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Abstract: An efficient and simplified procedure is proposed for the reduction of high-frequency oscillations and erroneous
magnitude peaks in electromagnetic transient simulations in power transmission systems modelled by the lumped electric
parameters approach. This procedure consists of the inclusion of analogue filters in the equivalent representation of
multiconductor transmission lines without modifying its electromagnetic propagation characteristics. The analogue
filter modelling is conducted as a function of the line length and line parameters. The proposed simulation
methodology is applied directly in the line modelling, which means that the filtering/correction process represents a
real-time process during simulations, without post-processing filtering techniques using digital filters or variations in
the solution methods. The results obtained directly in the time domain by the proposed modelling/simulation
methodology are compared with simulations obtained from well-established line models using the numerical Laplace
transform and the Bergeron method.
1 Introduction

The electromagnetic performance of power systems can be basically
predicted from two methods: experimentation or simulations. The
first method relies on by experimental tests, usually based on
international standards, or empirical data measured in real power
systems, which are restricted to specific operational and
environmental conditions (e.g. the analysis of transmission lines
during electromagnetic transients occurring due to atmospheric
discharge or switching operations). The second analysis method is
based on simulations using analogue or computational tools. Until
the 1960s, power system simulations were performed using
analogue simulators, which basically perform power system
modelling by equivalent electric circuits in reduced scale. These
simulators are well known in the technical literature as transient
network analysers [1, 2]. After 1970, based on the continuous
advances in the processing resources of digital computers, several
versions of the well-known electromagnetic transient program
(EMTP) were developed for commercial and academic
applications [3]. Currently, there are computers capable of
performing simulations in real operation time, even considering
fast electromagnetic transients. These dedicated computers are
commercially known as real-time digital simulators [4].

The revolution in power system simulation is mainly attributed to
the on-going progress in the improvements in computational
processing due to hardware; however, this revolution was also
possible because of many contributions from new simulation
techniques and power system modelling during the recent decades.
Simulation techniques using different integration methods were
proposed to solve transmission line models in the time domain,
improving the accuracy of the results and computational
performance [5, 6]. Modelling techniques were also proposed to
improve the multiconductor line representation using modal
transformation matrices and alternative methods to represent the
mutual parameters between phases by using lumped parameters,
without modal decoupling [7]. Multiconductor line modelling by
lumped parameters and modal decoupling is a well-established
approach in the technical literature on transmission line modelling
(TLM). This approach consists basically in decoupling an m-phase
line into m independent propagation modes, which can be
modelled as m single-phase lines based on the lumped-parameters
representation [7].

The representation of the line as an equivalent π circuits produces
a system of differential equations, which can be solved using
numeric integration methods [8, 9]. Although line representation
by equivalent electric circuits has advantages compared with other
models in the frequency domain (e.g. direct development in the
time domain and the inclusion of time-variable elements in
transient simulations), some inaccuracies are observed during
simulations because of high-frequency oscillations that result from
the line modelling and numerical integration methods. Some
inaccuracies depend on the number of π circuits per unit of length
and have been previously discussed in the technical literature,
along with methods to suppress these spurious oscillations [9].

A first solution for the numerical oscillations in TLM was
proposed based on the use of two integration methods during
simulations in the EMTP, alternating the trapezoidal and Euler
rules through the numerical integration process. This technique
suppresses the numerical oscillations by providing critical damping
of the discontinuity within one integration step, Δt, of the
simulation. The critical damping adjustment is achieved through
two Δt/2 using the backward Euler rule [10]. A second procedure
for suppressing the numerical oscillations is applied directly in the
line modelling using digital filtering techniques [11, 12]. This
second solution can be considered as a post-processing method, as
it is applied after the simulation and numerical integration
processes. The method using two integration rules shows a better
computational performance, whereas the method based on digital
filtering simplifies the computational algorithm. However, the
principal difference between the two methods for mitigating
numerical oscillations is that the first method is applied to the
numeric solution, while the second is applied directly in the line
modelling. In this context, a multiconductor line model is
proposed based on the lumped-parameters approach, where the
numerical oscillations are suppressed by the inclusion of analogue
filters directly in the line model. The modelling of the proposed
analogue filter is given as a function of the line length and number
of equivalent π circuits in the cascade. A significant mitigation of
41



the erroneous oscillations is obtained using only a single integration
method without post-processing techniques (digital filtering), which
usually result in shifts in successive wave reflections during the
transient state [11, 12]. Numerical methods have been widely used
to simulate electromagnetic transients in transmission lines in the
time as well as in the frequency domain. The principal methods in
the technical literature are as follows: the finite-difference
time-domain method [13], the method of moments [14], the
method of characteristics [15] and the time-domain finite-element
method for non-uniform [16], or multiconductor lines [17]. Based
on the state of the art, this research proposes the inclusion of
analogue low-pass filters in lumped-parameter line model to
mitigate spurious oscillations in electromagnetic transient
simulations in the time domain. The proposed line model is
validated from simulations using the numerical Laplace transform
(NLT) and other well-established line models available in the
EMTP [18, 19]. In addition, the frequency response of the
proposed line model, with and without the low-pass filtering
technique, is evaluated to provide complementary information on
the numerical oscillation suppression and eventual variations in the
frequency-domain behaviour of the transmission line during
electromagnetic transient simulations.
2 Conventional line representation by lumped
parameters

The representation of a line by a cascade of π circuits is a
well-established technique in TLM for electromagnetic transient
analyses. This line model is basically described in Fig. 1 [5] where
a line segment is represented by a π circuits cascade.

Each line section is modelled using the lumped resistance R and
inductance L to represent the longitudinal impedance, whereas the
transversal parameters are represented by lumped capacitances and
conductances, C and G, respectively. The terms R, L, C and G are
calculated from the line parameters per unit of length ℓ and
number of π sections n, as described in the following equation

R = R′ ℓ
n
; L = L′

ℓ

n
; C = C′ ℓ

n
; G = G′ ℓ

n
(1)

The terms R′ and L′ are the resistance and inductance per unit of
length, respectively, and C′ and G′ are the transversal capacitance
and conductance per unit of length, respectively. Considering a
transmission line segmented into m π sections (Fig. 1), the
differential equations for the currents through the impedances and
the voltages on the transversal admittances can be easily
represented by the state matrices, as the transmission line is
represented by a system of first-order differential equations and
solved using numerical integration methods [5–7]. In this context,
the lumped-parameters model presents several advantages, such as
the modelling of time-variable and non-linear systems [8].
However, the solution of the state equations commonly presents
numerical oscillations that affect the exact prediction of the
voltage and current peaks in electromagnetic transient simulations.
The numerical oscillations, which result from the numerical
integration methods, can be observed in the transient simulations
shown in Fig. 2b.

The voltage transients in Fig. 2b are simulated from a single-phase
transmission line connected at the sending end to a DC source and at
the receiving end to a generic load represented by a resistance of
2000 Ω, as described in Fig. 2a. A switching impulse is simulated
Fig. 1 Line represented by lumped parameters
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when the switch at the sending end is closed at t = 0. The line
parameters per unit length are as follows: R′ = 0.05 Ω/km, L′ = 1.7
mH/km, G′ = 0.556 μS/km and C′ = 6.58 ηF/km. Curves 1 and 2
are the voltage transients at the receiving end of the line as
represented by 20 and 100 equivalent π sections, respectively. The
same transient condition is simulated by the line representation in
the frequency domain using NLT, as described by curve 3. The
erroneous oscillations result in transient voltage peaks ∼20%
greater than the simulations using NLT. When the number of π
circuits is increased, the distributed parameters of the line are
better represented, and therefore the results obtained from the
lumped-parameters model and using NLT (distributed parameters)
are closer, as shown in Fig. 2. Another observation regarding the
lumped-parameters modelling of the line is the relationship of
the propagation time 2T, the number of π circuits in the line
representation and the frequency of the numerical oscillations. The
constant T is the propagation time of the electromagnetic wave
from the sending to the receiving end. The constant 2T represents
the time for the electromagnetic wave to propagate from the
sending to the receiving end and reflect back to the sending end.
Fig. 3 compares the maximum voltage peak of the numerical
oscillations for a transmission line represented by lumped
parameters, as a function of the line length, and the line model
represented by distributed parameters using NLT (reference model).

The transient voltage peaks are simulated considering the two line
models for a line length varying from 10 to 500 km. The results
obtained from the lumped-parameters line model show transient
voltage peaks 25% greater than the corresponding values
simulated using NLT. Fig. 2b shows that the frequency of the
numerical oscillations varies as a function of the number of π
circuits in the line representation. Another observation is that the
frequency of oscillations at 0.4 ms is different from the frequency
at 0.9 ms. This information is necessary to define the correlation
between the number of π sections and the line length. In Fig. 2b, t
represents the period of the first oscillation, so the maximum
frequency for the spurious oscillations will be defined as follows

fS = 1

t
(2)

Thus, the frequency at 0.4 ms can be assumed as a reference for
calculating the maximum frequency values of the erroneous
oscillations and represents important information for calculation of
the analogue filter parameters. Fig. 4 shows the frequency of the
numerical oscillations ( fS) as a function of line length (ℓ) and the
number of π circuits (m) in the cascade. Term k is the relationship
between the number of equivalent π circuits and line length

k = m

ℓ
(3)

The maximum frequency of the spurious oscillations ( fS),
considering the line represented by lumped parameters, is analysed
for different values of k and line lengths from 100 up to 500 km.

The set of curves in Fig. 4 shows that the frequency of the
numerical oscillations is practically constant with line length
(continuous curves), varying only for different values of the
relationship k. Thus, a maximum frequency fmax can be defined to
filter all frequencies for k > 0.1, for example. The calculation of
the cut-off frequency will be approached step-by-step in the next
sections.
3 Frequency analysis of simulations using the
NLT

The same single-phase line in Fig. 2a is connected at the sending end
to a voltage source (t = 0) represented by a cosine function with a
peak magnitude of 1 p.u., as described in Fig. 5a. The voltage
transient at the receiving end of the line is shown in Fig. 5b. The
IET Sci. Meas. Technol., 2017, Vol. 11, Iss. 1, pp. 41–48
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Fig. 2 Numerical oscillations resulting from the numerical integration methods

a Single-phase line used for the transient analyses
b Simulations using the lumped-parameters representation with 20 and 100 equivalent circuits (curves 1 and 2, respectively) and NLT (curve 3)
transient simulation is conducted using the line model by distributed
parameters and the line model by NLT.

The constant T is the propagation time from the sending end to the
receiving end, which can be calculated as a function of the
geometrical and physical characteristics of the line. Considering
that the wave speed in the real transmission line can be
approximated by a lossless transmission line, it yields

v = 1����
LC

√ (4)

In (4), L and C are the inductance and capacitance per unit length in
the line represented by its distributed parameters. The propagation
time T can be calculated as follows

T = ℓ

v
= ℓ

����
LC

√
(5)

In (5), the term ℓ is the line length. As the propagation time T is
calculated, the damped periodic function that represents the
voltage VR(t) at the receiving end (Fig. 5b) can be expressed as
follows

VR(t) = cos (2pf (t − T ))+ x(t − T )e−a(t−T )[ ]
u(t − T ) (6)

The signal at the receiving end can also be expressed by a cosine
function with fundamental frequency f = 60 Hz, where u(t) is an
unitary step function shifted by T. The function x(t) represents a ±
0.5 p.u. symmetric rectangular wave with a period of 4T and the
term a is a damping coefficient. The function x(t) can be
Fig. 3 First-peak magnitude at the receiving end of the line from models
using NLT and using lumped parameters

IET Sci. Meas. Technol., 2017, Vol. 11, Iss. 1, pp. 41–48
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expressed as follows

x(t) = 2

p

∑1
n=0

(−1)n

2n+ 1
cos (2p(2n+ 1)f0t) (7)

The fundamental frequency of x(t) is denoted as f0, which is also
expressed as a function of the line parameters and from (4)

f0 =
1

4T
= 1

4ℓ
����
LC

√ (8)

The propagation speed through the conductor is expressed in the
technical literature as a function of the line parameters and is
conventionally, in most of cases, assumed as being the light speed.
The symmetric rectangular wave has odd harmonic frequencies in
its spectrum. Considering that low-pass filter will mitigate
frequencies above of eighth harmonic (n = 8) from the rectangular
wave x(t), the maximum frequency, fmax, for x(t) is given by

fmax = 17f0 (9)

The filter should not cut off frequencies up to fmax, as defined in (9).
However, frequencies higher than the eighth harmonic component in
x(t) can be filtered during transient simulations. Harmonic
components above the eighth harmonic have <6% of the
fundamental component magnitude and can be assumed to be the
maximum frequency fmax. In this context, the cut-off frequency in
(9) can be restructured as a function of the line parameters and
Fig. 4 Frequency of the numerical oscillations as a function of k and line
length

43



Fig. 5 Single-phase line and voltage transient at the receiving end of the line

a Single-phase line used for the transient analyses
b Voltage at the receiving end using the line model with NLT
length and given by

fmax =
17

4

1

ℓ
����
LC

√ (10)

As in (3), the maximum frequency in (10) is given as a function of
the length (ℓ) and line parameters. Fig. 4 describes the numerical
oscillation frequency fS for different values of k and maximum
frequency fmax. Fig. 4 shows that for 0.1≤ k≤ 1 and 150≤ ℓ≤
500 km, the maximum frequencies for the spurious oscillations are
above the maximum frequency fmax. If the frequency, as a function
of k and ℓ, is constantly above the curve of fmax in Fig. 4, the
same filtering procedure can be extended for transmission lines
longer than 500 km. As the line parameters and line length are
known, the cut-off frequency foff can be determined, and the
low-pass π filter can be modelled and included in the line
representation.
4 Inclusion of analogue filters in the lumped
parameters

As shown in Fig. 2, line modelling by lumped parameters results in
erroneous numeric oscillations during transient simulations. In this
context, analogue filters can be integrated into the equivalent
circuit by lumped parameters, directly in the time domain, to
suppress the numerical oscillation without affecting the line
response in the time and frequency domains. This paper proposes
a systematic methodology for the calculation and inclusion of
low-pass π filters in multiconductor line models by lumped
elements in the time domain. The equivalent electric circuits for
the analogue filter and line representation are described in Fig. 6.
Fig. 6 Equivalent electric circuits for the analogue filter and line representation

a Electric circuit of analogue low-pass π filter
b Transmission line model including low-pass filters for mitigation of the numerical oscillatio
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The cut-off frequency foff of the π filter is defined when in
frequency response (output signal) decays in <3 dB [20]. Based on
the concept of low-pass analogue filters, the cut-off frequency of
the π filter can be treated as a function of the resistance Rf,
inductance Lf and capacitance Cf, as shown in Fig. 6a and
expressed in the following equations

foff =
1

2p

��������������������
b+

�������������
b2 + 4L2fC

2
f

√

2L2fC
2
f

√√√√
(11)

b = C2
f R2

f − 2L2f
( )

(12)

As the proposed filter must mitigate the spurious oscillations inherent
of the lumped-parameters modelling, the cut-off frequency of the
analogue low-pass filter ( foff) must be less than the maximum
frequency of the spurious oscillations ( fS), as expressed by

foff , fS (13)

In addition, the cut-off frequency for the low-pass filter must be
greater than the maximum frequency fmax, as the filtering should
not affect frequencies up to fmax

fmax , foff , fS (14)

The frequency range in (14) depends on the line parameters,
according to (4) and (10). The π filters are located at the sending
and receiving ends of each propagation model (Fig. 6b), as a
multiconductor system can be easily modelled using modal
decoupling techniques (modal transformation), as extensively
ns
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Fig. 7 Transient voltages at the receiving end of a single-phase line

a Line with length of 150 km
b Line with length of 300 km
c Line with length of 500 km
discussed in the technical literature on TLM [7, 8, 11]. The modal
transformation decouples a three-phase transmission line into three
independent propagation modes, i.e. each propagation mode can
IET Sci. Meas. Technol., 2017, Vol. 11, Iss. 1, pp. 41–48
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be represented as a single-phase line, where the low-pass π filters
are modelled as a function of the respective modal parameters and
located at the two terminals, as described in Fig. 6b.
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Fig. 8 Frequency responses for the 150 km transmission line represented
by diverse models

Table 1 Harmonic frequencies and its peaks from the proposed model
in frequency response

Harmonic Frequency, Hz Peak (×10−3) Ratio

1st 500 0.306588 1.00000
3rd 1500 0.102308 0.33472
5th 2500 0.061516 0.20126
7th 3500 0.044072 0.14419
9th 4500 0.034405 0.11256
11th 5500 0.028265 0.09248
13th 6500 0.024018 0.07858
15th 7500 0.020900 0.06838
17th 8500 0.018506 0.06055
5 Electromagnetic transient simulations using
the π filter modelling

As a first approach, transient simulations using the proposed
technique are conducted for the same single-phase line in Fig. 2a,
with length of 150, 300 and 500 km. The line parameters were
previously described in Section 2 along with the voltage source
and load at the line terminals. The voltage transients are simulated
using the proposed line model with filtering and the conventional
model by lumped parameters. The transient voltage profiles at the
load terminal, simulated for single-phase lines 150, 300 and 500
km in length, are depicted in Fig. 7.

Simulations from both line models are conducted considering the
relationship k = 1 and fS = 100 kHz. The cut-off frequency for the
low-pass filters is fixed at foff = 60 kHz, and the low-pass π filter
Fig. 9 Transmission tower profile and switching simulation of a 440 kV transmi

a Transmission tower profile and its dimensions
b Switching simulation of a 440 kV transmission system
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parameters in Fig. 6a are Lf = 0.5 mH, Cf = 10 ηF and Rf = 800 Ω.
Fig. 7 shows that the numerical oscillations are significantly
reduced by the proposed filtering technique and line modelling.

The frequency response of a transmission line with a length of
150 km, or a single propagation mode, is observed in Fig. 8. An
unitary step (1 p.u.) is applied at the sending end of the line, and
voltage transients at the receiving end are obtained from the line
model using lumped parameters (k = 1), with and without the
proposed filtering technique, and the line model using NLT.

Considering an electromagnetic propagation velocity of
∼300,000 km/s and (5) and (8), the fundamental frequency is f0 =
500 Hz. The NLT response in Fig. 7 is a damped rectangular
wave, as expressed in (7) by applying the Fourier series, where the
amplitude of the components 1/(2n + 1) decreases with the inverse
of the harmonic frequency of n. Thus, the peaks in Fig. 8 occur at
the odd harmonic frequencies (poles) in the NLT responses (3f0 =
1.500 Hz, 5f0 = 2.500 Hz, 7f0 = 3.500 Hz, …). Analogously, even
though the frequency responses for the NLT and proposed model
(dotted curve) are not similar in Fig. 8, the proposed model
maintains the same format as the NLT response in the time
domain, as shown in Fig. 7. Table 1 shows some odd harmonic
frequencies and the corresponding peaks from Fig. 8.

The ratio of the nth harmonic component and the fundamental
component follows approximately the coefficient relation 1/(2n +
1). For example, the ratio of the third and first harmonics is
0.33472 ; 1/3, and the ratio of the fifth and first harmonics is
0.20126 ; 1/5. Based on this observation, the filtering technique
and line model suppress the spurious numerical oscillations while
preserving the proportions between the harmonic components that
compose the line response in the frequency domain.
6 Three-phase line model using the proposed
method

The proposed modelling technique can be extended to represent
three-phase lines by lumped parameters using modal decoupling,
as is well established in the technical literature on TLM [7, 8, 12].
A three-phase line can be decoupled into three independent
propagation modes, which can be modelled as three single-phase
lines using the lumped-parameters approach and the proposed
filtering technique, as shown in Fig. 6. Conventionally, the modal
decoupling is achieved using a modal transformation matrix
consisting of real and constant terms or complex and
frequency-variable terms in the case of frequency-dependent line
models for simulation of fast electromagnetic transients [7]. In the
proposed line model, the transient simulations are conducted in the
time domain for each propagation mode separately, i.e. the current
ssion system
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Fig. 10 Transient voltages at the receiving end of the three-phase
transmission line

a Modelling by NLT
b Line model using lumped parameters without π filter
c Line model using lumped parameters with π filter
d Modelling by Bergeron
and voltage transients are calculated from three independent
computational processes for each propagation mode, which are
modelled as three single-phase lines by lumped parameters directly
in the time domain. In sequence, the current and voltage transients
are converted from the modes to phase values using a real and
constant modal transformation matrix, such as Clarke’s matrix [7, 8].
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The proposed line model and filtering modelling are evaluated for
a multiconductor system concerning a conventional 440 kV
transmission line with a single circuit, as described in Fig. 9a.
This transmission line is designed with bundles with four
conductors of type Groesbeck (phases 1, 2 and 3) and two ground
wires EHSW-3/8’ (conductors 4 and 5). The phases are
untransposed, and the line geometry is characterised by a
symmetrical vertical plane. The soil resistivity is assumed to be
1000 Ω m, and the line length is 150 km. Fig. 9b shows the
untransposed transmission line with a synchronous generator
connected at the sending end, whereas the receiving end is
connected to a generic three-phase resistive load.

At time t = 0, the sending end of the line is connected to the
synchronous generator with 1 p.u./60 Hz. After switching at the
sending end, at t = 16.85 ms of the simulation, an impulsive
voltage surge occurs at phase 3, as represented by the voltage
source V(t) in Fig. 9b and expressed in the following equation

V (t) =
0, t ≤ 16.85ms
2p.u., 16.85 ≤ t ≤ 17.15ms
0, t . 17.15ms

⎧⎨
⎩ (15)

The electromagnetic transients are simulated using the line model
using lumped elements with and without the inclusion of the
proposed analogue π filter to reduce the numerical oscillations
(Figs. 10b and c, respectively. The results are compared with the
simulations obtained using the line model with NLT (Fig. 10a) and
from the Bergeron method (Fig. 10d), available in the alternative
transient program (ATP)/EMTP [3].

The voltage surge applied at phase 3 results in an electromagnetic
transient at all three phases of the line. However, the numerical
oscillations are significantly smoothed in the simulations obtained
from the proposed line model with analogue π filters, as observed
in Fig. 10c, compared with the results of the simulations using the
same line model without π filters, as shown in Fig. 10b. The
simulation obtained from the proposed line model with π filters is
similar to the results simulated using the line model with NLT and
the Bergeron method. The results obtained from the four line
models were calculated using the same numerical integration
method and without variations in the integration step.
7 Conclusions

The inclusion of low-pass filters in the representation of a line by
lumped parameters is shown to be a versatile and efficacious
technique to suppress the numerical oscillations in electromagnetic
transient simulations. Comparing the results obtained from the
conventional line model by lumped parameters with and without π
filters shows a significant reduction in the erroneous oscillations,
even compared with results obtained using NLT and the Bergeron
method. In fact, the simulations conducted using the proposed
modelling methodology and using the line model based on NLT
are extremely similar, demonstrating that the proposed filtering
technique provides very accurate results.

The same technique using analogue filters can be extended to
other lumped-parameters models of power components and
devices, e.g. power transformers and surge arresters, which are
also approached in the technical literature by equivalent electric
circuits in the time domain. In addition, the proposed method for
suppressing numerical oscillations during electromagnetic transient
simulations can be applied to more sophisticated models, using
fitting techniques for representation of the frequency-dependent
impedance directly in the time domain. These time-domain models
are widely used for representation of various electromagnetic
phenomena in power and telecom systems, from communication
towers modelling to the lightning performance evaluation of power
systems because of the easy inclusion of time-variable parameters
and elements during transient simulations, which are usually a
complex procedure in the frequency domain.
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