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Abstract—This paper proposes a risk-based mixed integer
quadratically-constrained programming model for the long-term
VAr planning problem. Risk aversion is included in the proposed
model by means of regret-based optimization to quantify the load
shedding risk because of a reactive power deficit. The expected op-
eration and expansion costs of new installed reactive power sources
and load shedding risk are jointly minimized. Uncertainty in the ac-
tive and reactive load demands has been included in the model. An
ε-constraint approach is used to characterize the optimal efficient
frontier. Also, discrete tap settings of tap-changing transformers
are modeled as a set of mixed integer linear equations which are
embedded into an ac optimal convex power flow. Computational
results are obtained from a realistic South and South–East Brazil-
ian power system to illustrate the proposed methodology. Finally,
conclusions are duly drawn.

Index Terms—Discrete tap settings, load shedding, multi-
objective, quadratically-constrained, regret optimization, risk, un-
certainties.

NOMENCLATURE

The following notation is used throughout the paper:
Indexes

h Index of steps of tap-changing transformers.
i, j Index of buses of the system.
t Index of periods.
ω Index of scenarios.

Sets

E Set of existing shunt reactive power sources.
G Set of generation units.
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K Set of candidate buses to install new reactive power
sources.

L Set of transmission lines.
M Set of steps of tap-changing transformers.
N Set of buses of the system.
P Set of periods.
PQ Set of load demand buses.
T Set of ULTC transformers.
Z Set of integer numbers.
Ω Set of scenarios.

Parameters
B Reactive power expansion budget.
Cfix

i Fixed cost of candidate reactive power source in
bus i.

Cop
i Operating cost of candidate reactive power

source in bus i.
C ls

i Load shedding cost in bus i.
It Annual interest rate in each period t.
PGi

Active power produced by generation unit i.
Qmin

Gi
,Qmax

Gi
Lower and upper reactive power limits of gen-
eration unit i.

Qmax
Pi

, Qmax
Ni

Reactive capacitive and inductive power limits
of candidate reactive power source in bus i.

Qmin
SHi

, Qmax
SHi

Lower and upper limits of an existing reactive
power source in bus i.

Rij Regulation range of tap-changing transformer
ij.

Sij Total number of discrete steps of tap-changing
transformer ij.

Smax
ij MVA capacity limit of branch ij.

Tmin
ij , Tmax

ij Lower and upper tap limits of tap-changing
transformer ij.

V min
i , V max

i Lower and upper voltage magnitude in bus i.
ε Auxiliary parameter to compute the voltage an-

gle constraint.
PD i,t(ω) Active load demand in bus i, in period t, de-

pending on scenario ω.
QD i,t(ω) Reactive load demand in bus i, in period t, de-

pending on scenario ω.
π(ω) Probability of scenario ω.
ρt(ω) Number of hours in each period t and scenario

ω.
First-Stage Variables

psl
Gi , t

Active power generation in slack bus i and period
t.
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qGi , t
Reactive power produced by generation unit in bus i
and period t.

qshi,t Reactive power produced by existing reactive power
sources in bus i and period t.

u+
i,t , u

−
i,t Binary decision variables are equal to 1 if candidate

reactive power source is installed in bus i and period
t, and 0 otherwise.

Second-Stage Variables

di,t(ω) Auxiliary variable related with the convex
formulation of the AC power flow equa-
tions in bus i, in period t and scenario ω.

eij,t(ω), fij,t(ω) Variables from quadratic constraints asso-
ciated with branch ij, in period t and sce-
nario ω.

pinj
i,t (ω), qinj

i,t (ω) Active and reactive power injections in bus
i, in period t and scenario ω.

pij,t(ω), qij,t(ω) Active and reactive power flow through
transmission line ij, in period t and sce-
nario ω.

q+
i,t(ω), q−i,t(ω) Capacitive and inductive reactive power

dispatch of new reactive power source in-
stalled in bus i, in period t and scenario
ω.

tN i j , t (ω), tS i j , t (ω) Tap position and tap setting of tap-
changing transformer in branch ij, in pe-
riod t and scenario ω.

vi,t(ω), δi,t(ω) Voltage magnitude and angle in bus i, in
period t and scenario ω.

lPI
St

(ω) Minimum load shedding computed from
the perfect information problem for each
period t and scenario ω.

lSi , t
(ω) % of load shedding in bus i, in period t and

scenario ω.

Functions

Φ(t) Fixed costs function of candidate reactive power
sources in period t.

Θ(t, ω) Operating costs function of candidate reactive power
source in period t and scenario ω.

Γ(t, ω) Difference function between the load shedding costs
evaluated at the stochastic and perfect information
optimization problems in period t and scenario ω.

f(·) Function of any specified input (·).

I. INTRODUCTION

VOLTAGE collapse is generally associated with inadequate
VAr support in power systems [1]. The limitations on pro-

duction and transmission of reactive power lead to a deficit of
reactive power. The focus of the VAr planning problem has been
to determine the sizes and locations of shunt VAr sources and
their efficient coordination with existing VAr sources to pro-
vide voltage support under normal system operating and contin-
gency conditions [2]. Voltage collapse mostly occurs in heavily
stressed power systems. It is usually associated with reactive
power demands not being met because of limitations on pro-
duction and transmission of reactive power. Sufficient reactive
power support needs to be provided to maintain the power flow

in transmission lines and buses within acceptable limits [3].
Then, VAr planning plays a very important role in improving
power system reliability and security. It can be divided into two
main parts: i) a planning sub-problem where decisions about the
location and size of shunt VAr sources are made, and ii) opera-
tion sub-problem where VAr sources are scheduled to optimize
system operation [4].

Planning and operating power systems is subject to a large
degree of uncertainty due to the uncertainties in demand, avail-
ability of generation units, reliability of power system com-
ponents, environmental regulation, and weather conditions [5].
Because forecasts can not be made exactly, decision makers
use to considers such uncertainty. Uncertainty on the long-term
decisions have higher impact in case of a low likelihood sce-
nario realizes. Decision makers should include risk aversion in
the decision making process to mitigate those potentially catas-
trophic scenario. Therefore, risk measure to account for those
cases should optimize with total system expansion and opera-
tion costs resulting into a multi-objective optimization problem
[6].

Most VAr planning problems have been traditionally solved as
deterministic problems through successive linear and quadratic
programming [7], nonlinear programming [8], [9], meta-
heuristic and hybrid techniques considering multiple objectives
[10]–[13]. The deterministic problem considering security anal-
ysis has also been solved in [1], [14]. VAr planning problems
considering uncertainty have not been widely addressed. In [15],
VAr planning problem has been modeled using a chance con-
straint programming and solved by Monte Carlo Simulation with
genetic algorithms. In [16] a long-term VAr planning problem
has been solved considering demand uncertainty and contin-
gency analysis. In [17] a novel approach for long-term reactive
power planning using a mixed-integer stochastic convex model
is proposed, where the risk of not meeting the load with a certain
level of confidence due to a reactive power deficit is represented
by chance constraints. In [18], [19] the VAr planning problem
containing multiple objectives (system investment, system op-
erational efficiency, system security, system service quality and
voltage deviation of the system) is solved using the ε-constraint
method based firstly on the classical and extended simulated
annealing approach.

Previous literature shows that the majority of the current VAr
planning problems have been set considering deterministic ap-
proaches with a single objective function without taking into
account any sources of uncertainty affecting the power sys-
tem. Ignoring uncertainty produces erroneous or unrealistic so-
lutions, resulting in inadequate VAr support. The solution of
optimization problems with only one objective function (gen-
erally based on expected cost minimization) is straightforward
because the output is a single optimal solution. For example,
a non-linear mixed integer VAr planning model is proposed in
[16], where risk analysis and the discretization of transformer
tap settings are ignored.

As a consequence, power systems are being operated close
to their maximum power transfer capability limits, making the
system more vulnerable to voltage instability events.

Recently, new convex AC optimal power flow models have
been proposed. In [20], the transmission network expansion
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problem is solved by means of conic optimization, in [21] the
optimal power flow is solved using semidefinite programming.
However, none of these types of convex power flow equation
have been used to solve the reactive planning problem yet. Our
proposed model extends the AC conic optimization power flow
approach [20] for solving the VAr planning problem considering
tap changing transformers and stochastic demand.

Robust optimization has been applied in many unit commit-
ment and transmission network expansion problems, but not in
VAr planning problems. In [22] two robust optimization models,
minimax cost and minimax regret-based are addressed to solve
the transmission expansion planning problem, considering load
and generation uncertainties. In [23], the unit commitment prob-
lem considering an n − K security criterion problem is solved
using bilevel programming, which is solved by transforming the
bilevel problem to an equivalent single-level problem. In [24], a
two-stage robust unit commitment model is proposed consider-
ing wind output uncertainty, with the objective of providing a ro-
bust schedule for the thermal generators in the day-ahead market
that minimizes the total cost under the worst wind power output
scenario. To overcome the robust optimization conservativeness,
[25] proposes a tradeoff between the security-constrained unit
commitment cost and the recourse cost requirement related with
reserves needs. In [26], a two-stage adaptive robust unit com-
mitment model considering security constrained and nodal net
injection uncertainty is proposed, where Benders’ decomposi-
tion is used to solve the problem. A minimax regret approach
is proposed in [27] for the unit commitment problem solution
considering wind power generation uncertainty, where Benders’
decomposition is used to solve the problem.

A. Aims and Contributions

In this paper we propose a risk-based methodology to deal
with the long-term VAr planning problem under uncertainty.
The main contributions of this paper are as follows:

1) The proposed risk-based model for the VAr planning prob-
lem consists of a multi-period and multi-objective two-
stage stochastic mixed integer quadratically-constrained
formulation that guarantees optimum global solutions and
allows for trade-offs between investment costs and load
shedding risk.

2) Instead of using average fixed values for the demands,
scenarios are generated to model demand uncertainties in
each period along the planning horizon.

3) The proposed problem integrates power system reliability
enhancement by means of the min-max regret paradigm,
reducing load shedding in the worst scenarios.

4) VAr sources are allocated and reactive power dispatching
decisions are carried out while reducing investment costs
and load shedding risk with a limited range of possible
expansion plans.

5) Tap-changing transformers are important for reactive
power/voltage magnitude control. In the proposed VAr
planning formulation the modeling of the tap-changing
transformers is done via discrete variables for the sake
of accuracy and a convex AC power flow model is
used.

All this contributes to increasing the accuracy of the formu-
lation while transforming the problem into a mixed integer one.
The problem is constructed so that a reliable VAr planning can
be achieved. The proposed multi-period planning is simulta-
neously optimized for the entire time horizon where unknown
variables for the whole problem are determined.

The remaining sections are outlined as follows. Section II de-
scribes the main characteristics of the proposed decision frame-
work. Section III presents the mathematical formulation of the
problem. Section IV depicts the solution approach to solve the
problem. Section V the analyzes and discusses results from a
case study. Finally conclusions are drawn in Section VI.

II. MODELING FRAMEWORK

A. Risk Modeling

Risk modeling is incorporated in the proposed problem by
means of min-max regret optimization [22], [28]. The regret
measures the distance between the load shedding cost of the
actual stochastic optimal solution and the load shedding cost
considering perfect information, i.e., if the VAr planning prob-
lem were solved for a single scenario.

The regret, Γ(t, ω), is formulated in (1).

Γ(t, ω) = CLS(t, ω) − CLSPI(t, ω), ∀t,∀ω (1)

The first term represents the cost of load shedding in all
PQ buses evaluated at the stochastic problem optimal solution,
CLSPI(t, ω). The second term represents the minimum cost of
load shedding if the VAr planning problem were solved with per-
fect information (PI), CLSPI(t, ω). Observe that CLSPI(t, ω)
is calculated ex-ante in our model.

The maximum regret (2) is used here as a risk measure. It is
minimized in the multi-objective VAr planning problem avoid-
ing regrets resulting from making a risky decision. Therefore,
the VAr expansions that have serious consequences in any of
the considered scenarios will be not be chosen. It evaluates the
worst-case regret for all possible load scenarios in each period
along the planning horizon. Therefore, the decision maker looks
for a solution which will give a level of satisfaction as close as
possible to the optimal situation (which can only be known a
posteriori), whatever situation occurs in the future.

Γmax(t) = max
ω∈Ω

Γ(t, ω) (2)

B. Multi-Objective Model

In a multi-objective optimization models decisions are op-
timized according to two or more conflicting criteria. In this
paper, the proposed multi-objective problem has two conflict-
ing objectives: i) minimization of the current value of the fixed
and expected operating costs of new VAr sources installed along
the planning horizon, f1(·), and ii) minimization of the risk as-
sociated with load shedding due to the reactive power deficit as-
sociated to demand uncertainty, f2(·). Minimizing only the eco-
nomic objective function (fixed and expected operating costs)
can result in large load shedding (degrading the security).

A popular way in the literature of multi-objective optimiza-
tion is to consider Pareto optimal solutions.
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In a Pareto solution or non-inferior solution any improvement
of one objective function can be achieved only at the expense of
degrading the others. The set of solutions composes the trade-off
set known as a Pareto efficient frontier.

The multi-objective optimization problem is stated as (3),

minF {f1(Φ(t),Θ(t, ω)), f2(Γmax(t))} (3)

where Φ(t) represents the VAr investment costs in period t,
Θ(t, ω) represents the operating costs of the VAr sources dis-
patching decision in period t and scenario ω, and Γmax(t) rep-
resents the maximum regret in period t.

C. Load Shedding in an AC Convex Power Flow

Load shedding occurs in emergency conditions when the load
can not be met because of a reactive power deficit in any scenario
along the planning horizon. One method that considers only
one load shedding factor was proposed in [29]. Considering
the demand power factor constant, we can associate variable
lSi , t

(ω) with the forecasted active and reactive loads, PD i,t(ω)
and QD i,t(ω), respectively, as follows:

PD i,t(ω)(1 − lSi , t
(ω)) ∀i ∈ PQ, ∀t ∈ P, ∀ω ∈ Ω (4)

QD i,t(ω)(1 − lSi , t
(ω)) ∀i ∈ PQ, ∀t ∈ P, ∀ω ∈ Ω (5)

0 ≤ lSi , t
(ω) ≤ 1 ∀i ∈ PQ, ∀t ∈ P, ∀ω ∈ Ω (6)

where lSi , t
(ω) is expressed in %, if lSi , t

(ω) = 0 there is no load
shedding, and if lSi , t

(ω) = 1 the total load is shed.
In the proposed VAr planning problem the nonlinear equa-

tions of the AC active and reactive power flow injections are
represented as a set of convex equations. Hence, the formula-
tion presented in [20] is extended to a set of linear and quadratic
constraints for the long-term stochastic AC active and reac-
tive power flow injections. With that reformulation, the pro-
posed VAr planning problem becomes a convex quadratically-
constrained problem that guarantees a global optimal solution.

To guarantee the solvability of the optimization problem when
the load can not be met in any scenario along the planning hori-
zon, new variables representing the synchronous compensator
reactive power dispatches and load shedding must be inserted
at the reformulated convex quadratically-constrained long-term
stochastic power balance equations, as follows:

PG i,t + psl
Gi , t

− PD i,t(ω)(1 − lSi , t
(ω)) − pinj

i,t (ω) = 0 (7)

qG i,t − QD i,t(ω)(1 − lSi , t
(ω)) + qshi,t + q+

i,t(ω)

− q−i,t(ω) − qinj
i,t (ω) = 0 (8)

di,t(ω)dj,t(ω) ≥ e2
ij,t(ω) + f 2

ij,,t(ω) (9)

−εδ ≤ δi,t(ω) − δj,t(ω) − fij,t(ω) ≤ εδ (10)

eij,t(ω) ≥ 0 (11)

∀i ∈ N , ∀ij ∈ L ∪ T , ∀t ∈ P, ∀ω ∈ Ω

where (7) and (8) are the AC active and reactive power balance
equations,1 respectively. Quadratic equations (9) and (10) come
from the reformulation of the nonlinear equations of the AC
active and reactive power injections.

D. Tap-Changing Transformers

Regarding the tap-changing transformers, the proposed for-
mulation includes discrete tap-changing transformers. In these
devices, the tap is adjusted in the primary or secondary winding
by a tap changer mechanism, which is categorized by a regula-
tion range (Rij) and a set of steps (connection points) along the
winding (Sij). Rij and Sij are known parameters, e.g., ±10%,
32 steps. The proposed discrete formulation is made consider-
ing the continuous tap-changing transformer formulation [31]
in (12).

(Tmin
ij )2dj,t(ω) ≤ di,t(ω) ≤ (Tmax

ij )2dj,t(ω)

∀ij ∈ T , ∀t ∈ P, ∀ω ∈ Ω (12)

From (12), Tmin
ij = 1 − Rij . We can formulate a expression

that computes dj,t(ω) by setting discrete tN i j (ω) as in (13),
which is limited by the upper and lower steps (14).

dj,t(ω) = (Tmin
ij )2di,t(ω) +

4Rij

Sij
tN i j (ω)di,t(ω)

∀ij ∈ T , ∀t ∈ P, ∀ω ∈ Ω (13)

−Sij

2
≤ tN i j (ω) ≤ Sij

2
∀ij ∈ T , ∀t ∈ P, ∀ω ∈ Ω (14)

tN i j (ω) ∈ Z ∀ij ∈ T , ∀t ∈ P, ∀ω ∈ Ω (15)

The mixed integer nonlinear expressions, (13)–(15), can be
reformulated to a set of mixed integer linear equations. Integer
variable tN i j (ω) can be described by means of binary variables
using a binary expansion [32], as shown in (16)–(18).

tN i j (ω) =
[log2 (N Sm )]∑

m∈M
m=1

2(m−1)xij,m ,t(ω) − Sij

2

∀ij ∈ T , ∀t ∈ P, ∀ω ∈ Ω (16)

tN i j , t (ω) ∈ Z ∀ij ∈ T , ∀t ∈ P, ∀ω ∈ Ω (17)

xij,m ,t(ω) ∈ {0, 1} ∀ij ∈ T , ∀t ∈ P, ∀ω ∈ Ω (18)

By replacing (16)–(18) in (13)–(15), a mixed binary nonlin-
ear product is obtained xij,m ,t(ω)di,t(ω), which can be refor-
mulated to linear constraints similar to the methodology used
[32] by means of big-M approach. We replace this non-linear
product by an auxiliary variable, yij,m ,t(ω), and its linearization

1Note that the active power output of the generators, PG i,t , is already known
as in current VAr planning approaches. See [14], [30] for further details.
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is obtained adding constraints (19)–(24).

dj,t(ω)=(1 − Rij)2di,t(ω)+
4Rij

Sij

[log2 (S i j )]∑

m ∈M
m = 1

2(h−1)yij,m ,t(ω)

∀ij ∈ T , ∀t ∈ P, ∀ω ∈ Ω (19)

yij,m ,t(ω) ≥
[
(1 − Rij)V min

i

]2

√
2

xij,m ,t(ω)

∀ij ∈ T , ∀t ∈ P, ∀ω ∈ Ω (20)

yij,m ,t(ω) ≤ [(1 + Rij)V max
i ]2√

2
xij,m ,t(ω)

∀ij ∈ T , ∀t ∈ P, ∀ω ∈ Ω (21)

di,t(ω) − yij,m ,t(ω) ≥
[
(1 − Rij)V min

i

]2

√
2

[1 − xij,m ,t(ω)]

∀ij ∈ T , ∀t ∈ P, ∀ω ∈ Ω (22)

di,t(ω) − yij,m ,t(ω) ≤ [(1 + Rij)V max
i ]2√

2
[1 − xij,m ,t(ω)]

∀ij ∈ T , ∀t ∈ P, ∀ω ∈ Ω (23)

xij,m ,t(ω) ∈ {0, 1} ∀ij ∈ T , ∀t ∈ P, ∀ω ∈ Ω (24)

III. THE VAR PLANNING MODEL

The proposed VAr planning problem expressed in a compact
form is represented as follows:

min
z(t,ω )

F {f1(·), f2(·)} (25)

s.t.:

Cinv (z(t)) ≤ B (26)

Γmax(t) = max
ω∈Ω

Γ(z(t, ω)) (27)

G(x(t, ω), z(t, ω)) = 0 (28)

xmin ≤ x(t, ω) ≤ xmax (29)

zmin ≤ z(t, ω) ≤ zmax (30)

zI(t, ω) ∈ Z (31)

zb(t, ω) ∈ {0/1} (32)

where (25) represents the multi-objective set of functions to be
simultaneously minimized represented by (33) and (34).

f1(·) =
∑

t∈P|t=1

1
(1 + It)t

{
∑

i∈K
Cfix

i

(
u+

i,t + u−
i,t

)

+ E

[
∑

i∈K
Cop

i

(
q+
i,t(ω) + q−i,t(ω)

)]}

∑

t∈P|t>1

1
(1 + It)t

{
∑

i∈K
Cfix

i

[
(u+

i,t − u+
i,t−1)+(u−

i,t − u−
i,t−1)

]

+ E

[
∑

i∈K
Cop

i

(
q+
i,t(ω) + q−i,t(ω)

)]}
(33)

f2(·) =
∑

t∈P

1
(1 + It)t

Γmax
t (34)

Constraint (26) represents the expansion budget stated by
(35).

∑

t∈P|t=1

1
(1 + It)t

[
Cfix

i

(
u+

i,t + u−
i,t

)]
+

∑

t∈P|t>1

1
(1 + It)t

{
Cfix

i

[
(u+

i,t − u+
i,t−1) + (u−

i,t − u−
i,t−1)

]}
≤ B ∀i ∈ K

(35)

The maximum regret definition (27), can be replaced by a set
of inequalities (36) where the Γmax

t is an upper bound of the
regret function in any scenario ω.

Γmax
t ≥ Γ(t, ω) ∀t ∈ P, ∀ω ∈ Ω (36)

Equation (28) represents the linear and quadratic equation
set of AC active and reactive power balance (7)–(11) equations.
Constraints (29) and (30) represent the lower and upper limits
of state and control variables (19)–(23), (37)–(42), and (47),
respectively. The integer and binary variables in (31) and (32)
represent the tap-changing transformers and the decision to in-
stall VAr sources, (24) and (43)–(46), respectively.

Qmin
Gi

≤ qG i,t ≤ Qmax
Gi

∀i ∈ G, ∀t ∈ P, ∀ω ∈ Ω (37)

(V min
i )2 ≤ di,t(ω) ≤ (V max

i )2

∀i ∈ N , ∀t ∈ P, ∀ω ∈ Ω (38)

p2
ij,t(ω) + q2

ij,t(ω) ≤ (Smax
ij )2

∀ij ∈ L, ∀t ∈ P, ∀ω ∈ Ω (39)

Qmin
SHi

≤ qshi,t ≤ Qmax
SHi

∀i ∈ E , ∀t ∈ P ∈ Ω (40)

q+
i,t(ω) ≤ Qmax

Pi
u+

i,t ∀i ∈ K, ∀t ∈ P, ∀ω ∈ Ω (41)

q−i,t(ω) ≤ Qmax
Ni

u−
i,t ∀i ∈ K, ∀t ∈ P, ∀ω ∈ Ω (42)

u+
i,t + u−

i,t ≤ 1 ∀i ∈ K, ∀t ∈ P (43)

u+
i,t ≤ u+

i,t−1 ∀i ∈ K, ∀t ∈ P (44)

u−
i,t ≤ u−

i,t−1 ∀i ∈ K, ∀t ∈ P (45)

{u+
i,t , u

−
i,t} ∈ {0, 1} (46)

{
di,t(ω), q+

i,t(ω), q−i,t(ω)
}
≥ 0 (47)

IV. EPSILON-BASED SOLUTION APPROACH

The ε-constraint method [33] is, along with the weighting
method, one of the two most popular methods for solving multi-
objective problems.

As described in [34], the ε-constraint method has certain
advantages in relation to the weighting method, especially in
the presence of integer decision variables, as in our problem.
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To build the efficient set, one of the objective functions is op-
timized using the other objective functions as constraints. The
generated constraints limits the value of the other objective func-
tions and they are accordingly updated in each iteration. Hence,
for our proposed problem, the ε-constraint method would mini-
mize the investment and expected operation cost while limiting
the risk of having load shedding (48). The load shedding risk
bound is updated in each iteration as in (49). fmax

2 and fmin
2

represent the maximum and minimum values of the individual
objective function based on the payoff table [33], respectively.

min f1
(
Φ(t),Θ(t, ω)

)
(48)

s.t. :

{
f2(Γmax(t, ω)) ≤ ε2,s

All constraints represented by (26)–(32)

where

ε2,s = fmax
2 −

[
fmax

2 − fmin
2

L2

]
× s

s = 0, 1, 2 . . . , L2 (49)

The range of the second objective function, f2(Γmax(t, ω)),
is divided into L2 equal intervals using (L2 − 1) intermediate
equidistant grid points. Considering the minimum and maxi-
mum values of the range, there is a total (L2 + 1) grid points
for f2(·). Hence, (L2 + 1) optimization subproblems have to
be solved where some of these optimization subproblems may
have an infeasible solution space, which will be discarded. Prac-
tically, the case of infeasibilities is disregarded using the early
exit from the nested loops. Note that by solving each opti-
mization problem, a single Pareto optimal solution is obtained.
Sequentially, the Pareto efficient frontier is constructed. After
obtaining the Pareto optimal solutions by solving the optimiza-
tion subproblems, the decision maker should choose the best
compromise solution according to its specific preference among
all Pareto optimal solutions.

V. CASE STUDY

A. Data Specifications

To illustrate the efficient performance of the proposed
methodology, numerical results are presented for the real equiv-
alent South and South-East Brazilian Power System [35], it is
comprised of two areas: 230 kV South Brazil area and 500 kV
South-East Brazil area. The system comprises 65 buses, 14 gen-
erating units, 51 load buses, 1 continuous reactive power source,
6 switched shunt capacitor banks, 3 not switched shunt capacitor
banks, 6 switched shunt inductor banks, 8 not switched shunt
inductor banks, 25 fixed tap transformers, 18 load tap changing
transformers and 53 transmission lines.

Load forecast uncertainty at all PQ buses over the planning
horizon is introduced into the problem by means of a Normal
distribution function, N(μt, σt), (with an average value, μ and
a standard deviation, σ) for every time period t ∈ T . Monte
Carlo simulation is used to generate load scenarios with known
probability π(ω) for each year. To better capture the tails of the
normal distribution (generally associated with the risk scenar-
ios), a Latin Hypercube sampling technique [36] is used.

TABLE I
CAPACITY AND COSTS OF CANDIDATE VAR POWER SOURCES

BUS Qm a x
P i

Qm a x
N i

C f i x
i C o p

i

[MVAr] [MVAr] [106 US$] [US$/MVAr]

18–213 300 300 60 120.87
217–536 500 500 100 95.83
814–897 100 100 20 192.00
898–965 400 400 80 102.58
976–2458 200 200 40 150.69

The additional following considerations have been made:
1) The planning horizon is four years divided into periods

of one year for each t. Each period has 52 load scenarios,
and each scenario corresponds to a weekday sample, with
same probability and 15% of standard deviation.

2) A 7% annual interest rate is utilized to calculate the present
value of the investment throughout the planning horizon
[16].

3) All buses are considered as candidate buses to install con-
tinuous reactive power sources.

4) Load scenarios in each stage are generated assuming 3%
annual expected load growth rate.

5) The upper and lower voltage magnitude limits in all buses
are [0.95−1.05] p.u.

6) To the tap-changing transformers, the regulating trans-
former and the number of steps are 10% and 32 steps
(± 16), respectively.

7) The cost of C ls
i,t of load shedding for each PQ bus is

$50.00.
For the simulations, we consider continuous reactive power

sources with three different capacities distributed along all the
buses. Table I presents the fixed and operating costs data for the
new capacitive and inductive reactive power source candidates
to be installed. The investment budget is limited to the fixed
cost of each reactive power source, the expansion planning costs
containing the fixed plus the operating costs.

B. Results

The proposed methodology has been carried out using the
optimization solver CPLEX 12.6 [37] in AMPL [38], in a Dell
PowerEdge R910x64, 128 GB of RAM and 1.87 GHz. The
average computational time required to achieve the optimal so-
lutions for all the simulations has been 128.18 min. Table II lists
the expansion cost for installing new reactive capacitive power
sources, the load shed, the risk measure, and the correspond-
ing RPP attained from solving the risk neutral and risk averse
problems for different expansion budgets.

We can see that the risk averse solutions propose higher ex-
pansion costs and lower risk levels compared with the risk neu-
tral solutions. Regarding the expansion costs increments repre-
sent 11.25%, 11.23%, 7.92% and 6.28% for investment budgets
of US$20 million, US$40 million, US$60 million and US$80
million, respectively. For budgets ranging from US$100 million
to US$400 million, the expansion costs are the same. Regard-
ing the risk levels costs reductions represent 59.51%, 43.29%,
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TABLE II
RISK-NEUTRAL VS. RISK-AVERSE SOLUTIONS

Risk-Neutral Solutions

B Expansion Cost Expected Load Shed Risk Expansion Plan

[106 US$] [106 US$] P [MW] Q [MVAr] [103 US$] T1 T2 T3 T4

20 18.86 1594.72 1012.12 35.37 840 - - -
40 37.71 1310.02 869.10 21.71 834, 840 - - -
60 56.50 1066.35 673.21 13.60 840, 1210 - - -
80 74.09 799.12 519.31 5.52 834, 1210 840 - -
100 92.71 702.30 309.10 4.37 956 840 - -
200 186.70 261.22 88.87 1.95 123, 814, 834, 965 840 - -
400 368.80 0.00 0.00 0.00 102, 123, 834, 840, 960, 964, 1210 - - 976

Risk-Averse Solutions

B Expansion Cost Expected Load Shed Risk Expansion Plan

[106 US$] [106 US$] P [MW] Q [MVAr] [103 US$] T1 T2 T3 T4

20 21.25 1581.57 1006.42 14.32 840 - - -
40 42.03 1304.33 863.15 12.31 834, 839 - - -
60 61.36 1057.28 668.65 9.34 840, 976 - - -
80 79.06 791.98 515.34 4.36 834, 840, 976 - - -
100 92.72 695.35 302.42 3.92 965 839 - -
200 186.73 250.83 83.65 1.78 123, 814, 834, 965 840 - -
400 368.82 0.00 0.00 0.00 102, 123, 834, 840, 848, 965, 976, 1015, 1210 - - -

TABLE III
EFFICIENT FRONTIER FOR TWO EXPANSION BUDGETS

Budget = $80 Million

Risk Expansion Cost Expected Load Shed Expansion Plan

[103 US$] [106 US$] P [MW] Q [MVAr] T1 T2 T3 T4

14.32 18.86 1594.72 1012.12 840 - - -
12.20 24.02 1402.13 972.52 840 - - -
9.33 33.70 1380.15 889.12 840, 976 - - -
7.21 45.03 1102.08 678.14 839 840 - -
5.51 60.50 1066.35 673.21 840 976 - -
4.66 75.35 854.13 812.14 834, 976 840 - -

Budget = $100 Million

Risk Expansion Cost Expected Load Shed Expansion Plan

[103 US$] [106 US$] P [MW] Q [MVAr] T1 T2 T3 T4

14.32 18.86 1594.72 1012.12 840 - - -
12.20 24.02 1402.13 972.52 840 - - -
9.33 37.71 1310.02 869.10 840, 976 - - -
6.51 56.50 1066.35 673.21 834, 839 - - -
4.66 74.09 799.12 519.31 834, 976 840 - -
3.92 92.71 702.30 309.10 965 839 - -

31.32%, 21.01%, 10.30% and 8.72% for investment budgets of
US$20 million, US$40 million, US$60 million, US$80 million,
US$100 million and US$200 million, respectively. On the other
hand, the small differences in the load not served costs are due
to the fact that the risk neutral and risk averse VAr planning
problems are not identical.

Table III provides information about the risk and expansion
cost tradeoff for $80 and $100 expansion budgets. We can see
that, for each risk level (RL1,s), total load shedding (P , Q) and
expansion costs for the newly allocated reactive power sources
are obtained. The expansion plan is shown for each period and
the buses where reactive power sources are installed. This is

very important for the transmission system planner because it
provides relevant information on the trade-off between risk mit-
igation and incurred expansion costs in each expansion plan.
These data correspond to the efficient frontier and they are help-
ful for selecting an appropriate expansion plan. The efficient
frontier is composed of a few points because of the discrete na-
ture of the problem. For example, if the transmission expansion
planner is interested in a strictly risk-averse position (minimum
load not served), (RL1,0 = $3.92 × 103) the maximum reac-
tive capacitive power sources are installed in periods 1 and 2,
resulting in the highest reactive expansion costs. In contrast,
lower reactive expansion planning costs, result in higher load
not served (RL1,5 = $14.32 × 103).

Fig. 1 plots the expected load shed in % for $100 million
budget expansion in each period for the tradeoff risk levels. We
can see as in each period the expected load shed is minimized
from higher to lower risk. For example Fig. 1(a) shows that
the maximum expected load shed is 13.16% in PQ-bus 965 for
a risk of $14.32 × 103 in stage T = 1. This implies expansion
costs (fixed + operating) of $18.86 million for installing a newly
reactive source in bus 840 in stage T = 1. Figs. 1(b), 1(c) and
1(d) show that PQ-bus 965 is subject to a greater expected load
shed for a higher risk and other PQ-buses appear in the next
stages because of demand growth where the load is shed as
well.

Fig. 2 shows the box-plot for the reactive power dispatches
in each stage of the newly installed reactive power source for a
minimum regret (RL1,0 = $3.92 × 103) and $100 million ex-
pansion budget. The box-plot provides basic information about
a distribution, the 25th and 75th quartiles are represented for
the lower and upper corners respectively, the median value is
represented by the horizontal line in the box, the square point in
the box represents the mean value, the minimum and maximum
values and the atypical values are shown as well. Fig. 2(a) shows
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Fig. 1. Load not served for different regret levels and $100 million expansion
budget.

the reactive power dispatch distribution function with means of
374.41 in T1 , 388.41 in T2 , 399.31 in T3 and 399.53 in T4 and
medians of 374.56 in T1 , 386,31 in T2 , 399.69 in T3 and 399.46
in T4 . Fig. 2(b) shows the reactive power dispatch distribution
function beginning at stage T2 with means of 95.87 in T2 , 98.61

Fig. 2. Reactive power dispatch for minimum regret and $100 million expan-
sion budget.

in T3 and 98.84 in T4 and medians of 95.54 in T2 , 98.92 in T3
and 98.71 in T4 .

Fig. 3 shows the box-plot for the reactive power dispatches
in each stage of the newly installed reactive power source for
a maximum regret (RL1,5 = $14.32 × 103) and $100 million
expansion budget. We can see that the reactive power dispatch
distribution function has means of 94.26 in T1 , 95.73 in T2 ,
98.62 in T3 and 98.43 in T4 and medians of 93.76 in T1 , 95.12
in T2 , 98.87 in T3 and 98.24 in T4 .

In the proposed methodology the solutions for the tap set-
tings of ULTC transformers are integer values representing the
positions in the windings transformer. The solutions for the 18
ULTCs in 4 periods and 52 scenarios per period are difficult
to show in the present format, therefore, the tap positions with
their corresponding tap setting solutions for the risk-averse RPP
problem for each period for the minimum, average and maxi-
mum demand scenarios are shown for each column of Table IV.
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Fig. 3. Reactive power dispatch for maximum regret and $100 million expan-
sion budget.

TABLE IV
TAP SETTINGS OF ULTCS FOR THE RISK-AVERSE APPROACH

Period ULTCs by ωm in
(P D , Q D ) ω av e r a g e

(P D , Q D ) ωm a x
(P D , Q D )

Branch Pos. Set Pos. Set Pos. Set

2x(814–895) –3 0.9812 –3 0.9812 2 1.0125
2x(839–840) –1 0.9938 0 1.0000 4 1.0250

898–848 0 1.0000 0 1.0000 0 1.0000
934–933 –13 1.0884 –8 1.0526 0 1.0000

T = 1 3x(939–938) –6 0.9625 –2 0.9875 0 1.0000
2x(960–959) –3 0.9812 0 1.0000 3 1.0188
2x(965–964) –9 0.9437 –5 0.9688 –2 0.9875

3x(1210–976) 0 1.0000 0 1.0000 2 1.0125
1503–1504 2 1.0125 2 1.0125 4 1.0250
2458–896 –4 0.9750 –1 0.9938 3 1.0188

2x(814–895) –1 0.9938 –1 0.9938 6 1.0375
2x(839–840) 2 1.0125 1 1.0063 9 1.0562

898–848 4 1.0250 2 1.0125 8 1.0500
934–933 –5 0.9688 –3 0.9812 1 1.0063

T = 2 3x(939–938) –4 0.9750 –2 0.9875 1 1.0063
2x(960–959) –1 0.9938 1 1.0063 5 1.0313
2x(965–964) –7 0.9563 –3 0.9812 1 1.0063

3x(1210–976) 1 1.0063 1 1.0063 3 1.0188
1503–1504 2 1.0125 4 1.0250 9 1.0562
2458–896 –2 0.9875 4 1.0250 7 1.0438

2x(814–895) 1 1.0063 2 1.0125 2 1.0125
2x(839–840) 1 1.0063 2 1.0125 –5 0.9688

898–848 2 1.0125 2 1.0125 –3 0.9812
934–933 –3 0.9812 –3 0.9812 –1 0.9938

3x(939–938) –3 0.9812 –1 0.9938 1 1.0063
2x(960–959) 0 1.0000 0 1.0000 –1 0.9938
2x(965–964) –5 0.9688 –4 0.9750 –2 0.9875

T = 3 3x(1210–976) 3 1.0188 4 1.0250 7 1.0438
1503–1504 3 1.0188 4 1.0250 5 1.0313
2458–896 –1 0.9938 0 1.0000 1 1.0063

2x(814–895) –4 0.9750 –1 0.9938 3 1.0188
2x(839–840) –3 0.9812 –2 0.9875 11 1.0688

898–848 –13 0.9187 –10 0.9375 –4 0.9750
934–933 –5 0.9688 –2 0.9875 0 1.0000

3x(939–938) –1 0.9938 2 1.0125 6 1.0375
2x(960–959) –8 0.9500 –6 0.9625 –4 0.9750
2x(965–964) 2 1.0125 3 1.0188 10 1.0625

T = 4 3x(1210–976) –4 0.9750 –6 0.9625 –1 0.9938
1503–1504 –1 0.9938 2 1.0125 9 1.0562
2458–896 0 1.0000 0 1.0000 5 1.0313

Fig. 4. Total cost distribution function for risk-neutral, highly risk-averse and
medium risk-averse settings.

C. Out-of-Sample Analysis

We have performed a Monte Carlo simulation in order to
check the reliability of the solutions for three approaches. The
first approach is a risk-neutral model, i.e., we solve the pro-
posed model considering objective f1(·). The second and third
approaches are highly risk-averse and medium risk-averse, re-
spectively. For the second approach, we solve the proposed
model considering the risk term only, f2(·). Finally, the third ap-
proach, minimizes the equally-weighted sum of objective func-
tions f1(·) and f2(·).

After running each approach, we have generated 500 demand
scenarios assuming a Gaussian distribution. The optimal op-
eration for the given VAr capacity expansion obtained from
the risk-neutral solution is calculated for each generated sce-
nario. Therefore, equations (25)–(32), are solved in the second
stage for each load demand scenario. The resulting distribution
functions for the active power load shedding in the risk-neutral,
highly risk-averse and medium risk-averse cases are represented
in Fig. 4.

For the highly risk-averse and medium risk-averse cases, the
expected active load shedding represents reductions of 29% and
16%, respectively from the risk-neutral case. However, in the
worst scenarios, these reductions in the active load shedding lead
to a decrease from 1.3 p.u. to 0.85 p.u., representing a reduction
of 34.61% for the highly risk-averse case, and from 1.3 p.u to
1 p.u., representing a reduction of 23.10% for the medium risk-
averse case. Note that by means of the min-max regret paradigm,
power system reliability can be improved, reducing the expected
load shedding and the load shedding in the worst-case scenarios.

VI. CONCLUSION

In this paper we have solved a reactive power planning
problem using a robust multi-objective mixed-integer convex
formulation. The transmission expansion planner can make
reasonable decisions based on robust solutions by means of
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a min-max regret paradigm in each expansion plan along the
planning horizon. An ε-constraint method have been proposed
to eficiently find the set of the Pareto optimal solutions. The pro-
posed approach does not impose any limitation on the number
of objectives, therefore, its extension to include more objectives
(e.g. active power loss, active power generation cost, etc.) is a
straightforward process.

Results show that the proposed approach is effective and
flexible, producing a set of global optimum efficient frontier
solutions, which allows more flexibility in the planning process
in contrast to single objective methods.

The proposed approach opens several possibilities to formu-
late the VAr problem considering other sources as discrete reac-
tive power sources with wind generation to analyze their impact.
The proposed formulation could be helpful for transmission ex-
pansion planners in any situation where reactive power manage-
ment is needed.
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