

We start by determining the temperature of each species. Indeed, both of photon and neutrino
species have their own cosmic backgrounds, each of which a result of decoupling processes from
the primordial universe in different periods of its evolution. The temperature of the photons, Tγ, 0,
is easily determined from CMB,

Tγ, 0 = 2.75T2.75 K = 2.3697 × 10−13T2.75 GeV, (1.89)

where T2.75 = Tγ,0/(2.75) K.
The temperature of neutrinos is not measured directly, but determined from the photon temper-

ature. This relation comes from the fact that the two species have decoupled from the primordial
universe in distinct moments [5]. It happens that

Tν =
(

4
11

)1/3

Tγ (1.90)

Plugging these definitions for temperatures into the relativistic number density of particles,
eqns. (1.42), we get

nγ,0 =
ζ (3)
π2 gT3

γ,0 = 421.84T3
2.75 cm−3 = 2.3697 × 10−13T3

2.75 GeV, (1.91)

nν,0 =
3
4
ζ (3)
π2 g

4
11

T3
γ,0 =

3
11

nγ,0 (1.92)

The energy density, eqns. (1.41), give us

ργ,0 =
π2

30
gT4

γ,0 = 4.8135 × 10−34T4
2.75 g cm−3 = 2.0747 × 10−51T4

2.75 GeV−4, (1.93)

ρν,0 = 3 ·
7
8
π2

30
g

(
4

11

)4/3

T4
γ,0 =

21
8

(
4
11

)1/3

ργ,0, (1.94)

where, for the neutrinos, we have summed over the 3 species.
Now, according to eq. (1.78), the current entropy will be given by

s0 =

(
1 +

21
22

)
4
3
ργ,0

Tγ,0
=

43π4

11 · 45 · ζ (3)
nγ,0. (1.95)

Plugging then the value for nγ,0 into the entropy density, we finally get

s0 = (2970)T3
2.75 cm−3 = (2.282 × 10−38) GeV3. (1.96)
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Another useful value is the critic energy density of the universe, which is obtained from the
Friedmann equation, eq. (1.26), to be

ρc =
3H2

0

8πG
= (0.1193)M2

PlH
2
0 = (8.0992)h2 × 10−47 GeV4, (1.97)

where H0 is the current value for the Hubble factor, given by

H0 = (2.1332 × 10−42)h2 GeV. (1.98)

Now, if we remember that the relic abundance of a species in the universe is given by the ratio
Ω = ρ/ρc, considering that we already know the current values of ρc and s0, then we can determine
the relic abundance of a species in particular. Provided the current comoving abundance of the
species, as determined by solving the Boltzmann equation, to be Y∞, the particle number density
will be given by

n∞ = s0Y∞. (1.99)

If the particle is not relativistic, it holds the approximation that ρ = mn,where m is the mass of the
species. With this, we can determine

Ω =
ms0Y∞
ρc

=
ms0Y∞

3M2
PlH

2
0

, (1.100)

so that

Ωh2 = (2.82 × 108 GeV−1)mY∞. (1.101)

This relation will be used to determine the relic abundance for the dark-matter models defined in
the next chapter.

1.3 The Boltzmann equation
If the species is not in a state of chemical equilibrium, meaning that, e. g., some kind of annihilation
process is decreasing the particle number density of the species, then the evolution of the abundance
of the species will be described by the Boltzmann equation with a non-zero right-hand side.

In order to find such an equation, we need to find the covariant divergence of the particle
number density. Consider that we have a system of identical particles whose distribution function
is determined by f , so that the particle number density of the species is

n =
g

(2π)3

∫
d3p f (~p), (1.102)

while the density current of particles as

ji (x) =
g

(2π)3

∫
d3p ui f (~p), (1.103)
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where ~u indicates the velocity a particle, ui = pi/p0, where i takes on 1, 2, and 3. Both n and j
induce us to define a particle number density four-flow [11],

N µ =
g

(2π)3

∫
d3p

pµ

p0 f (~p). (1.104)

Due to the isotropy of the universe, however, the only non-vanishing term of N is

N0 = n =
g

(2π)3

∫
f (~p)d3p . (1.105)

The covariant divergence of N,

Aµ
;µ = Aµ

,µ + Γ
µ

µλ Aλ (1.106)

satisfies [12]

N µ
;µ =

1
g̃1/2 ∂µ(g̃1/2nµ). (1.107)

For the LFRW metric,

g̃ = −detgµν =
R6r4 sin2 θ

1 − kr2 , (1.108)

thus

N µ
;µ =

1
a3

∂

∂t

(
a3

∫
f

d3p
(2π)3

)

= 3
ȧ
a

∫
f

d3p
(2π)3 +

∂

∂t

∫
f

d3p
(2π)3 (1.109)

= 3Hn + ṅ (1.110)

so that we can conclude

N µ
;µ =

1
a3

∂

∂t

(
a3

∫
f

d3p
(2π)3

)
= ṅ + 3Hn. (1.111)

If the particles are in chemical equilibrium, there is no change in the particle number density of the
species and we can write

ṅ + 3Hn = 0. (1.112)

This is a particular case of the so called Boltzmann equation, which determines how does the
particle number density of a species change in time due to any type of process happening between
the particles of the species.

Now consider that our system is composed of identical non-relativistic particles of mass m that
can annihilate into a second species of particles, or into a smaller number of particles of the first
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species. In this process, an α initial state of Nα particles is transformed into a β final state of Nβ

identical particles. The Boltzmann equation for such a process is given by

ṅ + 3Hn = −
∑
α,β

(Nα − Nβ)(γ̂α→β − γ̂β→α), (1.113)

where γ̂α→β and γ̂β→α are the the rate of interactions from α to β and the inverse. The left-hand
side of the Boltzmann equation represents the net rate of change in time of the n particle number
density, while the right-hand side accounts for number of particles per phase-space volume that are
lost or gained per unit time due to the annihilation process.

In turn, the rate of interactions is defined to be

γ̂α→β =

∫ 

∏
i∈α

d3pi

2Ei (2π)3 fi





∏
j∈β

d3p j

2E j (2π)3


(2π)4δ(4) (pα − pβ) |Mα→β |

2. (1.114)

where pi and p j stand for the individual momenta of the particles in the α and β state, Ei and
E j are their respective energies and fi is the probability distribution function of the particles in
the initial state. The Dirac delta comes to ensure the conservation of energy and momenta, while
|Mα→β |

2 is the squared scattering amplitude of the process, determined by the Feynman rules.
Similarly, the rate of interaction for the inverse process is

γ̂β→α =

∫ 

∏
i∈β

d3pi

2Ei (2π)3 fi





∏
j∈α

d3p j

2E j (2π)3


(2π)4δ(4) (pβ − pα) |M β→α |

2. (1.115)

The particles of the species are assumed to be in a medium of temperature T, i. e. all particles
which are not from the species are in thermal equilibrium with it at such temperature. Their
phase-space distribution function is given by the Maxwell-Boltzmann one,

feq = exp
(
−

E
T

)
. (1.116)

The particles of the species, in turn, are not in chemical equilibrium, but, as we assume, they
are in kinetic equilibrium with the medium. Their distribution function will be the chemical-
equilibrium distribution function with a proportionally factor, which, due to the FLRW metric, is
not proportional to the three-momenta of the particles. This implies that

γ̂α→β =

(
n

neq

)Nα

γα→β, (1.117)

where neq is the equilibrium particle number density for the dark matter and γα→β is the rate of
interactions given by fi = fi, eq.

In the processes with which we are dealing, we will assume CP-symmetry invariance, and the
scattering amplitudes for the annihilation and its inverse process will be equal,

|Mα→β |
2 = |M|2 = |M β→α |

2. (1.118)
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We will also assume the principle of detailed balance, which allows us to replace

f1, eq f2, eq . . . f Nα , eq = fi, eq f j, eq . . . f Nβ , eq (1.119)

so that the equilibrium rate of interactions are the same, γα→β = γβ→α . In such processes, Nα > 1.
For a self-annihilation process, in which two particles of a first species annihilate into two particles
of a second one, we have Nα = 2 and Nβ = 0. For the semi-annihilation process, when two
particles of the first species annihilate into one particle of the first and another of a second species,
Nα = 2 and Nβ = 1. The 3 → 2 process, in turn, has Nα = 3 and Nβ = 2. In the next following
sections we will find the explicit form of the right-hand side of the Boltzmann equations for the
above processes. In the next chapters we will apply these equations for a specific model for the
dark matter.

1.3.1 Two-particle initial state

Processes such as the self annihilation of a certain species involve two identical particles in the
initial state. The α initial state is constituted by Nα = 2 particles of a same species, while, the β
final state, by Nβ = 0 of particles of such species; all particles of one species are annihilated into
particles of another. We will identify the momenta and energy of the incoming particles by the
index 1 and 2,while for the outgoing particles we will use i and j.

The Boltzmann equation for the self-annihilation process will be given by

ṅ + 3Hn = −2 *
,

n2

n2
eq
− 1+

-
γ12→i j , (1.120)

with

γ12→i j =

∫
d3p1

2E1(2π)3 f1
d3p2

2E2(2π)3 f2
d3pi

2Ei (2π)3

d3p j

2E j (2π)3 ×

× (2π)4δ4(p1 + p2 − pi − p j ) |M12→i j |
2.

(1.121)

Conventionally, the cross-section of the process is defined in such a way that its product by the
flux of particles in the initial α state is equal to the α-to-β transition probability per unit time and
per volume [11]. The relative velocity of the incoming particles is then defined to be

v =
�����
~p1

E1
−

~p2

E2

�����
=

F
E1E2

, (1.122)

where F is called the invariant flux factor. The total self-annihilation cross-section is then defined
as

8g1g2Fσ12→i j =

∫
d3pi

2Ei (2π)3

d3p j

2E j (2π)3 (2π)4δ4(p1 + p2 − pi − p j ) |M12→i j |
2, (1.123)
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where g1 and g2 are the number of degrees of freedom of the particles. With these definitions, the
rate of interactions simplifies greatly

γ12→i j = 2g1g2

∫
d3p1

(2π)3 f1
d3p2

(2π)3 f2σ12→i jv =

∫
dn1dn2σ12→i jv. (1.124)

However, in order to account for all the possible channels in the final state β,we define the total
cross-section by simply summing over all possible f channels,

8g1g2Fσ =
∑

f

σ12← f

=
∑

f

∫ 

∏
i∈ f

d3pi

2Ei (2π)3


(2π)4δ4(p1 + p2 − p f ) |M12→ f |

2, (1.125)

for which there can be any number of standard-model particles in the final state. With this, for the
self-annihilation process,

γself = 2g1g2

∫
d3p1

(2π)3 f1
d3p2

(2π)3 f2σselfv = 2
∫

dn1dn2σselfv (1.126)

and the Boltzmann equation turns to

ṅ + 3Hn = −2 *
,

n2

n2
eq
− 1+

-
γself. (1.127)

Now we will define a very important quantity, the thermally averaged product of the cross-section
with the relative velocity of the particles, given by

〈σv〉self = 2
γself

n2
eq
=

2
n2

eq

∫
dn1dn2σselfv, (1.128)

so that the Boltzmann equation for the self-annihilation process turns to

ṅ + 3Hn = −〈σv〉self(n2 − n2
eq). (1.129)

Another two-particle initial state process is the semi-annihilation of the species. In this case,
Nα = 2, but Nβ = 1; the species is not completely annihilated during the process, which yields
a pair of one particle of the species and one particle of another. In this case, the initial state α is
still described by two incoming identical particles, 1 and 2, but the final state is constituted by two
different ones, i and j. Similarly to the previous case, summing over all possible channels on the
final state, the Boltzmann equation will be given by

ṅ + 3Hn = −
n

neq

[
n

neq
− 1

]
γsemi, (1.130)

where

γsemi = g1g2

∫
d3p1

(2π)3 f1
d3p2

(2π)3 f2σsemiv =

∫
dn1dn2σsemiv. (1.131)
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Thus, the thermally averaged product for the cross-section and the relative velocity is defined to be

〈σv〉semi =
γsemi

n2
eq
=

1
n2

eq

∫
dn1dn2σsemiv, (1.132)

so that the Boltzmann equation for the semi-annihilation process is

ṅ + 3Hn = −〈σv〉semi(n2 − nneq). (1.133)

1.3.2 Three-particle annihilation

The 3→ 2 annihilation process involves Nα = 3 incoming particles and Nβ = 2 outgoing particles,
all of them from the same species. The Boltzmann equation for this process becomes

ṅ + 3Hn = −
n2

n2
eq

(
n

neq
− 1

)
γ123→i j , (1.134)

where

γ123→i j =

∫
d3p1

2E1(2π)3 f1
d3p2

2E2(2π)3 f2
d3p3

2E3(2π)3 f3
d3pi

2Ei (2π)3

d3p j

2E j (2π)3×

× (2π)4δ4(p1 + p2 + p3 − pi − p j ) |M123→i j |
2

(1.135)

is the rate of interaction of the process with 1, 2 and 3 identifying the incoming particles and, i and
j, the outgoing particles.

In this case, the rate of interaction is proportional to the squared flux of the particles, Φ2σ3→2
[13]. Since the flux is, in turn, defined as the product of the particle number density and the speed
of the particles, then the rate will be proportional to σ3→2v

2. Then, summing over all possible final
two-particle channels, we will simply define the thermal average

〈σv2〉3→2 =
1

n3
eq
γ3→2 (1.136)

where

γ3→2 =
∑

f

∫
d3p1

2E1(2π)3 f1
d3p2

2E2(2π)3 f2
d3p3

2E3(2π)3 f3
d3pi

2Ei (2π)3

d3p j

2E j (2π)3×

× (2π)4δ4(p1 + p2 + p3 − p f ) |M123→ f |
2. (1.137)

The Boltzmann equation for the 3→ 2 annihilation process becomes

ṅ + 3Hn = −〈σv2〉3→2(n3 − n2neq). (1.138)
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Notice that the 2→ 3 rate of interaction can be similarly built so that

〈σv〉2→3 =
1

n2
eq
γ2→3. (1.139)

But, due to the detailed balance and the CP conservation, γ3→2 = γ2→3, so that we can find the
relation

〈σv2〉3→2 =
1

neq
〈σv〉2→3, (1.140)

which will be used on the last chapter, when we are solving the 3→ 2 Boltzmann equation for a
real temperature-dependent cross-section.

1.3.3 The complete Boltzmann equation and the comoving abundance

When all three, self-, semi- and 3→ 2 annihilation process are present, the total Boltzmann of the
system of particles described by the n particle number density is

ṅ + 3Hn = −〈σv〉self(n2 − n2
eq) − 〈σv〉semi(n2 − nneq) − 〈σv2〉3→2(n3 − n2neq). (1.141)

However, the left-hand side of this equation shows us that such a rate of change is not simply
proportional to the different processes between the particles, but to the Hubble expansion factor
H = ȧ/a as well. This is responsible for a dilution effect in the abundance of the species, due to
the expansion of the universe, for, even though the right-hand side were zero, indicating that there
were no processes between the particles to change their abundance, the equation

ṅ + 3Hn = 0, (1.142)

accepts the solution

ln n = ln
1
a3 + K, n ∝ a−3, (1.143)

where K is any real constant. As we can see, the abundance is inversely proportional to a volume
which is always expanding. In order to scale out this dilution effect, we will bring the particle
number density into our comoving frame. A clue comes from the fact that the expansion of the
universe occurs adiabatically, that is, if S = a3s3 is the total entropy of the universe, then

Ṡ = 3a2ȧs3 + 3a3s2 ṡ = 0. (1.144)

For a radiation-dominated universe, for which s = (2π2/45)g∗sT3, then

aṪ + ȧT = 0, (1.145)

which then gives

ln T = ln
1
a
+ k, or T ∝ a−1. (1.146)
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So, if the temperature changes to the inverse of the scale factor, we may conclude that any fraction
of the sorts of n/T3 cancels out the a−3 factor from within the n particle number density. It is then
usual to define [14] the comoving abundance of a species to be any of the fractions

Y =
n
s
,

n
sγ
,

n
nγ
, (1.147)

which describe the a particle number density now per unit comoving volume. However, we stick to
Kolb and Turner’s convention, and chose

Y =
n
s
. (1.148)

Another consequence of the isentropic expansion of the universe, it follows from S = a3s and the
definition above that

sẎ = ṅ − 3Hn, (1.149)

so that the net rate of change in time of the particle abundance can be recast as, simply,

ṅ + 3Hn = Ẏ s, (1.150)

which incorporates de dilution term into the Y rate of change in time. However, its more interesting
to translate the evolution of the universe to its temperature variation, instead of the passing of time.
The Hubble parameter is defined to be

H =
ȧ
a
=

1
a

da
dt
. (1.151)

But as temperature scales proportionally to the inverse of the scale factor, T ∝ a−1, we may
conclude that dT = −a−2da, or adT = −a−1da and, finally, T−1dT = −a−1da. Hence,

H = −
1
T

dT
dt
, (1.152)

so that

dt = −
1
H

dT
T
=

1
H

dx
x
, (1.153)

with x = m/T and dT/T = −dx/x. Therefore, net rate of change in time of the particle abundance
is

ṅ + 3Hn = xHs
dY
dx
. (1.154)

With this new left-hand side to the Boltzmann equation and the definition for Y,we can rewrite
the complete equation as

dY
dx
= −〈σv〉self

s
xH

(Y 2 −Y 2
eq) − 〈σv〉semi

s
xH

(Y 2 −YYeq) − 〈σv2〉3→2
s2

xH
(Y 3 −Y 2Yeq), (1.155)

which is now an equation for the variation of the comoving abundance of the species.
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2
Dark matter

We have established thus far that, due to the high particle number density and temperature of the
early universe, the rate of interactions between the particles was enough to overcome the expansion
rate of the universe and keep all the particles in an equilibrium state [8]. But not only this; such
state was also dominated by radiation. If that early universe were to remain that way, the present
universe would continue to be dominated by photons, for its abundance would be much greater
than the exponentially-suppressed massive particle’s number density. This is not the case, though.
Many have been the examples of departures from the equilibrium state as the universe thermally
evolved: baryogenesis, the decoupling of the neutrinos and the Cosmic Microwave Background
(CMB), the primordial nucleosynthesis [5]. Specially, there has also been the decoupling of the
particles of dark matter.

In this chapter we will briefly address some of the evidences and general properties of dark
matter. We will also introduce the weakly-interacting massive particles, the WIMPs, as dark-matter
possible candidates via the popular WIMP miracle. We will understand how do the particles
decouple from the equilibrium and freeze out in order to form the reminiscent relic abundance we
can detect in the sky nowadays.

2.1 Evidences and general properties of the dark matter
The first indications on the existence of dark matter appeared on the early 1930s. First, Jan Henrik
Oort measured the vertical acceleration of stars near the Galatic plane and concluded from this
data that the mass density measured from its visible matter was not enough to to explain alone
the acceleration of the galaxies. And then Fritz Zwicky measured the velocity dispersion of the
galaxies in the Coma cluster and concluded that the mass of the luminescent matter in the cluster
could not bind the galaxies to it by itself, coining the term Dark Matter to refer to this mass that
could not be seen [15, 16].

In the 1970s, Vera Rubin et al [7, 15] then discovered dark-matter evidence on the rotation
curves of the disk of the galaxies. Given an object of mass m orbiting the centre of the galaxy from
a distance r, the balance of forces on the object is given by Newton’s law as GmM/r2 = mv2/r,
which then gives us

v =

[
GM (r)

r

]1/2

, (2.1)

25
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Figure 2.1: The rotation curve as measured by van Albada et al. for the NGC 3198 galaxy [17]. The fitted
curve shows how the velocity of rotation increases and then levels out to approximately a constant as the
distance of the object increases from the centre of the galaxy, even though the mass of the disk is observed
to decrease, as shown by the curve of the expected velocity from the disk mass. The halo curve models how
the mass of a dark-matter halo increases in order to balance the decrease in galaxy matter inside the rotation
orbit.

where G is Newton’s gravitational constant and M (r) is all the mass of the galaxy comprised
within the orbit of the object’s rotation. This expression of v as a function of r provides us a
rotation curve for the galaxy, as we can tell from it the velocities of the orbiting objects according
to their distances to the centre: if the object is within the luminous disk of the galaxy, its velocity
increases with r, for M (r) grows very rapidly; but, as the object is now outside the luminous disk,
its velocity should decrease with 1/r1/2, for now r overcomes M (r),which has ceased increasing
and levelled out to be the mass of the galaxy. However, the observations found the rotation curves
to be constant as r increased after the visible disk of the galaxies, meaning that they should be
surrounded by a huge halo of unobservable matter that would keep the velocity of the objects the
same. The fig. 2.1 shows the rotation curve for the NGC 3198 galaxy, along with the curve for the
expected velocity due to the measured luminescent mass and model for the profile of dark-matter
halo.

In the 1990’s and 2000’s, in turn, evidences on the existence of dark matter appeared on the
gravitational-lensing effects on light measured from distant quasars and superclusters [15]. The
masses of galaxies and clusters bend and distort the light from stellar objects that lie far behind
them. This causes such background objects to appear multiple or to have their shapes distorted.
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However, the estimate mass derived from lensing effects from the most luminous X-ray cluster
we know, the RXJ 1347.5-1145, is twice as big as the value derived from the X-ray data [15, 18],
which indicates the existence of dark-matter clusters, beyond the ordinary luminous-matter ones.

But, not only this; along with those results from the rotational curves, gravitational lensing
provides us indications of the existence of very big dark-matter dominated systems throughout the
universe.

In fact, dark matter is believed to have played an important role on determining the major
structures of the universe, providing the gravitational fluctuations necessary to stars, galaxies
and cluster to be formed [7, 15]. Just after Recombination, photons decouple into the Cosmic
Microwave Background, leaving behind a neutral gas of primordial atoms. At this moment, some
type of fluctuation of densities must have been responsible to ignite the long and slow process of
gravitational clustering that formed the stellar objects that we see in the sky nowadays [15]. Due to
the remarkable homogeneity of the CMB, however, temperature inhomogeneities alone could not
account for such fluctuations. The fluctuations should then be due to gravitational potential wells
into which the primordial atoms would fall into, and give them time to start clustering. The only
dark-matter particles that we know to be part of the standard model, though, are the neutrinos [15],
whose masses are, again, not enough to account for the gravitational wells. Hence, the dark-matter
particles lie beyond the usual standard-model physics that we see around us on our daily lives or
that we detect in our particle accelerators [15].

Light-mass neutrinos, indeed, are part of the hot relics [5, 7]. The dark matter can be classified
in three different groups, depending on how relativistic they were by the time of decoupling
from equilibrium. The hot dark matter is then in a relativistic regime, while cold dark matter is
in a non-relativistic regime, and warm dark matter is leaving the relativistic regime as of now.
Galactic-size perturbations on dark-matter distribution only survive to the horizon crossing if the
dark matter is cold. If it were to be hot, the dark matter distribution would be homogeneous and
the stars and galaxies would have formed through fragmentation, for the superclusters would have
appeared first [7]. This does not reproduce the large-scale structure of our universe, as opposed to
cold dark-matter models [7].

However, due to the fact that dark matter has existed in such an early age of the universe, we
must conclude that its constituents are very stable particles, for they still exist for the time being. If
not stable, it is believed to have a very long lifetime, i. e longer than the age of the universe. It
also appears to interact by attractive gravitational means, just like ordinary matter, but does not
seem to interact with light in any other way; does not emit not absorb photons; so that it must be
neutral. But, beyond being long-lived, their abundance is also dominant over the ordinary-matter
abundance in the universe, as they account for the absolute majority of matter on the universe.
Given the density fraction of the universe, Ω =

∑
i ρi/ρc, which has been measured to be very

close to unity [1], the most recent measurements of the Planck collaboration estimate that dark
matter must account for ΩDMh2 = 0.1186 ± 0.0031 [1] while ordinary, barionic, matter accounts
for only Ωbh2 = 0.02217 ± 0.00033 [1]. This is to say that dark matter is responsible for almost
85% of the matter in our universe.

In summary, if dark matter is constituted of new particles that lie beyond the standard-model
physics, then these must be electrically neutral, have a lifetime longer than the age of the universe,
must be cold in bulk and must reproduce a relic abundance in accordance to what is observed
[4, 7].
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There are several models of possible candidate particles for dark matter. Some rely on super-
symmetric extensions to the standard model, following a most popular hypothesis, the WIMP
(weakly-interacting massive particles) scenario [2] due to the fact that particles which interact
around the scale of the typical weak-force interactions can account for the relic abundance of dark
matter. Other models suggest extensions of the standard model by adding hidden dark-matter
scalar sectors to it which is endowed with a discrete symmetry that provides both stability and new
interactions to the new particles within the hidden sector. These new interactions follow the line of
the SIMP (strongly-interacting massive particles) scenario [13]. We will investigate a model in
particular within the SIMP scenario in the last chapter.

2.2 The departure from equilibrium and the freeze-out
In this section we will describe the decoupling of a species from equilibrium both qualitatively,
introducing the WIMP miracle, and quantitatively, by solving the Boltzmann equation for the
system.

We will start by introducing what we will call the generalised Lee-Weinberg scenario [4].
Let us consider that, at a given moment of the early universe, there exists a system composed
by X and X̄ dark-matter particles and antiparticles which is in a state of kinetic and chemical
equilibrium, due to collisions among the different species in the universe: The first is maintained
by the processes of elastic collisions, such as

Xψ � Xψ, etc., (2.2)

where ψ is some other species of standard-model particles, which are responsible for keeping the
temperature of the dark matter equal to the temperature of photons, TDM = Tγ; and the second is
maintained by temperatures TDM > mX (x < 1), which provide the conditions for processes of
inelastic collisions, such as the self-annihilation of particle and antiparticle pairs,

X X̄ � ψψ̄, (2.3)

to be balanced by their inverse creation processes, and such balance maintains the net rate of
change of the particle number zero.

However, the elastic collisions are the mechanism in which the dark-matter particles remain
in the same temperature as the other particles in the universe. The collisions are so excessively
frequent that, as the universe expands and its temperature drops proportionally to a−1, the collisions
provide the necessary kinetic energy exchange between the particles rapidly enough to adjust the
distribution function of the system to the new temperatures. Hence, the particles shall evolve via a
succession of kinetic-equilibrium states, with temperature decreasing proportionally to the inverse
of the scale factor.

There will come a time, however, when the temperature of the universe will have decreased
to a point when TDM < mX (x > 1), and so will our system of dark-matter particles, as provided
by the elastic collisions and kinetic equilibrium. For such temperature, given the distribution of
velocities of the system, the creation process will no longer be that frequent in order to balance
the annihilation process; the X X̄ pairs will annihilate into ψψ̄, but most of the ψ will not have the
kinetic energy needed for recreating the former pair any longer. Therefore, the particles X and



2.2. THE DEPARTURE FROM EQUILIBRIUM AND THE FREEZE-OUT 29

Y/Y(1)

x

1

10-8

x~1 x~20

Y∞ 

(I) (II) (III)

Figure 2.2: The evolution of the abundance of dark matter as the universe evolves thermally. In the (I)
region, x . 1, dark-matter particles are relativistically coupled to the equilibrium and its abundance remains
constant, since Y = Yeq and Yeq ' constant. In the region (II), x & 1, the particles are non-relativistically
coupled to the equilibrium; Y ' Yeq and Yeq ∝ exp[−x]. For regions (I) and (II), Γ � H. But, when x ∼ 20,
the interactions freeze out, for H � Γ, and in the region (III) the abundance becomes a constant.

X̄ annihilation will no longer be balanced and the Y abundance of the dark-matter species will
decrease.

Notice that the X and X̄ are identical, so that Y accounts for the sum of the dark-matter and
anti-dark-matter abundances. This is due to the fact that we are assuming no initial asymmetry
between the X and X̄ and that no asymmetry is generated during the evolution of the species.

The variation of the dark-matter abundance throughout the thermal evolution of the universe
will be determined by the Boltzmann equations,

dY
dx
= −

s
H x2 〈σv〉self(Y 2 − Y 2

eq),
x

Yeq

dY
dx
= −2

Γself

H



Y 2

Y 2
eq
− 1


, (2.4)

where 〈σv〉self is the thermally averaged product of cross-section of the self-annihilation to the
velocity of the particles, Γself = neq〈σv〉self/2 is the rate of annihilation and

Yeq =
neq

s
=




0.278
g

g∗s
(relativistic),

0.145
g

g∗s
x3/2 exp[−x] (non-relativistic).

(2.5)

Here, g is the number of degrees of freedom of the dark-matter particle and g∗s is the sum of all the
degrees of freedom that contribute to the entropy density of the universe, as defined in the previous
chapter.

The Boltzmann equations (2.4) are equivalent, but explicit different behaviours of the Y
abundance dynamics. From the first form of the equation we can see that destruction rate per
comoving volume of the X and X̄ particles is just proportional to the rate of annihilation, given
by 〈σv〉selfneq/2 and that such net rate of destruction is balanced by the creation rate just when
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n = neq; the particles are only in equilibrium if the annihilation is totally balanced by the creation
process. From the second form, we see that there is, in fact, an effectiveness factor for annihilation,
Γself/H, and that the rate of destruction of the particles is proportional to the product of such factor
to the deviation of the species from the equilibrium.

From this we can conclude that, as long as Γself > H, the Y abundance will vary and decrease.
But, since the particles start in a state of chemical equilibrium, Y = Yeq,when x = 1, for x > 1, the
starting deviation on the right-hand side of the Boltzmann equation will be very small and Y will
continue to track Yeq, i. e. Y ' Yeq.

There will come a time, however, when Γself . H, then the particles abundance will no longer
follow the equilibrium abundance, as the universe evolves. In this case, the annihilations will not be
effective and the net rate of change will be very small, to a point when the particle number density
per comoving volume of the dark matter will no longer change. The particle number density per
comoving volume will stop decreasing, levelling out to a constant, as the annihilations become
ever more ineffective.

We have to notice that the annihilation rate Γself is, in turn, proportional to the particle number
density in equilibrium of the species and the thermally-averaged product of the cross-section of the
process to the velocity of the particles, 〈σv〉 [5]. If the particles decoupled in the relativistic regime,
Γself varies as a power of x, as n ∝ x−3, according to eq. (1.42). In the non-relativistic regime, the
n ∝ exp(−x), according to eq. (1.44), so that Γself decreases exponentially. Both cases have the
interaction rate per particle to decrease as the temperature drops. So, even though Γself > H at
the beginning of the process of the chemical-equilibrium departure, meaning that Y is decreasing
due to the annihilation process’ dominance over the creation process, there will eventually exist a
freeze-out temperature xf,when Γself < H. This means that, after xf, the abundance of the species
will no longer decrease, for the annihilation rate will no longer be able to overcome the expansion
rate of the universe [5]. The particles will be too far apart before than can interact and annihilate,
so that the remaining abundance of the species will henceforth remain the same.

But the fact that the Y abundance tracks the equilibrium abundance very closely for such a
long time after the departure from equilibrium motivates us to say that, prior to the freeze-out, the
particles are coupled to the equilibrium, and decoupled, after the freeze-out,{

Γ & H (coupled),
Γ . H (decoupled). (2.6)

So, there are two important factors on the determination of the relic abundance of the dark
matter in universe: first, the dark-matter particles must have left the chemical-equilibrium state
due to the decrease of the temperature of universe, which starts the domination of the annihilation
process over the creation one, decreasing the abundance of dark-matter per comoving volume; and
then, later, the rate of annihilations is surpassed by the expansion rate of the universe, which leads
to the annihilation interactions to freeze out and the abundance of the species to stop decreasing,
leaving behind the abundance of dark matter that we can measure in the sky nowadays.

It is important to notice that such annihilation process may may still be currently happening,
though exponentially suppressed, since T � mX . Such vestigial annihilations lead to the direct
detection of dark matter that we will not address in this work.
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2.2.1 The WIMP miracle

Using such a simple criterion, we are able to determine the freeze-out temperature, xf, of a species,
by assuming that the freeze-out occurs when [19]

Γ(xf) = H (xf). (2.7)

On the left-hand side we have the interaction rate per particle responsible for maintaining the
species in equilibrium, which is given by [19]

Γ(xf) = nfσv, (2.8)

where

nf = neq(xf), (2.9)

is the particle number density of the species at the time of freeze-out, σ is the cross section of the
process and v is the average speed of the particles. On the right-hand side, we have the Hubble
parameter, determined from the Friedmann equation to be

H =
[
8πG

ρ

3

]1/2
=

(
π2

90

)1/2 T2

MPl
'

T2

MPl
=

m2

MPl
x−2, (2.10)

for a universe dominated by radiation. Hence, eqns. (2.8) and (2.10) lead us to

nf '
T2

f

MPlσv
=

m2

MPlσv
x−2

f . (2.11)

To find from the equation above an expression for the xf temperature explicitly, we have to find an
explicit form for the nf particle number density. To do that, we consider that the freeze-out particle
number density is approximately equal to the equilibrium one, for, at the freeze-out, the distribution
function for the decoupled species is not yet that different from the thermal distribution.

But now we have a choice to make [5, 19]: the particles could either have decoupled while
in a relatively-higher temperature, in a relativistic regime; or they could have decoupled in a
relatively-lower temperature, non-relativistically. Those species which decouple while in the
relativistic regime are the so called hot relics, e. g. the light-mass neutrinos, whose masses lie
under the 1 MeV scale [5], while those which decouple in the non-relativistic regime are said to be
the cold relics, e. g. the possible candidates for a dark-matter species, in which we are interested
[5].

The freeze-out particle number density of a cold-relic species is

n(xf) ' m3x−3/2
f exp (−xf), (2.12)

so that eq. (2.11) gives us, finally, an equation explicitly dependent on the freeze-out temperature

x1/2
f exp (−xf) =

1
mMPlσ

(2.13)
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In order to find the relic abundance of the species, we approximate the present comoving
abundance of the species, Y0, to be exactly the same as of the freeze-out one, Yf,

Y0 = Yf,
n0

s0
=

nf

sf
. (2.14)

This is included in the calculation for the relic abundance,

Ω =
ms0

ρc
Yf =

ms0

ρc

nf

sf
'

mT3
0

ρc

nf

T3
f

=
T3

0

ρc MPl

xf

σ
, (2.15)

where, in the final step, we used the definition for the entropy density, eq. (1.78). Here, T0 stands
for the current temperature of the universe, given by eq. (1.89), and ρc is the critical energy density,
given by eq. (1.97). We have

T3
0

ρc MPl
= (1.349 × 10−10) GeV−2. (2.16)

However, we know that the relic abundance for dark matter is ΩDMh2 = 0.1186 ± 0.0031
[1]. Since xf and σ are the only free parameters we can choose on eq. (2.15), we can match this
equation to the observed value if we choose xf ∼ 20 and σ ∼ 10−8 GeV−2.

More explicitly, eq. (2.15) turns into

Ωh2 ' 0.11 ×
( xf

20

) (
10−9 GeV−2

σv

)
. (2.17)

In turn, the speed of the particle at decouple is approximately v ∼ c/3,which then gives

〈σv〉 ' (10−8 GeV−2)
1
3

(3 × 1010 cm s−1) = 3 × 10−26 cm3 s−1. (2.18)

And, if we use such values for σ and xf in eq. (2.13), we can solve the equation numerically to
get m ∼ 10 GeV.

Such mass range and cross-section describing the relic abundance for the dark matter is called
the WIMP miracle, for such values are typical of interactions in the weak-force scale. This could
be merely coincidental, for this is not at all a proof that such processes involving dark matter are of
weakly-interacting massive particles. But it gives a clue to the dark-matter candidates that should
be investigated nonetheless.

2.2.2 Solving the Boltzmann equation

In this subsection we will determine the relic abundance precisely, by solving the Boltzmann
equation both semi-analytically and numerically. By solving the equation we mean that we will
solve it for the particle number density per comoving volume, Y∞, of the dark matter as of today, and
thence determine the respective relic abundance Ωh2, to be compared to the observed abundance.
The abundance of the dark-matter particles will be determined by the Boltzmann equation,

dY
dx
= −〈σv〉self

s
H x

(Y 2 − Y 2
eq).
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Due to the temperature dependency of the thermally-averaged cross-sections and the abundances,
however, such equations are not solved that easily, and no analytic solutions are known.

A first approach to overcome difficulties brought by such dependency to consider σ |~v | ∝ vp,
where p is a power to v. Such an approximation is suitable to describe cold relics, the species
whose freeze-out occurred in a non-relativistic regime. In this case, we know from the Boltzmann
distribution function, eq. (1.86), that v ∝ T1/2. With this, σ |~v | ∝ Tn,where n = p/2, so that it is
useful to define the cold relics’ parametrisation to be

〈σv〉 = σ0

(m
T

)−n
= σ0x−n, (2.19)

where σ0 is considered to not depend on x. The same relation holds for 〈σv2〉3→2. Here n = 0
stands for an s-wave while n = 2 for a p-wave, and so on, denominations that come from the
partially-spherical parametrisation of scattered particles on quantum mechanics. Also, since the
freeze-out occurs in the radiation dominated era of the universe, it is useful to remove from H and
s the explicit dependency on x by defining

H̃ = H x2, s̃ = sx3, (2.20)

where

H̃ =
[
π2

90

]1/2
g∗

M̃Pl
m2, s̃ =

2π2

45
g∗sm3. (2.21)

These definitions will bring a 1/x2 factor to the equation, turning the Boltzmann equation into

dY
dx
= x−n−2λself(Y 2 − Y 2

eq), (2.22)

where the λself factor is defined as

λself =
s̃
H̃
= 0.264(g∗s/g

1/2
∗ )MPlmσ0,self (2.23)

and the equilibrium particle number per comoving volume is

Yeq =
neq

s
= ax3/2 exp[−x], (2.24)

with a = 0.145(g/g∗s).
We now proceed on solving these equations both by semi-analytical and numerical methods.

Even though the semi-analytical solutions are expressed in terms of a general n power, the numerical
solutions will only regard the n = 0 case.

We follow Kolb & Turner [5] and Scherrer [14] for a semi-analytical method to solve the
Boltzmann equations approximatively, finding an expression for the present comoving abundance
Y∞ of a species, as well as the temperature xf of the species freeze-out. We will review the method
for the self-annihilation process and present our new results for applying such method on the semi-
and 3→ 2 annihilation process.
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The picture of the freeze-out of a species is very well understood. Prior to the freeze-out
temperature, the abundance of the species tracks the equilibrium abundance very closely, Y ' Yeq,
for the newly-produced particles of the annihilation process can establish kinetic and chemical
equilibrium with the medium. But, this is possible until the point when the rate of annihilation
becomes smaller than the rate of expansion of universe. After this point, the species decouples
from the medium, so that Y stops tracking the equilibrium abundance and levels out to the relic
abundance we observe nowadays, while Yeq continues to decrease exponentially, until it becomes
comparably negligible, i. e. Yeq � Y.

To begin with our calculations, we define

∆ = Y − Yeq (2.25)

to be the difference between the two abundances, and we substitute this definition into the
Boltzmann equation. We then solve it for ∆ in two different regions: one, for x � xf, in or-
der to find the Y∞ abundance of the species in a time very long after the freeze-out; and another
just at it, x ' xf, so to find an explicit expression for the xf freeze-out temperature.

The self-annihilation equation now describes the dynamics of ∆ as

∆
′ = −Y ′eq − λselfx−n−2

∆(2Yeq + ∆). (2.26)

During an epoch within x � xf,Y tracks Yeq very closely, so that ∆ ' Y � Yeq, and terms involving
Y ′eq and Yeq in eq. (2.26) can be neglected. Hence,

∆
′ = −λselfx−n−2

∆
2. (2.27)

We now integrate this equation from the freeze-out as close to the freeze-out temperature xf as we
can, to x∞ = x → ∞, getting

∆
−1
∞ − ∆

−1
f =

λself

(n + 1)
(x∞ − xf)−(n+1) . (2.28)

In turn, as stated above, Yeq(x∞) ' 0 if compared to the constant Y∞ = Y (x∞), so that we may set
∆∞ ' Y∞. However, we need to be careful when finding an expression for

∆f = ∆(xf). (2.29)

The abundance Y ceases to track the equilibrium abundance Yeq at the freeze-out temperature, and
then Y starts to follow its own path. This change is very abrupt, for the functions ceases to be
exponentially decreasing to become levelled-out to a constant. Hence, just at the vicinity of xf,we
suppose that

Yf = Y (xf) = (1 + c)Yeq(xf), c ∼ O(1), (2.30)

i. e. Y continues to be proportional to Yeq, as it had been during during earlier times, but now the
proportionality constant is not simply unity; it differs to the equilibrium by a c numerical constant,
yet to be determined empirically. As a consequence, we have

∆(xf) = cYeq(xf). (2.31)
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Now, we assume that Y continues to decrease, shortly after the freeze-out and before levelling out
to the constant Y∞, because the particle creation at this point has ceased, but particle annihilation is
still somewhat important [14], so that Y∞ � ∆f = cYeq(xf). With this,

Y−1
∞ − ∆

−1
f ' Y−1

∞ , (2.32)

and eq. (2.28) gives us that the comoving abundance of a species long after the freeze-out is

Y∞ = ∆∞ =
(n + 1)
λself

xn+1
f . (2.33)

But now we need to find xf more precisely. To this end, we study (2.28) just at the vicinity of xf.
Indeed, we already know the solution for such equation at freeze-out; it is given by eq. (2.31). So,
plugging the latter into the first, also recalling that

Yeq = ax3/2e−x ,
dYeq

dx
=

(
3
2
− x

)
Yeq, (2.34)

where a = 0.145(g/g∗s),we get

d∆
dx

�����xf

= −

(
3

2xf
− 1

)
− λselfac(c + 2)x−n−1/2

f exp(−xf). (2.35)

Now we will assume that, for x = xf, (d∆/dx)x=xf is much smaller than 1, and so is the fraction
3/2xf. Consequently, the equation above turns to

1 = λselfac(2 + c)x−n−1/2
f exp(−xf) (2.36)

and

xf ' ln[c(c + 2)λselfa] −
(
n +

1
2

)
ln {ln[c(2 + c)λselfa]} . (2.37)

In turn, it is very straightforward to find

λselfa = 0.038(g/g1/2
∗ )MPlmσ0,self (2.38)

The numerical value c, however, needs to be found according to the best fit to the numerical values.
This happens to be when

c(c + 2) = 1, (2.39)

so that

xf ' ln[0.038(n + 1)(g/g1/2
∗ )mMPlσ0,self]

− (n + 1/2) ln{ln[0.038(n + 1)(g/g1/2
∗ )mMPlσ0,self]}. (2.40)
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Then, using the definition of λself, eq. (3.16), in eq. (2.33), we obtain

Y∞ =
3.79(n + 1)xn+1

f

(g/g1/2
∗ )MPlmσ0,self

, (2.41)

which then gives us the comoving abundance of the species for the two-particle initial system
process.

The relic abundance of the dark matter will then be given by equation (1.100)

Ωh2 = (3.5492 × 10−9 GeV−1)mY∞,

so that, for the semi-analytical solutions of the self-annihilation equation, we get a Ωanlth2 relic
abundance of

Ωanlth2 = 2.14 × 109 (n + 1)xn+1
f GeV−1

(g∗s/g
1/2
∗ )MPlσ0,self

. (2.42)

The numerical solution for the self-annihilation process was developed in Wolfram’s Mathem-
atica 10. The codes are all available in the Appendix A. For the numerical solutions, in turn, we
just have to plug into eq. (1.100) the value for the numerical Y∞, determined by Y measured at, say,
x = 30, or any value long after the freeze-out, in order to obtain a Ωnumh2 abundance for the dark
matter.

The values for the degrees of freedom are of g = 2, g∗ = 100 and g∗s = 106.75, for we are
solving the equation for a radiation-dominated universe [5, 20]

A first set of solutions for the Boltzmann equation are presented on figure 2.3, a illustrative
comparison of the solution for several values of σ0,self. We can see that, the greater the value
for the cross-section, and thus the value of 〈σv〉self itself, the smaller is the value for the present
abundance Y∞ of dark matter. Such behaviour is in accordance to eqns. (2.41), for Y∞ is inversely
proportional to the cross-section. And such a behaviour was already expected; since the rate of
annihilation of the dark matter is proportional to σ, the dark-matter species will have a longer time

c(c + 2) = 1

xf, anlt xf, num Ωanlth2 Ωnumh2

m = 10 GeV, 〈σv〉self = 1.37 × 10−9 GeV−2 19.4 ∼ 19.0 0.116 0.117

Difference [%] 0.5
Error [%] 1.8 1.3

Table 2.1: Semi-analytic (anlt) and numerical (num) results for the freeze-out temperature xf and the relic
abundance Ωh2 for self-annihilation process. The semi-analytical has 0.5% difference in relation to the
numerical results. The semi-analytical result presents 1.8% error compared to the observed relic abundance
for the dark matter, while the numerical results presents 1.3% error from the observed one. We have used
h = 0.697 ± 0.015 [1]and compared our results to ΩDMh2 = 0.1186 ± 0.0031 [1].
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to annihilate, before the expansion rate of the universe surpass the annihilation rate and freeze out
the interactions, if σ is bigger.

The second plot, figure 2.4, shows a solution of the equation that actually leads to a Ωnumh2

comparable to the observed one. Its respective semi-analytical solution is also shown. The results
are presented on table 2.1.

The differences between the Ωanlth2 and Ωnumh2 abundances are of about ∼ 1%. But, as c was
added by hand to the theory, one has to determine them empirically, fitting them to the observed
quantities, or to the numerical ones as we have particularly proceeded. However, as we can see,
the results depend on the logarithmic value of c, so that the relic abundances vary very slowly to
variations in the ad hoc constant. In conclusion, our supposition to the behaviour of the Y in the
vicinity of xf, eq. (2.31), is a reasonable physical hypothesis, otherwise the semi-analytical method
would not present such good agreements to the numerical solutions to begin with.

It is also important to notice that our solutions for the Boltzmann equation are in accordance
to the results we have obtained in the previous section. For a thermally averaged cross-section of
about the order of 〈σv〉 ∼ 10−9 GeV−2 ∼ 1 pb and a mass of 10 GeV we obtain results which are
in accordance to the observed one. Such mass range and cross-section value agree with the typical
weak-force interaction processes, reinforcing the WIMP scenario as a possible framework on the
description of dark matter.

In the next chapter we will introduce a particular model and use the ideas and concepts
developed in this chapter to solve the Boltzmann equations for that model.
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Figure 2.3: Solutions for the Boltzmann self-annihilation equation. The solid line represents the Yeq
equilibrium abundance, while the dashed lines represent the decoupled abundance Y. The abundance levels
out to a constant, which is the present comoving abundance of dark matter. The cross-section increases from
the top to the bottom, meaning that the relic abundance is smaller for the bigger cross-section. Results for
m = 10 GeV, g = 2, g∗ = 100 and g∗s = 106.75.
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Figure 2.4: Comparison of the numerical and semi-analytical solutions for the self-annihilation equation.
The solid line represents the Yeq equilibrium abundance, while the black (grey) dashed line represents the
numerical (semi-analytical) solution for Y. Results for m = 10 GeV and 〈σv〉self = 1.6× 10−9 GeV−2, g = 2,
g∗ = 100 and g∗s = 106.75.



3
Strongly-interacting massive particles

In the previous chapter we have solved the Boltzmann equation for the usual self-annihilation
process, corroborating to the usual WIMP scenario for describing dark-matter particles. In this
chapter we will apply the ideas established on the last chapter to the SIMP scenario, where dark
matter can interact via new interactions, the semi- and 3→ 2 annihilation processes. We will solve
the Boltzmann equations for these new processes both semi-analytical and numerically, comparing
these results to the observed ones. We will also present new results on solving the Boltzmann
equation for a real temperature-dependent cross-section for the 3→ 2 process, using cross-sections
calculated with the CalcHEP package.

3.1 The model
There have been several models to explain the dark-matter particles, most of them relying on
extensions to the standard model of elementary particles. Following the WIMP scenario, for
example, there has been suggested the neutralino [7, 19], the super-symmetric companion of the
neutrino, as a possible candidate, but super-symmetric particles are yet to be detected in laboratory.

Apart from the weakly-interacting particles, there are also the Higgs portal scenarios [13, 20],
which postulate the existence of extra scalars on the standard model, singlets that can interact with
the standard-model particles through their couplings to the Higgs doublet. These particles are
considered to be part of a hidden sector of the standard model, endowed with a discrete symmetry
that provides not only the stability to the dark-matter particles, but also allows new interactions
among them to take place. And the dark-matter particles that interact via such new process are said
to be strongly-interacting massive particles, the SIMPs [13].

One group of discrete symmetry, in particular, is the Z3 group. Within this group, the usual
self-annihilation of dark-matter pairs into standard-model pairs, common to the WIMP scenario,
is still present. However, particles respecting such symmetry are also allowed to undergo semi-
annihilation and 3 → 2 annihilation processes: The first is responsible for pairs of dark-matter
particles annihilating into pairs of one dark-matter particle and one standard-model particle each;
and the latter is responsible for a dark-matter trio to annihilate into a dark-matter pair.

There are different ways for introducing the Z3 symmetry to a SIMP model, but we will
follow Bernal, Garcia-Cely & Rosenfeld [20] and postulate the existence of a dark sector with a
global U (1)DM symmetry which is spontaneously broken into a Z3 symmetry. Due to the broken

39
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symmetry, along with the postulated dark-matter candidate there will also be another Higgs-like
particle and a Goldstone boson in the dark sector.

We start by postulating the existence of two complex scalar fields φX and X , which are singlets
under the standard-model group and have charges equal to 3 and 1, respectively, under the global
U (1)DM symmetry group. Under the global U (1)DM transformation group, these fields respect the
transformation law

X → exp
[
2
3
πθi

]
X, φX → exp [2πθi] φX ,

where θ is a real constant.
The most general renormalisable scalar potential to be invariant under such transformations,

regarding the X and φX fields and the Higgs doublet H,will be given by

V = −µ2
H H†H + λH (H†H)2 − µ2

φφ
∗
XφX + λφ(φ∗XφX )2+

+ µ2
X X∗X + λX (X∗X )2 + λφHφ

∗
XφX H†H + λφX X∗Xφ∗XφX+ (3.1)

+ λH X X∗X H†H + (λ3X3φ∗X + H. c.), (3.2)

where the λ are all the different couplings between the different fields. The non-dark-matter
particles have zero charge under U (1)DM and the respective potentials are invariant under this
global transformation.

In order to introduce the symmetry breakdown, we will assume that, even though X is expected
to have a zero vacuum expectation value, 〈X〉 = 0, that will not be the case for φx . Indeed, during
the symmetry breakdown, for an unitary gauge, the φX field can be written as

φX =
1
√

2
(vφ + ρ̃ + iη), (3.3)

where vφ , 0 is the vacuum expectation value for φX , ρ̃ is the interaction self-state of a Higgs-like
particle, ρ, and η is the massless Goldstone boson, yielded by the breaking of the global U (1)DM
symmetry. In turn, the usual Higgs particle will be given by

H =
1
√

2

[
0

vH + h̃(x)

]
(3.4)

where vH = 246 GeV is its vacuum expectation value and h̃ is its interaction self-state.
Taking all this in consideration, the part of the potential regarding the X particle will become,

after symmetry breakdown,

VX = m2
X X∗X + λX (X∗X )2 +

1
2
λH X (2vH h̃ + h̃2)X∗X

+
1
2
λφX (2vφ ρ̃ + ρ̃2 + η2)X∗X +

[
λ3
√

2
X3(vφ + ρ̃ − iη) + H. c.

]
, (3.5)
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with

m2
X = µ

2
X +

1
2
λφXv

2
φ +

1
2
λH Xv

2
H . (3.6)

Due to the λφX coupling, there is a mixing angle between the h̃ and ρ̃ fields. The masses of the
physical states will be given by

m2
h = λHv

2
H + λφv

2
φ +

[
(λHv

2
H − λφv

2
φ)2 + (λφHvHvφ)

]1/2
, (3.7)

m2
ρ = λHv

2
H + λφv

2
φ −

[
(λHv

2
H − λφv

2
φ)2 + (λφHvHvφ)

]1/2
, (3.8)

and the mixing angle is defined by

tan 2θ =
λφHvHvφ

λφv
2
φ − λHv

2
H

. (3.9)

The masses and vφ are related by

v2
φ =

m2
h sin2 θ + m2

ρ cos2 θ

2λφ
. (3.10)

Due to the non-zero expectation value of φX in vacuum, we can see from the last term in the
potential that it is not invariant under the global U (1)DM transformation group, but under a discrete
reminiscent Z3 symmetry,

X → exp
[
2π
3

i
]

X. (3.11)

Such a non-trivial transformation prevents the X particles to decay, and are associated with the
dark-matter particles, thereof.

The model consists of real scalars h and ρ, the Goldstone boson η and the complex scalar X.
There are ten free parameters in the potential. Two of them, the Higgs boson mass and its vacuum
expectation value, are fixed by their physical values, mh and vh. Eight of them are independent
parameters: the masses for X and ρ,mX and mρ; the mixing angle θ; four real quartic couplings
λφ, λx , λφX and λH X ; and a complex λ3 quartic coupling, but whose phase can be reabsorbed by
the field so that the dark sector does not violate the CP symmetry. The λ3 term on the potential is
the only to involving three particles of dark matter, therefore characterising the Z3 phenomenology
of dark matter. The remaining terms contain only pairs of dark matter. The λH X coupling is
responsible for the Higgs portal, for it connects the dark-matter particles to the standard-model
particles via the Higgs boson. The λφX is responsible for the Goldstone boson portal, for connecting
the ρ and η bosons to the dark matter.

From this potential we can now better qualify the three different process which are possible to
take place within the the dark-matter particles: A pair of dark-matter particles, X X̄ ,may annihilate
either into ηη, ρρ, hρ pairs or a pair of standard-model particles, which is called a self-annihilation
process; a pair of dark-matter particles, X X, may annihilate into a mixed pair of a dark-matter
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particle X̄ and either a h or ρ; or a dark-matter trio, X X X (X X X̄), annihilates into a pair of also
dark-matter particles, either ηη or X X̄ (Xη or X̄ X̄).

Each type of interaction will be predominant over the other depending on how far the values of
each coupling constant surpasses the other. We have an extensive parameter space, from which
we can choose the values for each coupling and determine which interaction will be dominant
over the other. For instance, the self-annihilation process will be dominant over the others in case
λ3 can be neglected in comparison to the λH X and λφX constants. The self-annihilation process,
in turn, will be dominated by annihilations into the dark sector, in place of annihilations into the
standard model, in case λφX is bigger than λH X . The semi-annihilation will happen when none of
the coupling constants can be neglected. Refer to figure 3.1 for the Feynman diagrams of these
interactions.

Other interactions, such as the decay of the Higgs boson into other particles, which are possible
due to the λφH coupling, will not be studied in this text and shall be considered suppressed by
the other interactions. The reader must refer to Bernal, Garcia-Cely and Rosenfeld [20], should
you be interested in implications that such suppression will bring, along with other cosmological
constraints, to the parameter choice we can make within such an extensive parameter space.

However, we still have to clarify that, if the self- and semi-annihilation process are dominant,
the dark matter lies within the WIMP scenario, and that, only if the 3→ 2 annihilation dominates
over the other, the dark matter is within the SIMP scenario. This is due to mass ranges and the
sizes of the coupling constants. We know that, even after the freeze-out occurs, the dark-matter
particles remain in kinetic equilibrium with the standard-model and Goldstone bosons. This can be
seen by comparing the rate of inelastic scatterings between the dark matter to the elastic scattering
between the dark matter and remaining particles of the universe [20], dominated by radiation

Γkin

Γann
=

nnon-DM〈σv〉kin

nDM〈σv〉ann
∼

nnon-DM

nDM
� 1. (3.12)

This ratio tells us that the one interaction that maintains the dark-matter particles in kinetic
equilibrium is way more frequent than the one that does not.

Due to constraints on the effective number of neutrinos, however, the equilibrium can only
be accomplished for temperatures higher than the muon mass [20]. Since we already know that
the freeze-out occurs near the ∼ mX/20 temperature, we will only consider the dark matter in
the GeV range to be in equilibrium. But these considerations are only necessary for the self-
and semi-annihilation processes, for, in these cases, the standard-model particles and Goldstone
bosons participate on the dark-matter annihilations. Hence, due to the mass range, when self- and
semi-annihilations take place, they are considered to be interacting through the weak force [20].

When the 3→ 2 annihilation process is dominant, however, there is no need to require the dark-
matter particles to be within the GeV range. In this case, no standard model particles participate in
the process, so that we do not assume the dark matter to be in equilibrium to the standard-model
particles, but to the Goldstone bosons [20] only.

3.2 Semi-analytical and numerical solutions for the Boltzmann equations
The same ideas for describing the the Lee-Weinberg problem apply now. The three annihilation
processes are possible, self-, semi- and 3 → 2 annihilations, and the chemical equilibrium is
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maintained as long the particles have kinetic energy to recreate the initial state. There will come
a time, however, when the temperature of the dark-matter particles will no longer guarantee the
kinetic energy and the annihilation processes will dominate over the creation process. At this
point, the dark-matter particles have left the chemical equilibrium and the particle number density
per comoving volume will decrease, proportionally to the rate of the interactions. The freeze-out
will then occur, when the rate of interactions are surpassed by the expansion rate of the universe
and annihilations turn ineffective. The particle number density per comoving volume becomes a
constant,

The abundance of dark matter for this model will be determined by eq. (1.155). However,
depending on the magnitudes of the quartic coupling constants on the different interactions, then
the determination of the abundance of the dark matter will be dominated by either the self-, the
semi- or the 3 → 2 annihilations: when λH X and λφX are bigger than λ3, then the last can be
neglected and the particles will interact via self-annihilation; when neither of the three λH X , λφX
and λ3 coupling constants can be neglected, the processes of semi-annihilation will be involved;
but when λ3 is greater than any other coupling, then the 3→ 2 annihilation will be dominant on
the determination of the relic abundance of the dark matter.

We will consider each term of the complete Boltzmann equation separately, as an equation of
their own,

dY
dx
=




−〈σv〉self
s

H x
(Y 2 − Y 2

eq) (self-annihilation),

−〈σv〉semi
s

H x
(Y 2 − YYeq) (semi-annihilation),

−〈σv2〉3→2
s2

H x
(Y 3 − Y 2Yeq) (3→ 2 annihilation),

(3.13)

and then compare the results to the observed one.
The solution for the first equation was determined and discussed in the previous chapter. We

will now follow the same method used above to solve the other two remaining cases.
We will define, for the semi-annihilation process,

〈σv〉semi ' σ0,semix−n, (3.14)

and, for the 3→ 2 annihilation process,

〈σv2〉3→2 ' σ0,3→2x−n. (3.15)

We will also define

λ =
s̃
H̃
σ = 0.264(g∗s/g

1/2
∗ )MPlmσ0,semi (3.16)

and

λ3→2 =
s̃2

H̃
= 0.116(g2

∗s/g
1/2
∗ )MPlm4σ0,3→2. (3.17)
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so that the Boltzmann equations become

dY
dx
=




−λ0,semix−n−2(Y 2 − YYeq) (semi-annihilation),

−λ0,3→2x−n−5(Y 3 − Y 2Yeq) (3→ 2 annihilation).
(3.18)

The equilibrium comoving abundance, in turn, is

Yeq =
neq

s
= ax3/2 exp(−x), (3.19)

with a = 0.145(g/g∗s).
We now proceed on solving the equations semi-analytically, defining ∆ = Y − Yeq.
For the semi-annihilation process, the Boltzmann equation turns to

d∆
dx
= −

dYeq

dx
− λsemi∆(∆ + Yeq), (3.20)

which then leads to the very same eq. (2.33) to the Y∞ abundance, but to

xf ' ln[c(1 + c)λsemia] −
(
n +

1
2

)
ln{ln[c(1 + c)λsemia]} (3.21)

different to the prior case by the c(c + 1). However, c(c + 1) = n + 1.15 is in good accordance to
the numerical results, for n = 0. This leads us to a temperature of freeze-out of

xf = ln[0.038(n + 1.15)(g/g1/2
∗ )MPlmσ0,semi]

−

(
n +

1
2

)
ln{ln[0.038(n + 1.15)(g/g1/2

∗ )MPlmσ0,semi]} (3.22)

and a comoving abundance of

Y∞ =
3.79(n + 1.15)xn+1

f

(g/g1/2
∗ )MPlmσ0,semi

. (3.23)

For the 3→ 2 annihilation process, the Boltzmann equation for ∆ = Y − Yeq becomes

d∆
dx
= −

dYeq

dx
− λ3→2x−n−5(Yeq + ∆)2

∆. (3.24)

At times x � xf,Y tracks Yeq very poorly and ∆ ' Y � Yeq, so that Yeq and its derivative can be
neglected,

d∆
dx
= −λ3→2x−n−5

∆
3. (3.25)

Integrating this equation, we get

∆∞ = Y∞ =
[

n + 4
2λ3→2

xn+4
f

]1/2

. (3.26)
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At times close to the freeze-out temperature, x ' xf, we use the same reasoning as above for
Yeq(xf) and get ∆(xf) = c̃Yeq(xf),which, along with the definition of the equilibrium abundance,
Yeq, yields

xf '
1
2

ln[λ3→2ac̃(1 + c̃)2] − (n + 1) ln{ln[λ3→2ac̃(1 + c̃)2]}. (3.27)

The best fit for the current comoving abundance happens when (c̃ + 1)2c̃ = (n + 4), for n = 0,
Using the definition for λ3→2 and a,

xf ' 0.5 ln[0.0168(n + 5)(g g∗s/g
1/2
∗ )m4MPlσ0,3→2] +

− (n + 1) ln{0.5 ln[0.0168(n + 4)(g g2
∗s/g

1/2
∗ )m4MPlσ0,3→2]}. (3.28)

The comoving abundance for times long after the freeze-out, we have

Y∞ = 2.075


(n + 4)xn+4
f

(g2
∗s/g

1/2
∗ )m4MPlσ0,3→2



1/2

. (3.29)

The relic abundance is then given by eq. (1.100),

Ωh2 = (2.82 × 108 GeV−1)mY∞. (3.30)

With the semi-analytical solutions, we obtain

Ωanlth2 =




2.14 × 109
(n + 1.15)xn+1

f GeV−1

(g∗s/g
1/2
∗ )MPlσ0,semi

(semi-annihilation),

5.85 × 108


(n + 5)xn+4
f GeV−2

(g2
∗s/g

1/2
∗ )m2MPlσ3→2



1/2

(3→ 2 annihilation).

(3.31)

For the numerical solutions, in turn, we just have to plug into eq. (1.100) the value for the
numerical Y∞, determined by Y measured at, say, x = 30, or any value long after the freeze-out, in
order to obtain a Ωnumh2 abundance for the dark matter.

The values for the degrees of freedom are of g = 2, g∗ = 100 and g∗s = 106.75, for we are
solving the equation for a radiation-dominated universe [5, 20]

The numerical solutions for the equations are presented on figures 3.2 and 3.4. These plots
are a comparison of the solution for several values of σ0,semi and σ0,3→2, respectively. We can
see that, the greater the value for the cross-section, and thus the value of 〈σv〉semi and 〈σv2〉3→2
themselves, the smaller is the value for the present abundance Y∞ of the species. Such behaviour
is, again, in accordance to semi-analytical solutions, eqns. (3.23) and (3.29), for Y∞ is inversely
proportional to the cross-section. And such a behaviour was already expected; since the rate of
annihilation of the dark matter is proportional to σ, the dark-matter species will have a longer time
to annihilate, before the expansion rate of the universe surpass the annihilation rate and freeze out
the interactions, if σ is bigger.
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The semi-analytical and numerical results are presented in tables 3.1 and 3.2. For both processes
we have chosen m = 10 GeV, and then found the cross-section whose respective relic abundance
would match with the observed value, ΩDMh2 = 0.1186 ± 0.0031 [1].

For the semi-annihilation process, our best numerical results were obtained for 〈σv〉semi '

1.6 × 10−9 GeV−2. For such cross-section, the semi-analytic and numeric solutions for the freeze-
out temperature are, respectively, xf, anlt ' 19.47 and xf, num ' 18.1. The relic abundances are
Ωanlth2 = 0.115 and Ωnumh2 = 0.119. The semi-analytical result differs 4.2% in relation to the
numerical one. However, while the semi-analytical result presents a 3.7% error from the observed
value, the numerical result presents only 0.5% error.

For the 3 → 2 process, our best numerical results were obtained for 〈σv〉semi ' 28 GeV−5.
For such cross-section, the semi-analytic and numeric solutions for the freeze-out temperature
are, respectively, xf, anlt ' 24.01 and xf, num ' 23.8. The relic abundances are Ωanlth2 = 0.114 and
Ωnumh2 = 0.117. The semi-analytical result differs 3.1% in relation to the numerical one. However,
while the semi-analytical result presents a 3.7% error from the observed value, the numerical result
presents only 0.6% error.

The differences between the Ωanlth2 and Ωnumh2 abundances are of about ∼ 4%. The same
considerations for the self-annihilation solution are valid here. As c, and c̃ are added by hand into
the theory, one has to determine them empirically, fitting them to the observed quantities, or to the
numerical ones as we have particularly proceeded. However, as we can see, the results depend on
the logarithmic value of the c and c̃, so that the relic abundances vary very slowly to variations in
these constants. We can conclude the same as before. If such supposition to the behaviour of the Y
in the vicinity of xf, eq. (2.31), were not a good physical hypothesis, the semi-analytical method
would not give such good results.
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(a): Self-annihilation

(b): Semi-annihilation

(c): 3→ 2 annihilation

Figure 3.1: The plots for the self-annihilation are presented in (a), where f stands for any fermion in the
standard model and, V, for any massive gauge boson. (b) is a set of the diagrams for the semi-annihilation
and (c) refer to the 3→ 2 annihilation, given the X X̄ → X X X process.
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xf, anlt xf, num Ωanlth2 Ωnumh2

m = 10 GeV, 〈σv〉semi = 1.4 × 10−9 GeV−2 19.47 ∼ 18.1 0.114 0.119

Difference [%] 4.2
Error [%] 3.7 0.5

Table 3.1: Semi-analytic (anlt) and numerical (num) results for the freeze-out temperature xf and the relic
abundance Ωh2 for semi-annihilation process. The semi-analytical has 4.2% difference in relation to the
numerical results. The semi-analytical result presents 3.7% error compared to the observed relic abundance
for the dark matter, while the numerical results presents 0.5% error from the observed one. We have used
h = 0.697 ± 0.015 [1]and compared our results to ΩDMh2 = 0.1186 ± 0.0031 [1].

xf, anlt xf, num Ωanlth2 Ωnumh2

m = 10 GeV, 〈σv2〉3→2 = 28 GeV−5 24.01 ∼ 23.8 0.117 0.118

Difference [%] 0.4
Error [%] 1.0 0.6

Table 3.2: Semi-analytic (anlt) and numerical (num) results for the freeze-out temperature xf and the relic
abundance Ωh2 for 3→ 2 annihilation process. The semi-analytical result has 0.4% difference in relation
to the numerical one. The semi-analytical result presents a 1.0% error compared to the observed relic
abundance for the dark matter, while the numerical results presents 0.6% error from the observed one. We
have used h = 0.697 ± 0.015 [1]and compared our results to ΩDMh2 = 0.1186 ± 0.0031 [1].
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3.3 Solving the Boltzmann equation for an arbitrary cross-section
In the previous sections we have considered the thermal average of the product of the cross-section
to the velocity as constant or proportional to a power of x. In this section we solve Boltzmann
equation for the 3→ 2 annihilation for a temperature-dependent cross-section, determined with
the help of the CalcHEP package.

3.3.1 The thermal average

A general picture of our problem is now very clear. We have a species of identical particles of mass
m whose momenta is just enough to allow an annihilation process to take place. In such process,
two or more particles create either SM particles or a smaller number of DM particles and heat.

For the two-particle initial state, the cross-section of the collision is given by σ and, considering
the particles to have a velocity ~v, the thermal average of the product of these two latter quantities is
given by

〈σv〉 =

∫
d3p1 d3p2 e−E1/T e−E2/Tσv∫

d3p1 d3p2 e−E1/T e−E2/T
(3.32)

and this is the key quantity to determine the relic abundance of the species, for this is a measure
of how rapidly our species annihilates into another or into a smaller number. We will now follow
Gondolo & Gelmini to find an expression for 〈σv〉 [21].

The element of volume of the momentum space is

d3p1 d3p2 = 4π |~p1 |dE1 4π |~p2 |dE2
1
2

d cos θ, (3.33)

where θ is the angle between ~p1 and ~p2, the momenta of the colliding particles whose energies are
E1 and E2.

Our purpose is to find a way to perform those integrations, in order to determine 〈σv〉. To this
end, we will make a change of variables. From the laboratory standpoint, four-momenta of the
particles can be defined to be

p1 = (E1, ~p1), p2 = (E2, ~p2). (3.34)

The s invariant parameter, defined as

s = (p1 + p2)2 = p1µpµ1 + 2p1µpµ2 + p2µpµ2 , (3.35)

will in this framework be given by

s = 2m2 + 2E1E2 − 2|~p1 | |~p2 | cos θ, (3.36)

which, along with

E+ = E1 + E2,

E− = E1 − E2.
(3.37)
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will be our new variables of integration, whose space has a volume element of

d3p1 d3p2 = 2π2E1E2 dE+ dE− ds. (3.38)

For a two-particle final state, we have that the former variables would be within a range of
{E1 > m, E2 > m, | cos θ | ≤ 1}. With this in mind, we can find the intervals of integration for
the new variables. In order to determine the behaviour of s, we turn to centre-of-momentum
framework, for which the four-momenta of the particles turn to

p1 = (E, ~p), p2 = (E, −~p), (3.39)

where E and ~p stand for the energy and momenta of the particles, in the centre-of-momentum
frame, which are the same for the incoming particle, due to the identical masses. From this
standpoint, the s invariant, eq. (3.35), is simply

s = 4E2 = 4(|~p|2 + m2). (3.40)

But, since ~p ≥ 0,we have that

s ≥ 4m2, (3.41)

which is a constraint valid for any reference frame. Turning back to the laboratory frame with such
result in hands, we may now conclude that

s = 2m2 + 2E1E2 − 2p1p2 cos θ ≥ 4m2, (3.42)

or

−2p1p2 cos θ ≥ 0, (3.43)

since E1 > m and E2 > m. With this, taking the square of E+, and then its square root, and then
substituting s in the laboratory frame into it,

E+ = (E2
1 + E2

2 + s − 2m2 + 2p1p2 cos θ)1/2, (3.44)

so that we conclude

E+ ≤ s1/2. (3.45)

For determining the E− behaviour, we take the square of both E+ and E− and subtract them to get

E− = (E2
+ − 2s + 4m2 − 4p1p2 cos θ)1/2, (3.46)

which can be rewritten as

E− = (E+ − s)1/2
[
1 −

4m2 − (s + 4|~p1 | |~p2 | cos θ)
s(1 − E2

+/s)

]1/2

, (3.47)
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so that we may conclude

|E− | ≤ (E+ − s)1/2
(
1 −

4m2

s

)1/2

. (3.48)

With these limits of integration, the denominator turns to∫
d3p1 d3p2 e−E1/T e−E2/TσvMøl = 2π2

∫
dE+dE−dsσvMølE1E2e−E+/T

= 4π2
∫

dsσF (1 − 4m2/s)1/2
∫

dE+(E2
+ − s)1/2

= 2π2T
∫ ∞

4m2
dsσ(1 − 4m2/s)s1/2K1(s1/2/T ), (3.49)

where we used the invariant flux factor as F = vMølE1E2 = [s(s − 4m2)]1/2/2. From the second
integral to the third, we have used that the integral for E+ can be expressed in terms of the modified
Bessel equations via the identity

Km(z) =
2mm!
(2m)!

1
zm

∫ ∞

z
dτ(τ2 − z2)m−1/2 e−τ, (3.50)

provided m = 1.
For the denominator part of 〈σv〉, we do not need the change of variables we used for the

numerator. If we define the auxiliary variables x = m/t and τ = E1/T and write∫
d3p1 e−E1/T =

m2
1T

x2

∫ ∞

x
e−τ (τ2 − x2)1/2τdτ, (3.51)

we can see that, upon an integration by parts of the expression for the modified Bessel function
above, obtaining,

Km(z) =
2m−1(m − 1)!

(2m − 2)!
1
zm

∫ ∞

z
dτ(τ2 − z2)m−3/2 τe−τ, (3.52)

we can conclude that, for m = 2, the denominator part of 〈σv〉 can be written∫
d3p1 d3p2 e−E1/T e−E2/T = [4πm2TK2(x)]2. (3.53)

Therefore,

〈σv〉 =
1

8m4TK2(m/T )

∫ ∞

4m2
dsσ(s − 4m2)s1/2K1(s1/2/T ). (3.54)

This integral holds for any two-particle initial system. All we have to do now is to determine
σ for the given annihilation process in which we are interested, calculate its respective 〈σv〉 and
solve the Boltzmann equation.
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3.3.2 The solution

We will solve the 3→ 2 equation, given by

dY
dx
= −

s̃2

H̃ x5
〈σv2〉3→2(Y 3 − Y 2Yeq). (3.55)

In turn, the thermal average for the 3→ 2 process is related to its inverse 2→ 3 process by

〈σv2〉3→2 =
1

neq
〈σv〉2→3,

so that the 3→ 2 equation turns to

dY
dx
= −
〈σv〉2→3

x2

s̃
H̃

1
Yeq

(Y 3 − Y 2Yeq). (3.56)

For a radiation-dominated universe,

Yeq = 0.145(g/g∗s)x3/2 exp(−x) (3.57)

and

s̃
H̃
= 0.264(g∗s/g

1/2
∗ )MPlm. (3.58)

We will solve this equation, with the initial condition of Y (1) = Yeq, from x = 1 to, say, x = 50,
or any other temperature further apart from the freeze-out temperature.

The σ for the 2→ 3 process can be determined numerically, by using the CalcHEP package for
the Z3 model. There are many possible 3→ 2 annihilation processes, which, up to CP conjugation,
are all equivalent to X X X → X X̄ and X X̄ X̄ → X X. Since CalcHEP calculates the cross-section
for a two-particle initial state system, we will determine the cross-section for the

X X̄ → X X X (3.59)

process, for three different sets of parameters, the benchmark points A, B and C, whose values
are presented on table 3.3.2. Given the parameter space wherein to choose the coupling constants,
we follow the A, B and C points chosen by Bernal, Garcia-Cely & Rosenfeld [20]. The thermal
average 〈σv〉2→3 is then calculated with the expression (3.54), which can be used to any process
whose initial state is composed by two particles. We then calculate the relic abundance with eq.
(1.100), and the results are presented on the table 3.3.2.

The curves for σ for each benchmark point are presented on figures 3.6, 3.9 and 3.12. The plots
show how the cross-section behave as a function of the squared energy of the centre of momentum,
s. The grey marks show the raw input, as given by the CalcHEP package, while the solid line
represents the interpolated function, calculated with Mathematica. We can see how, after the peak,
the curves decrease proportionally to 1/s.

The figures 3.7, 3.10 and 3.13 show the thermally-average product of the cross-section to the
velocity of the particles, 〈σv〉2→3, as a function of x. This was determined by using eq. (3.54),
using the σ2→3, shown in the figures referenced above.
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The solution of the equations, given their respective 〈σv〉2→3, are plotted on figures 3.8, 3.11
and 3.14, and the corresponding relic abundances are also presented on table 3.3.2. The results are
also compared to the observational value. We can see that the abundance of the dark matter for a
temperature-dependent cross-section, given by Y in these plots, follow a pattern to the ones with a
constant cross-section; the abundance is decreasing but, as the freeze-out occurs, it levels out to a
constant.

Bash, Python and Mathematica 10 codes were developed in order to run the CalcHEP for
different values of momenta, mine from its output data the cross-section curve, calculate the
thermal average and solve the Boltzmann equation. The codes are available on the Appendix A,
along with the details on the procedure.

A B C D

mX [MeV] 10 50 100 10
λ3 5 × 10−7 2 × 10−6 5 × 10−6 5 × 10−7

λX 0.8 10−2 10−3 0.8
λφ 10−4 10−4 10−4 10−3

mρ [GeV] 0.5 0.9 1.1 1.41
vφ [TeV] 10 22.5 22 0.031

Ωh2 0.024 0.088 2.4 0.11
Error [%] 79.5 26.7 117 0.06

Table 3.3: The different benchmark points used to determine the cross-section for the 2→ 3 cross-section.
The percentage error is in reference to the observed value, ΩDMh2 = 0.1186 ± 0.0031 [1].
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Figure 3.2: Solutions for the semi-annihilation equation. The solid line represents the Yeq equilibrium
abundance, while the dashed lines represent the decoupled abundance Y. The abundance levels out to a
constant, which is the present comoving abundance of dark matter. The cross-section increases from the top
to the bottom, meaning that the relic abundance is smaller for the bigger cross-section. We have used g = 2,
g∗ = 100 and g∗s = 106.75.
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Figure 3.3: Comparison of the numerical and semi-analytical solutions for the semi-annihilation equation.
The solid line represents the Yeq equilibrium abundance and the black (grey) dashed line represents the
numerical (semi-analytical) solution for Y. These are the solutions for m = 10 GeV and 〈σv〉semi =

1.4 × 10−9 GeV−2, which give semi-analytical and numerical values of, respectively, 3.7% and 0.5% error
when compared to ΩDMh2 = 0.1186 ± 0.0031 [1]. We have used h = 0.697 ± 0.015 [1], g = 2, g∗ = 100
and g∗s = 106.75.
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Figure 3.4: Solutions for the 3 → 2 annihilation equation. The solid line represents the Yeq equilibrium
abundance, while the dashed lines represent the decoupled abundance Y. The abundance levels out to a
constant, which is the present comoving abundance of dark matter. The cross-section increases from the top
to the bottom, meaning that the relic abundance is smaller for the bigger cross-section. We have used g = 2,
g∗ = 100 and g∗s = 106.75.
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Figure 3.5: Comparison of the numerical and semi-analytical solutions for the 3→ 2 annihilation equation.
The solid line represents the Yeq equilibrium abundance, while the black (grey) dashed line represents
the numerical (semi-analytical) solution for Y. These are the solutions for m = 10 GeV and 〈σv2〉3→2 =

28 GeV−5, which give semi-analytical and numerical values of, respectively, 1.0% and 0.6% error when
compared to ΩDMh2 = 0.1186 ± 0.0031 [1]. We have used h = 0.697 ± 0.015 [1], g = 2, g∗ = 100 and
g∗s = 106.75.
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Figure 3.6: The grey markers represent the raw σ2→3 cross-section calculated by CalcHEP for the benchmark
point A. The solid line is a function of the interpolated points.
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Figure 3.7: The 〈σv〉2→3 as calculated for the benchmark point A.
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Figure 3.8: The solution for the Boltzmann equation for A. We have used m = 10 MeV, g = 2, g∗ = 100 and
g∗s = 106.75.
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Figure 3.9: The grey markers represent an interval of the σ2→3 raw cross-section as calculated by CalcHEP
for the benchmark point B. The solid line is its respective interpolation into a function.
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Figure 3.10: The 〈σv〉2→3 with Mathematica 10 by the Gauss quadrature method for the benchmark point B.
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Figure 3.11: The solution for the Boltzmann equation, having 〈σv〉2→3 as an input, for the benchmark point
B. We have used m = 50 MeV, g = 2, g∗ = 100 and g∗s = 106.75.
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Figure 3.12: The grey markers are the σ2→3 raw cross-section as calculated by CalcHEP for the benchmark
point C. The solid line represents its interpolated function.
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Figure 3.13: The 〈σv〉2→3 with Mathematica 10 by the Gauss quadrature method for the benchmark point C.
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Figure 3.14: The solution for the Boltzmann equation, having 〈σv〉2→3 as an input, for the benchmark point
C. We have used m = 100 MeV, g = 2, g∗ = 100 and g∗s = 106.75.



Conclusions

In this work we have postulated that the dark-matter particles are part of an extra scalar sector
to the standard model. Such extension is constituted of two scalar complex fields of charges one
and three under a U (1)DM symmetry, but, due to the nonzero vacuum expectation value of the
3−charged particle, such symmetry is spontaneously broken to a discrete Z3 symmetry.

Such symmetry breaking leads to the existence of two Higgs-like fields, a Goldstone boson
and a complex field. This complex field is identified as the dark-matter particles, since the
transformations within the Z3 group act non-trivially on such particles, preventing them to decay,
as it is expected for a dark-matter particle.

But, not only does this discrete symmetry bring stability to the dark-matter particles, as it
also provides new processes through which the dark-matter particles can interact. Now, beyond
the usual self-annihilation process, through which pairs of one particle and one anti-particle of
dark-matter mutually annihilate into pairs of one particle and one anti-particle of the standard
model, there are also the semi-annihilation and the 3 → 2 annihilation processes. Through the
first interaction, a pair of one particle and one anti-particle of dark matter annihilates into a pair of
one dark-matter and one standard-model particles. Through the latter interaction, in turn, a trio
of dark-matter particles annihilate into a pair of dark-matter particles. For this last interaction,
dark-matter is said to be SIMPs (strongly-interacting massive particles).

Given all these possible interactions, the dark-matter particles were initially in a state of
chemical equilibrium, for its particle number density per comoving volume would not change. This
was due to the fact that, for temperatures higher than the mass of the X particle, any of the self-,
semi- or 3→ 2 annihilation processes were balanced by the respective inverse creation processes.
However, as the universe expanded and the temperature of the dark-matter particles dropped, there
came a point when the temperature of the dark-matter particles was no longer higher than the
mass of the X particle and the annihilation processes started to dominate over the creation process,
leading the dark-matter particles to departure from equilibrium and the particle number density per
comoving volume of dark matter to decrease with time.

In order to investigate such interactions and how they caused the abundance of the dark matter
to vary as the universe evolved, we introduced in the first chapter the Boltzmann equations for
each kind of interaction. In order to do this, however, we had first to address topics on standard
cosmology, such as the expansion of the universe and its homogeneity and isotropy, so to find how
does the abundance of a given species of particles vary along the evolution of a universe with such
characteristics.

Prior to solving the Boltzmann equations explicitly, in chapter two, we investigated the equa-
tions and determined the fraction Γ/H as a effectiveness factor of the annihilations, where Γ is the
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rate of the annihilations and H is the expansion rate of the universe. As long as the Γ > H, the
annihilation would still be very effective and abundance of dark matter would still decrease. But,
when Γ < H, the annihilations would become ineffective and the abundance of dark matter would
stop decreasing, levelling out to the current abundance that permeates the universe.

Using such an effectiveness criterion, we introduced the WIMP (weakly-interacting massive
particles) scenario by showing that particles within the GeV range that interact within the typical
weak-force interaction scale can reproduce the relic abundance of dark matter observed. We
then solved the Boltzmann equation for the self-annihilation process, by both semi-analytical and
numerical methods, and our results corroborate with the WIMP scenario; for a 〈σv〉self ' 1 pb and
a mass of m = 10 GeV,we obtained results of ∼ 1% error if compared to the observed value for
the relic abundance.

The last chapter was dedicated to introducing the Z3 symmetry symmetry, and use the ideas
developed in chapter two to solve the semi- and 3→ 2 annihilation equations.

Even though the semi-annihilation process is brought by the discrete symmetry, it was yet
considered to be part of the WIMP scenario, along with the usual self-annihilation process. This
was due to the GeV mass range that the dark-matter particles must lie within in order to be in
kinetic equilibrium with the medium, i. e. the standard-model and Goldstone particles. Both our
semi-analytical and numerical results corroborate with such a prerogative, since both give results
with less than ∼ 4% error to the observed values of dark-matter abundance for cross-sections that
are in the usual weak-interaction scale, i. e. 〈σv〉semi ∼ 1 pb.

Similarly to the processes above, the Boltzmann equation for the 3→ 2 annihilation process
was firstly solved for a constant cross-section, both numerically and semi-analytically. The results
for m = 10 GeV and 〈σv2〉3→2 = 28 GeV−2 are in good accordance to the observed value,
presenting an error of ∼ 1% to it. Both analytical and numerical results are in accordance to each
other, differing by ∼ 0.4%. Such a good accordance corroborates to a accuracy that the numerical
solutions are correct, so that we could proceed on attempting to use such numerical procedures to
solve the Boltzmann equation for an arbitrary temperature-dependent cross-section, without the
need to rely on approximations regarding the cross-section, as it is usually done.

With the help of the CalcHEP package we determined the curves of the cross-section for a
particular annihilation process and then proceeded on solving the Boltzmann equation for such
a real cross-section curve, dependent on the temperature. Given that the model had ten free
parameters and thus a quite extensive parameter space, we followed the A, B and C benchmark
points from literature, but failed in obtaining relic abundances close to the observed one. But the
benchmark point D is a preliminary result on corroborating that both our model and method can be
suitable to describe dark matter.

In conclusion, in this work we have reviewed and corroborated to the usual WIMP scenario as
a possible framework for describing the dark-matter particles. We also reviewed the SIMP scenario
via a Z3 discrete symmetry remnant of a global U (1)DM symmetry and presented the semi-analytical
and numerical results for its new interactions, the semi- and 3→ 2 annihilations. More importantly,
we developed the codes and procedures to solve the 3 → 2 process Boltzmann equation for a
temperature-dependent cross-section, without relying on approximating the cross-section of the
process to a constant, as it is usually done in literature.



A
Numerical solutions

In this appendix are presented all the codes used to solve the Boltzmann equations for the cases
discussed above in Wolfram’s Mathematica 10. The first section provides the codes for finding
the solution of the equation for a constant cross-section. It also addresses some the issues we
have encountered and the strategies we have used to solve them. The second section presents
all the Bash scripts used to run the CalcHEP package for different values of the particles’ initial
momenta. It also provides the Python scripts used to mine all the output data from CalcHEP into a
comprehensible table of cross-section by the squared energy of the centre of momentum.

A.1 Constant and up-to-a-power temperature-dependent cross-sections
We used Mathematica 10 to find numerical solutions to the Boltzmann equations, both total and
3 → 2 annihilations, for n = 0. The scale of energy is GeV. We start by defining the effective
degrees of freedom, the true and reduced Planck mass, the mass of the dark matter.

n=0;
g = 2;
gstar = 100;
gstars = 106.75;
Mpl = 1.2209*10^19; (*GeV*)
Mplred = 2.435*10^18; (*GeV*)
m = 10; (*GeV*)
h = 0.75;

Both equations are very similar, but encountering the solution for the 3-2 process is rather
trickier.

A.1.1 The self-annihilation equation

We are solving the 2-2 equation,

dy
dx
= −σx−2(y2 − y2

eq), (A.1)

with

yeq = 0.0382402(g/g1/2
∗s )mMPl x3/2 exp(−x), (A.2)
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given the boundary condition that

y(1) = yeq(1), (A.3)

i. e. that the species is equilibrium at start.
We solve this equation for different values of a constant cross-section σ, which is a rather

straightforward procedure if compared to solving the 3-2 equivalent. We start by defining the
function for the equilibrium comoving abundance,

ybEQ[x_] := 0.0382402 (g/gstars^(1/2)) Mpl m x^(3/2) Exp^(-x);

and then we proceed to solve the equation, using the NDSolve command.
solutiona =
NDSolve[{yb’[x] == \sigma/x^2 (yb[x]^2 - ybEQ[x]^2),

yb[1] == N[ybEQ[1]]}, yb, {x, 1, 50}];
solutionb =
NDSolve[{yb’[x] == -\sigma/x^2 (yb[x]^2 - ybEQ[x]^2),

yb[50] == Evaluate[yb[50] /. solutiona]}, yb, {x, 50, 1000}];

Notice that we had to split the procedure into two regions: one for 1 ≤ x < 50; another for
50 ≤ x ≤ 1000. This is due to Mathematica’s stability issues when finding the solution for such a
region as large as 1 ≤ x ≤ 1000. At this point, however, we already have the numerical solution
for the auxiliary variable y for an arbitrary σ, stored within the solutiona and solutionb
variables, and we ready to plot it. But, as we are looking for the actual comoving abundance
Y = y/λ instead of plotting the newly-found y solution, we plot the fraction y/yeq(1),which does
cancel out the λ factor and is equivalent to Y/Yeq(1).

When it comes to plotting, we still have to unite both solutions solutiona and solutionb
into a single plot, which is given by the g1 graphics,

g1 = Show[ga,gb]

defined after the correspondent single plots for the individual parts of the solution,
ga = LogLogPlot[({yb[x] /. solutiona})/(ybeq[1] ), {x, 1, 50},
BaseStyle -> {FontFamily -> "Times", FontSize -> 10},
AxesLabel -> {HoldForm[x], HoldForm["Y/Y(1)"]},
PlotStyle -> {RGBColor[0.2, 0.2, 0.2], Dashed},
PlotRange -> {{1, 300}, {0, 10^(-15)}}];

and
gb = LogLogPlot[({yb[x] /. solutionb})/(ybeq[1]), {x, 50, 300},
BaseStyle -> {FontFamily -> "Times", FontSize -> 10},
AxesLabel -> {HoldForm[x], HoldForm["Y/Y(1)"]},
PlotStyle -> {RGBColor[0.2, 0.2, 0.2], Dashed},
PlotRange -> {{1, 300}, {0, 10^(-15)}}];

It may be also interesting to plot the equilibrium comoving abundance, given by
geq = LogLogPlot[ybeq[x]/ybeq[1], {x, 1, 24.6},
PlotStyle -> RGBColor[0.2, 0.2, 0.2],
PlotRange -> {{1, 300}, {0, 10^(-15)}}];

And these give the results similar to the figures ().
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A.1.2 The 3→2 equation

Finding the solutions for the 3-2 process is rather trickier if compared to the previous case, for such
a straightforward approach leads to divergences and stability issues for the values of cross-section
within the range we are interested. Mathematica, however, becomes more efficient when working
directly with floating points, instead of symbols, and it is flexible enough to allow us to change its
command’s internal parameters. In order to find a program that actually works, our approach has
to be more careful. We will work explicitly with their numerical values. The Boltzmann equation
turns to

dy
dx
= −(6.20239 × 10−26)σx−5(y3 − y2yeq), (A.4)

with the equilibrium abundance is given by

yeq = (6.88629 × 1023)x3/2 exp (−x). (A.5)

We will define two compiled functions: one for the right-hand side of the Boltzmann equation
rhsC; other, for the equilibrium function. To this end, we use the Compile and NumericQ
commands, which state the explicitly numeric, and not symbolic, dependence on the functions.
The right-hand side of the equation, with y represented by yb and σ represented by \[Sigma],
turns to

comprhsc =
Compile[{{x, _Real}, {Cyb, _Real}, {C\[Sigma], _Real}},
-(6.20239‘24.*^-26) C\[Sigma] x^(5.0)) (Cyb^(3) - (Cyb^(2)) \
((6.88629‘24.*^23) x^(3/2) E^(-x)))];

rhsc[x_?NumericQ, Cbx_?NumericQ, C\[Sigma]x_?NumericQ] := \
comprhsc[x, ybx, C\[Sigma]];

where C\[Sigma] is just an auxiliary variable, as well as Cyb.
Defining the yeq function as ybeq, we have

compybeq =
Compile[{{x, _Real}}, (6.88629‘24.*^23)x^(1.5)E^(-x)];

ybeq[x_?NumericQ] := compybeq[x];

Then, in order to solve the Boltzmann equation we use the command
solutionc = NDSolve[{yb’[x] == rhsc[x, yb[x], \[Sigma]],

yb[1]== 2.53332‘24.*^23}, yb, {x, 1, 300}, \
WorkingPrecision -> 24, PrecisionGoal -> 5, \
MaxSteps -> 500000, \
MaxStepSize -> 0.001];

changing the parameters of precision and step size of the integration method so that the solution
will converge. With this, we have a solution of y for a particular value of σ. The graphics are made
using the same plotting commands as for the previous section.

A.1.3 Solving the complete equation

In order to solve the complete Boltzmann equation, regarding any of the processes discussed
in the text, we have to follow the same approach as for the 3-2 process. This is to say that we
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need a compiled function of every term of the right-hand side of the Boltzmann equation. The
self-annihilation term,

comprhsA =
Compile[{{x, _Real}, {ybx, _Real}, {asx, _Real}},
-(1/x^2) asx (ybx^2 -
((3.73277‘*^13) x^(1.5) Exp[-x])^2)];

rhsA[x_?NumericQ, ybx_?NumericQ, asx_?NumericQ] :=
comprhsA[x, ybx, asx];

the semi-annihilation term

comprhsB =
Compile[{{x, _Real}, {Cyb, _Real}, {C\[Sigma], _Real}},
-(6.20239‘24.*^-26) C\[Sigma] x^(5.0)) (ybx^(3) - (Cyb^(2))
((6.88629‘24.*^23) x^(3/2) E^(-x)))];

rhsB[x_?NumericQ, Cbx_?NumericQ, C\[Sigma]x_?NumericQ] :=
comprhsB[x, ybx, bsx];

and the, final, 3-2 process term

comprhsc =
Compile[{{x, _Real}, {Cyb, _Real}, {csx, _Real}},
-(6.20239‘24.*^-26) csx x^(5.0)) (ybx^(3) - (Cyb^(2))
((6.88629‘24.*^23) x^(3/2) E^(-x)))];

rhsc[x_?NumericQ, Cbx_?NumericQ, C\[Sigma]x_?NumericQ] :=
comprhsc[x, ybx, csx];

Above, asx, bsx and csx represent the cross-section of each process. The solution is then given
by the NDSolve command

solutionABC = NDSolve[{yb’[x] ==
rhsA[x, yb[x], As] + rhsB[x, yb[x], Bs] + rhsC[x, yb[x], Cs],
yb[1]== 2.53332‘24.*^23}, yb, {x, 1, 300},
WorkingPrecision -> 24, PrecisionGoal -> 5,
MaxSteps -> 500000, \
MaxStepSize -> 0.001];

where now the cross-sections are represented by As, Bs and Cs.
In expense of pedagogy, it is interesting to plot a dynamical graphic, so that we can change

the cross-section values using a graphical user interface. Using the Manipulate command, we
can determine an interval within which the cross-section value can be modified to, and solve the
differential equation in real time.

boltzA = Manipulate[
With[{sola =

NDSolve[{yb’[x] == rhsA[x, yb[x], A], yb[1] == 1.72105‘*^13},
yb, {x, 1, 1000}]},

LogLogPlot[{yb[x] /. sola}/(1.72105‘*^13), {x, 1, 1000},
AxesLabel -> {HoldForm[x], HoldForm[Y/Y[1]]},
PlotStyle -> RGBColor[0, 0.4, 0],
PlotRange -> {{1, 1000}, {10^(-12), 10^(1)}}]], {A, 0, 1},

Dynamic[10^(-(6 + 10*A))]];
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A.2 Arbitrary temperature-dependent cross-section
We used the CalcHEP package for integration in the momenta-space in order to find the cross-
section as function of momentum for an specific process,

X X̄ → X X X.

The two particles in the initial state have identical mass m and identical initial momenta p. Given
such value for the momenta of the two particles in the initial state, CalcHEP returns upon Monte
Carlo integration a value σ. Considering that, in turn, we need a curve of σ(p),we made a Bash
script to run the package for an arbitrary interval of momenta, ranging from some initial value
pinit to another final value pfin.

pinit=‘echo "0.0686" | bc -l‘
pfin=‘echo "80" | bc -l‘

We choose as many points as we desire within such momentum interval, which is result in
a curve of σ(p) of that many points. Given this number of points, we also define a delta, the
separation between each point within our momentum interval.

floatnumber=‘echo "800" | bc -l‘
intnumber=800

delta=‘echo "($pfin-$pinit)/$floatnumber" | bc -l‘

A loop is required to run the CalcHEP package for each momentum value, each point spaced by
delta within the interval. Starting with i=0 up to the npoints determined, we run within the
results directory, the commands

../bin/set_momenta $momenta $momenta

./n_calchep -blind "[[[[[[[[[{[[[{{{{{{{{{{}\8a"

The first line sets the momenta of the two particle to be the one stored within momenta and the
second lines runs CalcHEP’s Monte Carlo integration consecutive times and creates the file with
the respective cross-section value. Details on why the string "[[[ . . .8a" means running such
integrations consecutively are provided on the package’s manual.

The loop will finally be given by
i=0
while [ $i -lt $intnumber ]; do
momenta=‘echo "$pinit+$i*$delta" | bc -l‘
echo $i ": ""PROCEEDING ON CALCULATIONS FOR" $momenta "GeV."
../bin/set_momenta $momenta $momenta
./n_calchep -blind "[[[[[[[[[{[[[{{{{{{{{{{}\8a"
echo "FINISHED."
echo " "
let i=i+1

done

which returns one file for every momentum point within our interval.
We end up with a number of npoints files, each of them containing the information of the σ

and the p in which we are interested, but spread among informations of the calculations, such the
coupling constants used and the errors between each Monte Carlo integration.
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In order to mine all this data, we made a Python script to read all the files generated by CalcHEP,
select from each file the information that we want, i. e. σ and its respective p, and displace each
pair of σ(p) in a comprehensible table, later to be imported into Mathematica. But not only this,
this script also converts σ(p) in picobarns into σ(s) in GeV−2,which is, in fact, the data we will
use.

We start the script by importing the usual packages,
import string
from numpy import array, empty

Then we define all the variables and arrays that are going to be used. If m-1 is the number of
files to be read (m-1 must be equal to the npoints defined above), then we have

b=empty(m-1) #array to store the cross section values
a=empty(m-1) #array to store the momenta
s=empty(m-1) #array to store the value of s
mass = 0.05

CalcHEP’s output files are all named with the prefix prt_. We have a loop to open each file,
select the momenta and cross-section values, then store them in their respective arrays.

for i in range(m-1): #python starts at 0, so we subtract 1
j=i+1 #file counter, from 1 to m
filename = "prt_"+"%d" % (j) #name of the file

f = open(filename,"r") #opens the input file in read mode, "r"
linelist = f.readlines() #stores the file in the linelist list
count = len(linelist) # counts the number of lines in the file
lastline = linelist[count-1] #reads the last line of the file
value = lastline[9:20] #reads from the column what we need

momentaline = linelist[count-105]#reads the line wherein the momentum is
momentavalue= momentaline[21:33] #selects momentum value from the line

b[i] = value #assigns the value to a matrix element
a[i] = momentavalue #assigns the value to a matrix element

We then close the file with f.close(). Given that the momentum is stored within the a
array, we now calculate the respective squared energy of the centre of momentum, s, and convert it
from pb to GeV−2, using that 1 pb = 10 × 10−36 cm2 and that 1 cm2 = 2.560 GeV−2,

for i in range(m-1):
s[i] = 4*(mass**2+a[i]**2)*(10**(-36))*(2.56036*(10**27))

and then we tell Python to generate a file whose contents will be a table of the values of σ by s.
Remember that the cross-section values are stored within the b array.

gs = open("A_cross-sections_s","w")
gs.write("s"+" sigma"+"\n")
for i in range(m-1):

rowstr = "%s"%(a[i])+" %s"%b[i]
gs.write(rowstr+"\n")

gs.close()

This file is then imported into Mathematica and interpolated into a function σ(s).
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data\[Sigma] =
Import["/home/koerich/Documents/calchep/benchC/Cquad_cross-sections_\
s_GeV-2"];

points\[Sigma] = Rest[data\[Sigma]];
\[Sigma] = SetPrecision[Interpolation[points\[Sigma]], 32]

This function has then to be integrated, according to eq. (3.54). We will define arrays of
temperatures T and x, and then separate the equation into the numerator and denominator parts.
The x variable will lie within a set whose range starts at xInit and ends at xFinal, each element
of such set separated by a deltaX. The set has npoints elements.

xInit = 0.01‘32;
xFinal = 30‘32;
npoints = 100‘32;
deltaX = SetPrecision[(xFinal - xInit)/npoints, 32];

T = SetPrecision[Range[npoints], 32];
x = SetPrecision[Range[npoints], 32];
Denom = SetPrecision[Range[npoints], 32];
Nume = SetPrecision[Range[npoints], 32];

Do[x[[i]] = N[xInit + (i - 1)*deltaX], {i, 1, npoints}];
Do[T[[i]] = N[m/x[[i]]], {i, 1, npoints}];

We perform the integration for every value of x.

Do[Denom[[i]] = 8 m^4 T[[i]] (K2[x[[i]]])^2, {i, 1, npoints}];

Do[Nume[[i]] =
NIntegrate[\[Sigma]FRANK[s] (s - 4 m^2) (s^(1/2)) K1[

s^(1/2)/m x[[i]]], {s, 0.092‘32, 1.24‘32}, MaxRecursion -> 100,
WorkingPrecision -> 32, PrecisionGoal -> 16, AccuracyGoal -> 13,
Method -> {GlobalAdaptive, MaxErrorIncreases -> 20000}], {i, 1,

npoints}]

The numerators and denominators are joined in a fraction into another array, containing the
values of 〈σv〉

fraction = SetPrecision[Range[npoints], 32];
Do[fraction[[i]] = Nume[[i]]/Denom[[i]], {i, 1, npoints}];

and, finally, these are assembled into list of 〈σv〉 by x.

\[Sigma]v = SetPrecision[Range[npoints],32]
Do[\[Sigma]v[[i]] = {N[x[[i]]], N[avg[[i]]]}, {i, 1, npoints}];

This list is then interpolated and we obtain a function 〈σv〉(x).

\[Sigma]vx = Interpolation[\[Sigma]v]

We can finally solve the Boltzmann equation using this. For the B benchmark point, the
equilibrium abundance will be given by

compyEQ =
Compile[{{x, _Real}}, (0.0027119088112185804‘32) x^(3/2) E^(-x)];

ybEQ[x_?NumericQ] := compyEQ[x];
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and the right-hand side of the equation will be defined as
compRHSC =
Compile[{{x, _Real}, {ybx, _Real}, {C\[Sigma], _Real}},

-1.7215730794033613‘*^18 (C\[Sigma]/x^2)
(1/(0.0027119088112185804‘32 x^(3/2) E^-x))
(ybx^3 -ybx^2 (0.0027119088112185804‘32 x^(3/2) E^-x))];

RHSC[x_?NumericQ, ybx_?NumericQ, C\[Sigma]x_?NumericQ] :=
compRHSC[x, ybx, C\[Sigma]x];

The solution will then be determined by NDSolve.
solutionCi =

NDSolve[{yb’[xb] == RHSC[xb, yb[xb], \[Sigma]v[xb]],
yb[1] == 0.0009976554979790019‘24}, yb, {xb, 1, 14},
WorkingPrecision -> 24, PrecisionGoal -> 5, MaxSteps -> 500000,
MaxStepSize -> 0.001]1

N[yb[14] /. solutionCi]

solutionCii =
NDSolve[{yb’[xb] == RHSC[xb, yb[xb], \[Sigma]v[xb]],

yb[14] == 2.426192157189466‘24*^-7}, yb, {xb, 14, 40},
WorkingPrecision -> 24, PrecisionGoal -> 5, MaxSteps -> 500000,
MaxStepSize -> 0.001]

The solutions can be plotted by
plotRange = {{1, 40}, {1 10^-9, 1 10^-1}};

YCi = LogLogPlot[{yb[x] /. solutionCi}, {x, 1, 14},
PlotRange -> plotRange, AxesOrigin -> {1, 1 10^-9},
BaseStyle -> {FontFamily -> "Times", FontSize -> 10},
AxesLabel -> {HoldForm[x], HoldForm["Y"]},
PlotStyle -> {RGBColor[0.2, 0.2, 0.2]}];

YCii = LogLogPlot[{yb[x] /. solutionCii}, {x, 14, 40},
PlotRange -> plotRange, AxesOrigin -> {1, 1 10^-9},
BaseStyle -> {FontFamily -> "Times", FontSize -> 10},
AxesLabel -> {HoldForm[x], HoldForm["Y"]},
PlotStyle -> {RGBColor[0.2, 0.2, 0.2]}];

YCeq = LogLogPlot[ybEQ[x], {x, 1, 40}, PlotRange -> plotRange,
AxesOrigin -> {1, 1 10^-9},
BaseStyle -> {FontFamily -> "Times", FontSize -> 10},
AxesLabel -> {HoldForm[x], HoldForm["Y"]},
PlotStyle -> {RGBColor[0.7, 0.7, 0.7]}];

Show[YCeq, YCi, YCii]
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