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Abstract Analytical equations describing the velocity and
energy variation of a spacecraft in a Powered Swing-By ma-
neuver in an elliptic system are presented. The spacecraft
motion is limited to the orbital plane of the primaries. In
addition to gravity, the spacecraft suffers the effect of an im-
pulsive maneuver applied when it passes by the periapsis of
its orbit around the secondary body of the system. This im-
pulsive maneuver is defined by its magnitude δV and the
angle that defines the direction of the impulse with respect
to the velocity of the spacecraft (α). The maneuver occurs
in a system of main bodies that are in elliptical orbits, where
the velocity of the secondary body varies according to its
position in the orbit following the rules of an elliptical orbit.
The equations are dependent on this velocity. The study is
done using the “patched-conics approximation”, which is a
method of simplifying the calculations of the trajectory of
a spacecraft traveling around more than one celestial body.
Solutions for the velocity and energy variations as a function
of the parameters that define the maneuver are presented. An
analysis of the efficiency of the powered Swing-By maneu-
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ver is also made, comparing it with the pure gravity Swing-
by maneuver with the addition of an impulse applied out-
side the sphere of influence of the secondary body. After a
general study, the techniques developed here are applied to
the systems Sun-Mercury and Sun-Mars, which are real and
important systems with large eccentricity. This problem is
highly nonlinear and the dynamics very complex, but very
reach in applications.

Keywords Astrodynamics · Powered Swing-By
maneuvers · Spacecraft trajectories · Elliptical systems ·
Impulsive maneuver

1 Introduction

Swing-by maneuvers are used in space missions to send
probes to targets like planets, moons or asteroids. The main
goal of this maneuver is the fuel economy in spacecraft ma-
neuvers. The spacecraft is sent towards the secondary body
of the system and makes a close encounter with this body,
taking advantage of its gravity to modify the trajectory and
to move away from the body. In the case of the powered
Swing-By maneuver, besides the gravity, the spacecraft suf-
fers the effect of an impulsive maneuver applied at the mo-
ment of the closest encounter, with the objective of optimiz-
ing the maneuver.

Broucke (1988) presented an analytical study of the pure
gravity Swing-By, showing the increment of velocity, en-
ergy and angular momentum, for a system of main bodies
in circular orbits, and considering the dynamics given by
the “patched-conics” approach. A study considering a more
accurate dynamics (restricted three-body problem) is avail-
able in Prado (2007), where both models are compared for
maneuvers using the planet Jupiter for the close approach.
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Later, Prado (1996) expanded this study by analyzing the
addition of the application of an impulse in the spacecraft,
with variable magnitude and direction, at the instant of the
closest encounter. Ferreira et al. (2015) made a more com-
plete analysis of this problem using numerical integrations.
Making a more general study, Casalino et al. (1999a) pre-
sented an analytical study for Swing-By maneuvers with an
impulse applied at different positions of the orbit, not only
in the periapsis. The variation of the position of the appli-
cation point of the impulse was made by varying the ra-
dius vector of the spacecraft with respect to the secondary
body. A numerical map of the solutions for the Earth-Moon
system considering the impulse applied in different direc-
tions and positions of the orbit is presented in Ferreira et al.
(2017b). In this work the position of the application of the
impulse is defined by the true anomaly of the spacecraft
with respect to the secondary body. There are also several
studies in the literature that combine low thrust, gravity as-
sist and three body problem (Casalino et al. 1999b; Mc-
Conaghy et al. 2003; Okutsu et al. 2006; Santos et al. 2008;
Pourtakdoust and Sayanjali 2014; Zotos 2015; Qian et al.
2016). Regarding practical applications, Flandro (1966) pro-
jected the Voyager missions, which were sent to explore
the outer planets of the solar system. The Swing-By ma-
neuver was also applied to the missions Galileo (D’Amario
et al. 1981, 1982; Byrnes and D’Amario 1982), Mariner
10 (Dunne and Burgess 1978), Messenger (McNutt et al.
2004, 2006; Grard and Mercury 2006) and LCROSS, which
made a close approach to the Moon (LCROSS 2009). Stud-
ies considering gravity assist in clouds of particles are also
available in the literature (Gomes and Prado 2008).

Regarding the eccentricity of the main bodies, systems of
this type are numerous in the real world and there are sev-
eral studies reported using this dynamics. Even some planets
of the Solar System have large eccentricities. Mars is in an
elliptic orbit with eccentricity 0.0934 and Mercury has an
eccentricity of 0.2056. Both planets will be used in the nu-
merical simulations in the end of the present paper. An ex-
ample of an even higher eccentric system in the Solar Sys-
tem is the dwarf planet Haumea, which has a moon with
an eccentricity close to 0.25 (Sanchez et al. 2016). A first
study of maneuvers in eccentric systems is shown in Prado
(1997), which studied the pure gravity Swing-By maneuver
(without impulses) for the elliptic case and Ferreira et al.
(2017c, 2017a), which made a numerical study of the pow-
ered Swing-By maneuver, with the impulse applied at the
periapsis of the orbit of the spacecraft around the secondary
body of the system and in different directions, considering
the two main bodies in elliptical orbits. An analysis of the
effect of the eccentricity was presented in these papers, be-
sides the study of the maximum gains and losses of energy
obtained from the maneuver. Another possible application of
maneuvers involving a close encounter and the application

of impulses in highly elliptical systems occur when consid-
ering asteroids in the Solar System. These close encounters
have the function of observing these bodies, so it is a scien-
tific necessity of the mission. It means that gains and losses
of energy are generated and they need to be taken into ac-
count by mission designers.

Therefore, the objective of the present paper is to derive
analytical equations for the velocity and energy variations
given by the powered Swing-By maneuver as a function of
the basic parameters that describes the Swing-By and the
parameters related to the impulsive maneuver for systems
with two main bodies in elliptical orbits. The spacecraft
moves in the orbital plane of the primaries. In addition, it
will be presented an analysis of the efficiency of the pow-
ered Swing-By with the impulse applied at the periapsis of
the orbit of the spacecraft around the secondary body of the
system, compared to the pure gravity Swing-By followed
by the application of the impulse after the close approach
in a point far from the secondary body. This analysis shows
the real limitations and gains of the powered Swing-By ma-
neuvers. Powered Swing-By maneuvers are not used very
frequent, in particular due to the risks involved if errors are
made in the magnitude and/or direction of the thrust, but a
general study like the one performed here can map the re-
gions where it is advantageous, opening the way for more
detailed studies for particular missions that may take advan-
tage of this maneuver. In that sense, the goal of the present
paper is to provide the literature with a general study of this
maneuver, showing its advantages over more traditional ma-
neuvers, as well as the best conditions to apply this maneu-
ver. Real applications depend on the particularity of each
mission.

2 Statement of the problem

The powered Swing-By maneuver is the combination of the
passage of a spacecraft near the secondary body of a dou-
ble system with the application of an impulsive maneuver in
the spacecraft when it is passing inside the sphere of influ-
ence (Bate et al. 1971; Araujo et al. 2008) of the secondary
body of the system. The impulsive maneuver is applied in
the orbital plane of the motion of the two main bodies, with
variable magnitude and direction. The first part of the trajec-
tory of the spacecraft, before the application of the impulse,
is similar to the equivalent part of the pure gravity Swing-
By maneuver. The application of the impulse modifies the
velocity and energy of the spacecraft, generating a new tra-
jectory.

The two main bodies of the system are considered to be
in elliptical orbits around their common center of mass. It is
known that, in this situation, the velocity of the secondary
body with respect to the primary one is dependent on the
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Fig. 1 Geometry of the powered Swing-By maneuver for the elliptical
case (adapted from Prado 1996)

eccentricity of the orbit and the position of the secondary
body in its orbit, expressed by its true anomaly.

The study is done using a method to simplify the calcu-
lations of the trajectories of the spacecraft called “patched-
conics approximation”. Under this assumption, each body
has its own sphere of influence (Bate et al. 1971; Araujo
et al. 2008). A detailed study of the errors introduced by this
assumption is shown in Negri et al. (2017). When the space-
craft is within the sphere of influence of one of the bodies,
only the gravitational force between the spacecraft and this
body is considered, while the gravity field of the other body
is neglected. This method reduces the problem of many bod-
ies to several two-body problems. Figure 1 shows the geom-
etry of the powered Swing-By maneuver, for the elliptical
case.

M1 and M2 are the primary and secondary bodies of the
system, respectively. These bodies are orbiting a common
center of mass denoted by CM . The true anomaly of M2 is
ν and the velocity of M2 with respect to M1 is �V2. The angle
between �V2 and the line connecting the M1–M2 is 180◦ −β .
A and B are points of the trajectory before and after the ap-
plication of the impulse, respectively, where the effect of M2

in the spacecraft is disregarded. P is the periapsis of the or-
bit. The magnitude of the periapsis radius of the orbit of the
spacecraft is rp , �V− is its velocity at this point before the im-
pulse and �V+ is the velocity at this point after the impulse;
rp+ is the magnitude of the periapsis radius of the space-
craft of the trajectory after the impulse and ψ is the angle
of approach that defines the orientation of the Swing-By; λ

is the angle between �V− and �V+. The vector representing
the impulsive maneuver is δ �V , being δV the magnitude of
the impulse and α the angle that defines the direction of the
impulse with respect to the velocity of the spacecraft. �Vinf −
and �Vinf + are the velocities of approach and departure of

Fig. 2 Velocity vectors involved in the powered Swing-By maneuver
for the elliptical case

the spacecraft relative to M2, respectively. δ is the deflection
angle of the maneuver before the impulse and Θ is the total
deflection angle of the maneuver.

The spacecraft comes from an orbit around M1, passes
by the point A (the velocity of the spacecraft, with respect
to M1, at this point is �Vi ) and then it enters the sphere of
influence of M2. After that it approaches the body and re-
ceives an impulse at the moment that it is in the periapsis
of its orbit around M2 (point P ). At this moment its tra-
jectory changes immediately due to the combination of the
gravity force and the impulse. The spacecraft then moves
until it leaves its sphere of influence, passes by the point
B (the velocity at this point is �Vo) and leaves M2. The
whole maneuver is performed in the orbital plane of the pri-
maries.

2.1 Analytical equations

First, it is necessary to obtain the variation of the velocity
and energy of the spacecraft in the maneuver. Figure 2 shows
a representation of the velocity vectors involved in the ma-
neuver.

It is known that the velocity variation vector 	 �V is
given by the difference between �Vo and �Vi , where �Vi =
�Vinf − + �V2 and �Vo = �Vinf+ + �V2. Thus, 	V =√
(VoX − ViX)2 + (VoY − ViY )2. Decomposing �V2 in the

plane of motion, we get �V2 = (−V2 cosβ,V2 sinβ). The
components of the velocities �Vinf − and �Vinf + are obtained
from Fig. 2.

�Vinf − :
{

Ẋ = Vinf − cos(90◦ + ψ − δ) = −Vinf− sin(ψ − δ)

Ẏ = Vinf− sin(90◦ + ψ − δ) = +Vinf − cos(ψ − δ)

(1)

�Vinf + :

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Ẋ+ = Vinf + cos(90◦ − δ + ψ + Θ)

= −Vinf+ sin(ψ − δ + Θ)

Ẏ+ = Vinf + sin(90◦ − δ + ψ + Θ)

= +Vinf + cos(ψ − δ + Θ)

(2)
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Therefore the �Vi and �Vo components in the plane are as
follows:

ViX = −Vinf − sin(ψ − δ) − V2 cosβ, (3)

ViY = Vinf − cos(ψ − δ) + V2 sinβ, (4)

VoX = −Vinf+ sin(ψ − δ + Θ) − V2 cosβ, (5)

VoY = Vinf+ cos(ψ − δ + Θ) + V2 sinβ. (6)

From the energy conservation principle, it is possible to
calculate the magnitude of the velocity of the spacecraft
in its periapsis before applying the impulse. It is V− =√

V 2
inf− + 2μ

rp
, where μ is the gravitational parameter of the

secondary body.
The velocity of the spacecraft at the periapsis

of its orbit after the impulse is given by V+ =√
V 2− + δV 2 + 2V−δV cosα. Therefore, the magnitude of

the velocity of departure of the spacecraft after the im-

pulse is Vinf + =
√

V 2+ − 2μ
rp

. For the situations where

V 2+ − 2μ
rp

< 0, the spacecraft do not escape from its orbit
around the secondary body and we have a capture.

The semi-major axis of the orbit of the spacecraft around

M1 after the Swing-By is given by as =
√

μ

V 2
inf +

, for val-

ues of Vinf + greater than zero. The angle between V− and

V+ is λ = cos−1(
δV 2−V 2−−V 2+

−2V−V+ ). The angular momentum h,
the semilatus rectum p and the eccentricity of the sec-
ond orbit can also be calculated. The equations are h =
rpV+ sin(90◦ − λ), p = h2

μ
and es =

√
1 + p

as
, respectively.

Then, the true anomaly of the spacecraft around the sec-
ondary body is obtained, for the orbit after the impulse. It
is f0 = ± cos−1( 1

es
(

p
rp

− 1)). This is the deflection angle

between �rp and �rp+. The value of α defines whether f0 is
positive or negative. If 0◦ < α < 180◦, the spacecraft is sent
to the direction opposite to the secondary body. It will have
already passed by the periapsis of the second orbit and the
true anomaly f0 is positive. If −180◦ < α < 0◦, the space-
craft is sent to the direction of the secondary body and it will
still pass by the periapsis of the second orbit. Therefore, the
true anomaly f0 is negative.

The true anomaly of the asymptotes of the second or-
bit of the spacecraft, after the impulse is applied, is given
by flim = cos−1(− 1

es
). Therefore, the total deflection an-

gle is given by Θ = δ − f0 + flim − 90◦. Remember that
δ = sin−1( 1

1+(rpV 2
inf /μ)

) (Broucke 1988). In the equations

for	V and 	E, the term ± cos−1 takes the positive sign
for α < 0 and the negative sign for α > 0. From this infor-
mation, the velocity variation for a powered Swing-by ma-
neuver with main bodies in elliptical orbits can be found. It
is given by Eq. (7) shown next.

	V =
√

V 2
inf− + V 2

inf + − 2Vinf−Vinf + cosΘ

=
(

δV 2 + 2δV cosα

√

V 2
inf− + 2μ

rp
+ 2V 2

inf − − 2Vinf −

√√√√δV 2 + 2δV cosα

√

V 2
inf − + 2μ

rp
+ V 2

inf−

× sin

(

δ + cos−1

(

− 1
√

rp(2δV cosαrp

√
V 2

inf −+ 2μ
rp

+rp(V 2
inf −+ 2μ

rp
)+δV 2rp−2μ)(δV cosα+

√
V 2

inf −+ 2μ
rp

)2

μ2 + 1

)

± cos−1

(
2δV cosαrp

√
V 2

inf− + 2μ
rp

+ rp(V 2
inf − + 2μ

rp
) + δV 2 cos2 αrp − μ

μ

√
rp(2δV cosαrp

√
V 2

inf −+ 2μ
rp

+rp(V 2
inf −+ 2μ

rp
)+δV 2rp−2μ)(δV cosα+

√
V 2

inf −+ 2μ
rp

)2

μ2 + 1

)))1/2

(7)

As an example, Fig. 3 shows the velocity variation as a
function of the magnitude and direction of the impulse for
a generic system with masses and distances similar to the
Earth-Moon, but with a larger eccentricity, to show better
the influence of this variable. It means a system with pa-
rameters μ = 0.01214 and e = 0.1. We also used the values
ν = 0◦, ψ = 270◦, rp = 1.1 radius of the Moon (1.0 radius
of the Moon is approximately 1730 km) and Vinf − = 1.02

km/s, to try to maximize the energy gains. The velocity of
approach (Vinf −) used in the present research is above the
minimum possible value for a spacecraft to reach the Moon
coming from a low orbit near Earth using a Hohmann type
maneuver. This margin is used here to take into account the
variations of the velocity of Moon in its orbit around the
Earth and the fact that it is common to use a transfer that is
faster than the Hohmann type.
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Fig. 3 Velocity variation (in
km/s) due to the powered
Swing-By maneuver for a
system with μ = 0.01214,
e = 0.1, ν = 0◦, ψ = 270◦,
rp = 1.1 radius of M2 and
Vinf − = 1.02 km/s. Plot
generated from Eq. (7)

Figure 3(a) shows and quantifies the increase of the ve-
locity with the magnitude of the impulse when the maneuver
sends the spacecraft to the direction of M2. In this case, the
maximum variations are near α = −20◦. This is a maneuver
with gains of energy (ψ = 270◦), so sending the spacecraft
to the direction of M2 increases the effect of the gravity part
of the maneuver, contributing to maximize the total energy
variation. This gain compensates the loss of energy due to
the fact that the impulse is not applied in the direction of
motion of the spacecraft. This is in agreement with Prado
(1996) that studied the circular case. Figure 3(b) shows the
opposite behavior, when the spacecraft is directed to the op-
posite direction of M2. In this situation, the energy variation
decreases with the angle of the impulse, because the space-
craft goes away from M2, so reducing the energy gains from
the gravity part of the maneuver. Combined with the losses
due to the non alignment of impulse and velocity, the net re-
sult is a decrease in the energy variation. In both cases the
maximum velocity variations have components in the direc-

tion of the motion of the spacecraft. Those variations are
independent of the eccentricity and the location of M2 in its
orbit, as shown by Eq. (7). In both figures the blank regions
indicates the locations of captures or collisions.

The energy variation is given by 	E = 1
2 ( �V 2

o − �V 2
i ) or

	E = �V2.	 �V (Broucke 1988; Barger and Olsson 1973). It
is written as a function of the three independent parameters
related to the pure gravity Swing-By and the parameters re-
lated to the eccentricity of the orbit of the two main bodies.

Consider β = cos−1(−Vr

V2
); Vr = e

√
(1−μ)

a(1−e2)
sinν the radial

velocity of the secondary body; V2 =
√

(1 − μ)( 2
d

− 1
a
);

a the semi-major axis of the orbit of the two main bodies;
e the eccentricity of this orbit; ν the true anomaly of M2

in its orbit around M1 when the close approach occurs and

d = a(1−e2)
1+e cosν

the distance between the two main bodies at
this moment. Then, Eq. (8) shows the energy variation given
by this maneuver.

	E = 1

2

(
V 2

inf + − V 2
inf − − 2V2Vinf − sin(β − δ + ψ) + 2V2Vinf + sin(β − δ + Θ + ψ)

)

= 1

2

(

δV 2 + 2δV cosα

√

V 2
inf − + 2μ

rp
− 2V2Vinf − sin(β − δ + ψ) − 2V2

√√√√δV 2 + 2δV cosα

√

V 2
inf − + 2μ

rp
+ V 2

inf −

× cos

(

β + ψ ± cos−1

( rp(−2δV cosα
√

V 2
inf −+ 2μ

rp
−2V 2

inf −− 4μ
rp

)2

4μ(V 2
inf −+ 2μ

rp
)

− 1

√
r2
p(δV 2+2δV cosα

√
V 2

inf −+ 2μ
rp

+V 2
inf −)(−2δV cosα

√
V 2

inf −+ 2μ
rp

−2V 2
inf −− 4μ

rp
)2

4μ2(V 2
inf −+ 2μ

rp
)

+ 1

)

+ cos−1

(

− 1
√

r2
p(δV 2+2δV cosα

√
V 2

inf −+ 2μ
rp

+V 2
inf −)(−2δV cosα

√
V 2

inf −+ 2μ
rp

−2V 2
inf −− 4μ

rp
)2

4μ2(V 2
inf −+ 2μ

rp
)

+ 1

)))

(8)
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Fig. 4 Energy variation (in km2/s2) due to the powered Swing-By ma-
neuver for a system with μ = 0.01214, e = 0.1, ν = 0◦, ψ = 270◦,
rp = 1.1 radius of M2 and Vinf − = 1.02 km/s. Plot generated from
Eq. (8)

As an example, Fig. 4 shows the energy variation for
the same system used before. It means that μ = 0.01214,
e = 0.1, ν = 0◦, ψ = 270◦, rp = 1.1 radius of M2 and
Vinf − = 1.02 km/s. In this case β = 90◦, because the sec-
ondary body is in the periapsis of its orbit around the pri-
mary. Note that the energy variations increase with the mag-
nitude of the impulse and the best directions to apply the
impulse to maximize the energy variations are around α =
−20◦. It happens because ψ = 270◦ is the region of energy
gains due to the gravity part of the maneuver, so impulses
with negative values of α send the spacecraft to the direc-
tion of the secondary body, therefore maximizing the effect
of gravity, as already explained above, and similar to which
occurs in the circular case (Prado 1996). Observe the posi-
tive values of the variations.

If the impulse is zero, the energy variation dependents
only on the gravity effect and the equation for the varia-
tion of energy reduces to 	E = 2Vinf−V2 sin δ cos(ψ + β),
which is equivalent to the pure gravity Swing-By in an el-
liptic system (Ferreira et al. 2018).

The blank regions near the borders of the plots also repre-
sent captures of the spacecraft by the secondary body or col-
lisions with the same body. From the analytical equations, it
is only possible to identify the situations where the space-
craft did not escape from the region of influence of the sec-
ondary body. It is not possible to distinguish between cap-
tures and collisions. This distinction is only possible to be
made from a numerical study.

Next, a study is made to show the effect of the eccen-
tricity and the true anomaly of the secondary body at the
moment of the close approach in the energy variation, al-
ways using α = 0◦ to reduce the number of variables in the
problem and with the magnitude of the impulse assuming
the values δV = 0 (no impulse) and δV = 0.5 km/s. The
same data for the system is used, except for the eccentricity,

Fig. 5 Energy variation (in km2/s2) due to the powered Swing-By ma-
neuver for a system with μ = 0.01214, ψ = 270◦, rp = 1.1 radius of
M2 and Vinf − = 1.02 km/s as a function of e and ν for δV = 0. Plot
generated from Eq. (8)

which is varied in the range 0 to 0.5 to show the effects of
this parameter.

Note that, for zero impulse, the variations depend only
on the gravitational part of the maneuver. Figure 5 shows
that the largest variations of energy occur near the periapsis
of the orbit (ν = 0◦ or ν = 360◦). This is due to the veloc-
ity of the secondary body around the primary, which is a
parameter in the equation for the energy variation (	E =
2Vinf−V2 sin δ cos(ψ +β), Ferreira et al. 2018). At those lo-
cations, the energy variation increases with the eccentric-
ity, because this increase generates higher velocities at pe-
riapsis for a fixed true anomaly. The opposite occurs for
true anomalies near the apoapsis. At this location the orbital
velocity is minimum, which reduces the energy variation.
Therefore, at this location, the increase of the eccentricity
decreases the variation of energy, because lower eccentrici-
ties generate higher apoapsis velocities.

Figure 6 shows the variations of energy when δV =
0.5 km/s, applied in the direction of the movement of the
spacecraft. The magnitude of the energy is higher in this
case due to the contribution of the impulse. It is also noted
that there is a shift in the maximum variation of energy with
respect to the true anomaly of M2, caused by the applica-
tion of the impulsive maneuver. The maximum values are
no longer in ν = 0◦, but in values close to 30°. More specific
equations are developed next to show this fact in detail. It is
a consequence of the complex dynamics of the system and it
is shown in the present paper for the first time. The velocity
V2 is smaller, which reduces the variations of energy, but the
direction of the impulse also changes (since α = 0◦), so giv-
ing different effects in the maneuver. The net result of those
effects is the shift in the maximum variations of energy.

Applying some of the values used in the simulations, it
is possible to get an equation of 	E as function only of ν

and δV , which helps to explain the shift in the maximum
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variations of energy. It is shown in Eq. (9), where it is used
the values μ = 0.01214, ψ = 270◦, rp = 1.1 radius of M2,
e = 0.1 and Vinf − = 1.02 km/s. Figure 7 shows Eq. (9) in
a graphical format. It is clearly noted and quantified the in-

creases of the energy variations with the magnitude of the
impulse and the oscillations with the true anomaly of the
secondary body. The shift in the maximum variation of en-
ergy is also clearly shown.

	E = 0.5

(
−0.1998

√
δV 2 + 4.86δV + 1 cos

(
− cos−1

(
04077δV 2 + 1.9817δV + 1.4077

√
0.1663(δV 2 + 4.86δV + 1)(δV + 2.43)2 + 1

)

+ cos−1
(

− 1
√

0.1663(δV 2 + 4.86δV + 1)(1δV + 2.43)2 + 1

)
+ ν

)
+ δV 2

− 1.998
√

δV 2 + 4.86δV + 1 cos

(
cos−1

(
− 1

√
0.1663(δV 2 + 4.86δV + 1)(1δV + 2.43)2 + 1

)

− cos−1
(

0.4077δV 2 + 1.9817δV + 1.4077
√

0.1663(δV 2 + 4.86δV + 1)(δV + 2.43)2 + 1

))
+ 4.86δV − 0.1998 cos(ν + 3.9224) + 1.4192

)
(9)

To show better the shift discovered here, a new equation
is developed using a magnitude of the impulse of 0.5 km/s,
such that it is possible to visualize the variations of energy
	E as function only of the true anomaly ν. It is shown
in Eq. (10), that uses the parameters: with μ = 0.01214,
ψ = 270◦, rp = 1.1 radius of M2, e = 0.1Vinf− = 1.02 km/s
and δV = 0.5 km/s. The graphical representation is shown
in Fig. 8. Equation (10) and Fig. 8 gives a clear view of the
shift of the maximum energy variation with respect to the
true anomaly of M2.

	E = 0.1916 sin(ν + 6.6949) − 0.0999 cos(ν + 3.9224)

+ 2.816 (10)

Fig. 6 Energy variation (in km2/s2) due to the powered Swing-By ma-
neuver for a system with μ = 0.01214, ψ = 270◦, rp = 1.1 radius of
M2 and Vinf − = 1.02 km/s as a function of e and ν for δV = 0.5 km/s.
Plot generated from Eq. (8)

Fig. 7 Energy variation (in km2/s2) due to the powered Swing-By ma-
neuver for a system with μ = 0.01214, ψ = 270◦, rp = 1.1 radius of
M2, e = 0.1 and Vinf − = 1.02 km/s as a function of ν and δV . Plot
generated from Eq. (9)

Fig. 8 Energy variation (in km2/s2) due to the powered Swing-By ma-
neuver for a system with μ = 0.01214, ψ = 270◦, rp = 1.1 radius of
M2, Vinf − = 1.02 km/s, e = 0.1 and δV = 0.5 km/s, as a function of ν.
Plot generated from Eq. (10)
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Fig. 9 Analysis of the energy variation and efficiency in the energy gains region of the powered Swing-By maneuver for a system with
μ = 0.01214, e = 0.1, ν = 0◦ and δV = 0.5 km/s

3 Powered Swing-By efficiency

The efficiency of the powered Swing-By is defined as the
amount of extra energy that is obtained by the spacecraft
when the impulse is applied in the moment of the closest
approach, when compared to the maneuver where an im-
pulse, with the same magnitude, is applied after the space-
craft leaves the sphere of influence of M2.

First, it is calculated the variation of energy 	Eimp ob-
tained from the Swing-By maneuver with the impulse ap-
plied in the periapsis of the orbit. Then, the energy variation
	Eafter of the maneuver with the impulse applied outside
the sphere of influence of the secondary body is obtained.
This maneuver is divided in two steps: (i) a pure gravity
Swing-By, without the application of the impulse, with the
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Fig. 10 Analysis of the energy variation and efficiency in the energy gains region of the powered Swing-By for a system with μ = 0.01214,
e = 0.1, ν = 180◦ and δV = 0.5 km/s

same parameters of the powered Swing-By and, after that:
(ii) the application of an impulse with the same magnitude of
the powered Swing-By maneuver after the spacecraft leaves
the sphere of influence of the secondary body.

In the energy gain region, −90◦ < ψ + β < 90◦, the im-
pulse is applied in the direction of the motion of the space-

craft, so α = 0◦, to maximize the transfer of energy coming
from the impulse, since the goal of the maneuver is to in-
crease the energy. In the energy loss region, 90◦ < ψ + β <

270◦, the impulse is applied in the direction opposite to the
motion of the spacecraft, so α = 180◦, to maximize the en-
ergy removal due to the impulse, which is the goal of the
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Fig. 11 Analysis of the energy variation and efficiency in the energy losses region of the powered Swing-By for a generic system with μ = 0.01214,
e = 0.1, ν = 0◦ and δV = 0.5 km/s

maneuver. Equation (11) represents the energy gain situa-
tion and Eq. (12) the energy loss situation.

	Eafter = 1

2
(Vo + δV )2 − (1 − μ)

d
− Ei (11)

	Eafter = 1

2
(Vo − δV )2 − (1 − μ)

d
− Ei (12)

In Eqs. (11)–(12), d is the distance between the two main

bodies, Ei = 1
2 (V 2

iX + V 2
iY ) − (1−μ)

d
is the energy before the

close encounter and Eo = Ei + 	E is the energy after the

close encounter. 	E = 2Vinf −V2 sin δ cos(ψ + β) is the en-

ergy variation due to the gravity part of the maneuver (Fer-
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Fig. 12 Analysis of the energy variation and efficiency in the energy losses region of the powered Swing-By for a generic system with μ = 0.01214,
e = 0.1, ν = 180◦ and δV = 0.5 km/s

reira et al. 2018) and V0 =
√

2(Eo + (1−μ)
d

) is the velocity
of the spacecraft when leaving M2.

The efficiency of the powered Swing-By (Ef ) is mea-
sured by |	Eimp| − |	Eafter|, which is given by Eq. (13).

Ef =
∣∣∣∣
1

2

(
V 2

inf + − V 2
inf − − 2V2Vinf − sin(β − δ + ψ)

+ 2V2Vinf + sin(β − δ + Θ + ψ)
)
∣∣∣∣ −

∣∣∣∣δV
(

1

2
δV

±
√

V 2
2 + V 2

inf− + 2V2Vinf − sin(β + δ + ψ)

)

+ 2V2Vinf − cos(β + ψ) sin(δ)

∣∣∣∣ (13)



145 Page 12 of 24 A.F.S. Ferreira et al.

Fig. 13 Analysis of the energy
variation and efficiency in the
energy gains region of the
powered Swing-By for a system
with e = 0.1, ν = 0◦, rp = 1.1
radius of M2 and δV = 0.5 km/s
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Fig. 13 (Continued)

If Eq. (13) gives a positive value, the application of the
impulse in the periapsis of the orbit of the spacecraft around
M2 is more efficient than the application outside the sphere
of influence of M2. Otherwise, the application of the impulse
at the periapsis is not the best choice.

The numerical results presented here are valid for a sys-
tem with masses and distances similar to the Earth-Moon
system, but with eccentricity equal 0.1, to see the effects
of this parameter, and magnitude of the impulse δV =
0.5 km/s. To understand the effects of the position of M2 in
the maneuvers, it is analyzed its efficiency at the true anoma-
lies ν = 0◦ and ν = 180◦. In ν = 0◦ the secondary body is in
its orbital periapsis around the primary. The velocity of M2

is maximum due to the characteristics of an elliptical orbit,
so it works in favor of increasing the magnitude of the en-
ergy variation. Considering the situation where M2 is in the
apoapsis of its orbit (ν = 180◦), the velocity of M2 is min-
imum, so the effects in the maneuver is reduced. Note that,
for ν = 0◦ and ν = 180◦, β = 90◦, therefore the region of
loss of energy becomes to 0◦ < ψ < 180◦ and the region of
gains of energy is 180◦ < ψ < 360◦, which is similar to the
circular case.

Figure 9(a) shows the energy variation and Fig. 9(b) the
efficiency of the powered Swing-By maneuver (in km2/s2)
as a function of the periapsis radius of the orbit of the
spacecraft (in km), varying from approximately 1750 km to
2750 km; and the approach angle, which defines the posi-
tion of the periapsis of the incoming trajectory with respect
to the secondary body. Figure 9(c) shows the same energy
variation and Fig. 9(d) the efficiency of the powered Swing-
By (in km2/s2), but now as a function of the periapsis radius

of the orbit of the spacecraft (in km) and the approach ve-
locity of the spacecraft (in km/s).

Figure 9(a) quantifies the effects of the angle of ap-
proach and periapsis distance, showing nearly horizontal
lines, which indicates the stronger importance of the angle
of approach when compared to the periapsis distance. It can
also be observed, from Fig. 9(b), that, for values of ψ above
approximately 250°, the powered Swing-By maneuver with
the impulse applied in the periapsis is more efficient for the
initial conditions used, when the goal is to increase the en-
ergy of the second orbit of the spacecraft after the close en-
counter. The magnitude of this efficiency increases with the
angle of approach. It is important to note that the relevant
particular case where ψ = 270◦, the maximum gains of en-
ergy, is included in the regions of positive efficiency for the
powered maneuver. This fact increases the applicability of
the powered maneuver. Although very important, this partic-
ular case is not the only one that deserves to be considered.
The angle of approach depends on the whole trajectory of
the spacecraft around M1, so it is not a free parameter. It
means that, even if a large variation of energy is desired, it
is not always possible to get ψ = 270◦, due to other con-
straints in the trajectory of the spacecraft. Considering this
point, it is important to map the regions of efficiency of the
maneuver, even if the powered maneuver is recommended
only for angles of approach not close to ψ = 270◦.

There is also a dependency with the periapsis distance
rp , but this parameter has a smaller effect. This fact can be
observed by the fact that most of the lines are nearly hori-
zontals. The efficiency decreases with the periapsis distance,
which is expected because the effect of the gravitational part
of the maneuver decreases. With respect to the approach ve-
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Fig. 14 Analysis of the energy
variation and efficiency in the
energy gains region of the
powered Swing-By for a system
with e = 0.1, ν = 180◦, rp = 1.1
radius of M2 and δV = 0.5 km/s
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Fig. 14 (Continued)

locity, Fig. 9(d) shows that the powered Swing-By is more
efficient, considering the case ψ = 270◦, for all values of
Vinf − used in the simulations made in the present research.
Smaller values of the periapsis radius result in higher mag-
nitudes of the efficiency. It is also observed the existence of
the regions: (i) the one where the velocity of approach is be-
low 2 km/s, where the lines are almost horizontals and the
velocity of approach dominates the maneuver, with small ef-
fects coming from the periapsis distance; and (ii) the region
where the velocity of approach is above 2 km/s, where the
lines are nearly verticals, so the velocity of approach has
small effects in the maneuvers, with the periapsis distance
dominating the results. Figure 9(c) quantifies the effects of
the velocity of approach and the periapsis distance, with the
inclined lines indicating that both parameters have similar
effects in the maneuver. The variations of energy increase
with the velocity of approach and decreases with the periap-
sis distance.

Figure 10 is made using the same conditions used in
Fig. 9, but now M2 is in the apoapsis of the orbit (ν = 180◦).
Note that the behaviors of the results are similar for the case
with ν = 0◦. The main difference is in the magnitude of
the energy variation, which are smaller due to the reduction
in V2.

Figures 11 and 12 present the results for a maneuver
where the goal is to remove the energy from the spacecraft.
In Fig. 11(a), for ν = 0◦, and Fig. 11(c), for ν = 180◦, the
energy variations of the powered maneuver are presented.
Since the objective is to remove energy from the spacecraft,
the initial conditions used a geometry that leads to energy
losses. In this way, there are negative variations in the en-
ergy, and the spacecraft decreased the energy of the second
orbit, after the impulse is applied, when compared to the
first orbit. This case also has similar results, with the an-
gle of approach dominating the maneuver with respect to
the periapsis distance (see Fig. 11(a)) and with equilibrium

in the effects of the velocity of approach and the periapsis
distance (see Fig. 11(b)). Figures 11(b) and 11(d) show the
efficiency of the powered maneuver. Note that the best cases
occur for ψ up to approximately 95°, with the highest effi-
ciency at ψ close to zero. This is because at ψ = 0◦ the ef-
fect of gravity on the Swing-By maneuver is null, so 	Eafter

is smaller. Figure 11(b) shows that the angle of approach is
more important in defining the efficiency of the maneuvers,
compared to the periapsis distance, which is observed by the
fact that the lines representing the energy variations are lin-
early horizontals. Figure 11(d) shows two regions: (i) one
with velocity of approach below 2 km/s, where the lines are
horizontals and the velocity of approach dominates the vari-
ations of energy, leaving small effects for the periapsis dis-
tance, and (ii) a different region, with velocity of approach
above 2 km/s, where the lines are inclined and the velocity
of approach and periapsis distances have equal effects in the
variations of energy.

Next, Fig. 12 shows the best conditions when the goal is
to remove energy from the spacecraft. The efficient maneu-
vers occur when ψ is less than 100° and for all the values
of Vinf − greater than approximately 1.6 km/s (Fig. 12(d)).
Velocities of approach smaller than 1.6 km/s, for the condi-
tions used, result in captures or collisions of the spacecraft
with the secondary body. For these conditions there is also
a dependency with the periapsis distance rp . The behaviors
are very similar to the previous cases, just with differences
in the magnitude of the energy variations, so there is no need
for detailed explanations.

To maximize the effect of the maneuver, whether for the
gain or loss of energy, we consider the secondary body in
the periapsis of its orbit around the primary. If the apoap-
sis is used, for e = 0.1, there is a difference of up to ap-
proximately 0.35 km2/s2 in the energy gains and up to ap-
proximately 0.3 km2/s2 in the energy losses situation. Once
the maneuver is made with M2 at the periapsis, we know
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Fig. 15 Analysis of the energy
variation and efficiency in the
energy losses region of the
powered Swing-By for a generic
system with e = 0.1, ν = 0◦,
rp = 1.1 radius of M2 and
δV = 0.5 km/s

that the region of efficiency for the energy gains occurs
at approximately ψ > 250◦ for Vinf − = 1.02 km/s and for
all values of Vinf − when ψ = 270◦, for all rp studied. For
the energy loss situation, the efficient region is at approxi-

mately ψ < 100◦, for Vinf − = 1.6 km/s, and Vinf − from 1.6
to 5.0 km/s for ψ = 90◦, for all values of rp . If the ma-
neuver is made with ν = 180◦, with the goal of increasing
the energy gains, ψ must be larger than 230° for all values
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Fig. 15 (Continued)

of rp and Vinf − = 1.02 km/s; and Vinf − needs to go from
1.6 to 5.0 km/s for ψ = 270◦. For the energy loss situation,
ψ < 100◦ for Vinf − = 1.6 km/s, and Vinf − is in the interval
from 1.6 to 5.0 km/s for ψ = 90◦, for all rp studied. In these
regions it is recommended to apply the impulse when the
spacecraft is passing by the periapsis of its orbit around the
secondary body.

Next, a study is made to measure the efficiency of the
powered Swing-By maneuver as a function of the gravita-
tional parameter of the secondary body, the approach angle
(degrees) and the velocity of approach (km/s). This is impor-
tant to verify which systems of main bodies can benefit from
the powered maneuver. The energy variations for the pow-
ered maneuver are also presented. Figure 13(a) and 13(c)
show the energy variation of the powered maneuver. They
have two distinct regions: (i) one where the mass parameter
is above 10−2, where the lines are nearly verticals, indicat-
ing that the mass parameter gives stronger effects in the en-
ergy variations, compared to the angle of approach, and (ii)
a different region, where the mass parameter is below 10−2,
where the lines are nearly horizontals, indicating that the
mass parameter give almost zero effects in the energy vari-
ations, making the angle of approach the dominating vari-
able. Figure 13(b) and 13(d) show that the efficiency of the
powered maneuver is highly dependent on the gravitational
parameter of the secondary body. Note that the efficiency is
positive in the top-right region of the plot (Fig. 13(b)), which
means higher values of the mass parameter and the angle of
approach. For values of μ approximately greater than 10−2

the powered maneuver is advantageous for most of the val-
ues of the angle of approach. For ψ above 270° this region
increases, including some values of μ less than 10−2, which
goes to values much smaller for higher values of the angle
of approach. Figure 13(d) shows the efficiency as a function
of μ and Vinf −. The limit between an efficient maneuver is

Ef = 0 and it occurs near μ = 5 × 10−3 for all values of
Vinf −. The same two regions divided by the mass parameter
10−2 occurs, shifting between horizontal and vertical lines,
as explained above.

The physical explanations for those observations are re-
lated to the effects of the close approach. Celestial bodies
with larger masses can provide larger variations of energy,
so the powered maneuver can help the spacecraft to get more
energy of the gravity part of the maneuver, so generating bet-
ter efficiency for the powered maneuver. On the other side,
small bodies do not give much energy to the spacecraft and
the impulse applied after the maneuver can give larger lev-
els of energy. This fact combined with the already explained
condition that the angle of approach is not a free parameter
in the mission, makes of the present study a very important
guide to inform under which circumstances it is better to use
the powered maneuver.

Next, Fig. 14 shows the energy variation and efficiency
of the powered maneuver for secondary body in the apoapsis
of its orbit in the close approach moment. The results have
the same behavior, just showing a reduction of the energy
variations due to the smaller value of V2.

To complete this general study, Figs. 15 and 16 present
the energy variations and efficiency of the powered maneu-
ver realized when the secondary body is in the periapsis and
the apoapsis of its orbit, respectively, when the goal is to re-
move energy of the spacecraft. The general results are very
similar, so it is not necessary to repeat explanations. The
main difference is the appearance of larger regions of cap-
tures and collisions generated by the reduction of energy of
the spacecraft. Figure 15(b) shows that the best conditions
are obtained for μ greater than approximately 10−3 and ap-
proach angle less than around 140°. For the conditions used,
the region of μ > 10−2 resulted in captures or collisions of
the spacecraft by theM2. Figure 15(d) shows that applying
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Fig. 16 Analysis of the energy
variation and efficiency in the
energy losses region of the
powered Swing-By for a generic
system with e = 0.1, ν = 180◦,
rp = 1.1 radius of M2 and
δV = 0.5 km/s
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Fig. 16 (Continued)

the impulse in the periapsis of the orbit can be more efficient
for values of μ greater than 10−3, but for approach veloci-
ties up to approximately 2.5 km/s the energy loss can result
in captures or collisions.

Figure 16(b) shows that the best conditions are obtained
for μ approximately greater than 10−3. For some values of
the approach angle (greater than approximately 160° and
less than 30°) the positive region includes smaller values of
the gravitational parameter. For the conditions used, the re-
gion of μ > 10−2 resulted in captures or collisions of the
spacecraft by M2. Figure 16(d) shows that applying the im-
pulse in the periapsis of the orbit can be more efficient for
values of μ greater than 10−3, when the objective is to de-
crease the spacecraft energy, but for some values of ap-
proach velocity this energy loss can result in captures or col-
lisions.

4 Real systems

The next step of the present research is to show results for
some real systems. To do that, some examples for the Sun-
Mercury and Sun-Mars systems are presented. For both sys-
tems, the velocity of approach (Vinf −) used is 25% above
the minimum possible value for a spacecraft to reach the
secondary body coming from the Earth in a Hohmann type
maneuver and the gravitational parameter is of the order of
10−7. Mercury has an eccentricity equal 0.2056 and Mars
equal 0.0934. The impulse adopted is δV = 0.5 km/s. Fig-
ure 17 shows the energy variation of the powered Swing-By
and the efficiency of this maneuver for the Sun-Mercury sys-
tem with ν = 0◦ and δV = 0.5 km/s in the situation where
the goal is to gain energy.

The results are aligned with the general studies made up
to know in the present paper. Note also that the best results
that have positive efficiency are for approach angle above
approximately 340°. For ψ = 350◦, to apply the impulse in
the periapsis with approach velocity approximately above
20 km/s is not recommended. Figure 18 presents the analysis
for the loss of energy. In this case the best region in ψ is
approximately from 0° to 30°.

Figure 19 shows the energy variation of the powered
Swing-By and efficiency for Sun-Mars system with ν = 0◦
and δV = 0.5 km/s when the goal is energy gain. The results
are similar to the previous ones.

To apply the impulse in the periapsis of the orbit with
ψ above 300° is more recommended in this case. There is
a large region with positive efficiency in terms of Vinf−.
Note also the positive regions for Vinf − up to approximately
18 km/s, for ψ = 340◦. The results for the energy loss in
the Sun-Mars system are shown in Fig. 20. For the energy
loss situation, the most recommended is ψ from 0 to about
50°.

In these cases, to apply the impulse in the periapsis of
the spacecraft orbit with M2 is more efficient for ψ differ-
ent from 90° or 270°, the optimum regions. As already ex-
plained, although very important, the particular cases of the
Swing-By maneuver for ψ = 270◦, when the goal is to gain
energy, and ψ = 90◦, when the goal is to lose energy, are
not the only ones that should be considered. The approach
angle is not a free parameter in a mission. It depends on the
whole spacecraft trajectory around M1, so maneuvers with
ψ = 90◦ or ψ = 270◦ are not always possible. This fact jus-
tifies the study of maneuvers even in systems where they are
not efficient in those regions.
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Fig. 17 Analysis of the energy variation and efficiency in the energy gains region of the powered Swing-By for the Sun-Mercury system with
ν = 0◦ and δV = 0.5 km/s

5 Conclusions

The limitations and real gains of the Swing-By maneuver
with the impulse applied in the orbital periapsis of the space-
craft were presented. From some general observations about
the efficiency of the maneuver, it is possible to say that the
gravitational parameter of the secondary body has an im-
portant influence on the results, as well as the position of the
secondary body in the elliptical orbit, the approach angle and
the approach velocity. Efficiency has a smaller dependence
with the radius of the periapsis. There are cases where the

impulsive maneuver is more efficient than the pure maneu-
ver with the impulse applied outside the sphere of influence
of M2 and other situations where it is not. The results were
presented for different initial conditions, mapping the best
conditions for a generic system.

The modification made in the trajectory of a spacecraft
by the gravity of the body and the impulse applied in the
powered Swing-By maneuver was analyzed as a function of
the velocity and energy variation in this work. This infor-
mation was presented with respect to the main body of the
system. From the equations obtained, it is only possible to
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Fig. 18 Analysis of the energy variation and efficiency in the energy losses region of the powered Swing-By for the Sun-Mercury system with
ν = 0◦ and δV = 0.5 km/s

identify trajectories that did not escape from the orbit around
the secondary body, so it is not possible to discriminate be-
tween capture and collision.

The application of an impulsive maneuver combined with
a close approach is recommended in situations where only
the gravity of the body is not enough to achieve the objective
of the mission. This type of maneuver focuses on the min-
imum expenditure of fuel by choosing the best moment to
apply the impulsive maneuver. The possibility of variation
in the magnitude and direction of the impulse also helps to
maximize its effect.

The solutions obtained showed that, if the objective is to
maximize the energy gain, to apply the impulse in the direc-
tion non-tangential to the orbit can give better results. For
the initial conditions studied, to apply the impulse towards
the secondary body makes the spacecraft to move closer to
the body, working in favor of increase the gains coming from
the gravity part of the maneuver.

With respect to the eccentricity of the orbit of the main
bodies, it is well known that the energy variation is directly
dependent on this parameter. The velocity variation does not
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Fig. 19 Analysis of the energy variation and efficiency in the energy gains region of the powered Swing-By for Sun-Mars system with ν = 0◦ and
δV = 0.5 km/s

change due to this parameter when compared to the circular
case.

The efficiency of the powered Swing-By, i.e., the amount
of extra energy obtained by the spacecraft when the impulse
is applied in the orbital periapsis of the spacecraft, compared
to the pure gravity Swing-By maneuver followed by the ap-
plication of the impulse outside the sphere of influence of
the secondary body, was presented. The analysis was per-
formed according to the gravitation parameter of secondary

body (μ), periapsis radius (rp), orientation of the Swing-
By maneuver (ψ ) and approach velocity (Vinf−). The results
mapped the regions where the powered Swing-By is efficient
for a generic system.

The results were then applied to the Sun-Mercury and
Sun-Mars examples, identifying the regions where the pro-
posed maneuver is more efficient.

The results presented here can help mission designers to
decide when this type of maneuver should be used or not. Of
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Fig. 20 Analysis of the energy variation and efficiency in the energy losses region of the powered Swing-By for Sun-Mars system with ν = 0◦ and
δV = 0.5 km/s

course Powered Swing-By maneuvers have risks involved,
in particular due the possibility of errors in the thrust ap-
plied. The present paper do not recommend this type of ma-
neuver in many situations, but concentrates in making a gen-
eral study to identify when it is advantageous and how to
perform the maneuvers. Therefore, the goal of the present
paper was to increase the information available in the lit-
erature about the advantages of this type of maneuver. To

use in real missions depends on the particularity of the mis-
sion.
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