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a b s t r a c t

This paper investigates strategies for coordinating the decisions calculated by a network-constrained
multi-period auction model of hydrothermal systems with the ones calculated by medium-term prob-
lems. Initially, we discuss the necessity for implementing such coordination strategies in hydrothermal
systems from the standpoint of a market operator. We investigate three alternative strategies for per-
forming the coordination. The first strategy incorporates primal information from the medium-term
problem into the auction model in order to perform coordination, while the second one makes use of dual
information associated with the medium-term. A third strategy combining primal and dual information
from the medium-term problem is also investigated. These strategies are compared by means of simula-
tion results involving the IEEE 24-bus reliability test-system. The results focuses on evaluating the impact
of the coordination strategies on market clearing prices and generation scheduling.

� 2016 Elsevier Ltd. All rights reserved.
Introduction

In the regulated environment, the short-term scheduling of
power generation systems was generally carried out by means of
a centralized procedure run by the system operator. The main
purpose behind the models used to calculate such a centralized
dispatch was to minimize the total costs associated with the gen-
eration system, while meeting a specific inelastic demand and
enforcing all relevant operational constraints associated with the
system. For such a purpose, unit commitment (UC) models
[13,18] were generally used for thermal systems, while for
hydro-dominated systems, short-term hydrothermal scheduling
(STHS) [17] or predispatch models [25] were generally used. In
such a context, the coordination of short- and long-term genera-
tion has been performed by means of a chain of models associated
with long, medium and short-term scheduling [19,21].

In the electricity markets environment, short-term scheduling
procedures were reoriented in order to promote competition. The
old centrally dispatched short-term scheduling procedures were
replaced by auction procedures [1,15], where the generation and
demand compete in the day-ahead market in order to sell and
buy energy, respectively. In the auction procedure, blocks of offers
and bids, provided respectively by generation companies
(GENCOS) and consumers, are submitted to the market operator
(MO), which calculates the accepted blocks of offers and bids, by
means of a market-clearing procedure, which is formulated as an
auction model.

According to Kardakos et al. [12], centrally organized day-ahead
markets may take two basic forms: power exchanges (PX) or
power pools (PP). In the PX market, offers and bids are handled
hour-by-hour by a series of independent single-period auction
models run by the MO. These models tend to neglect the technical
aspects associated with the generating units, or with the transmis-
sion system. In the PX, each producer is responsible for self-
scheduling his own units, by a price-based unit commitment
[14,26], while the independent system operator (ISO) is responsi-
ble for preserving the system security. For such a purpose, the
ISO must handle all technical aspects neglected in the auction by
means of ex-post heuristic procedures that generally tend to re-
dispatch the system. In the PP market, offers and bids are handled
by a multi-period auction model that integrates all technical
aspects related to the units (e.g., unit start-up and shut-down
costs, minimum-up/down time constraints, min/max power
output restrictions, ramp-rate limits, etc.) and the transmission
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system into a single optimization problem. This model is
concerned with the maximization of the social welfare function,
while taking into account relevant constraints associated with
the generation and transmission systems. The model calculates
the on/off schedules of the generating units, the active power dis-
patch of the scheduled units, as well as the market-clearing prices
throughout the day.

PX based energy markets are generally adopted for hydropower
or hydro-dominated systems [6,27], probably due to its
transparency and easiness of implementation and operation.
Hydropower systems are generally more complicated to operate
due to the need for representing additional modeling aspects asso-
ciated with the hydraulic system, such as: limits in reservoirs
levels and volumes, nonlinear limits in water discharges and power
outputs, and uncertainties in future water inflows and prices. Also,
these systems must have some sort of coordination strategy in
order to properly manage the use of hydro resources in the
short- and medium-terms. Such additional modeling issues also
contribute to the adoption of PX based energy markets for hydro-
power systems, since these constraints are handled in an simpler
and transparent way in such markets, by means of ex post alter-
ations in dispatch and prices. However, all such ex post alteration
may lead to suboptimal operation points in terms of social welfare,
as well as to cross-subsidies, as shown by Conejo et al. [2]. On the
other hand, a PP based energy market would integrate all such
additional constraints into the auction model, avoiding such
economic distortions.

This paper investigates a crucial issue concerning the
implementation of PP based markets for hydropower systems:
the coordination strategies. The main contributions of the paper
are: (i) we discuss the need to coordinate short-term decisions, cal-
culated by a hydrothermal day-ahead auction model, with
medium-term decisions; (ii) we propose and investigate three
alternative coordination schemes for such a purpose; (iii) we pro-
pose a network-constrained multi-period hydrothermal auction
(MHA) model that incorporates the coordination procedures
discussed in (ii) for a pool-based energy market; and (iv) in the
proposed MHA model, the thermal constraints are represented in
detail, while the transmission system is represented by means of
linear power flows and piecewise linear approximation for power
losses. Hydro constraints are represented in a simplified way, by
means of coordination equations only.

What remains of this work is organized as follows: in Section
‘‘Coordination strategies in hydrothermal auction models” we
discuss the need to coordinate as well as some coordination strate-
gies in hydrothermal auction models; in Section ‘‘Multi-period
hydrothermal auction model with medium-term coordination”,
we describe the network-constrained multi-period hydrothermal
auction (MHA) model and three coordination strategies are
incorporated in the model. Numerical results evaluating the impact
of the coordination strategies studied are described in Section
‘‘Numerical results”. Finally, the conclusions are presented in
Section ‘‘Conclusions”.
Coordination strategies in hydrothermal auction models

The need to coordinate

According to Conejo et al. [3] the market operator (MO) is
responsible for the economic management of the electricity mar-
ketplace as a whole, while the independent system operator
(ISO) is in charge of the technical management of the electric
energy system pertaining to the marketplace. In some markets,
the functions performed by the MO and ISO are carried out by a
single entity. The ISO and the MO must establish sound rules on
the electricity markets in order to operate them efficiently while
ensuring security and reliability of the power system [23].

In hydro-dominated systems, the concepts of security and
reliability are strongly related to the availability of hydro
resources. The key economic issue in hydro-power production is
time dependency: the water used today can alternatively be stored
in reservoirs to be used tomorrow [5]. Therefore, there must be
some kind of coordination of hydro resources between short- and
medium-term planning. Although each independent generating
company is concerned with the coordination of its own hydro
resources, it is not reasonable to leave the responsibility of
coordinating the hydro resources of the entire system for these
companies. Since coordination directly affects security and reliabil-
ity of hydro-dominated systems, the task of coordinating the hydro
resources of the system must be carried out by the ISO.

In a traditional regulated environment, the coordination
between different time scopes is developed by a system operator
trying to minimize the total cost of the system [22]. Some models
addressing this problem are described in Soares et al. [24], Pereira
and Pinto [19,20] and Franco et al. [7]. In such approaches, the
main idea is to describe short- and medium-term problems by a
single large optimization model. Then, by using some decomposi-
tion approach (e.g. Benders or Dantzig–Wolfe decomposition
techniques), this large model is broken into two sub-models, which
are associated with short- and medium-term subproblems, respec-
tively. Therefore, in these approaches, the coordination between
medium-term planning and short-term operation could be seen
as an iteration in the framework of the decomposition theory for
optimization problems [22].

Reneses et al. [22] analyze the problem of coordinating
resources between short- and medium-term in an electricity
marketplace. The analysis is performed from the perspective of a
generating company, trying to maximize its profits in the market.
The authors point out that short- and medium-term scheduling
models used by a generating company in the market are different
in essence. While short-term approaches are formulated as
unilateral profit maximization models, medium-term approaches
are generally formulated as equilibrium models. Therefore, by
analyzing the perspective of a generating company in a market-
place, Reneses et al. [22] conclude that medium and short-term
models do not result from the decomposition of a single larger
model.

The same reasoning apply if an analysis is performed from the
perspective of a MO or an ISO seeking to schedule the system
resources (generation and water) in the short- and medium-
terms. In this case, the short-term scheduling approaches used
by the MO involve market clearing procedures (mathematically
described by means of auction models), while the medium-term
approaches may also be formulated by means of equilibrium mod-
els or by auction models (futures market). Thus, we conclude that
from the perspective of a MO or an ISO, the auction (short-term)
and the equilibrium models (medium-term) may also not result
from the decomposition of a larger optimization problem.
However, as pointed out in Reneses et al. [22], in spite of this, we
may still use decomposition theory as an inspiration for helping
the MO or the ISO in their tasks for coordinating short- and
medium-term generation scheduling.

The authors in Reneses et al. [22] highlight some coordinating
issues that may appear when a generation company, owning only
thermal units, is seeking to maximize its profits in the energy
market, such as: (i) the need to establish maximum daily
production levels for thermal units with limited medium-term
emission allowances (scarce resources) and (ii) the need to fulfill
minimum fuel-consumption requirements throughout the day
due to a take-or-pay contract or a minimum market share that
must be accomplished by the company in the medium-term
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(obligatory-use resources). Note that, if a generation company,
owning only thermal units, neglects these coordination issues, this
may compromise the performance of such company in the market,
but it does not compromise the system security and reliability.
Thus, short- and medium-term coordination for thermal systems
is not a relevant constraint to be represented by the MO or the
ISO in auction models. That is why the coordination schemes are
neglected in the auction models proposed for thermal systems. In
fact, as far as we know, no other auction model in the literature
incorporates coordination strategies. The need to introduce coordi-
nation strategies in the auction procedure has not yet been clearly
discussed in the literature.

Next, we perform a careful analysis concerning the need to
coordinate short-term scheduling (calculated by means of auction
models) with medium-term decisions in a hydro-dominated sys-
tem. This analysis is performed by considering two possible day-
ahead market structures: a power exchange (PX) or a power pool
(PP). For such a purpose, consider a MO seeking to clear the day-
ahead energy market of a hydro-dominated system by means of
an auction model.

If the day-ahead market takes the form of a PX, it is generally
cleared in an hourly basis by means of simple auction procedures
that neglect most constraints associated with generation and
transmission systems, as well as the representation of coordination
strategies. In the PX, the basic idea is to keep the market clearing
procedure as simple as possible. Therefore, the introduction of
coordination strategies in the auction model used by a PX could
violate this transparency rule. Also, in the PX, the generation com-
panies are responsible for scheduling their own hydro units, by
means of price-based unit commitment procedures. Nevertheless,
these individual schedules provided by the companies must be
evaluated by the ISO regarding security and reliability, which
means that the ISO may alter the generation dispatch in order to
comply with security requisites. This ex post alterations in the dis-
patch are necessary in order to take into account both congestion
and losses in the transmission system, which are generally
neglected in the simple market clearing procedures of the PX. In
hydro-dominated systems, the ISO must consider an additional
ex post alteration, in order to account for the coordination of
short- and medium-term hydro resources. All such alterations
may introduce significant deviation from optimality, measured in
terms of social welfare, as discussed in Conejo et al.[2]. Although
the introduction of coordination strategies in the auction model
used by the PX is not a current practice, some sort of coordination
must be performed ex post by the ISO, in order to comply with
security issues.

When the day-ahead market takes the form of a power pool
(PP), the market clearing procedure is performed by means of auc-
tion models which generally represent the generation and trans-
mission systems accurately, including inter-temporal constraints,
losses and congestion management. However, no sort of coordina-
tion strategy with the medium-term decisions is generally adopted
in these models. In the PP the OM and the ISO are responsible for
scheduling the system generation. Since the auction model used
in the PP takes into account relevant constraints associated with
generation and transmission systems, the dispatch calculated by
this model does not need to be altered by ex post procedures in
order to take into account congestion and losses in the transmis-
sion system. However, since a coordination strategy between
short- and medium-terms is generally neglected in the auction
models, an ex post alteration in the dispatch calculated may still
be needed, in order to prevent hydro scarcity or losses. Therefore,
incorporating short- and medium-term coordination strategies in
the auction model would avoid these dispatch alterations, also
avoiding sub-optimality measured in terms of social welfare and
cross-subsidies.
The offers of hydro units tend to be smaller than those submit-
ted by thermal units. Therefore, there would be a tendency of fully
dispatching most of the hydro units every day. This daily pattern of
full scheduling could lead to future hydro scarcity whenever future
inflows are low. Therefore, we can anticipate that if no sort of coor-
dination is performed in a hydro-dominated system, the ISO could
face problems in the medium-term, concerning hydro resources.

Coordination strategies

In this section, we discuss two alternative strategies for coordi-
nating decisions of an auction model with medium-term energy
resources. As already discussed in Section ‘‘The need to coordi-
nate”, since short- and medium-term scheduling problems do not
result from a formal decomposition of a larger optimization prob-
lem, we use the theory of decomposition only as an inspiration for
handling with the coordination problem.

Let a global two-stage decision process be represented by prob-
lem (1), such that y 2 Y � Rny represents the vector of short-term
decisions and x 2 X � Rnx represents the vector of medium-term
decisions:

min
x;y

f aðxÞ þ f bðyÞ
s:t : gðxÞ 6 0

hðx; yÞ 6 0X
p2P

yp;t ¼ xt ; 8t 2 T

xmin
t 6 xt 6 xmax

t ; 8t 2 T

x 2 X; y 2 Y;

ð1Þ

where f aðxÞ : Rnx ! R; f bðyÞ : Rny ! R; gðxÞ : Rnx ! Rm and h x; yð Þ :
Rnxny ! Rp; P is the set of periods (hours) of the short-term problem
and T is the set of intervals (days) of the medium-term problem, yp;t
is the short-term decision associated with period p of interval t, and
xt is the long-term decision associated with interval t. For easiness of
explanation of the decomposition methods, we highlight in (1) the
equality constraints that integrate short- and medium-term deci-
sions, as well as minimum and maximum limits in the medium-
term decisions. Some coordination techniques have been discussed
in the literature to decompose the two-stage process into indepen-
dent short- and a medium-term problems, such as Benders’
decomposition, Dantzig–Wolfe decomposition, Lagrangian relax-
ation, among others. These independent problems are generally
coordinated by means of iterative information exchanging.

Benders decomposition
In Benders decomposition, problem (1) is rewritten in terms of x

variables only, as shown in (2), by means of function aðxÞ, which is
responsible for mapping the decisions of short-term problem into
the global two-stage problem:

min
x

f aðxÞ þ aðxÞ
s:t : gðxÞ 6 0

xmin
t 6 xt 6 xmax

t ; 8t 2 T

x 2 X:

ð2Þ

Problem (2) is known as the medium-term problem, and the value
of aðxÞ is obtained from the solution of the short-term problem
described in (3):

min
y

f bðyÞ
s:t : h x; yð Þ 6 0X

p2P
yp;t ¼ xt ; 8t 2 T

y 2 Y:

ð3Þ
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The dual associated with shot-term problem (3) is given by (4):

sup
kP0

inf
y2Y

f bðyÞ þ kTh x; yð Þ þ
X
t2T

kt
X
p2P

yp;t � xt

 ! !" #
; ð4Þ

where k is the vector of dual variables associated with the inequal-
ity constraints in (3). Problem (4) may also be put in the equivalent
form (5):

min aðxÞ
s:t :

aðxÞP inf
y2Y

f bðyÞþkTh x;yð Þþ
X
t2T

kt
X
p2P

yp;t �xt

 ! !
; 8kP0:

ð5Þ
If specific conditions hold that the duality gap is null (see [9]), the
solution of the dual problem (5) matches that of the primal short-
term problem (3). Therefore, the function aðxÞ in (5) is the same
described in (2). Finally, the global two-stage process can be rewrit-
ten in (6), in terms of x only:

min
x

f aðxÞþaðxÞ
s:t : gðxÞ60

aðxÞP inf
y2Y

f bðyÞþkTh x;yð Þþ
X
t2T

kt
X
p2P

yp;t �xt

 ! !
; 8kP0

x2X:

ð6Þ
The constraints associated with aðxÞ in (6) are known as Bender’s
optimality cuts. For generalized Benders decomposition [9]
feasibility cuts may also be added to problem (6). The coordination
process between short- and medium-term problems is illustrated in
Fig. 1. Note that the medium-term problem passes primal
information ðxÞ to short-term, which returns dual ðkÞ and primal
ðyÞ information.

Dantzig–Wolfe decomposition
Consider the two-stage process (1). Note that in the equality

constraint in (1) x is written in terms of y. We can eliminate the
equality constraints in (1) by substituting x in the remaining
functions of the two-stage process. Therefore, this problem can
be rewritten in terms of y only, as described in (7):

min
y

f aðyÞ þ f bðyÞ
s:t : gðyÞ 6 0

hðyÞ 6 0

xmin
t 6

X
p2P

yp;t 6 xmax
t ; 8t 2 T

y 2 Y :

ð7Þ

We take the partial Lagrangian dual of the problem (7) by dualising
the constraints associated with minimum and maximum limits in x,
as shown in (8):
Medium-term
problem

(6)

Short-term
problem

(3)

x

λ,y

Fig. 1. Coordination process between short- and medium-term problems in
Benders decomposition.
max
pP0;gP0

inf
y

f aðyÞþ f bðyÞ�
X
t2T

pt

X
p2P

yp;t�xmax
t

 !
�
X
t2K

gt xmin
t �

X
p2P

yp;t

 !" #

s:t : gðyÞ60

hðyÞ60

y2Y :

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð8Þ

Under specific convexity conditions [11], the solution of the dual
problem (8) matches the solution of the primal problem (7). The
dual problem can be rewritten as in (9):

max
pP0;gP0

X
t2T

ptxmax
t �

X
t2T

gtx
min
t

þinf
y

f aðyÞ þ f bðyÞ �
X
t2T

X
p2P

ptyp;t þ
X
t2T

X
p2P

gtyp;t

" #

s:t : gðyÞ 6 0

hðyÞ 6 0

y 2 Y :

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð9Þ

We can separate (9) in two problems: the medium-term problem
shown in (10) and the short-term problem shown in (11).

max
pP0;gP0

X
t2T

ptxmax
t �

X
t2T

gtx
min
t þ v p;gð Þ

(
ð10Þ
v p;gð Þ ¼

inf
y

f aðyÞ þ f bðyÞ þ
X
t2T

X
p2P

ptyp;t �
X
t2T

X
p2P

gtyp;t

 !

s:t : gðyÞ 6 0
hðyÞ 6 0
y 2 Y :

8>>>>>><
>>>>>>:

ð11Þ

This coordination process is illustrated in Fig. 2. The medium-term
problem passes dual information ðp;gÞ to the short-term problem,
which returns primal information ðyÞ.
Multi-period hydrothermal auction model with medium-term
coordination

We propose a Multi-period Hydrothermal Auction (MHA)
model which involves a medium-term coordination. In Sections
‘‘Constants”, ‘‘Variables” and ‘‘Sets”, we describe constants,
variables and sets related to the model formulation. In Section
‘‘Formulation”, we detail the formulation of the objective function
and constraints describing the MHA model. The following indexes
are used: p for periods, k for nodes, i for loads, j for generating
units, and kl for lines connecting buses k an l.
Medium-term
problem

(10)

Short-term
problem

(11)

(π,η )

y

Fig. 2. Coordination process between short- and medium-term problems in
Dantzig–Wolfe decomposition.
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Nomenclature

Constants
ab
kl
slope of segment (block) b associated with the
piecewise linearization process of the power losses of
line kl
kpDim

price bid by the demand i, in period p, to buy power
block m ($/MW h)
kpGjn

price offered by the generator unit j, in period p to sell
power block n ($/MW h)
Dd
 upper bound on the blocks of the piecewise
linearization process of the power losses (rad)
Bkl
 susceptance of line kl (pu)
C0
j

fixed cost of the generator unit j ($/h)
Csd
j

shut-down cost of the generator unit j ($)
Csu
j
 start-up cost of the generator unit j ($)
DPj
 minimum down time of unit j (h)

Gkl
 conductance of line kl (pu)

Pon
j
 number of periods unit j must be online at the

beginning of the market horizon due to its minimum up
time constraint (h)
Poff
j

number of periods unit j must be offline at the
beginning of the market horizon due to its minimum
down time constraint (h)
Np
Di
number of blocks of energy bid demanded by consumer
i in period p
Np
Gj
number of blocks of energy bid offered by unit j in
period p
NP
 number of periods of the market horizon

Pmax
kl
 maximum capacity of the line kl (MW)
Pmax
Dim
upper limit of the power block m demanded by
consumer i (MW)
Pmax
Gj
upper limit for the power output of generator unit j
(MW)
Pmax
Gjn
upper limit of the power block n offered by generator
unit j in period t (MW)
S0j
 time periods unit j has been offline at the beginning of
the market horizon (h)
SDj
 shut-down ramp limit of unit j (MW/h)

SUj
 start-up ramp limit of unit j (MW/h)

RDj
 ramp-down limit of unit j (MW/h)

RUj
 ramp-up limit of unit j (MW/h)
U0
j

time periods unit j has been online at the beginning of
the market horizon (h)
UPj
 minimum up time of unit j (h)
V0
j

initial commitment status of unit j (1 if it is online, 0
otherwise)
Variables
dpkl
 variable used in phe linearization process of the
power losses, for representing the absolute value of
the angular difference between nodes k and l in the
period p (rad)
hpk
 voltage angle at node k in hour p (rad)
hpkl
 difference in voltage angles in nodes k and l in period
p, given by hpkl ¼ hpk � hpl
dpk
 total load located at node k in period p (MW/h)
gpk
 total power generation at node k in period p (MW/h)
ppDi

power demanded by consumer i in period p (MW)
ppGj

power output of unit j in period p (MW)
ppDim

power associated with blockm consumed by load i in
period p (MW)
ppGjn

power output associated with block n generated by
unit j in period p (MW)
ppj
 maximum available power output of unit j in period
p (MW)
ppklðhpklÞ
 power flow in line ðk; lÞ at node k in period p (MW)
vp
j

binary variable which is equal to 1 if unit j is online
in period p, or 0 otherwise
ypj
 binary variable which is equal to 1 if unit j is started-
up at the beginning of period p, or 0 otherwise
zpj
 binary variable which is equal to 1 if unit j is shut-
down at the beginning of period p, or 0 otherwise
Lkl h
p
kl

� �

power losses in line ðk; lÞ at node k in period p (MW)
Sets
B
 the set of blocks for the linearization process of the
power losses
H
 set of indexes of hydro generating units

I
 set of indexes of periods of the demands

J
 set of indexes of generating units

K
 set of indexes of network buses

P
 set of indexes of periods of the market horizon

Xp

k

set of lines directly linked to bus k in period p
Kp
k

set of generating units located at bus k in period p
Wp
k

set of demands located at bus k in period p
Formulation

The MHA model for a pool-based electricity market, is
concerned with the maximization of the declared social welfare
while enforcing the network constraints, minimum up and down
time limits, ramp rate limits and a coordination scheme between
short- and medium-term scheduling for hydroelectric units.

Objective function
The goal of the Market Operator (MO) is to maximize the net

social welfare. For a single period, the social welfare is defined as
the sum of the consumer surplus and the producer surplus in that
period. For a multi-period auction, the net social welfare is defined
as the sum of the social welfare functions over all the periods.
Additional offer terms for generating units may be included to
consider the start-up, shut-down and no-load costs. Thus, the
objective function to be maximized can be expressed by (12):

OF pp
Dim

;pp
Gjn
;vp

j ;y
p
j ;z

p
j

� �
¼
X
p2P

X
i2I

XNp
Di

m¼1

kpDim
pp
Dim

�
X
p2P

X
j2J

vp
j C

0
j þypj C

su
j þzpj C

sd
j þ

XNp
Gj

n¼1

kpGjn
pp
Gjn

0
@

1
A:

ð12Þ



θkl

pkl(θkl)

non-linear losses linear losses

δ
(2B)
kl

... δ
(B+1)
kl

δ
(1)
kl

... δ
(B)
kl

Fig. 3. Piecewise linear approximation for the loss function. Source: Motto et al.
[15].
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In Eq. (12), the first term is related to the buying energy bids
whereas the second term includes generation offers associated with
no-load costs, start-up, shut-down costs and of the energy selling,
respectively.

Network-constraints
The following expressions represent the set of network-

constraints related to every node k and every line kl of the system
over the market horizon P.

gp
k � dp

k ¼
X
l2Xp

k

pklðhpklÞ; 8k 2 K;8p 2 P; ð13Þ

pkl h
p
kl

� � ¼ Bklh
p
kl þ

Lkl h
p
kl

� �
2

; 8k 2 K;8l 2 Xp
k ;p 2 P; ð14Þ

�Pmax
kl 6 pklðhpklÞ 6 Pmax

kl ; 8k 2 K;8l 2 Xp
k ;p 2 P; ð15Þ

where

gp
k ¼

X
j2Kp

k

pp
Gj
; 8k 2 K;8p 2 P; ð16Þ

pp
Gj
¼
XNp

Gj

n¼1

pp
Gjn
; 8j 2 J;8p 2 P; ð17Þ

dp
k ¼

X
i2Wp

k

pp
Di
; 8k 2 K;8p 2 P; ð18Þ

pp
Di
¼
XNp

Di

m¼1

pp
Dim

; 8i 2 I;8p 2 P; ð19Þ

Lkl h
p
kl

� � ¼ Gkl h
p
kl

� �2
; 8k 2 K;8l 2 Xp

k ;p 2 P: ð20Þ
The constraints (13) enforce the power balance at every node k and
every period p. The constraints (14) represent the active power
flows in the transmission lines. The constraints (15) enforce flow
limits in line kl at every hour p.

The representation of power losses through Eq. (20) would lead
to a nonlinear MHAmodel. In order to formulate the auction model
as a mixed-integer linear programming problem, which is consid-
ered a more transparent procedure, some techniques have been
proposed to linearize power losses (20) [15,16]. In this paper we
adopted the technique proposed in Motto et al. [15], which consists
of a linear piecewise approximation of (20), obtained by using B
linear blocks as shown in Fig. 3. In order to consider the lineariza-
tion in the positive orthant only, Motto et al. [15] introduce the
definition of the absolute value of angle difference between nodes
k and l, as shown in (21):

dpkl ¼ hpkl
�� ��; 8k 2 K;8l 2 Xp

k ;8p 2 P: ð21Þ
By using definition (21) and from Fig. 3, the authors also derive the

value of dpkl as being equal to the sum of values db;pkl in each block b of
the linearization process, as shown in (22):

dpkl ¼
XB
b¼1

db;pkl ; 8k 2 K;8l 2 Xp
k;8p 2 P: ð22Þ

Therefore, the power losses Lkl h
p
kl

� �
in each line kl are formulated as

in (23):

Lkl h
p
kl

� � ¼ Gkl

XB
b¼1

ab
kld

b;p
kl ; 8k 2 K;8l 2 Xp

k;8p 2 P; ð23Þ

where
0 6 db;pkl 6 Dd; 8k 2 K;8l 2 Xp
k ;8b 2 B;8p 2 P; ð24Þ

ab
kl ¼ 2b� 1ð ÞDd; 8k 2 K;8l 2 Xp

k ;8b 2 B: ð25Þ

The expression for ab
kl given in (25) can also be derived from Fig. 3.

To avoid the non-differentiable modular function in (21) the
authors also use a linear representation of this function, by replac-
ing (21) by the sets of constraints (26)–(28):

dpkl ¼ dp
þ

kl þ dp
�

kl ; 8k 2 K;8l 2 Xp
k ;8p 2 P; ð26Þ

hpkl ¼ dp
þ

kl � dp
�

kl ; 8k 2 K;8l 2 Xp
k ;8p 2 P; ð27Þ

dp
þ

kl P 0; dp
�

kl P 0; 8k 2 K;8l 2 Xp
k ;8p 2 P: ð28Þ

In summary, the nonlinear power losses given in (20) are replaced
by the linearized losses in (23) and the set of constraints (24)–
(28) is introduced in the MHA model.

Thermal constraints
The following expressions represent the set of constraints

related to every generating unit j and every consumer i over the
market horizon P. The set of thermal constraints used in the
MHA model is strongly based on the auction model described by
Arroyo and Conejo [1], which provide a precise representation for
such constraints. Whenever possible, the notation used to repre-
sent the thermal constraints in Arroyo and Conejo [1] was main-
tained in this paper.

Power output limits. The formulation of the power output limits is
as follows:

Pmaxp
Gj1

vp
j 6 pp

Gj
6 pp

j ;8j 2 J;8p 2 P; ð29Þ

pp
Gjn 6 Pmaxp

Gjn ;8j 2 J;8p 2 P;8n ¼ 1; . . . ;Np
Gj: ð30Þ

Constraints (29) set the generating limits of each unit j for each
period p. The power output is enforced to be smaller than the
maximum available power output, pp

j , which expresses the real
availability of power by taking into consideration the effect of all
ramp rate limits over the power availability (as described in the
next section). Constraints (29) also set the minimum power gener-
ated by a unit j in a period p as the upper limit of the first power
block offered by unit j in period p. Constraints (30) sets upper limits
for the power output associated with each offer block provided by
each generating unit in each period.
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Maximum available power output and ramp rate limits. Maximum
available power output and ramp rate limit constraints are formu-
lated as follows:

pp
j 6 Pmaxp

Gj
vp

j � zpþ1
j

h i
þ zpþ1

j SDj; 8j 2 J;8p 2 P; ð31Þ

pp
j 6 pp�1

Gj
þ RUjvp�1

j þ SUjy
p
j ; 8j 2 J;8p 2 P; ð32Þ

pp�1
Gj

� pp
Gj
6 RDjvp

j þ SDjz
p
j ; 8j 2 J;8p 2 P; ð33Þ

where

Pmaxp
Gj

¼
XNp

Gj

n¼1

Pmaxp
Gjn

; 8j 2 J;8p 2 P:

Constraints (31) and (32) set the upper limits of the maximum
available power output by taking into account the unit actual
capacity, start-up, shut-down and ramp rate limits. The set of con-
straints (33) imposes the ramp-down rate limits as well as the shut-
down ramp rate limits.

Minimum up time. Linear expressions of minimum up time
constraints are presented as follow:

XPonj
p¼1

½1� vp
j � ¼ 0; 8j 2 J; ð34Þ

XpþUPj�1

w¼p

vw
j P UPjy

p
j ; 8j 2 J;8p ¼ Pon

j þ 1; . . . ;NP � UPj þ 1; ð35Þ

XNP
w¼p

½vw
j � ypj � P 0; 8j 2 J;8p ¼ NP � UPj þ 2; . . . ;NP; ð36Þ

where

Pon
j ¼ MinfNP; ½UPj � U0

j �V0
j g; 8j 2 J:

Constraints (34) are related to the initial statuses of the units. Pon
j is

the number of initial periods during which unit j must be online.
Constraints (35) are used for periods following Pon

j , and ensure the
enforcement of minimum up time during all the possible sets of
consecutive periods of size UPj. Finally, constraints (36) are needed
for the last UPj � 1 periods.

Minimum down time. Linear expressions for minimum down time
constraints, expressing the number of periods during which unit
j must be off-line, are presented below, and are analogous to
(34)–(36):

XPoffj

p¼1

vp
i ¼ 0; 8j 2 J; ð37Þ

XpþDPj�1

w¼p

½1� vw
j � P DPjz

p
j ; 8j 2 J;8p ¼ Poff

j þ 1; . . . ;NP � DPj þ 1;

ð38Þ

XNP
w¼p

½1� vw
j � zpj � P 0; 8j 2 J;8p ¼ NP � DPj þ 2; . . . ;NP; ð39Þ

where

Poff
j ¼ MinfNP; ½DPj � S0j �½1� V0

j �g; 8j 2 J:
Logical status of commitment.

ypj � zpj ¼ vp
j � vp�1

j ; 8j 2 J;8p 2 P; ð40Þ

ypj þ zpj 6 1; 8j 2 J;8p 2 P: ð41Þ

Constraints (40) and (41) establish logical values for the binary vari-
ables, avoiding simultaneous commitment and decommitment of
units.

Upper limit power load
Eq. (42) set the upper limit of the hourly power consumed pp

Dim

in each block m by each consumer i.

pp
Dim

6 Pmaxp
Dim

; 8i 2 I;8m 2 Np
Di;8p 2 P: ð42Þ
Auction model with primal coordination strategy

In this section we introduce, in the auction model, the primal
coordination strategy inspired by Benders decomposition
described in Section ‘‘Benders decomposition”. In Benders decom-
position the short-term model is altered by the introduction of
additional constraints as shown in Fig. 1. For the auction model
here proposed these constraints can be written as in (43) for each
hydro unit:X
p2P

pp
Gj
¼ Mj; 8j 2 H; ð43Þ

where Mj is the daily energy target previously calculated by the
medium-term generation model. The model resulting from such
coordination approach is a network-constrained multi-period
hydrothermal auction model with primal coordination strategy,
simply refered to as (MHAP), which is shown in (44):

MHAP

max ð12Þ
s:t : ð13Þ—ð19Þ

ð23Þ—ð42ÞX
p2P

pp
Gj
¼ Mj; 8j 2 H

8>>>>><
>>>>>:

: ð44Þ
Auction model with dual coordination strategy

The auction model with dual coordination strategy is inspired in
the Dantzig–Wolfe decomposition described in Section ‘‘Dantzig–
Wolfe decomposition”. In the Dantzig–Wolfe decomposition the
short-termmodel is altered by the introduction of additional terms
in the objective function. Therefore, the auction model here pro-
posed can be written as in (45):

MHAD

max ð12Þ þ
X
j2H

pjp
p
Gj
þ
X
j2H

gjp
p
Gj

s:t : ð13Þ—ð19Þ
ð23Þ—ð42Þ

8>>><
>>>:

; ð45Þ

where pj and gj are the dual information associated with unit j,
whose values are obtained from the Lagrange multipliers associated
with the constraints representing maximum and minimum genera-
tion limits, respectively, in the medium-term model, as shown in
Section ‘‘Dantzig–Wolfe decomposition”.

Auction model with primal and dual coordination strategy

In the primal and dual coordination strategy we introduce both
primal and dual information in the auction model. In this case, the
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energy targets are relaxed to a previously fixed range ½Mmin
j ;Mmax

j �.
The resulting auction model is shown in (46):

MHAPD

max ð12Þ þ
X
j2H

pjp
p
Gj
þ
X
j2H

gjp
p
Gj

s:t : ð13Þ—ð19Þ
ð23Þ—ð42Þ
Mmin

j 6
X
p2P

pp
Gj
6 Mmax

j ; 8j 2 H:

8>>>>>>><
>>>>>>>:

: ð46Þ
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Fig. 4. Total hourly generation dispatch obtained for the base case.
Numerical results

In this section we present the numerical results obtained with
the proposed network-constrained MHA model described in
Section ‘‘Multi-period hydrothermal auction model with medium-
term coordination”. The main focus here is to evaluate the impact
of the coordination strategies described in Section ‘‘Coordination
strategies in hydrothermal auctionmodels” in terms of nodal prices
and the hourly hydrothermal dispatches calculated by the MHA
model. For such a purpose, initially we solve a simplified version
of the MHA model (base case), which totally neglects medium-
term coordination. Then, we solve three network-constrained
MHA models using primal, dual and primal/dual coordination
strategies, given byMHAP;MHAD andMHAPD respectively. Compar-
isons of such coordination strategies are then performed.

Numerical results were carried out with the IEEE RTS-1996
24-bus test system, whose data are detailed in Crespo et al. [4],
Garcia-Bertrand et al. [8] and Grigg et al. [10]. We adapted the data
for this system in order to represent a stronger hydro participation
in the total generation. For such a purpose, thermal units 1, 2, 5 and
6 (20 MW) and also units 3, 4, 7 and 8 (76 MW) were replaced by
hydro generating units, all having generation capacity of 50 MW.
Furthermore, thermal units 22 and 23 (400 MW) were also
replaced by hydro units with 400 MW. Thermal generation is pro-
vided by units 9–11 (100 MW), 12–14 (197 MW), 15–19 (12 MW),
20, 21, 30, 31 (350 MW) and 32 (350 MW). Therefore, the total
hydro generation capacity is 1200 MW, while the total thermal
capacity is 1921 MW.

Also, we reduced the capacity of the transmission lines 14–16
and 16–17 from 500 MW to 200 MW and 300 MW, respectively,
in order to artificially induce congestion in the transmission
network. We adopted null values for no-load generation costs as
well as for shut-down and start-up costs. The offer blocks of prices
for all hydro units were $4.96, $5.12, $5.34 and $5.63, respectively
for blocks 1–4. For simplicity, the same offer block structure was
adopted for all 24 periods of the auction model.

In order to artificially generate price spikes, we increased the
bids of consumers 9–11 and 14–15 in 10%, and the bids prices of
consumers 6–9, 16–20 and 22–23 in 24%, while the bid price of
consumer 5 was reduced in 5%. The upper limits of bid blocks for
consumers were also changed. We reduced the upper limits of
bid blocks for consumers 2 and 3 in 10% and 15%, respectively;
the upper limits of bid blocks for consumers 5, 10–17 and 22–24
were reduced in 20%; finally, we increased the upper limits of
bid blocks for consumers 7, 9, 18, 19 in 10%, 20%, 40% and 50%,
respectively. The remaining block data were kept as described in
Crespo et al. [4], Garcia-Bertrand et al. [8] and Grigg et al. [10].

We solved all the MHA formulations for the test system using
IBM ILOG CPLEX Optimization Studio 12.6. The total hourly
generation dispatch and the transmission losses obtained for the
base case are shown in Fig. 4. Note that the highest levels of con-
sumption occur in periods 8, 18 and 19, while the lowest levels
occur in periods 3–5.

For solving MHAP we need to adopt specific daily energy targets
for each hydro unit. In practical applications, these energy targets
are obtained by solving medium-term equilibrium models. Here,
we adopted the following energy targets: 10.8 MW for hydro units
1–8, 48 MW for hydro units 22 and 23, 6 MW for hydro units
25–29. These energy targets correspond to values of respectively
50%, 90% and 50% of the total daily generation calculated in the
base case for such units. For solving MHAD we adopted the follow-
ing penalty terms: 20.85 $/MW for units 1–4, 20.90 $/MW for units
5–8, 5.31 and 5.24 $/MW for units 22 and 23, respectively, and
5.26 $/MW for units 24–29. For solving MHAPD we adopted the
same penalty terms used in the dual coordination for problem
MHAD and the following ranges for the energy targets: 10.8–12
(MW) for units 1–8, 38.5–57.6 (MW) for units 22–23, and
4.8–7.2 (MW) for units 24–29.

The models MHAP;MHAD and MHAPD, involving different coor-
dination strategies were solved for the test system. Total hydro
and thermal generation for each period and each model is shown
in Fig. 5. In this figure, we observe that the solution provided by
the base case have higher hydro participation than those obtained
by the models having some sort of coordination strategy. This is an
expected result since the offer costs of hydro units are lower than
those of thermal units; therefore, if no coordination with medium-
term planning is enforced, the system will tend to fully dispatch
the hydro units in all periods. When the coordination strategy is
introduced, the models tend to reduce total hydro generation in
order to enforce medium-term reliability constraints, which are
related to the rational use of water resources. This result also
emphasizes that a reliable and secure operation of a hydrothermal
system tends to save more energy (water) in the hydro plants by
increasing short-term thermal participation in the total generation.
Since thermal generation is generally more expensive than hydro
one, a reliable and secure operation tends to be more expensive.

By analyzing the total hydro and thermal generation calculated
by the coordination strategies in Fig. 5, we observe that primal
coordination used in MHAP model calculates the highest thermal
participation in all periods, while the dual coordination strategy
used in MHAD calculates the lowest ones. We note that since pri-
mal coordination imposes hard equality constraints represented
by the daily hydro generation targets, these constraints may be
too rigid, in the sense that the amounts of daily energy must be
strictly enforced. On the other hand, the dual coordination in
MHAD model tends to be more flexible in terms of enforcing secu-
rity and reliability in the medium-term, since less energy (water) is
stored in the reservoirs in the short-term. The dispatch obtained by
the primal–dual coordination strategy is a intermediate solution.
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Fig. 7. Minimum and maximum nodal prices in the transmission network for each period.
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This strategy is not excessively rigid in its coordination (such as in
the MHAP model), which strictly enforces the energy targets and
stores a conservative amount of energy in the reservoirs (more reli-
able and secure), nor excessively flexible (such as in the MHAD),
which uses a higher amount of water in the short-term, leaving
the reservoirs with less amount of stored energy (less reliable
and insecure). The energy prices obtained by all strategies are also
analyzed in this section. We emphasize that since the transmission
system is represented in detail, and since a coordination procedure
is embedded in the MHA auction models, the prices calculated by
such models implicitly represent the costs associated with
transmission losses and congestion as well as the costs associated
with medium-term coordination. This implies that no additional ex
post alteration in the energy dispatch and prices are necessary in
order to take these operational constraints into account. However,
since hydro constraints, are neglected in the MHA model, small
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additional ex post corrections in energy dispatch and prices may be
necessary.

We note that the energy prices vary both for each period (time
variation) as well as for each transmission bus (spatial variation).
Therefore, in order to compare the prices calculate by the models,

we calculate the medium price for each period t, denoted by k̂t ,
according to Eq. (47) and the medium daily price for each bus k,
denoted by k̂k, according to Eq. (48):

k̂t ¼
XNB
k¼1

ktk
NB

; 8t ¼ 1; . . . ; T; ð47Þ
k̂k ¼
XT
t¼1

ktk
NT

; 8k ¼ 1; . . . ;NB; ð48Þ

where NB is the number of buses. Note that k̂t allows for the
analysis of time evolution of prices, while k̂k allows for the analysis
of the spatial distribution of prices in the transmission system.
These medium price values are shown in Fig. 6 for the base case
and also for MHAP;MHAD and MHAPD models. From Fig. 6(a), we

note that the profile of medium nodal prices k̂t tends to follow
the generation-consumption profile shown in Fig. 4 for all cases,
as expected. By analyzing the spatial distribution of prices k̂k
depicted in Fig. 6(b), we observe that the congestions in lines
14–16 and 16–17 breaks the transmission system into two subre-
gions with similar medium daily prices. Minimum and maximum
prices are illustrated in Fig. 7. We observe that a secure and reliable
operation has also a higher market clearing price in all periods.
Conclusions

This paper investigates the coordination of decisions calculated
by a network-constrained multi-period auction model of
hydrothermal systems with the decisions calculated by a
medium-term model. The need to introduce such coordination
strategies is discussed from the perspective of a market operator
seeking for the optimization of the social welfare but also the opti-
mization of system security and reliability. Three alternative
strategies for coordination are investigated: the first one incorpo-
rates additional constraints in the auction model associated with
primal information provided by the medium-term model; the sec-
ond one uses dual information concerning the value of the
medium-term generation and introduces penalty functions in the
objective function of the auction model; the third approach intro-
duces primal and dual information of the medium-term model in
the auction model. These strategies are compared by means of sim-
ulation results involving the 24-bus IEEE reliability test-system.
The first strategy presents the best solution in terms of security
and reliability since the smallest share of hydro generation is
dispatched, but also the most expensive one, due to the high share
of thermal generation. The second strategy dispatches the highest
share of hydro generation, presenting the less secure but also the
less expensive coordinating strategy. The third approach presented
results that can be viewed as a good trade-off between security and
costs. The results show that the coordination strategies have signif-
icant impact on market clearing prices and generation scheduling,
since coordination tends to reduce hydro participation in the total
generation in order to enforce reliability and security constraints.
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