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� We present an analysis of the growth rate of adhrent cell colonies.

� We show that five cell lineages share the same temporal behavior of the growth rate.
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a b s t r a c t

In this work, we used five cell lineages, cultivated in vitro, to show they follow a common functional form
to the growth rate: a sigmoidal curve, suggesting that competition and cooperation (usual mechanisms
for systems with this behavior) might be present. Both theoretical and experimental investigations, on
the causes of this behavior, are challenging for the research field; since the sigmoidal form to the growth
rate seems to absorb important properties of such systems, e.g., cell deformation and statistical inter-
actions. We shed some light on this subject by showing how cell spreading affects the radius behavior of
the growing colonies. Doing numerical time derivatives of the experimental data, we obtained the
growth rates. Using reduced variables for the time and rates, we obtained the collapse of all colonies
growth rates onto one curve with sigmoidal shape. This suggests a universal-type behavior, with regime
transition related to a morphological transition of adherent cell colonies.

& 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Mathematical modeling of tumor growth has been an issue over
decades, this has broken down the barriers between experimental,
theoretical and computational sciences, and helped us to establish
new connections between biology, physics and mathematics (Byrne,
2010). Especially in the last fifteen years, the search for universality
classes has made this field of research highly fertile (Brú et al., 1998,
2003; Huergo et al., 2010, 2011, 2012). However, an alternative
approach, paying attention to the radius growth rate of the colonies,
could be used in the search for essential mechanisms that would rule
the dynamics and the morphology of the aggregates of cancerous cells.
In fact, the rate at which the number of cells increases or decreases has
always been a central point used to evaluate the mechanisms involved
in the growth of a population (Freyer and Sutherland, 1986), or the
effectiveness of a specific treatment (Leith et al., 1993). Sometimes, the
approach to the rate is done without taking into account the details
that lead to the formation of aggregates, e.g., neglecting the cell to cell
interactions (Dawson and Hillen, 2006).

Over the last 20 years, there has been an increasing interest in
the study of interactions between cells and in the formation of
monolayer aggregates. These studies are done, for example, to
refine the margins of irradiation (Unkelbach et al., 2014); to verify
possible tumor infiltrations in the healthy tissue (Poplawski et al.,
2009); to quantify instabilities in the contour (Amar et al., 2011;
Chatelain et al., 2011); changes in the cell cycle (Kim et al., 2014);
or to identify known patterns (Brú et al., 1998, 2003; Huergo et al.,
2011, 2012). In particular, in the study of monolayer cluster for-
mation, when one does a modeling that includes the effects of
proliferation and diffusion explicitly, a wide range of parameters
can be chosen to fit the experimental data (Maini et al. 2004a,b).
Some experimental work has been done to achieve clear rules for
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its determinations and reduce the multiplicity of choices (Simpson
et al., 2013; Treolar et al., 2014).

An alternative approach to deal with aggregates is to propose
phenomenological equations using effective growth rates (Drasdo
and Hoëhme, 2005; Radszuweit et al., 2009). In the work of Costa
et al. (2013) one proposes that the radius increasing rate has a
sigmoidal shape. This could be a successful way to describe the time
evolution of tumor colonies, since the experimental data and the
theoretical modeling agreed quantitatively. Also, one has the
advantage of describing this effective sigmoidal rate with con-
tinuous functions instead of step-like functions. Moreover, this type
of rate behavior suggests the existence of a regime transition that
we believe to be related with a morphological transition of cell
colonies (Puliafito et al., 2012). Our goal in this work is to extend
this approach to several cell lines, and show that the sigmoidal rate
behavior is common, being an important intrinsic feature of this
type of growth. Also, we discuss the possible mechanisms that may
generate this type of behavior ubiquitously present in biochemical
reactions, i.e., cooperative and competitive mechanisms.
(

2. Model and methods

2.1. In vitro experiments and image processing

We cultivated HeLa (human cervical carcinoma), HCT-115 (human
colorectal adenocarcinoma),1 B16–F10 (mouse melanoma)2 and NIH-
HN-13 (human head and neck squamous carcinoma) cells (passage 2–
20). Also, we used data from HT-29 (human colon carcinoma) cell
lineage (Brú et al., 2003). Cells were plated at low density (25–50 cells/
ml) in corning culture flasks with a 25 cm2 growth area. For HeLa and
NIH-HN-13 cell lines we used 4ml of DMEM medium containing 10%
fetal bovine serum (FBS) and 1% penicillin and streptomycin; for HCT-
115 and B16–F10 cell lines we used 4ml of RPMI-1640 medium with
the same amount of supplements mentioned above. Cells were main-
tained in an atmosphere of 5% CO2 and 37 °C. During the experiment
the whole culture medium was carefully replaced every 3 days.

After 24 h of culture, several colonies with at least two cells were
selected and imaged regularly with magnifications of 10� and
20� using two inverted microscopes: one with phase-contrast
(Olympus IX-71, to image HeLa, HCT-115 and NIH-HN 13 cells) at the
Centro de Pesquisas em Oncologia Molecular (CEPOM), Hospital de
Câncer de Barretos-SP-Brazil, and the other equipped with DIC (Nikon
Ti-Eclipse, to image B16–F10 cells) at the Laboratório de Química
Analítica, Grupo de Física Biológica, Departamento de Física e Química,
FCFRP/USP-SP-Brazil. Photographs were scanned with a resolution of
1 μm/pixel (10� ) and 0.5 μm/pixel (20� ) (IX-71), and, 0.64 μm/pixel
(10� ) and 0.32 μm/pixel (20� ) (Ti-Eclipse). The colonies' profiles
were hand-traced with the aid of ImageJ3 and CellSens 2.0 software
and the radius measurements of these profiles were done with in-
house computer software. When necessary, the entire image of each
colony resulted from the composition of partial images.

With our in-house software tool, we calculated the mean radius
for the 10� -profiles using the relation (Costa et al., 2013)

rðtÞ ¼
ffiffiffi
2

p
d0rg; where d0 is the resolution in μm/pixel and rg ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1=npÞ
Pnp

p ¼ 1 ½ r
!

p� r!cmðtÞ�2
q

is the radius of gyration, obtained

with the pixel's positions r!p, the number of pixels np, and the
center of mass r!cmðtÞ ¼ ð1=npÞ

Pnp

p ¼ 1 r!p. Each growing colony
was followed until reaching the border of a neighboring colony,
sometimes taking approximately 330 h to have contact. For
1 ATCC, Rockville, MD.
2 BCRJ, Rio de Janeiro, Brazil.
3 http://rsbweb.nih.gov/ij/
magnifications of 20� we manually counted the number of cells
in the samples.

2.2. Mathematical model

As presented in previous work (Costa et al., 2013), we assume
an effective rate described by the sigmoidal function:

ωðtÞ ¼ d
dt
rðtÞ ¼ α� β

1þexp½γðt�tcÞ�
: ð1Þ

Initially, the growth is roughly linear with a constant rate
ω0 �ωðtÞ � α�β. After a critical time tc (note that ωðtcÞ ¼ α�β=2),
the curve changes its behavior going to a constant rate α, where γ is a
parameter that determines how fast the rate evolves from ω0 to α.
Now, we can define the reduced variables for the rate and time,
respectively, as follows:

ωc ¼
½ðω=αÞ�1�

Γ
; ð2Þ

and

τ¼ γðt�tcÞ; ð3Þ
with Γ ¼ β=α. After some algebraic manipulations with these vari-
ables, by substituting in Eq. (1), we obtain

ωc ¼ � 1
1þexpðτÞ: ð4Þ

Fig. 1 illustrates the biological meaning of the four parameters in Eq. (1),
by giving a pictorial view of a growing colony in five different instants.

Thus, despite the different parameters α, β, γ and tc, intrinsic for
each cell lineage, the reduced rate and time allow us to collapse the
data onto a single sigmoidal-like growth rate curve. Therefore, we
could fit the experimental data for the mean radius of the colonies
with the function

rðtÞ ¼ r0þ
β
γ
ln

exp½�γðt�tcÞ�þ1
expðγtcÞþ1

� �
þαt; ð5Þ

which is the solution of Eq. (1) with the condition rð0Þ ¼ r0 � 5 μm
(Drasdo and Hoëhme, 2005). For the curve fitting,4 we did a shift in
the data of the mean radius, for different colonies, of each cell line,
following a similar approach of Brú et al. (1998) and Puliafito et al.
(2012). There, the authors did shifts in the growth curves to coincide
with the initial radius at t¼0 (Brú et al.), and at the beginning of the
morphological transition (Puliafito et al.). Here, we do shifts and
fittings to build the growth curves, using the following scheme:

(i) make a data fitting for each individual colony with the func-
tion given by Eq. (5);

(ii) choose the best curve from the fittings of step (i) – that one with
the smallest errors in the parameters – to use as a guide-curve;

iii) minimize the sum of the residuals, between the guide-curve
and the experimental data, of each individual colony, by doing
temporal shifts and updating the colonies data;

(iv) put all final data together (including those used to build the
guide curve), and make the fitting to obtain the values of the
parameters α, β, γ and tc.
3. Results

Fig. 2 shows the growth curves and the parameters of the sig-
moidal rate (see Eq. (1)). For B16–F10 cells we found
α¼ 6:270:4 μm=h. Also, we averaged the parameters obtained for
each individual colony (recipe in the step (i) of the shift-fit scheme),
4 To see the data the reader is referred to the Online Supplementary Material.

http://rsbweb.nih.gov/ij/


Fig. 1. Schematic diagram of our modeling. We made a pictorial representation of the aggregates at different times, and for two different γ values. At the very beginning, the
cells have great mobility and the colony grows with rate ω� α�β; after this, the cells form an aggregate with a non-circular shape. About the critical time tc, after the formation
of a critical nucleus, a more circular shaped aggregate arises. This is followed by the morphological transition, i.e., a compaction of the inner cells (the reader is referred to Fig. 4
and the work of Huergo et al., 2011, 2012, to see some real patterns), and as the aggregate expands, the growth becomes linear with constant rate α, driven by the border cells.

5 In practice, one obtains the derivative, by averaging the slope of adjacent
points to each experimental data ðti; riÞ, i.e., ωðtiÞ ¼ 2�1ðΔriþ1Δt�1

iþ1þΔriΔt�1
i Þ. At

the extremes, i¼1 and i¼ imax , we use only one term, and so we replace the factor
2 by 1.

F.H.S. Costa et al. / Journal of Theoretical Biology 387 (2015) 181–188 183
getting 〈α〉¼ 5:770:3 μm=h; for the HeLa lineage we obtain α¼
2:570:1 μm=h and 〈α〉¼ 2:570:2 μm=h, and, for HCT-115 cells, α
¼ 2:470:3 μm=h and 〈α〉¼ 2:670:7 μm=h. We present especially
the parameter α because we will compare it with the literature in
the discussion section; see other parameters in Fig. 2, Table 1, and in
the Supplementary Data.

Fig. 3 shows the behavior of the mean radius R as a function of
the total number of tumor cells NT. We could find that the function
R¼ R0þa

ffiffiffiffiffiffi
NT

p
fits the data well (Huergo et al., 2011). The parameter

R0 would be presumably the colony radius obtained by extrapola-
tion to a situation where there would be no cells. However, this has
no meaning for the system under consideration, since it requires at
least one tumor cell to start the growth process, and so defining a
colony. We can replace the radius of the first cell by the relation
Reff ¼ R0þa, and thus obtain R¼ Reffþað ffiffiffiffiffiffi

NT
p �1Þ.

Fig. 4 shows a colony in three different instants. We can see a
change in the shape along the temporal evolution: from an
undefined geometric form to a circular shape. Also, as described by
Huergo et al. (2011, 2012), we can note that the characteristic cell
size depends on its position in the aggregate. In addition, we
notice that in large colonies, there exist cells piling up and forming
multiple layers (figure not shown). In small colonies, at initial
stages, the deviation of aggregates from the circular shape is
accompanied by the formation of holes. These holes, in large
colonies, are quickly filled, not directly influencing the growth
dynamics, but the colony morphology.

In Fig. 5 we show a growth curve of three colonies of HCT-115.
We collapsed the pre-pile-up mean radius of the colonies onto a
single curve with the same parameters shown in the Fig. 2. The
dashed lines show the region of the growth curve where the pile
up becomes evident. The stacking starts at time tpile ¼ 28779 h
with an average radius rpile ¼ 380730 μm.

Doing transformations in the data sets, by using Eqs. (2)–(4), we
found a common sigmoidal behavior for the cell lineages shown in
Fig. 6. Table 1 shows the parameters used to build this figure.5 We
need to highlight the time window used: Brú et al. (2003) worked
with a time window of about 1400 h, while here we worked with
about 330 h. To make the data sets with about the same size, we did a
cut off in the HT-29 data at about τ¼ 7. Nevertheless, the sigmoidal
behavior is also compatible with Eq. (4) for reduced times greater
than τ¼7. To see with more details, we refer the reader to the work of
Costa et al. (2013), where the authors showed the non-reduced sig-
moidal growth rate up to t¼1400 h ðτ� 19Þ for the HT-29 cell line.



Fig. 2. Temporal evolution of the mean radius of cell aggregates. The upper left part shows the temporal evolution for HCT-115 cells, the upper right for HeLa lineage and the
bottom for colonies of B16–F10. The colored symbols represent the experimental data points and the solid dark blue line is the fitting using the function given by Eq. (5). (For
interpretation of the references to color in this figure caption, the reader is referred to the web version of this paper.)

Table 1
The parameters used in Fig. 6.

Lineage α Γ γ�1 tc

HT-29 1.96 (1) 0.633 60 (10) 459 (8)
HeLa 2.5 (1) 0.64 9 (7) 205 (6)
HCT-115 2.5 (3) 0.96 40 (10) 127 (8)
NIH-HN-13 3.6 (1) 0.70 16 (2) 140 (n)
B16–F10 6.2 (4) 0.95 27 (5) 140 (5)

The unit for α is μm/h; for γ�1 and tc is h; Γ is dimensionless.
( � ) denotes the statistical error in the last significant digit; (n) value was held fixed.

Fig. 3. The radius R as a function of the square root of the number of HeLa cells (left) and B16–F10 cells (right), and the linear fitting (solid dark blue line). (For interpretation
of the references to color in this figure caption, the reader is referred to the web version of this paper.)
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Fig. 4. Shape evolution of a colony culture of B16–F10 cells in the temporal sequence. The first and the smallest one, at left, after about 44 h have a mean radius of 36 μm and
NT¼8 cells. The second, at the middle, after 158 h, have a mean radius of 218 μm; with this size we were not able to count the number of cells. The last one, at right, after
166 h have a mean radius of 258 μm.

Fig. 5. Average radius for three colonies of HCT-115 cells fitted using the same
parameters as in Fig. 2.

Fig. 6. The data collapse using reduced variables (rate and time) onto a single curve
(solid dark blue line) for five cell types. The parameters used are summarized in
Table 1. (For interpretation of the references to color in this figure caption, the
reader is referred to the web version of this paper.)
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4. Discussion

The data displacement on the time axis to construct the growth
curves shown in Fig. 2 is a simplified procedure to correct effects due to
colonies heterogeneity, such as cellular desynchronization, different
adhesion times and initial cellular contact area. The values for α that we
found to B16–F10 cells agree with the value found by Brú et al. (2003):
α¼ 5:8370:01 μm=h. However for the HeLa lineage, our results are
about twice that obtained by Brú et al. (2003): α¼ 1:3470:01 μm=h.
One possible explanation for the difference in the growth rate for the
Hela cells is in the culture medium: we used DMEMmediumwhile Brú
et al. used RPMI-1640 medium. A change in the culture medium may
change some cellular properties (Tziampazis and Sambanis, 1994),
including growth rates in established (Ostgaard et al., 1981) and primary
cultures (Hagmann et al., 2013; Li et al., 2004).

We can find in the literature, a wide range of works using the
RPMI-1640 and DMEM media in well established lines such as HeLa
lineage. Therefore, to explain better the different growth rates
between those reported by Brú et al. (2003) and Huergo et al. (2012),
and in our work, we should do further investigation into the role of
the medium in the regulation of growth rates. Following the same
reasoning, other factors such as the change in the concentrations of
serum (Durand, 1980), CO2, and glucose (Freyer and Sutherland, 1986;
Jiang et al., 2005) have been reported as modifiers of the growth rate
in spheroids, influenced mainly by the concentration of growth factors
(Goustin et al., 1986). This must be valid also for monolayer cultures.

Our result for the growth rate of HeLa cells also is in disagreement
with Huergo et al. (2012) result: 571 μm=h. In this case, the dif-
ference between the experimental procedures is, besides the differ-
ent culture media, the passage number. While we used low passages
(between 2 and 20), Huergo et al. used a passage number of 44.
Campbell et al. (2002), showed that the number of passages is
directly related with decreasing expression of estrogen receptor
alpha (ERα) in GH3/B6/F10 cells (rat pituitary tumor) – a difference of
only 4 passages could significantly reduce the expression of Erα; this
receptor has been correlated with cellular proliferation (Razandi
et al., 1999). Whereas ERα is not expressed in HeLa cells (Fluoriot et
al., 2000), the results shown above suggest that the number of pas-
sages plays an important role in regulating the growth rate. Gen-
erally, low passages are recommended in the study of cells (Masters,
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2000). More studies are necessary to examine these facts and wewill
do this in future works.

The experimental data shown in Fig. 2 fit well with the function
given by Eq. (5), showing a good agreement with our rate modeling.
An inspection of Eq. (1) and its solution Eq. (5) reveals three stages of
colony growth. The first region is the stage inwhich the colony grows
linearly with time, since ωðtÞ �ω0. The second one, near tc, is a
crossover region, after that, the third one is where the radius con-
verges to the linear asymptotic regime rpαt. We believe that one
could relate this regime change to a morphological transition, as
observed in MDCK (Mardin–Darby canine kidney) cell lineage
(Puliafito et al., 2012), and it could occur in all adherent cell lines. The
condition of growth in this model is trivial, namely, αZβ implying
that Γr1; Γ ¼ 1 is possible because of the factor f 0 ¼
½1þexpð�γtcÞ��1 that multiplies β in Eq. (1) at t¼0, satisfying
ω040, condition to start the growth, although usually f 0-1. At the
second region, one could replace the parameter f 0β by an effective
parameter βeff, which we define as βeff ¼ fβ, with
f ¼ ½1þexp½γðt�tc�Þ��1. We may relate this parameter with irregu-
larities, such as protrusions and valleys, at the growth front, and
some voids in the bulk, resulting in a non-circular colony. In some
sense, one could relate βeff with the measurement of the aspect
ratio such as studied by Huergo et al. (2011). Note that βeff-f 0β
when t⪡tc , and βeff-0 when t⪢tc , so, for large t, the aggregate
shape becomes close to circular. Notice that the sigmoidal rate (Eq.
(1)) does not lead to the saturation of the growth curve, in agreement
with the literature (Brú et al., 1998, 2003; Huergo et al., 2011, 2012;
Drasdo and Hoëhme, 2005; Byrne and Drasdo, 2009; Drasdo et al.,
2007; Radszuweit et al., 2009). The saturation is not a mechanism of
the aggregate itself, but it is due to the boundary conditions of the
culture flask. This fact contrasts with a Gompertzian growth profile
(Laird, 1964; Winsor, 1932) in which saturation is expected, therefore
our modeling does not apply to that type of tumor growth.

The parameter Reff, defined with the function shown in Fig. 3,
is different from r0 (in Eq. (5)), the radius of a single cell at the time
of adhesion to the culture plate. The observed cell spreading in
contact with a surface explains the difference between these
lengths (Odenthal et al., 2013; Cuvelier et al., 2007). As we can see
in Fig. 3, the Reff of HeLa cells is approximately twice the value of
B16–F10 cells, and one may relate this to the fact that HeLa cells
can spread more than B16–F10 cells.

As we can see in Fig. 4, the inner cells in a large cluster have
different sizes. Huergo et al. (2011, 2012) studied this in detail, and
Puliafito et al. (2012) related it with the morphological transition.
In this process, the compression exerted by the outer cells deforms
the inner cells, causing area reduction, increasing the local density,
and arresting the cell cycle. When the inner cells suffer sufficient
stress, the pile up begins, caused both by the mechanism of
compression and the ability of cells to escape from anoikis. In the
B16–F10 cells, coordinated molecular mechanisms protect cells
from anoikis (Goundiam et al., 2008, 2010).

As described in the theory of Galle et al. (2005), the behavioral
change in the asymptotic linear region of the growth, as depicted in
Fig. 5 for HCT-115 cells, suggests the formation of multiple layers. This
change in behavior may be due to low adhesive energy between cells
and plate, the compression exerted in the cells, and the ability of this
cell line to escape from anoikis. Studies also suggest biochemical
pathways and genetic mutations, as found in several types of tumors
of the colon (HCT-115 is a lineage of colorectal cells). Which may lead
to such resistance, and consequently, the propensity for the formation
of multiple layers (Yan et al., 1997; Placzek et al., 2010). A contrasting
fact to point out is that the growth velocity reduction in the linear
region is not evident for B16–F10 and other cell lines: HeLa (Huergo et
al., 2012), Vero (Huergo et al., 2011) and SW-480 (Galle et al., 2009);
although the mechanisms required for the formation of multiple lay-
ers are the same as in HCT-115 cells. Possibly, this is due to a low cell to
cell cohesive energy (Galle et al., 2009). It will require further studies
to understand these mechanisms completely.

As we can see through of Fig. 6, fluctuations in the reduced
growth rate extracted from HT-29 cell lineage, cultivated by Brú
et al. (2003), are bigger than in other cell lines. These differences
may be due to the number of colonies used to build the growth
curve rate. While we used an average of five (HCT-115) or four
(HeLa, B16–F10, NIH-HN-13) colonies, Brú et al. (2003) worked
with just one colony.

Collapses into universal curves have been widely shown in cell
culture properties, e.g., fractal behavior of aggregates (Brú et al.,
1998, 2003; Huergo et al., 2010, 2011, 2012), ontogenic growth
(Guiot et al., 2003, 2006), spreading of single cells (Odenthal et al.,
2013; Cuvelier et al., 2007) and locomotion activity (Czirók et al.,
1998). However, to our knowledge, this is the first time that one
observes the collapse of growth rate functions, showing the same
behavior to various cell lines. We believe that it happens to any
adherent cell types growing in vitro; examples are MDCK cells
(Puliafito et al., 2012) and HCT-116 (Galle et al., 2009), and may
extend to other systems forming multilayer (Huergo et al., 2011,
2012; Galle et al., 2009) or spheroids (Drasdo and Hoëhme, 2005).

The sigmoidal common behavior may be caused by cooperative
and competitive mechanisms, because of the characteristic shape of
the rates, as those found in biochemical reactions. We believe that
an essential mechanism is the formation of a critical nucleus, sta-
bilized by cohesive forces favoring the adhesion to the plate (Galle
et al., 2005, 2009; Cuvelier et al., 2007). Moreover, if the cohesive
forces are weak, the cells easily become detached from (or move in)
the aggregate, thus, adhesive forces are important to stabilize it; the
total adhesive force increases dependent on the number of joined
cells, thus, a cooperative effect may exist between these forces.
After cells form the critical nucleus, the cohesive forces compress
the inner cells, changing their average spreading. Therefore, we
believe that the relation between cohesive and adhesive forces is
the main cause for the morphological transition. One may relate
cooperative mechanisms besides those of cohesive/adhesive forces,
with other factors, such as the cooperation through the sharing of
diffusible products (Axelrod et al., 2006). The competition, on the
other hand, occurs mainly by the search for space in the colony
border (Costa et al., 2013), since the inner cells became quiescents
(Brú et al., 2003; Puliafito et al., 2012). This mechanism, in adherent
colonies, is thought to be more important than other possible
competition factors, such as nutrient competition (Brú et al., 2003).
Therefore, one hypothesizes that the proliferating cells search for a
larger number of contacts with locals that do not have other
adherent cells. Costa et al. (2013) support this hypothesis with
simulations on a lattice by adding a term in the probability of
transition dependent on the number of local sites (neighboring of a
dividing cell) without adherent cells.

Our effective sigmoidal rate approach implicitly considers pos-
sible death effects. However, it also supports models that do not
explicitly consider cell death (Costa et al., 2013; Drasdo and
Hoëhme, 2005; Block et al., 2007; Radszuweit et al., 2009), since the
voids are filled quickly (Anon et al., 2012), without directly affecting
the kinetics of the population (Rolli et al., 2012). Notice that through
the relationship between the mean radius and the number of cells
shown in Fig. 3, we can find dRðtÞ=dtpN�1=2

T dNT=dt (Brú et al.,
1998). With this relation, using the first part of Eq. (1) we obtain

d
dt
NT pωðtÞ

ffiffiffiffiffiffi
NT

p
; ð6Þ

which may represent a chemical reaction Q-T with rate ωðtÞ;
where Q represents a local (available space) that may be filled by a
daughter cell, and T is a tumor cell. This process is analogous to fill
an empty space represented by a vacant site in a lattice. As Q is near
the edges of the colony, we have the relation ½Q �pN1=2

T , which
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eventually results in Eq. (6). This description of the growth rate
could be related with the mass rate of single cells (Mir et al., 2011;
Son et al., 2012). However, more studies on these subjects are
needed, and we are working to describe them from first principles.
5. Conclusions and perspectives

In this work, we modeled monolayer tumor growth in vitrowith a
sigmoid-type rate. By fitting the experimental data of the mean
radius, we obtained the four parameters of the sigmoidal function.
Through the collapse onto a single curve Eq. (4), we showed that the
sigmoidal growth rate represents well the dynamics of several cell
lineages. We did not take into account effects of diffusion and pro-
liferation explicitly, as made by Simpson et al. (2013) and Treolar et al.
(2014), because of the intrinsic difficulty of determining univocally
the parameters (Maini et al. 2004a,b). Therefore, we assume an
effective rate represented by a continuous function, also avoiding
step-like functions, as for example, in Radszuweit et al. (2009). Our
proposed growth rate has the following parameters: ω0, α, tc and γ,
and they are, respectively, the initial and final rates of growth, the
instant at which the rate is equal to α�β=2 (related to a morpholo-
gical transition, as observed by Puliafito et al., 2012), and the para-
meter γ that tell us how fast the initial growth rate tends to α. We
report the parameters used for the adjustments in Table 1, however,
we must stress that they are not absolute values for each lineage,
since we displaced arbitrarily the growth curves shown in Fig. 2.

The collapse of the growth rates for the different cell lineages
onto a single sigmoidal curve, shown in Fig. 6, suggests that Eq. (1)
represent a universal behavior of adherent colonies growing in vitro.
We believe that this behavior could be extended to other cells
growing in monolayer (Puliafito et al., 2012; Galle et al., 2009) as
well as to multilayer (Huergo et al., 2011, 2012; Galle et al., 2009),
and, perhaps even in spheroids colonies (Drasdo and Hoëhme,
2005). Moreover, the sigmoidal shape, as discussed here, suggests
that mechanisms such as cooperation and competition between
cells within an aggregate are commonly present. Thus, we hope to
have shown that the sigmoidal curve rate can store various infor-
mation of interest for modeling in this research area. Our future
studies will focus on obtaining the sigmoidal growth rate from first
principles formulations and chemical kinetics related schemes.
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