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Abstract. We found critical exponents for the dynamics of an ensemble
of particles described by a family of Hamiltonian mappings by using the
formalism of escape rates. The mappings are described by a canonical
pair of variables, say action J and angle θ and the corresponding phase
spaces show a large chaotic sea surrounding periodic islands and lim-
ited by a set of invariant spanning curves. When a hole is introduced
in the dynamical variable action, the histogram for the frequency of
escape of particles grows rapidly until reaches a maximum and then
decreases towards zero for long enough time. The survival probability
of the particles as a function of time is measured and statistical in-
vestigations show it is scaling invariant with respect to γ and time for
chaotic orbits along the phase space.

1 Introduction

In the last years, different problems were considered in order to characterize
the chaotic dynamics described by two-dimensional nonlinear and area-preserving
mappings. Applications can be seen in study of channel flows, waveguide, transport
properties, Fermi acceleration and also for the study of magnetic field lines in toroidal
plasma devices with reversed shear (like tokamaks) [1–6].
Generally, the mappings have more than a control parameter. One of them control

the intensity of the non-linearity hence controlling also a transition from integrability
to non integrability. In the majority of the cases, the phase spaces of the mappings
are mixed. They are composed by a chaotic sea that eventually surrounds periodic
islands and is limited by a set of invariant spanning curves. The size of the chaotic sea
is strongly influenced by the control parameters since they play the rule of controlling
the intensity of the nonlinearity.
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Recently a detailed study of statistical properties such as deviation of average
along the chaotic sea for a class of two-dimensional Hamiltonian mappings were
made to allow connections with other models [7,8]. Statistical properties are also
close related to the statistics of escape from a region containing a hole [9]. These
properties provide useful information for the control of chaotic systems [10]. Escape
properties measured as a function of a varying hole provide a further sensitive and
non-destructive probe of the dynamics [11]. Recently this approach has also been
successfully applied in a Hamiltonian system to show that the diffusion coefficient is
scaling invariant in the fully chaotic region [12].
In this paper, we investigate some escape properties in a special class of two dimen-

sional nonlinear and area-preserving mapping. We then study the escape properties
along the chaotic sea and therefore find critical exponents that allow us to define
and compare classes of universality. Such critical exponents are confirmed in terms
of scaling hypotheses. The critical exponents are obtained for several values of the
control parameters.
This paper is organized as follows: in Sect. 2 we define the model and obtain our

numerical results. In Sect. 3 we present the final discussions.

2 The model and numerical results

We consider in this paper a mapping that can be obtained from a perturbed
Hamiltonian. In generalized coordinates the controlling Hamiltonian is given by [13],

H(J1, J2, θ1, θ2) = H0(J1, J2) + εH1(J1, J2, θ1, θ2), (1)

where the variables Ji and θi with i = 1, 2 are respectively the action and angle. H0
represents the integrable part while H1 is the non integrable part of the Hamiltonian.
One sees that the control parameter ε, which defines the magnitude of coupling con-
trols a transition from integrability to non integrability. To characterize the dynamics
in terms of a mapping, we consider a Poincaré section defined by the plane J1×θ1 and
assume θ2 as constant (mod 2π). A generic two dimensional map which qualitatively
describes the behavior of (1) is

T :

{
Jn+1 = Jn + εh̃(θn, Jn+1)

θn+1 = [θn + F (Jn+1) + εp(θn, Jn+1)] mod (2π)
(2)

where h̃, F and p are assumed to be nonlinear functions of their variables and the
index n denotes the nth iteration of the mapping. Since the map, in Eq. (2) should

be area preserving, the expressions for h̃(θn, Jn+1) and p(θn, Jn+1) must satisfy the
following condition

∂p(θn, Jn+1)

∂θn
+
∂h̃(θn, Jn+1)

∂Jn+1
= 0. (3)

For many mappings considered in the literature, the function h̃(θn) = sin(θn)
and we have liberty to chose p and F . Without losing generality, for a wide class of
systems the function p is considered p(θn, Jn+1) = constant which we will consider it
as fixed p(θn, Jn+1) = 0 from now on and hence F is varied. The systems within the
scope of the general two dimensional map include, the logistic twist mapping [14], the
Taylor-Chirikov map [15], Fermi-Ulam accelerator model [16,17], Fermi-Pustylnikov
accelerator [18] or bouncer model and Hybrid-Fermi-Ulam-bouncer model [19,20].
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Fig. 1. Phase space for mapping (2) using ε = 10−2 and γ = 3/4.

In this work, our main goal is to investigate the dynamical properties for an
ensemble of particles considering the following expression

F (J) = |J |−γ , (4)

where 0 < γ ≤ 1 is a control parameter. Incorporating the functions F (Jn+1) =
1/|Jn+1|γ , p = 0 and h̃ = sin(θn), the map has assumes the following form

T :

{
Jn+1 = Jn + ε sin(θn)

θn+1 = [θn +
1

|Jn+1|γ ] mod (2π)
. (5)

In this case, a detailed study of the average properties for the action as a function of
the control parameters as well as the time was recently discussed in [7,8]. The phase
space generated from mapping (5) is shown in Fig. 1. One sees that the phase space
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Fig. 2. For γ = 3/4 we have: (a) A plot of the histogram as a function of np, where np was
highlighted; (b) np × h for different values of ε, namely: ε = 10−5, ε = 3.10−5 and ε = 10−4;
(c) np × h/ε.

is mixed and contains a set of periodic islands surrounded by a large chaotic sea that
is limited by a set of invariant spanning curves.
We consider a set of particles with initial conditions in a region of small J (we

take J0 = 0.01 in our simulations). For this set of particles, if one of them has J ≥ h –
which is a typical position in the phase space – we assume the particle reached a hole
and then through it, the particle escapes. After escaping, the particle is eliminated
from the simulation, the number of iterations spent until the escape is registered
in a vector and a new initial condition, with a different phase and same initial J0 is
started. The procedure is repeated until the ensemble is exhausted. Figure 2(a) shows
a histogram (or frequency) for the number of particles that escaped for an iteration
n. We notice the histogram starts to growth with for short n and, eventually, reaches
a maximum value for a characteristic np, while after the peak it starts to decrease to
zero asymptotically.
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Fig. 3. A closest approximation for the position of the lowest invariant spanning curve J∗

as a function of the parameter ε for five different values of γ, namely: γ = 1/2, γ = 3/5,
γ = 3/4, γ = 4/5 and γ = 1.

In Fig. 2(b) we show np as a function of h for three different values of ε. After a
scaling transformation h → h/ε, all curves shown in 2(b) are overlapped onto each
other as shown in Fig. 2(c). Therefore, we can write that

np ∝
(
h

ε

)u
, (6)

where u ≈ 2 is the slope for np as a function of h.
In Fig. 3 we show an approximated position for the first invariant spanning curve

for different values of γ. To obtain such a position, we divided the θ axis in 1, 000
peaces uniformly spaced along the range [0, 1] and evolved a single orbit for over 109

iterations. For each window in θ, we keep the corresponding maximum value for a
chaotic orbit. When all peaces are joint, the resulting set of points furnishes a closest
approximation for the position of the first invariant spanning curve J∗. The plots
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Fig. 4. Plot of np vs. ε for γ = 3/4.

Table 1. Critical exponents obtained numerically for ε ∈ [10−5, 10−2].
γ α z

1/2 0.674(5) −0.630(4)
3/5 0.635(5) −0.718(6)
3/4 0.580(3) −0.814(7)
4/5 0.569(3) −0.834(8)
1 0.505(1) −0.968(4)

are constructed by the corresponding lowest value of J∗ along the invariant spanning
curve. Figure 3 shows J∗ as a function of ε, and after a power law fit we obtained the
critical exponent α for different values of γ. We can conclude that

J∗ ∝ εα. (7)

Figure 4 shows np as a function of ε for different values of γ. We considered

h = cpJ
∗, (8)

where cp is chosen to be 20% of the higher of J
∗. A power law fitting gives the critical

exponent z. We can see in Table 1 a set of critical exponents α and z for different
values of γ. Using a scaling hypothesis we can write

np ∝ εz. (9)

Comparing Eq. (6) and Eq. (8) we can obtain that

np ∝
(
cpJ

∗

ε

)u
, (10)
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and using Eq. (9) we have

εz+u ∝ (J∗)u. (11)

Now using this last expression and combining with Eq. (7) we obtained

εz+u ∝ εαu. (12)

We conclude that

z = αu− u. (13)

There is an interesting interpretation for u. When comparing the results with
those used in the scaling hypothesis we obtained u = 1/β, where β = 0.5 for many
problems with normal diffusion. In our simulations, we obtained u ≈ 2, therefore the
equation for z can be written as

z =
α

β
− 1
β
. (14)

We show in Fig. 5(a) the histogram for the frequency of escape as a function of
n using different values of h and ε. One can see that depending on the parameters,
the curves have different values of np. If a rescale n → n/(cupεz) is applied in the
horizontal axis, all curves overlap each other onto a single and universal curve as
shown in Fig. 5(b), hence confirming the scaling invariance of the histogram. The
vertical axis was chosen such that the maximum value was set as one.
Let us now to discuss the behavior of the survival probability, which is defined as

P =
1

N

N∑
j=1

Nsurv(n) , (15)

where the summation is taken along the ensemble of N different initial conditions
and Nsurv(n) is the number of initial conditions that do not escape through the hole
until a time n. When Eq. (15) is evaluated in a fully chaotic dynamics its behavior
is an exponential [11] while for a mixed phase space where periodic orbits exist,
the exponential decay may turn into a power law [9] or other laws like stretched
exponentials.
The behavior of P vs. n is shown in Fig. 6(a). We see that the typical behavior

is an exponential decay P ∝ exp(νn). The slope of the decay is plotted as function
of the position of the hole, as shown in Fig. 6(b). Figure 6(c) shows an overlap of
all curves shown in Fig. 6(b) after the transformation n → h/ε, hence confirming a
scaling invariance of the survival probability as a function of n.
For large enough n the diffusion is no longer Brownian. The stickiness surrounding

the elliptic islands leads to the power law decays. Interestingly, even in the intermedi-
ate time regime, where decay is approximately exponential, there is a subtle deviation
from a normal diffusive law: The exponents in Fig. 6(b) are approximately −2.
In Table 2 we show the critical exponent (z′) obtained from the curves shown in

Fig. 7. We can observe that

z′ ≈ −z (16)

where the values of z are shown in Table 1.
Extensions of the formalism made in this paper can be made for different models.

As for example, for the case of γ = 1 and considering the transformations J → V
and θ → φ, one can recover the so called Fermi-Ulam accelerator model [21]. For the
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Fig. 5. (a) Plot of the histogram for the frequency of escape as a function of n for four
different values of ε and h, as labeled in the figure; (b) after rescaling the horizontal axis, all
curves overlap onto each other in a single and universal plot.

Table 2. Critical exponent z′ for different values of γ.

γ z′

1/2 0.62(1)
3/5 0.720(5)
3/4 0.818(7)
4/5 0.839(8)
1 0.973(4)
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Fig. 6. (a) Plot of Ps vs. n confirming exponential behavior for small n. The slope obtained
is ν = −0.0057715(8); (b) plot of ν vs. h for three different values of ε namely: ε = 10−5,
ε = 3.10−5 and ε = 10−4; (c) overlap of the curves shown in (b) after the transformation
h→ h/ε.

case where J → γ and θ → X where γ in this transformation represents angular
coordinate instead of control parameter (as is the case for this paper), one can have
the periodically corrugate waveguide [22]. In these two cases, the critical exponents
obtained were α = 0.5 and z = −1 which is very well predicted in Table 1. On the
other hand, for the case of γ = 1/2, one can describe the dynamics of a classical
particle confined inside an infinitely deep box of potential containing a periodically
moving square well [23,24] or time varying barrier [25]. For these cases, the critical
exponent is α = 0.674(5) and −0.630(4), as shown in Table 1.
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Fig. 7. Plot of −ν × ε for different values of γ (as labeled in the figure).

3 Conclusion

In this paper we have used some escape properties to investigate the behavior of the
survival probability for a set particles moving chaotically in a phase space of an area
preserving map. Critical exponents were obtained numerically and confirmed using
scaling hypothesis for several different values of γ, denoting then different models.
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