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Abstract This work deals with reduced-order Luenberger-
like observer design and control for switched affine sys-
tems. Formulation of state-dependent and dynamic output-
dependent switching laws for those systems was already
addressed, however, in a full-order treatment. The proposed
procedure defines an estimator system only for the unmea-
sured part of the system state. Linear matrix inequalities
for obtaining output gain matrices and for composing a
reduced-order Luenberger observer-based switching law are
proposed. Finally, the results are validated by design and
simulation for DC–DC converters.

Keywords Switched affine systems · Linear matrix
inequalities · Switched Luenberger observers · Reduced
order switched Luenberger observers · DC–DC converters

1 Introduction

In the last two decades, a great effort has been dealt to under-
stand switched systems: systems whose dynamics are both
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continuous and discrete in time. The interest in Switched
Systems: increased significantly after the works proposed by
Liberzon andMorse (1999) and DeCarlo et al. (2000), which
proposed many new problems in the area.

Initially, the focus was on switched linear systems, which
are still studied, andmany important results were obtained. A
good survey was written by Lin and Antsaklis (2009), while
some books written by Liberzon (2003) and Sun and Ge
(2005) cover the subject more extensively. Piecewise affine
systems and switched affine systems (SASs) have drawn
attention more recently, the latter, specifically for its usage
on modeling DC–DC converters.

SASs have some unique features: there is no adding con-
trol input, commonly denoted u; hence, the control can only
be achieved by choosing the system matrices among a finite
set of choices, including the affine vector added to compose
the state-derivative equation. Piecewise affine systems, on the
other hand, have their state-space partitioned a priori: their
control strategy uses the adding input, u, with, for example,
an output feedback (Rodrigues and How 2003).

Back on SASs, sufficient stability conditions using an
approach by average state space which demanded the aver-
age input matrix to be null were determined by Bolzern
and Spinelli (2004). The treatment to the non existence of
a common-mode equilibrium point in buck–boost converters
was pointed out by Corona et al. (2007). Xu et al. (2008)
proposed a more elaborate and general approach by defin-
ing practical stability. Design of variable-structure control of
SASs applied toDC–DC converters was proposed byCardim
et al. (2009).Recently, sampled-data control (Hauroigne et al.
2011; Hetel and Fridman 2013), local stabilization (Hetel
and Bernuau 2015) andH∞ performance (Deaecto 2015) of
those systems were addressed.

An approach for establishing SASs stability using (LMIs)
was proposed by Deaecto et al. (2010). In that work, some
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optimal criteria were also proposed and applied to DC–DC
converters. An important feature is that the average state
space was not required, sufficing to use the SAS model and
LMIs to elaborate a stabilizing state-dependent switching
law. Recently, another proposal using a max-type state-
dependent switching lawwasmade by Scharlau et al. (2014).

LMIs are widely used in control theory (Boyd et al. 1994)
and an LMI-proposal of a dynamic output-dependent switch-
ing law for SASs was addressed by Yoshimura et al. (2013):
using the sensed output and imposing the same switching law
to the plant and to the estimator, the estimated state could be
used to substitute the real state.

Despite of the amount of research on SASs, there is
no result on reducing the state estimator order, as far as
the authors could search, which is an important feature in
establishing observer-based control theory as already shown
by Luenberger in his original works on Linear Systems
(Luenberger 1964, 1971): it simplifies the observer imple-
mentation. Some helpful related insight can also be found
in model reduction theory (Assunção et al. 2007) and static
output feedback (Mainardi Júnior et al. 2015).

One gap in SASs theory is, then, the absence of a result
that presents a way of reducing the number of state vari-
ables to be estimated by an auxiliary dynamic system. The
remaining variables are to be completed by the output matrix
(commonly denoted y) with possibly an algebraic (i.e., non-
dynamic) manipulation on its variables.

This paper is intended to fill that gap and is organized
as follows: Sect. 2 states the problem to be dealt and
important previous results; Sect. 3 presents the new results;
Sect. 4 shows the application of the new results in exam-
ples involving DC–DC converters; finally, Sect. 5 presents
the conclusions.

Notation

Apostrophes denote matrix transpositions. S is the symme-
try by addition operator, i.e., S(X) = X + X′; Tr(X) is
the trace of X; diag{X1,X2, . . . ,XN } is a block-diagonal
matrix with the mentioned blocks along the main diago-
nal, in that order; Φ(N ) is the N -dimensional unit simplex
set. Let A1,A2, . . . ,AN be matrices of the same dimen-
sion and ϕ ∈ Φ(N ), a convex combination is denoted
Aϕ = ∑N

i=1 ϕiAi . R
n×n
�0 denotes the set of n-order positive-

definite square real matrices and NN = {1, 2, . . . , N }.
In proofs, equation numbers will be placed above equali-

ties/inequalities in order to facilitate the reading: they present
the equation combination to obtain the respective result.

2 Problem Statement and Previous Results

SASs have the state-space model

ẋ = Aσx + bσ (1a)

y = Cσx (1b)

z = Eσx (1c)

where y is the measured output, z is the controlled out-
put and σ is the switching law (function), which can be
state-dependent, time-dependent, output-dependent and so
on. The co-domain of σ isNN , so it chooses the active mode
(Ai ,bi ,Ci ,Ei ) ∈ (Rn×n,Rn,Rm×n,Rp×n), among N pos-
sibilities. Itmust be noted that the only possible control action
is to properly design the switching law, as there is no feedback
input apart from that which determines the active mode.

The initial problem in SASs, addressed by Bolzern and
Spinelli (2004), was to determine which subset of the
state space could provide an operation point (therein called
“switched equilibrium”, i.e., a point to which the state can
be driven to), x̃ ∈ R

n . A proposed solution to that problem
was to pick any ϕ ∈ Φ(N ) and make

(
N∑

i=1

ϕiAi

)

︸ ︷︷ ︸
Aϕ

x̃ +
N∑

i=1

ϕibi

︸ ︷︷ ︸
bϕ

= 0 (2)

with an adequate switching law design.
The above procedure was enhanced by Deaecto et al.

(2010),whoproposedLMI-designed state-dependent switch-
ing laws. The simplest is

σ(x) = arg min
i∈NN

(x − x̃)′P(Ai x̃ + bi ) (3)

which requires that the operation point,1 x̃, be determined as
in (2) and P ∈ R

n×n
�0 comes from the solution of the LMI

A′
iP + PAi + C′

iCi ≺ 0 (4)

As (3)makes it clear, the full state is necessary for a correct
switching. However, it is desirable to obtain a switching law
such that some state variables could be disregarded.

Luenberger proposed techniques for obtaining state
observers for Linear Systems: with full order (Luenberger
1964) and reduced order (Luenberger 1971). The idea is to
build an auxiliary system, whose state, x̂, approaches the real
state, x, as t → ∞. Consider, then, the Linear System

ẋ = Ax + Bu (5a)

y = Cx (5b)

1 In practical situations, the designer would like to impose x̃ and, in
order to apply (3), it would be necessary to verify if there is aϕ ∈ Φ(N ),
such that (2) holds.
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where u is the control input and B is the control input gain
matrix. For the full-order case, the proposed estimator was

˙̂x = Ax̂ + Bu + L(Cx̂ − y) (6)

while, for the reduced-order case, the estimator was

q̇ = (Aww − LAyw)q + (Aww − LAyw)Ly

+ (Awy − LAyy)y + (Bw − LBy)u (7)

with partitions A =
[
Ayy Ayw

Awy Aww

]

and B =
[
By

Bw

]

and a

change of variable, q, to be clarified later on. Both in (6) and
(7), L ∈ R

n×m is the output gain matrix.
Yoshimura et al. (2013) noted that, by modifying Luen-

berger’s idea, an observer for SASs could be devised. The
proposed estimator system was

˙̂x = Aσ x̂ + bσ + Lσ (Cσ x̂ − y) (8)

which provided the estimation error system

˙̂x − ẋ = (Aσ + LσCσ )(x̂ − x) (9)

Such observer was named switched Luenberger observer
and its design is possible by searching a common quadratic
Lyapunov function for the system,2 as the estimation error
system is a Switched Linear System (Lin and Antsaklis
2009).

Considering (9) and the above result on Switched Linear
Systems, Lemma 1 was proposed.

Lemma 1 (Yoshimura et al. 2013) Let (1) be a SAS and
x̃ ∈ R

n. If ∃ϕ ∈ Φ(N ), such that (2) holds and
∃W1,W2, . . . ,WN ∈ R

n×m and ∃P ∈ R
n×n
�0 , such that (10)

holds ∀i ∈ NN , then:

i. There is a Switched Luenberger Observer in which the
origin in (9) is global and asymptotically stable under
arbitrary switching;

ii. (11) is a set of modal output gain matrices;
iii. The dynamic output switching law (12) makes x̃ global

and asymptotically stable.

[
S(PAi + WiCi ) �

WiCi S(PAi )

]

≺ 0 (10)

Li = P−1Wi , i = 1, 2, . . . , N (11)

σ(x̂) = arg min
i∈NN

(x̂ − x̃)′P(Ai x̃ + bi ) (12)

2 Note that this approach is also possible for linear parameter-varying
systems, with arbitrary rates of variation.

Considering those previous studies, the following sec-
tion will aim, through LMI usage, the new results: cost-
guaranteed dynamic output switching law, a solution for
some cases involving non-Hurwitz modal A matrices and
state estimation only for the unmeasured part of the state.

3 Main Results

3.1 Full-Order Observer-Based Control of Switched
Affine Systems

In order to achieve the best suited switching law for the esti-
mation problem, i.e., the one that provides faster estimation
error convergence to zero, it would be necessary to minimize
the functional

J (σ ) =
∫ ∞

0
||z − Eσ x̂||2dt (13)

However, due to σ , J is not differentiable and, therefore,
very difficult to minimize (Deaecto et al. 2010). However,
an upper bound for the functional can be established, using
ideas fromDeaecto et al. (2010) and Yoshimura et al. (2013).
Firstly, define the error vector

ε =
[
x̂ − x
x̂ − x̃

]

(14)

and now, a cost-guaranteed form of Lemma 1 is proposed.

Theorem 1 Let (1) be a SAS and x̃ ∈ R
n. If ∃ϕ ∈ Φ(N ),

such that (2) holds and ∃W1,W2, . . . ,WN ∈ R
n×m and

∃P ∈ R
n×n
�0 , such that (15) holds ∀i ∈ NN , then:

i. There is a Switched Luenberger Observer in which the
origin in (9) is global and asymptotically stable under
arbitrary switching;

ii. (11) is a set of modal output gain matrices;
iii. x̃ is global and asymptotically stable under the dynamic

output switching law (12);
iv. The guaranteed cost (16) holds.

[
S(PAi + WiCi ) + E′

iEi �

WiCi S(PAi )

]

≺ 0 (15)

∫ ∞

0
||z − Eσ x̂||2dt < ε(0)′ diag(P,P)ε(0) (16)

Proof Items i and ii come from the direct application of
Sylvester’s criterion on the upper left block of (15). For item
iii, take the Lyapunov candidate function (17).

v(ε) = ε′ diag(P,P)ε (17)
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From (8), (9) and (14), observe that

ε̇ =
[
Aσ + LσCσ 0

LσCσ Aσ

]

ε +
[

0
Aσ x̃ + bσ

]

(18)

Differentiating (17) and using (18):

v̇(ε) = ε′
[
S(PAσ + PLσCσ ) �

PLσCσ S(PAσ )

]

ε

+ 2(x̂ − x̃)′P(Aσ x̃ + bσ )

(12)= ε′
[
S(PAi + PLiCi ) �

PLiCi S(PAi )

]

ε

+ 2 min
i∈NN

(x̂ − x̃)′P(Ai x̃ + bi )

(2)≤ ε′
[
S(PAi + PLiCi ) �

PLiCi S(PAi )

]

ε

(15)
< −(x̂ − x)′E′

iEi (x̂ − x) ≤ 0

Item iv is obtained by integrating the above Lyapunov
function derivative:

∫ ∞

0
||z − Eσ x̂||2dt =

∫ ∞

0
(x̂ − x)′E′

iEi (x̂ − x)dt

< −
∫ ∞

0
v̇(ε)dt = v(ε(0))

Observe that the systemstability is used in the last equality,
completing the proof. ��

Remark 1 The Lyapunov matrix may be substituted by
diag(P, αP) in (17), α > 0, for LMI relaxation. However,
a one-dimensional search must be executed for an optimal
solution (i.e., minimization of Tr(P)).

Observe that (15) can only handle SASs with Hurwitz
modes. In order to complete the theory, a modification in that
LMI will be proposed, leading to the result in Theorem 2.

Theorem 2 Let (1) be a SAS with Ci = C, i = 1, 2, . . . , N
and x̃ ∈ R

n. If ∃ϕ ∈ Φ(N ), such that (2) holds and
∃W1,W2, . . . ,WN ∈ R

n×m and ∃P ∈ R
n×n
�0 , such that (19)

holds ∀i ∈ NN , then:

i. There is a Switched Luenberger Observer in which the
origin in (9) is global and asymptotically stable under
arbitrary switching;

ii. (11) is a set of modal output gain matrices;
iii. The dynamic output switching law (20) makes x̃ global

and asymptotically stable;
iv. The guaranteed cost (16) holds.

[
S(PAi + WiC) + E′

iEi �

WϕC S(PAϕ)

]

≺ 0 (19)

σ(x̂) = arg min
i∈NN

(x̂ − x̃)′P[Ai x̂ + bi + Li (Cx̂ − y)] (20)

Proof Items i and ii are immediate, sufficing to apply
Sylvester’s criterion to the upper left block of (19) and then,
invoke the common quadratic Lyapunov function Lemma
(Lin and Antsaklis 2009). For item iii, it is claimed that (17)
is a Lyapunov function. Indeed, changing (18) into:

ε̇ =
[
Aσ + LσC 0

0 0

]

ε +
[

0
Aσ x̂ + bσ + Lσ (Cx̂ − y)

]

and differentiating the Lyapunov candidate function:

v̇(ε) = ε′
[
S(P(Ai + LiC)) 0

0 0

]

ε

+ 2(x̂ − x̃)′P(Aσ x̂ + bσ + Lσ (Cx̂ − y))

(20)= ε′
[
S(P(Ai + LiC)) 0

0 0

]

ε

+ 2 min
i∈NN

(x̂ − x̃)′P(Ai x̂ + bi + LiC(x̂ − x))

≤ ε′
[
S(P(Ai + LiC)) 0

0 S(PAϕ)

]

ε

+ 2(x̂ − x̃)′P

⎛

⎝Aϕ x̃ + bϕ +
N∑

j=1

ϕ jL jC(x̂ − x)

⎞

⎠

(2)= ε′
[
S(P(Ai + LiC)) 0

0 S(PAϕ)

]

ε

+ 2(x̂ − x̃)′PLϕC(x̂ − x)

= ε′
[
S(P(Ai + LiC)) �

PLϕC S(PAϕ)

]

ε

(19)
< −(x̂ − x)′E′

iEi (x̂ − x) ≤ 0

And item iv is obtained by integration of the Lyapunov
function, as in Theorem 1. ��
Remark 2 Observe that (19) usesS(PAϕ), which shows that
only a Hurwitz convex combination of modes is necessary.
On the other hand, modal C matrices cannot be considered
as the minimum must be tested with every choice of i ∈
NN (but the same y, of course) and, if multiple C matrices
were allowed, that would possibly lead to mixed-mode C
matrices, preventing the error signal to be obtained in the
second equality involving v̇.

3.2 Reduced-Order Observers

It must be reminded that the objective is to provide a state
estimation with fewer state variables to be estimated. The
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strategy is to use the part of y that provides some of those
variables. The first step is to conveniently partition the state
space as the next subsection shows.

3.2.1 Partitioning the State Space

Let (1) be a SAS such thatm state variables are directly mea-
sured from the output. Admitting a matrix C =
diag{c1, c2, . . . , cm}, ci = 0,∀i ∈ Nm , the state is parti-
tioned as

x = [x1 x2 . . . xm︸ ︷︷ ︸
(C−1y)′

xm+1 . . . xn︸ ︷︷ ︸
w′

]′ (21)

It is reasonable to assume that the sensors are not affected
by the switching law, as their placement will not change dur-
ing the system operation. Therefore, all C-matrices can be
assumed equal and (1) can be partitioned into

ẋ =
[C−1ẏ

ẇ

]

=
[
Ayyσ Aywσ

Awyσ Awwσ

] [C−1y
w

]

+
[
byσ

bwσ

]

(22a)

y = [C 0
]
x = [C 0

]
[C−1y

w

]

(22b)

z = [
0 E]

x = [
0 E]

[C−1y
w

]

(22c)

As y is directly measured from sensors, only w must be
estimated. The estimated state is, thus, defined as

x̂ = [
(C−1y)′ ŵ′]′ (23)

3.2.2 Reduced-Order Switched Luenberger Observers

In order to compose the observer, an estimation error sys-
tem, ŵ − w, must be defined in a way that its origin
is guaranteed to be global and asymptotically stable. For
that matter, let L1,L2, . . . ,LN ∈ R

(n−m)×m be modal
output gain matrices. The proposed modified Luenberger
observer, henceforth called Reduced-Order Switched Luen-
berger Observer (ROSLO), is

q̇ = (Awwσ − LσAywσ )q + (Awwσ − LσAywσ )LσC−1y

+ (Awyσ − LσAyyσ )C−1y + bwσ − Lσbyσ (24)

in which, q ∈ R
n−m is defined as

q = ŵ − LσC−1y (25)

and its purpose is to avoid the need for sensing ẏ (Luenberger
1971). If the intention in a given design is only to estimate
the state, Theorem 3 will show a sufficient LMI procedure,
which will also be helpful for subsequent analysis.

Theorem 3 Let (22) be a SAS. If ∃P ∈ R
(n−m)×(n−m)
�0 and

∃W1,W2, . . . ,WN ∈ R
(n−m)×m, such that

S(PAwwi − WiAywi ) ≺ 0 (26)

holds ∀i ∈ NN , then there is a ROSLO, where ŵ → w as
t → ∞ under arbitrary switching. Moreover,

Li = P−1Wi , i = 1, 2, . . . , N (27)

is a set of modal output injection matrices for such an
observer.

Proof Combining (22) and (24), it is obtained

q̇ − ẇ = (Awwσ − LσAywσ )(q + LσC−1y)

−LσAyyσC−1y − Lσbyσ − Awwσw

which, by eliminating q with (25), turns into

˙̂w − ẇ − LσC−1ẏ = (Awwσ − LσAywσ )ŵ

−LσAyyσC−1y − Lσbyσ − Awwσw

Using (22) again to eliminate C−1ẏ:

˙̂w − ẇ = (Awwσ − LσAywσ )ŵ − LσAyyσC−1y − Lσbyσ

−Awwσw + Lσ (AyyσC−1y + Aywσw + byσ )

Then, the estimation error system is the following
Switched Linear System

˙̂w − ẇ = (Awwσ − LσAywσ )(ŵ − w) (28)

for which

v(ŵ − w) = (ŵ − w)′P(ŵ − w)

is a common quadratic Lyapunov function as (26) is feasible
from hypothesis. Invoking the result by Lin and Antsaklis
(2009), the claim follows. ��
Remark 3 Despite of Theorem 3 being established, it is still
not enough to guarantee the usage of (24) in closed-loop
control, i.e., to formulate a reduced-order observer-based
switching law. In addition, such a switching lawmust secure,
for t → ∞, that:

(i) the estimation error converges to zero, and;
(ii) either the state or the estimated state converges to the

desired operation point.

It will be noted later on that it is easier to use the approach
of the estimated state converging to the desired operation
point, where Theorem 3, precisely (28), will prove itself use-
ful.

123



592 J Control Autom Electr Syst (2016) 27:587–596

3.2.3 Reduced-Order Observer-Based Control

Using (21), an operation point will be established. Its repre-
sentation is

x̃ = [
(C−1ỹ)′ w̃′]′ (29)

Remark 3 with (29) suggests the usage of

ε =
⎡

⎣
ŵ − w

C−1y − C−1ỹ
ŵ − w̃

⎤

⎦ (30)

as the partitioned state for the augmented system, the first
partition is already defined in (28). The second is obtained
with a modification in (22).

C−1ẏ = Ayyσ (C−1y − C−1ỹ) + AyyσC−1ỹ
︸ ︷︷ ︸

AyyσC−1y

+byσ

−Aywσ (ŵ − w) + Aywσ (ŵ − w̃) + Aywσ w̃
︸ ︷︷ ︸

−Aywσw

= [−Aywσ Ayyσ Aywσ

]
ε + [

Ayyσ Aywσ

]
x̃ + byσ

(31)

The third state partition is taken from a combination of
(24) and (25).

˙̂w = (Awwσ − LσAywσ )ŵ + (Awyσ − LσAyyσ )C−1y

+bwσ − Lσbyσ + Lσ (AyyσC−1y + Aywσw + byσ
︸ ︷︷ ︸

C−1ẏ

)

= [−LσAywσ Awyσ Awwσ

]
ε + [

Awyσ Awwσ

]
x̃ + bwσ

(32)

The augmented system is obtained from (28), (31) and
(32), in which it must be noted that C−1 ˙̃y = 0 and ˙̃w = 0.

ε̇ =
⎡

⎣
Awwσ − LσAywσ 0 0

−Aywσ Ayyσ Aywσ

−LσAywσ Awyσ Awwσ

⎤

⎦ ε +
[

0
Aσ x̃ + bσ

]

(33)

Now, a theorem on reduced-order observer-based control,
the main result of this paper, can be stated as follows.

Theorem 4 Let (22) be a (partitioned) SAS and x̃ ∈ R
n.

If ∃ϕ ∈ Φ(N ), such that (2) holds, ∃Py ∈ R
m×m
�0 , ∃Pw ∈

R
(n−m)×(n−m)
�0 and ∃W ∈ R

(n−m)×m, such that (34) holds
∀i ∈ NN , then:

i. There is a ROSLO in which the origin in (28) is global
and asymptotically stable under arbitrary switching;

ii. (35) is an output gain matrix;
iii. x̃ is global and asymptotically stable under the dynamic

output switching law (36);
iv. The guaranteed cost (37) holds.

⎡

⎣
S(PwAwwi − WAywi ) + E ′E �

−PyAywi S(PyAyyi )

−WAywi PwAwyi + Aywi
′Py

�

�

S(PwAwwi )

⎤

⎦ ≺ 0 (34)

L = P−1
w W (35)

σ(x̂) = arg min
i∈NN

(x̂ − x̃)′ diag(Py,Pw)(Ai x̃ + bi ) (36)

∫ ∞

0
||z − Eŵ||2dt < ε(0)′ diag(Pw,Py,Pw)ε(0) (37)

Proof Items i and ii are immediate, sufficing to apply
Sylvester’s criterion to the upper left block of (34) and then,
invoke Theorem 3. For item iii, a common quadratic Lya-
punov function must be exhibited (Lin and Antsaklis 2009).
Using (30), it is claimed here that

v(ε) = ε′ diag(Pw,Py,Pw)ε (38)

is one such function. Indeed, its derivative is

v̇(ε) = 2ε′ diag(Pw,Py,Pw)ε̇

(33)= ε′
⎡

⎣
S(PwAwwσ − WAywσ ) �

−PyAywσ S(PyAyyσ )

−WAywσ PwAwyσ + Aywσ
′Py

�

�

S(PwAwwσ )

⎤

⎦ ε + 2ε′ diag(Pw,Py,Pw)

[
0

Aσ x̃ + bσ

]

= ε′
⎡

⎣
S(PwAwwσ − WAywσ ) �

−PyAywσ S(PyAyyσ )

−WAywσ PwAwyσ + Aywσ
′Py

�

�

S(PwAwwσ )

⎤

⎦ ε + 2(x̂ − x̃)′ diag(Py,Pw)(Aσ x̃ + bσ )

(36)= ε′
⎡

⎣
S(PwAwwi − WAywi ) �

−PyAywi S(PyAyyi )

−WAywi PwAwyi + Aywi
′Py

�

�

S(PwAwwi )

⎤

⎦ ε + 2 min
i∈NN

(x̂ − x̃)′ diag(Py,Pw)(Ai x̃ + bi )

≤ ε′
⎡

⎣
S(PwAwwi − WAywi ) �

−PyAywi S(PyAyyi )

−WAywi PwAwyi + Aywi
′Py

�

�

S(PwAwwi )

⎤

⎦ ε + 2(x̂ − x̃)′ diag(Py,Pw)(Aϕ x̃ + bϕ)
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(2)= ε′
⎡

⎣
S(PwAwwi − WAywi ) �

−PyAywi S(PyAyyi )

−WAywi PwAwyi + Aywi
′Py

�

�

S(PwAwwi )

⎤

⎦ ε

(34)
< −(ŵ − w)′E ′E(ŵ − w) ≤ 0

And item iv is again obtained from integration of the
Lyapunov function derivative. ��
Remark 4 It can be shown that the other (up to now) possible
approach, pointed out in Remark 3, i.e., trying to make the
(real) state converge to the desired operation point is not
convenient. Indeed, it suffices to subtract the first line from
the last in (33), reaching:

ẇ− ˙̃w = [−Awwσ Awyσ Awwσ

]
ε+[

Awyσ Awwσ

]
x̃+bwσ

(39)

And trying to compose a similar result to that from The-
orem 4 returns a full-order state-dependent switching law,
which is useless for the intent herein described.3

Remark 5 The usage of modal output gain matrices is not
possible with ROSLOs. The reason is that the switching law
would depend on q, as ŵ is not directly available (it must be
computedwith (25)). That, in turn, wouldmake the switching
law dependent on Lσ , i.e., σ would depend on itself. Such
effect is avoided by using only a common-mode output gain
matrix.

Remark 6 The results obtained herein are essentially theo-
retical and may be difficult to reproduce in a physical device
(Bolzern and Spinelli 2004). In practical situations, when
dealing with uncertain parameters (which may deviate the
operation point, x̃) or disturbed data (which may modify
the state trajectory), exponential and even asymptotic sta-
bility must be abandoned in favor of practical stability, as
addressed, for instance, by Xu et al. (2008) and Hetel and
Fridman (2013) in other contexts. That would secure the state
trajectory within a bounded region containing, from a given
instant tb on.

4 Design Examples in DC–DC Converters

DC–DC power converters are natural applications of SAS
theory, as recent works show in their examples (Scharlau
et al. 2014; Corona et al. 2007; Deaecto et al. 2010; Mainardi

3 Of course, the second line in (33) must also be altered. However,
showing (39) is enough to reject the second approach.

CD

x2L r

R

S

x1Vin

Fig. 1 Buck converter power circuit
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x2

L

r

R

S

x1Vin

Fig. 2 Buck–boost converter power circuit

+−

C1

Dx3
L1rl1

RS x1Vin

rc2

rc1

C2

L2

rl2x2

x4

Fig. 3 SEPIC power circuit

Júnior et al. 2012; Yoshimura et al. 2013). Modal matrices
for the two-dimensional buck (step down), boost (step up)
and buck–boost (step down or up, inverter) converters, taken
from Deaecto et al. (2010) (also used by Yoshimura et al.
2013), are:

A1 =
⎡

⎣
− 1

RC
0

0 − r

L

⎤

⎦ A2 =

⎡

⎢
⎢
⎣

− 1

RC

1

C

− 1

L
− r

L

⎤

⎥
⎥
⎦

b1 =
[

0
Vin
L

]′
b2 = [

0 0
]′

The buck converter in Fig. 1 has switchmode on (A2,b1) and
switch mode off (A2,b2), while the buck–boost converter in
Fig. 2 has switch mode on (A1,b1) and switch mode off
(A2,b2).

The parameters for the buck and buck–boost converters
are Vin = 100V, R = 50�, r = 2�, L = 500µH,
C = 470µF, for all designs and simulations. Observe that r
is a parasitic resistor, while R is the load.

Another important converter is the four-dimensional two-
modal single-ended primary inductor converter (SEPIC), as
in Fig. 3, with switch mode on (A1,b1) and switch mode off
(A2,b2), where:
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A1 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− 1

(R + rc1)C1
0 0 0

0 −rc2
L2

0
1

C2
− rc2rl2

L2

0 0 − rl1
L1

0

0 − 1

L2
0 − rl2

L2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

A2 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− L1L2 + Rrc1C1(L1 + L2)

L1L2C1(R + rc1)
−rc2
L1

− Rrc1
(R + rc1)L1

−rc2
L1

R

(R + rc1)C1

(

1 − rc1rl1C1

L1

)
L1 − rl1rc2C2

L1C2

R

(R + rc1)C1

(
rc1rl2C1

L2
− 1

)

0

− 1

L1

1

L2

− rl1
L1

0

− rl1
L1

0

0 − rl2
L2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

′

b1 =
[

0 0
Vin
L1

0

]′
b2 =

[
rc1C1Vin

L1

rc2Vin
L1

Vin
L1

0

]′

The parameters for all designs and simulations involving
the SEPIC are Vin = 100V, R = 50�, L1 = 500µH,
L2 = 600µH, C1 = 800µF, C2 = 600µF, rl1 = 2�,
rl2 = 3� and rc1 = rc2 = 100m�. Again, R is the load
and all remaining resistors are parasitic.

4.1 Full-Order Design

For the buck and buck–boost converters, C1 = C2 = [
1 0

]

and E1 = E2 = [
1 1

]
will be adopted. The design is pro-

vided by MATLAB®, using LMILab (Gahinet et al. 1994)
via Yalmip (Löfberg 2004), minimizing Tr(P) in Theorem 1.

For the buck converter, the resulting matrices were:

P =
[
0.2662 0.2184
0.2184 0.2112

]

× 10−3

L1 = L2 =
[
2.9032
−3.54

]

× 10−3

while, for the buck–boost converter:

P =
[
0.0034 0.0003
0.0003 0.0062

]

L1 =
[
11.0258

−77.0672

]

L2 =
[

20.3073
−121.5431

]

Finally, for the SEPIC and adopting Ci = Ei = [
1 1 0 0

]

the designed matrices are:

P =

⎡

⎢
⎢
⎣

0.01 0.0008 0 0.0002
0.0008 0.0018 0 0.0004

0 0 0.0008 −0.0006
0.0002 0.0004 −0.0006 0.0006

⎤

⎥
⎥
⎦

L1 = [−42.5 −1202.9 3539.8 4783.1
]′

L2 = [−42.6 −1198.1 3522.6 4758.5
]′

4.2 Reduced-Order Design

For the reduced-order design, the same software is used, but
2 Tr(Pw) +Tr(Py), which is the Lyapunov matrix in (38), is
minimized in Theorem 4 instead.

For the buck and buck–boost designs, E1 = E2 = 1 was
chosen. The resulting matrices are, for the buck converter,
Pw = 1.3917 × 10−4, Py = 8.7924 × 10−5, L = 7.7057
and, for the buck–boost converter, Pw = 1.3914 × 10−4,
Py = 8.7904 × 10−5, L = 7.706.

For the SEPIC, with E1 = E2 = [
1 1

]
, the resulting

matrices are:

Pw =
[
0.125 0.0496
0.0496 0.0689

]

× 10−3

Py =
[
0.3586 −0.0397

−0.0397 0.7915

]

× 10−4

L =
[
2.3464 −0.989

−6.4368 12.0639

]

4.3 Simulation Results

Simulations were run with ODE45 in MATLAB®, initial
state

[
x(0)′ x̂(0)′

] = [
20 0.1 0 0

]
(buck and buck–boost) or[

x(0)′ x̂(0)′
] = [

20 20 1 1 0 0 0 0
]
(SEPIC), desired oper-

ation points x̃ = [
50 1

]′
(buck), x̃ = [

120 6
]′
(buck–boost)

and x̃ = [
40.53 83.2 12.88 −2.988

]′
(SEPIC).

For the reduced-order case, it must be noted that the
initial state is shortened, as some variables are no longer
necessary. For the buck and buck–boost converters, it is now[
x(0)′ x̂(0)′

] = [
20 0.1 0

]
while, for the SEPIC, it is now[

x(0)′ x̂(0)′
] = [

20 20 1 1 0 0
]
. The obtained results4 are

in Figs. 4, 5 and 6, respectively, to the buck, buck–boost and
SEPIC.

Every simulation led the state to its desired operation
point. Observe that, in all simulations, Theorem 4 showed
better results for the convergence of the state variables to
be estimated, i.e., the error converged faster to zero. More-

4 The reduced order x2 is the lower curve in Fig. 5. Dash-dots joined
due to the number of plotted points.
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Fig. 4 Simulation results for the buck converterwithTheorem1 (solid)
and Theorem 4 (dash-dot)
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Fig. 5 Simulation results for the buck–boost converter with Theorem 1
(solid) and Theorem 4 (dash-dot)
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Fig. 6 Simulation results for the SEPIC converter with Theorem 1
(solid) and Theorem 4 (dash-dot)

over, for the SEPIC, it also drove faster the output, x1, to the
desired point.

The main reason for that behavior is that the initial error
is smaller for the reduced-order case as some state variables
are not estimated. As for the output to converge faster to the
operation value, in DC–DC converters, that depends on the
available inductor current, whose peaks are suppressed as a
consequence of the minimization of (13). It must be noted,
however, that this is a secondary effect of the design as (13)
is the optimization target.

5 Conclusions

New results on full-order observer-based SASs control are
presented in Theorems 1 and 2. Those theorems inserted
matrix blocks for enhancing the state estimation by guar-
anteeing an upper bound for the error energy as in (16). As
previous results given by Yoshimura et al. (2013), Deaecto
et al. (2010) andMainardi Júnior et al. (2012), Theorem 1 has
an immediate application, the DC–DC converters. Although
Theorem 2 presents no immediate application, that result is
important as it could also be applied to DC–DC converters
and completes the theory on full-order SASs state estimation.

The main result is the composition of a cost-guaranteed
ROSLO (Theorem 4). That technique allowed the design of
an estimator only for the unavailable part of the state, i.e.,
the measured variables are not estimated. The reduced-order
observer presented better error convergence in all designs
and, in the case of the SEPIC, better output convergence to
the desired point of output operation.

The ROSLO, unlike the full-order observer, has the major
drawback of imposing a common-mode W in (26), lead-
ing to possible feasibility problems in other applications.
Finally, note that despite the only L matrix, the observer is
still switched, as its structure is determined by (24).
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(Ed.), Systems and control: Foundations and applications (1st ed.).
Boston: Birkhäuser.

Liberzon,D.,&Morse,A. (1999).Basic problems in stability anddesign
of switched systems. IEEE Control Systems Magazine, 19(5), 59–
70. doi:10.1109/37.793443.

Lin, H., & Antsaklis, P. J. (2009). Stability and stabilizability of
switched linear systems: A survey of recent results. IEEE Trans-
actions on Automatic Control, 54(2), 308–322. doi:10.1109/TAC.
2008.2012009.

Löfberg, J. (2004). Yalmip: A toolbox for modeling and optimization
in matlab. In Proceedings of the IEEE international symposium
on computer aided control systems design (pp. 284–289). doi:10.
1109/CACSD.2004.1393890.

Luenberger, D. G. (1964). Observing the state of a linear system. IEEE
Transactions on Military Electronics, 8(2), 74–80. doi:10.1109/
TME.1964.4323124.

Luenberger, D. G. (1971). An introduction to observers. IEEE Trans-
actions on Automatic Control, 16(6), 596–602. doi:10.1109/TAC.
1971.1099826.

Mainardi Júnior, E. I., Teixeira, M. C. M., Cardim, R., Moreira, M. R.,
Assunção, E., & Yoshimura, V. L. (2012). On control design of
switched affine systems with application to DC–DC converters.
In G. L. Serra (Ed.), Frontiers in advanced control systems (pp.
101–116). InTech. doi:10.5772/39127.

Mainardi Júnior, E. I., Teixeira, M. C. M., Cardim, R., Assunção, E.,
Moreira, M. R., de Oliveira, D. R., et al. (2015). Robust control
of switched linear systems with output switching strategy. Journal
of Control, Automation and Electrical Systems, 26(5), 455–465.
doi:10.1007/s40313-015-0195-1.

Rodrigues, L., & How, J. P. (2003). Observer-based control of
piecewise-affine systems. International Journal of Control, 76(5),
459–477. doi:10.1080/0020717031000091432.

Scharlau, C. C., de Oliveira, M. C., Trofino, A., & Dezuo, T. J. (2014).
Switching rule design for affine switched systems using a max-
type composition rule. Systems & Control Letters, 68, 1–8. doi:10.
1016/j.sysconle.2014.02.007.

Sun, Z., & Ge, S. S. (2005). Switched linear systems—Control and
design. In E. D. Sontag, M. Thoma, A. Isidori, & J. H. van Schup-
pen (Eds.), In Communications and control engineering (1st ed.).
London: Springer.

Xu,X., Zhai,G.,&He, S. (2008).On practical asymptotic stabilizability
of switched affine systems. Nonlinear Analysis: Hybrid Systems,
2(1), 196–208. doi:10.1016/j.nahs.2007.07.003.

Yoshimura, V. L., Assunção, E., da Silva, E. R. P., Teixeira, M. C. M.,
& Mainardi Júnior, E. I. (2013). Observer-based control design
for switched affine systems and applications to DC–DC convert-
ers. Journal of Control, Automation and Electrical Systems, 24(4),
535–543. doi:10.1007/s40313-013-0044-z.

123

http://dx.doi.org/10.1109/TIE.2009.2026381
http://dx.doi.org/10.1109/ACC.2007.4282539
http://dx.doi.org/10.1109/CDC.2015.7402983
http://dx.doi.org/10.1049/iet-cta.2009.0246
http://dx.doi.org/10.1109/5.871309
http://dx.doi.org/10.1109/5.871309
http://dx.doi.org/10.1109/TAC.2011.2160598
http://dx.doi.org/10.1109/TAC.2014.2350211
http://dx.doi.org/10.1109/TAC.2013.2258786
http://dx.doi.org/10.1109/37.793443
http://dx.doi.org/10.1109/TAC.2008.2012009
http://dx.doi.org/10.1109/TAC.2008.2012009
http://dx.doi.org/10.1109/CACSD.2004.1393890
http://dx.doi.org/10.1109/CACSD.2004.1393890
http://dx.doi.org/10.1109/TME.1964.4323124
http://dx.doi.org/10.1109/TME.1964.4323124
http://dx.doi.org/10.1109/TAC.1971.1099826
http://dx.doi.org/10.1109/TAC.1971.1099826
http://dx.doi.org/10.5772/39127
http://dx.doi.org/10.1007/s40313-015-0195-1
http://dx.doi.org/10.1080/0020717031000091432
http://dx.doi.org/10.1016/j.sysconle.2014.02.007
http://dx.doi.org/10.1016/j.sysconle.2014.02.007
http://dx.doi.org/10.1016/j.nahs.2007.07.003
http://dx.doi.org/10.1007/s40313-013-0044-z

	An LMI Approach to Full- and Reduced-Order Switched Luenberger Observers for Switched Affine Systems
	Abstract
	1 Introduction
	Notation

	2 Problem Statement and Previous Results
	3 Main Results
	3.1 Full-Order Observer-Based Control of Switched Affine Systems
	3.2 Reduced-Order Observers
	3.2.1 Partitioning the State Space
	3.2.2 Reduced-Order Switched Luenberger Observers
	3.2.3 Reduced-Order Observer-Based Control


	4 Design Examples in DC--DC Converters
	4.1 Full-Order Design
	4.2 Reduced-Order Design
	4.3 Simulation Results

	5 Conclusions
	Acknowledgments
	References




